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# The Dirac equation

& Numerical methods and error estimates

— Finite difference time domain (FDTD) methods
— Exponential wave integrator Fourier spectral (EWI-FP) method
— Time-splitting Fourier pseudospectral (TSFP) method

& A uniformly accurate (UA) method R,
& Extension to nonlinear & other regimes :
% Conclusion & future challenges T
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The Dirac equation

3 3
iho\¥ = [—ichZa 0.+ mczﬂ]‘P + e[V(ic’)Q - A4, (X)a j]\P
j=1 J=1

- X =(x,x,,x,) (or (x,y,2z)")e R’ : spatial coordinates
- Y =Y(,%) = (y,.v,.¥5.p,) €C":
complex-valued vector wave function ““spinorfield”
-V ==4 real-valued electrical potential
— A=(4,,4,,4,)" : real-valued magnetic potential
- E=-VV -0,A=V4,—0,4 :electric field
- B =V x A4 : magnetic field

& Refs: [1] P.A.M. Dirac, Proc. R. Soc. London A, 127 (1928) & 126 (1930).

[2]. Principles of Quantum Mechanics, Oxford Univ Press, 1958.
[3] http://en.wikipedia.org/wiki/Dirac_equation
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The Dirac equation

ajz = 182 = [4,
a,,q,,Q,, [ 4-by-4 matrices o, +aa, =0, a,f+pa, =0

(O (71] (O sz (O 0'3) (]2 0 j
0{1 = . aZ — ) a3 = 5 ﬂ —
0, 0 O, 0 O; 0 0 _]2
* 0,,0,,0;:2-by-2 Pauli matrices

(0 1) (o —ij (1 Oj

O, = » O = . » 03 =

1 0 i 0 0 -1
« Oy y2 7 Aby-dmatrices 40 = B yF =400k =1,2,3
The Dirac equation

(ih}/”@ﬂ —mc + ey/“Aﬂ)\P =0
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The Dirac equation

& Derived by British physicist Paul Dirac in 1928 to describe
all spin-1/2 massive particles such as electrons and quarks

& |t is consistent with both the principles of quantum
mechanics and the theory of the special relativity

& The first theory to account fully for special relativity in quantum mechanics

& Accounted forfine details of the hydrogen spectrum in a completely rigorous way, implied
the existence of a new form of matter, antimatter & predated experimental discovery of positron

& In special limits, it implies the Pauli, Schrodinger and Weyl equations!

& Par Dirac with Newton, Maxwell & Einstein!! Be awarded the Nobel Prize in 1933 (with
Schrodinger). Host Lucasian Professor of Mathematics at the University of Cambridge at the age of 30!!



D
mmchanics with Relativistics

l//(;é, t) — AeiE-f—iwt & V
h=m=1 - 1 -,
= o=wk)==Fk

0

& Making the Schroedinger equation relativistic

=v=Valk)=k
=2 E—iho,; p—>—ihV 2

E=L ivx) = iy =——Vy+V@Ey =Hy

2m 2m 2 _
p=lyl J=Imy V)
\ ) ] 0,p+VeJ =0
& Klein-Gordon equation for spinless —pion (oskarkeinswater Gordon, 1626)
2 E’
E’=m’c* + (cf?) S —2—[92 =m’c’
C

70,2 il 2 2 2 LA o
E—iho,; p—>—i VZ B 1 a B m-c yo¥ ¢8,ﬁ5 ?6#5
= TS |P=— ¢ J=gVE-FV

c” Of h 0. p+Ve =0
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Quantum Mechanics with Relativistics

= E* . E* .
E=\/(pc)2+(mc2)2<:>\/—2—p2=mc<:> ——p —mc=0
c

& Dirac’s coup
— Square-root of an operator

E* 5 , 1 ¢ i omic?

—-—p =mc >V ———=| 40, +B0,+C0,+—D0, | =——

C c” Ot g C h
AB+BA=0, ... & A =B’=...=1

= A=ifa,, B=ipa, C=ifa,, D =p < Clifford Algebra over 4d!!

- Dirac equation (%5 ~me=0= (40, 80, + co,+ 05, - |y =0

E—ino,; p—>—ihV

3
E=\(pc) +(mc®)} =  ihd¥ = (—ichz a0, + mczﬁ]\P
j=l1
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Typical Applications

& Graphene/graphites and/or 2D materials -« novoseiov, . Geim, etc.

Science, 2004; K. Novoselov, A. Geim , etc., Nature, 2005; K. Novoselov, ..., A. Geim, Science, 2007; D.A.
Abanin, etc., Science, 2011; AH.C. Neto, etc., Rev. Mod. Phys., 2009, ... ~ (Nobel Prize in 2010)

SreSn s
T e T
W T .u-;s:'.,_- -

& Chiral confinement of quasirelativistic BEC -m. merki et al., PrL 2010
& Atto-second laser on molecule -r.filion-ourdeau, E. Lorin and AD. Bandrauk, PRL, 138JCP14
& Neutron interaction in nuclear physiCSs-+. Liang, J. Meng 82.6. zhou, Phys. Rep. 15
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The Dirac equation

ihoY = L—zchZa@ + mc ﬂjT+e(V(x)] ZA (x)a}
# Dimensionless Dirac equation in d-dimension (d 3,2,1)

ino,¥ = [ Za@ +— j‘P+£V(5c’)I4—ZAj(5é)ajj\P, ¥ eR’
j=1
0<gi=s :—SSI; O<np:= i,
I[c ¢ m.x
& Different parameter regimes

— Standard scaling: €=n=A=1
~ Semiclassical regime: € =4A=1&0<n <1
— Nonrelativistic regime: 7=4A=1&0<¢e <1

— Masslessregime: ¢ =n=1&0< A1

< 0<i=2<]
m

S

2
s
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Different limits of the Dirac equation

u=le=1 n=1,4=1
Weyl p=>Om=0) ¢ > 0(c—>») | Schrodinger
Equation | | | > | or
massless nonrelativistic | Pauli Equation
A=1Le=1 . . ]
7 01— 0) H semiclasical
A=1
relativistic Euler Equation n—0
(h—>0)
A=1 ﬂ
g —0(c > ) N

o[ in A -S4 ‘
lﬂat‘{’—[—;zaﬁj+?ﬂ]‘f'+(V(x)]4_ZAJ(’C)“JJ\P’ Euler equatlon

J=1
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/Q/The Dirac equation 7=4=1

¥=(,v,,v,y,) €C
# Dimensionless Dirac equation in d-dimension (d=3,2,1)

i0¥ = [——Z(x@ +— ]‘P+[V(Tc)[4—zd:Aj(5c’)ajjT, ¥eR?

J=1

X Vv

— |nitial data O< g:=
Y(0,X)=Y¥, (X), ¥eR’

— Dispersive PDE & time symmetric
— Mass & energy conservation
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Conservations laws

i0,¥ = [——Zaa +— j‘P+[V(5c’)[4—Zd:Aj(£)ajj‘P
& Position and current densities
pi= T*T:i\%f, J=(J,,J,,J)" with J, ::é‘P*a,‘P
& Conservétion law 0p+VeJ =0, ¥eR’
& Mass conservation
|| = j P (2,%)| d¥ = j ¥, ()| dx =1

& Energy (or Hamlltoman) conservation

E(t):= | E—éz‘if*ajajtp + %ql BY +V (F)| [ - ZA].()?)\P*aj‘P]d)'é = E(0)

Rd
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/Q/The Dirac equation

@'(")t’(ji.?l = —% ((");r — Z()u) Pa + g_.‘z?;‘i-’l -+ 1/’(75,)()1;{;1 — [Al(t, X) — A5 (t, Xﬂ W4,

@()t’t4 = —% ((")I + @()u) 1;{ﬁ1 — giz?_l + ‘/r(t,X)?;‘fq — [Al(t, X) + iAQ (t, Xﬂ f(;‘fFl,

10t1ho = —% (Or +10y) 3 + Qizﬁfu + V(t,x)1he — [A1(t,x) + iA2(t, x)] 3,

E': |n 2D/’I D O3 = _é (02 —i0y) 2 — Eiz?:?’:s + V(t,x)wg — [A1(t,x) — iA2(t, x)] 2.
I & 1 d
i0D=|-=> 0,0 +—0, |®O+|V(¥),- Y A(X)o, |®, ¥R’
E j=1 & j=1

_ Initial data P =(4.4,)" with @=(y,,pr,)" or (w,.y;)
®(0,X) =D (X), ¥eR’

— Dispersive PDE & time symmetric

— Mass & energy conservation
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Conservations laws
i0,d = [——Zo- 0. +—G3j(l)+(V(5c’)12—Zd:Aj()_c')Gj)CD
& Position and current densities
p=D'D :Z«VJ‘ . J=(J,,J,)" with J, :=§cp*a,cb
& Conservat]i_on law 0p+VeJ =0, XecR*
# Mass conservation
|of = j (1, %) d = j D, (%) dx =1
& Energy (or Hamlltoman) conservation

E(t) = j E—éz;cp*aja D+ %CD*@CD + V()z)|c1>|2 - Z;Aj()?)(l)*ajq)jd)?
J= J=

Rd
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&
Two typical regimes & results
i0,® = (——Zaa +—6)CD+[V(x)] ZAJ()?)O‘J.]CD

& Standard regime  v=0(c) < e=1
— Analytical study on existence & multiplicity of solutions: cross,ss:

Gesztesy, Grosse & Thaller, 84’; Das & Kay, 89’; Das, 93'; Esteban & Sere, 97’; Dolbeault, Esteban & Sere, 00’; Esteban &
Sere, 02’; Booth, Legg & Jarvis, 01; Fefferman & Weistein, J. Amer. Math. Soc., 12'; CMP, 14; Ablowitz & Zhu, 12’; ......

— Numerical methods

* Leap-frog finite difference (LFFD) method: shebaiin, 97; Nraun, Su & Grobe, 99'; X,
Shao & Tang, 13’; Brinkman, Heitzinger & Markowich, 14’; Hammer, Potz & Arnold, 15’; Antoine, Lorin, Sater,
Fillion-Gourdeau & Bandrauk, 15, .....

* Time-splitting Fourier pseudospectral (TSFP) method: sao & Li, 04’ Huang, Jin,
Markowich, Sparber & Zheng, 05’; Xu, Shao & Tang, 13’; .....

« (Gaussian beam method: wy, Huang, Jin & Yin, 12, ....

& Nonrelativistic regime
v<eol<exlo=¢7+0(1)
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Existing results in nonrelativistic regime
i0,® = (——Zaa +—c7 )q>+ V(%)IZ—Zd;Aj(X’)O'j]CD

E': N O n re | atIVI Stl C | I m ItS : Gross, 66’; Hunziker, 75’; Foldy & Wouthuysen, 78'; Schoene, 79’;

Cirincione & Chernoff, 81’; Grigore, Nenciu & Purice, 89’; Najman, 92’; Gerad, Markowich, Mauser & Poupaud, 97’; Bechouche,
Mauser & Poupaud, 98’; Bolte & Keppeler, 99’; Spohn, 00’; Kammerer, 04’; Bechouche, Mauser & Selberg, 05; ......

Y=¥ (or®:=Dd")—>??? when ¢ >0

— Main d|ff|Cu|ty E(t) is indefinite & unbounded when & — 0!!!

& Solution propagates waves with wavelength O(&?)
in time & O(1) in space
— Plane wave solutions ~ @(z, %) = Be'**

_ d (k. .-
a)B:£Z(—J—Af]Gj 4—%0‘3 +V°Isz, BeC'=>w=¢"+0(1)

=i &
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Existing results in nonrelativistic regime
i0,® = (——Zaa +—a )q>+ V(%)IZ—Zd;Aj(X’)O'j]CD

— Asymptotic and rigorous results: e es: tunzte: 75: ey &

Wouthuysen, 78’; Schoene, 79’; Cirincione & Chernoff, 81’; Grigore, Nenciu & Purice, 89’; Najman, 92'; Gerad, Markowich,

Mauser & Poupaud, 97’; Bechouche, Mauser & Poupaud, 98’; Bolte & Keppeler, 99'; Spohn, 00’; Kammerer, 04’;
Bechouche, Mauser & Selberg, 05; ......

D = O° = it/ &* ¢+ —it/* 0
=P =e A +e y +0(¢), €—0

* The Schrodinger equation

0.4, = ;A@ LV(E)d,, FeR

’ Sem|'n0nre|at|V|St|C ||m|t Bechouche, Mauser & Poupaud, 98
& Highly oscillatory dispersive PDEs:
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Numerical methods for Dirac equation

& Finite difference time domain (FDTD) methods

i0,® :(—iaﬁx +L203JCD+(V(ZL,X)[2 —-A(t,x)0,)®, x€Q, t>0
& &

®d(a,t) =D(b,1), t>0; DO(x,0) =D, (x), xeQ=[a,b]
— Meshsize h=Ax= b]\_/,
- Timestep r:=Ar>0, ¢t =nr, n=0,1,...
— Numerical approximation
O(x,,t,)~®;, j=0,1....M, n=0,1,...

x;=a+jh, j=0,L...M
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Numerical methods for Dirac equation

& Finite difference discretization operators

5 t+ (I)j; _ (I};?—I-IT_ (I;;_t | éiq}? _ {;;_1—1 i;-tf};_l—l .. ;. (I;;? _ (Il;?+1 ?;?-‘I’}l_1 | (I’;-l-l_ﬁ _ tI};_l-l-lQ—l— (I’F
& Leap-frog finite difference (LFFD) method
50" = | 2015, + %g;;] O] + V'l — A7 jou | @], n>1

& Semi-implicit finite difference (SIFD1) method

. = T ? - | 1 (I}T._l T {I}?_l T T

=

n+1 n—1
tIrj + tI:-j
2
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Numerical methods for Dirac equation

& Semi-implicit finite difference (SIFD2) method

; 1 (I-‘H_H—I—"I}R 1

R [ —— — T
10D’ [ ~010z :E{Tji| 5

+ |V - A7 o | @,

o

& Energy conservative finite difference (CNFD) method

- i . 1 11/92 n41/9 11/9 11/2
-mt‘"iil?‘ = [—:mtﬁx—ﬁﬁza]*ﬁ? = [1-*;?_'_ “ IE_;"F:J. | {Tl}f}? e,

p— L

— Initial and boundary data

oyt =05, eri'=o}t, n>0, @) =®(z;), j=0,1,.. M.
— First step for LFFD, SIFD1 &SIFD2
®; =) + [—ér:rl(ﬁ,:}{r_ — i (im + VI, — A7, ) xbf;] :

[



P,
/@fperties of FDTD methods

& Time symmetric, unchanged if n+loon-1 & 76 -1

¥ Stability

— CNFD is unconditionally stable
— LFFD, SIFD1 & SIFD2 are conditionally stable

& Energy conservation: CNFD conserves mass & energy vs others not

& Computational cost

— CNFD needs solve a linear coupled system per time step!! LFFD is explicit!
— SIFD1 & SIFD2 can be solved very almost explicit !!

& Resolution in nonrelativistic regime
h=0(E) & 1=0(¢), 0<exl
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Error estimates for FDTD methods

& Define "error’ function

= ®(tn,zj) — tI}” 7=0,1,.... M, n=>=0,
Ec Assumphons
— For the solution of the Dirac equation --- (A)

o 1
- ,E— 0<r<3 0<r+s<3, D<ce<l,
HU?WTR Lee([0,T];(Lo=(2))2) 7
— For the electronic & magnetic potentials — (B)
Vinax := max |V (t, z), Ai max = max |Aq(t, z)|.

(t,2)eQT (t,z)e0T
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Error estimates for FDTD methods

& Theorem Under some stability conditions, we have error
estimates for LFFD, SIFD1, SIFD2 & CNFD as

p2 1 T
e j'?’HP‘“ﬁi—JrTE 0<n<—
~ T

-

— Resolution ---- (under resolution)
r=0(2V6) =0@), h=0(VE)=0(/F), O<e<l.

W. Bao, Y. Cai, X. Jia and Q. Tang, Numerical methods and comparison for the Dirac equation in the nonrelativistic
limit regime, J. Sci. Comput., Vol. 71 (2017), pp. 1094-1134.
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EWI-FP method

& Apply Fourier spectral method for spatial derivatives

i0: P (t, x) = [_é‘flax + Tgﬂj} Porr(t,z) + Pu(VOar)(t,z) — o1 Prr(A1Par)(t, ).

— with M /21
Our(t,r) = Y (), (t) ™™, a<z<h,  t20,
E:__,?LJI'.I,-'E

& Take Fourier transform, we get ODEs for =-M/2,....,M/2-1

1
i—(*f}wh t) = [ﬂfﬁ _—JJ:| f‘hﬂ (t) + (V "Byy) (1) — o1 (A ‘I’MT (t) =0,

i — e _
Id_‘? (I’” (fn 1) — F_QFF{{I)-'”»]E“” + 5] —|—F{R[SJJ, s € R,
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Exponential wave integrator (EWI) for 15t ODEs

———— ) oD — . . , PR
(®rr),(tn +5) = e T/ (D), (tn) —i | "W NVE M w) duw,
: ’ : 0 :

& Take § =7 and approximate the integral -wcause

(61'); P. Deuflhard (79'); E. Hairer, Ch. Lubich, G. Wanner, A. Iserles, V. Grimm, M. Hochbruck, D. Cohen, .....

& EWI-FP method M/2—1

n+ly v __?—ﬁ_ i (r—a)
y (x) = Z (@pr e :
I!‘_:__,’LJI'.,-'E

e e ——

s _{ e—iTTe /e (G0 I){—I_ r{ [I — T } G{m}@ ;J;_ n=0,
MO T .
e Thi/E {‘I’ IQ{ {T) (G(tn)®%y); — ?Qz f”}@ n=1,

{1}(?‘) —’E.:-‘QFIE_I [I — E_ﬁ-n] ) EE:'{T] = —’E.EETFIE_I +54F£_2 (I — E_ﬁ'r") .



& 2

Error estimates for EWI-FP method

& Theorem Under some stability conditions, we have error
estimates for EWI-FP and sEWI-FP as

| ®(ty,, a ”f': e < LR 0<n<

~

I'} f
T < T
-

— Resolution - (optimal resolution)

r=0(e28)=0(g?), h=0("")=0(1), 0<e<]

W. Bao, Y. Cai, X. Jia and Q. Tang, Numerical methods and comparison for the Dirac equation in the nonrelativistic
limit regime, J. Sci. Comput., Vol. 71 (2017), pp. 1094-1134.
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Time-splitting Fourier spectral (TSFP) method

& From [z,,z,.,]1, apply time splitting technique
— Step 1 '

“ i 1 ,
10y P(t, ) = [—:r:rlrii'r — ;n;g} d(t, ),

— Step 2
ih®(t,z) = [—A1(t,x)oy + V(t,z) o] P(t,z), =z €1,

# Thm. Under proper assumptions, we have

T il Tr TE T
|@(tn, ) — Ing (@)L= S ™ + =, 0<n<—,
5 T

— Resolution - (optimal resolution)
r=0(e*J8)=0(&?), h=0"")=0(), 0<e<]1

W. Bao, Y. Cai, X. Jia and Q. Tang, Numerical methods and comparison for the Dirac equation in the nonrelativistic
limit regime, J. Sci. Comput., Vol. 71 (2017), pp. 1094-1134.
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—® " Soatial Errors of TSFP

Spatial Errors hy=12 by /2 by hy 2 hy/2
g =1 110 243E-1 2.00E-3 L.T0E-6 0 45E-0
ay 106 | 46E-1 |.3E-3 061E-T 5ATE-)
EU;’QQ 111 [ 43E-1 0 40E-4 5.10E-T 6.50E-0
tof 1 115 L4EL 780E4 362E-T b.84E-
E{Jf?i 118 | 451 7628 288E-T 740
cof Y 119 | 46E-1 75384 250E-T 7.96E-0
e/ 120 LATE-L (

740k-4 LO3E-T b.J0E-
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/Qﬂporal Errors of TSFP

Temporal Errors  79=0.4 70/4 70 /42 70 /43 70/4% 70 /4 70,46
eg=1 2.17E-1  1.32E-2  822E-4  5.13E-5  3.21E-6  201E-7 1.26E-8
order - 2.02 2.00 2.00 2.00 2.00 2.00
£0/2 1.32 6.60E-2  4.07E-3  254E-4  1.59E-5  9.92E-7  6.20E-8
order — 2.16 2.00 2.00 2.00 2.00 2.00
E[j|/22 2.50 3.33E-1 1.68E-2  1.04E-3 6.49E-5 4.06E-6  2.54E-7
order - 1.45 2.15 2.00 2.00 2.00 2.00
£0/2° 1.79 1.97 8.15E-2  4.15E-3  2.57E-4  1.60E-5  1.00E-6
order - -0.07 2.30 2.14 2.01 2.00 2.00
g0 /2" 1.35 8.27E-1  8.85E-1 2.01E-2 1.03E-3 6.35E-5  3.97E-6
order - 0.35 -0.05 2.73 2.14 2.01 2.00
£0/2° 8.73E-1  2.25E-1  2.33E-1 249E-1  4.98E-3 2.55E-4 1.58E-5
order —~ 0.98 -0.03 -0.05 2.82 2.14 2.01

T2 T

r<Ce? = |®tn,) = In(@")|2 SA™ +—=, 0<n<

= T

& Thm. If time step satisfies r =27¢* /N
Pty z) — (I P")(z)||1s S _—_. + h™Mo—E L N

W. Bao, Y.Cai, X. Jia and Y. Jia, Error estimates of numerical methods for the nonlinear Dirac equation in the
nonrelativistic limit regime, Sci. China Math., Vol. 59 (2016), pp. 1461-1494.
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/Q{per-resolution of TSFP

(without magnetic potential)
. L : l 1
& For 1st-order Lie-Trotter splitting WD:(-;aﬁﬁg%jmﬂfﬂ)@

— For any time step
@t 2) = @"(2)lL2 ST+, ([ (tn, 2) — " (@)[[2 ST+ 7T/e,

‘CD(tn, ) Sf+maxmin{g,£}3\/;
L 0<e<I <
— For non-resonant time steps SO0 = {r |7 — k2 2 6, k€ N')
H (I) (fﬂ? ;I_T) — (I)-:rz. (LI?) ||L2 5 - 5 (b)io-s -

& Extension to high order TSFP & nonlinear birac

W. Bao, Y. Cai and J. Yin, Super-resolution of time-splitting methods for the Dirac equation in the nonrelativistic
regime, Math. Comp., Vol. 89 (2020), 2141-2173.

W. Bao, Y. Cai and J. Yin, Uniform error bounds of time-splitting methods for the nonlinear Dirac equation in the
nonrelativistic regime without magnetic potential, SIAM J. Numer. Anal., Vol. 59 (2021), pp. 1040-1066.



)

Relative temporal errors €” (t = 27) for the wave function with resonance time step size, S1 method.

T0o = 7/4 To/4 70 ,/42 70,/43 70,/44 70,/45
cg=1 2.57TE-1 6.73E-2 1.70E-2 4.26E-3 1.07E-3 2.6TE-4
order 0.98 0.99 1.00 1.00 1.00

£0/2 3.61E-1 6.44E-2 1.64E-2 4.13E-3 1.03E-3 2.59E-4
order 0.98 0.99 1.00 1.00 1.00
g0 /22 3.07TE-1 1.44E-1 1.63E-2 4.12E-3 1.03E-3 2.59E-4
order 0.41 0.98 1.00 1.00 1.00
£0/23 2.83E-1 9.83E-2 6.44E-2 4.12E-3 1.03E-3 2.59E-4
order 0.66 0.20 0.99 1.00 1.00
0 /24 2.73E-1 7.87TE-2 3.73E-2 3.06E-2 1.03E-3 2.59E-4
order 0.84 0.41 0.08 0.99 1.00
.?0/25 2.68E-1 7.10E-2 2.49E-2 1.63E-2 1.50E-2 2.59E-4
order 0.92 0.67 0.20 0.04 1.00
c0/27 2.65E-1 6.66 -2 1.79E-2 6.26 -3 4.08E-3 3.7T4E-3
order 0.98 0.93 0.67 0.20 0.04
£0/2° 2.64E-1 6.57E-2 1.68E-2 4.49E-3 1.57TE-3 1.02E-3
order 0.99 0.98 0.94 0.67 0.20
g0 /211 2.64E-1 6.55E-2 1.66E-2 4.22E-3 1.12E-3 3.91E-4
order 0.99 0.99 0.99 0.94 0.67
max 3.61E-1 1.44E-1 6.44E-2 3.06E-2 1.50E-2 7.40E-3
order 0.66 0.58 0.54 0.52 0.51




P

Relative temporal errors e”(t = 4) for the wave function with non-resonance time step size, S1 method.

7'0:1 TO/Q To/22 70/23 T0/24 7'0/26 T[)/QG 70/27
= 3.66E-1  1.86E-1  9.45E-2  4.76E-2  239E-2  1.20E-2  5.99E-3  2.99E-3
order - 0.98 0.98 0.99 0.99 1.00 1.00 1.00
€0/2 3.46E-1  187E-1  8.75E-2  443E-2  223E-2  1.12E-2  5.60E-3  2.80E-3
order - 0.89 1.10 0.98 0.99 1.00 1.00 1.00
£0/2° 3.60E-1  1.72E-1  8.70E-2  427E-2  216E-2  1.09E-2  546E-3  2.74E-3
order - 1.06 0.99 1.03 0.98 0.99 1.00 1.00
£0/2? 3A41E-1  1.72E-1  8.95E-2  4.30E-2  219E-2  1.08E-2  543E-3  2.72E-3
order - 0.99 0.94 1.06 0.97 1.03 0.99 0.99
go/24 3.40E-1  1.66E-1  857E-2  4.38E-2  224E-2  1.09E-2  549E-3  2.71E-3
order - 1.04 0.95 0.97 0.97 1.04 0.99 1.02
g0/2° 3.45E-1  1.73E-1  854E-2  430E-2  218E-2  1.10E-2  5.54E-3  2.73E-3
order - 1.00 1.02 0.99 0.98 0.99 0.98 1.02
£0/2° 3.42E-1  1.70E-1  8.64E-2  448E-2  217E-2  1.09E-2  546E-3  2.74E-3
order - 1.01 0.97 0.95 1.04 1.00 0.99 0.99
eo/2" 3.43E-1  1.69E-1  852E-2  430E-2  216E-2  1.09E-2  546E-3  2.73E-3
order - 1.02 0.99 0.99 0.99 0.99 0.99 1.00
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A uniformly accurate (UA) method

1
0 =—TD+W(t,x)®, xeR, >0
E

I'=—ico0_+o0,, W(t,x)=V(tx)Il,—A4(tx)0o,
D(0,x) =D, (x), xeR
E': T Can be dlagOna|Izab|e (Bechouche, Mauser & Poupaud, 98')
T=\1-A T, —\1-£*A I1_

— With
I, = %[12 r(1-&a) " T}, m = %[12 ~(1-&a) " T}
— Satisfying

I, +I0_=7,, TI.LII_=TI.I1,=0, II;=II,



P
e
A uniformly accurate (UA) method

O ,x)=D (x), xekR
& Given initialdataatt:;n : (”’ ) n( )’

& Multiscale decomposition by frequency (MDF) :(Bechouche, Mauser & Poupaud, 98’)
O(t, +5,x)=€" g [‘PL” + ‘l’l_’”}(s,x) +e [‘Pi” + LP%’”}(S,X), 0<s<7
& Two sub-problems  w'» = o(1), ¥ =0(&?)

i0 W (s, x) = iz( 1-g*A — 1)\111;" (5,%) + I, (WP (5,x) + WP (s,x))
&

i0 W' (s,x) = LZ(—\/I —&’A — 1) P (s, x)+ T (W‘Pi“ (s,x)+ WP (S,x))
&

¥0,x)=I1,® (x), ¥"(0,x)=0, with W:=W(t, +s,x)



e E

A uniformly accurate (UA) method

& Two sub-problems ¥ =0(¢s%), ¥2"=0(1)

i0, V" (s,x) = L J1—°A +1)9¢>"
g
0. W>"(s,x) = -1 J1—&°A —1)P>"(s,x)+I1 (W‘Pi" (s,X)+WP>" (S,x))
g
¥2"(0,x) =0, ¥2"(0,x)=T1_® (x), with W =W(, +s,x)

& Solve the two sub-problems via EW-FP
¥i'(r,x) & WYI'(r,x)
& Reconstruct the solutionat £ =17,.,
O(t,,,x) = [PV + W ](7,0) + €7 [ W2+ W2 (2,)

\S]

(s,x)+11, (W‘Pi” (s,X)+ WP (s, x))




Multiscale Decomposition
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P,
Mmates for MTI-FP method

& Theorem Under proper assumptions on the solution, we have
error estimates for the MTI-FP method

e

: T .
|®(tn,) — ®7()rz SE™ + =5, | ®(tn,-) — BF ()2 S A™ + 72 + &

— Which yields a uniform error bound

”q)(tn )~ CD? (*)

2

T
<A™ frmaxmin{—.7° + & < h™ 4+ 1
2 y 9
L 0<e<l E

— Resolution — (super resolution)
r=008)=0(), h=0(5"")=0(), 0<exl

W. Bao, Y. Cai, X. Jia and Q. Tang, A uniformly accurate multiscale time integrator pseudospectral method for the
Dirac equation in the nonrelativistic limit regime, SIAM J. Numer. Anal., Vol. 54 (2016), pp. 1785-1812.
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/Q/Key Steps in the Proof

& Step 1. Some properties of micro variables

gl 4 (g2 +Ha \PIH Ha qﬂu Ha ||+

| 0

v+ e <o), o, + o, ¥

| +fo. w0
& Step 2. Local error bounds for micro vanables
-y | <o, ) -0 e+,

w2 <o, ) - @)+ o™ 1),

ot | <o(hm e, W -l <t e,

V- | <ot e, | -] L <+t )
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/Q/Key Steps in the Proof

& Step 3. Local error bounds for macro variables

n 1,n 1,n 2.n 2.n 1,n 1,n 2.n 2.n
[IORELHOTIE EE S e Lt S PR L S R LS S
2
B " T
<|o, ) -@5 @), +r ™ +77 + =)
&

H(D(tn,.) —cp';(-)HLZ < ch(zn_l,.) —q>';-1(-)HL2 +r(h™ + 7% + &%)

& Step 4. The energy method via discrete Gronwalls inequality
& Step 5. Uniform error bound

RIGEHE

2
. T
 Sh™ 477 +maxming &°,— <A™ +7
L 0<e<l E
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—® S natial Errors of MTI-FP

f?h_T(Q.[]) ]1|] =1 h(} fg h{)f?f h(}fgg h(}fgi

f=1 .65 .74k 7.08E-2 T.00E-5 3.53E-10
£/ 2 1.3 3A5E-1 7.06E-3 6.67E-0 0.71E-10
co/2 118 67E-1 . 71E-3 [ 43E-6 [.10E-9
o/ 113 | 46E-1 L03E-3 6.77E-T .16E-10
/2 LI5 | 45E-1 3,52k 1.80E-T [.33E-



D
/Q{mporal Errors of MTI-FP

en(2.0) 10 =0.1 70 /22 70/2% 70 /26 70 /2% 70 /210 T0/212

9E-3 1.43E-4 8.94E-6 5.59E-7 3.49E-8 2.21E-9

0 = 1 3.69E-2 2.2
order - 2.00 2.00 2.00 2.00 2.00 1.99
c0/2 5.98E-2 3.77TE-3 2.36E-4 1.48E-5 9.23E-7 5.7TTE-8 3.60E-9
order - 1.99 2.00 2.00 2.00 2.00 2.00
c0/22 1.91E-1 1.48E-2 9.39E-4 5.87TE-5 3.6TE-6 2.30E-7 1.43E-8
order - 1.85 1.99 2.00 2.00 2.00 2.00
c0/23 7T.12E-2 1.90E-2 3.80E-3 2.47E-4 1.54E-5 9.64E-7 6.02E-8
order - 0.27 1.83 1.99 2.00 2.00 2.00
c0/2% 1.78E-2 1.80E-2 1.22E-2 9.79E-4 6.21E-5 3.89E-6 2.43E-7
order - ~0.01 0.28 1.82 1.99 2.00 2.00
c0/2% 7.11FE-3 41.07TE-3 4.53E-3 3.05E-3 2.45E-4 1.55E-5 9.69E-7
order - 0.40 ~0.08 0.29 1.82 1.99 2.00
£0/26 7.19E-3 5.10E-4 1.02E-3 1.13E-3 7.61E-4 6.10E-5 3.87E-6
order - 1.91 ~0.50 -0.08 0.29 1.82 1.99
c0/27 7T.07TE-3 4. 49FE-4 S.81E-5 2.54F-4 2.83FE-4 1.90E-4 1.52E-5
order - 1.99 1.17 -0.76 ~0.08 0.29 1.82
c0/2° 7.05E-3 4.22E-4 2.60E-5 7.22E-6 5.52E-6 1.63E-5 1.81E-5
order - 2.03 2.01 0.92 0.19 -0.78 -0.08
co/211 7.04E-3 4.23E-4 2.62E-5 1.78E-6 3.92E-7 1.08E-7 6.16E-7
order - 2.03 2.01 1.94 1.09 0.93 -1.26
c0/213 7.04E-3 4.23E-4 2.62E-5 1.64E-6 1.15E-7 1.7T6E-8 5.55FE-8
order 2.03 2.01 2.00 1.92 0.64 -0.11

(}'}?C_,'T(E.[}) 1.91E-1 4.90E-2 1.22E-2 3.05E-3 7.61E-4 1.90e-4 4.75e-5
order - 0.98 1.00 1.00 1.00 1.00 1.00
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t=0

-10 0 10 -10 0 10
X X
0.001 0<¢<5 honeycomb 0<#<5
£ = = 7=0.01
1 t>5 0 t>5

Schrodinger dynamics (t<5) + relativistic QM (t>5): density fluctuate in the Zitterbewegung form
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Extensions

% Nonlinear Dirac equation

d d
iatcp:(—iZajaj+i203]q>+(1/(55)12—ZAj(;z)aj)qn[zlqn*@q)Mq\cpf[z]cp, XeR’
Lo &

J=1

& Long-time dynamiCS of the Dirac equation with small electromagnetic potential

d d
i0P=|-iY 00,+0, | ®+e|V(¥)],-) A4 (¥)o, |®, XeR’, 0<t<l
j=1

j=1

— FDTD methods - non-uniform | ®@(-.z,)- @}

2 2 O<exl
ZZSC{h—+T—}, OSnS—5=£<:>nT=O(5*1)>>1
E €

— 2" order time-splitting method - (improved) uniform error bounds

|oCe) - || <€, +Ce)[hm+77 ], |@Ce1,) -

h,t

=N
)
=N

T O<exl
SC[h’”" +5r2], O£n£—5=£<:>m'=0(8‘1)>>1
T er

& Long-time dynamics of nonlinear Dirac equation with weak nonlinearity

d
. . T
i0,® = E—iz c,0,+ 03}1) +& (AP o, D+ 4D LD, FeR,0<1<5  |ots o], <c[mer]
j=1 € 4

L2

T T O<exl
, 0<sn<=~=""onr=0(" 1
e (e7) >

W. Bao, Y. Cai, X. Jia and J. Yin, Error estimates of numerical methods for the nonlinear Dirac equation in the nonrelativistic limit regime,
Sci. China Math., Vol. 59 (2016), pp. 1461-1494.

W. Bao, Y. Feng and J. Yin, Improved uniform error bounds on time splitting methods for the long-time dynamics of the Dirac equation with
small potentials, in preparation.
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Conclusion & future challenges

& Conclusion

— For Dirac equation in nonrelativistic regime
 FDTD methods -- (under-resolution) o(r*/e+7*/&*) = h=0(e)&r=0(e)
 EWI-FP methods - (optimal-resolution) o(r"+7°/¢&') = h=0(0)&r=0()
» TSFP methods - (optimal-resolution & super-resolution no magnetic)
O(h’" +7° /54): h=00)&r=0(¢"), when r<g’ = O(h’" +7 /52)

— A uniformly accurate (UA) method --- (super-resolution)

2

h™ + max min 7—2,52 =O(h’”+r) = h=0()&7r=0()
0<e<l E

& Future challenges
— For other parameter regimes
— For other coupled systems
— Emerging applications
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