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BRI

p(n) BT AL 2K
o {E19184F, MHARRIENEEARA R HK I S5 & KB 1 73k MU n
A
(n) e7r\/2n/3
P 4nyV3

e 19374, Rademacher #t— £33 7 41 ¥ p(n) MHEERIEL,
FoA 88— IS I AR 5 55 it o~ U5t -

;] & i d sinh <7,§ %(n—214)>
—= A k——
ﬂz KV — 1 :
k=t n— 2z
Hrp
k_lj hj hj 1 2mihn
M ;%C""’k“exp W’Jlk<k‘w‘z>— C |
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BRI

7R R p(n)

Major MacMahon

n‘12345678910
p(n)[1 2 3 5 7 11 15 22 30 42

n ‘11 12 13 14 15 16 17 18 19 20
p(n)‘56 77 101 135 176 231 292 385 490 627

n|21 2 23 24 25 26 27 28
p(n) 792 1002 1255 1575 1958 2436 3010 3718

p(100) = 190, 569, 292,
p(1000) = 24,061,467, 864, 032, 622, 473,692, 149, 727,991
Al 2.4 x 103!
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BRI

Ramanujan W&

n ‘1 2345 6 7 8 9 10
p(n)[1 2 3 5 7 11 15 22 30 42

no|11 12 13 14 15 16 17 18 19 20
p(n) |56 77 101 135 176 231 207 385 490 627

n ‘ 21 22 23 24 25 26 27 28
p(n) [ 792 1002 1255 1575 1958 2436 3010 3718

(1) p(4), p(9), p(14), p(19), =0 (mod5),
(2) p(5), p(12), p(19), p(26), --- =0  (mod7),
(3) p(6), p(17), p(28), p(39), =0  (mod 11).
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BRI

Ramanujans¥5 A 43 2

TR = AN A R 2t 2 2 4 I Ramanujan 7R [F & 2.
p(5n+4) =0 (mod 5),
p(7n+5) =0 (mod 7),
p(11n+6) =0 (mod 11).

RamanujanfJ T &

It appears that there are no equally simple properties for any
moduli involving primes other than these three (i.e. £ =5,7,11).
(BfTLii:/[\Hé%itu% (0 =5,7,11) , AREERILAD

EERBHFR.
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BRI

[ EE R A 22 K Srinivasa Ramanugjan (1887-1920)

e Ramanujan HAETHE—NFHH
FRE, MARA S g I ECE
Gk, ARSI T OREE3900 H
A kWi Hardy KB, RS2SR
A, TR A 3 [ 4k Stk )
BEER T

e Ramanujan #{24 “EIEZF7,
50 N TR IR I 2 55 0K 1A B BE B
2 R 2 B AN .

o Hardy>g B iF i —FitE— A%
FRAWVESR, hE O
72543, Littlewoodf$ 7304y, [FIRS
A R4 [ £ X Hilbert 43
78043, T1MiRamanujanf5 1 i
4110047
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BRI

LIPS

(1)

(2)

R

Ramanujan 25 H 7 B5H17 A R AW SFIEA

S. Ramanujan, Some propertities of p(n), the number of partitions of n,
Proc. Cambridge Philos. Soc. 19 (1919) 207-210.

AR L1 A ) % 2 AR IE B o R B2 X Winquist T-19694F
gyith, AR T 2 B T Macdonald 55 T 2 AL B, 1Y
—MESE.

L. Winquist, An elementary proof of p(11m + 6) = 0 mod 11, J. Combin.
Theory 6 (1969), 56-59.

20054, %25 Ahlgren FlBoylan I A A0 4
2% [8] 1Y FEUE 52 7 Ramanujan 7l & «

S. Ahlgren and M. Boylan, Arithmetic properties of the partition function,
Invent. Math. 153 (2005) 487-502.
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HEMERE

Freeman Dyson (1923-)

e Freeman Dyson, ZEFESHHEYHE
O, MR i S AT T B R
EARAFE A 2L (19660 FIH M 7
¥ (1969) . DysonEBRITISHEH
o

o 4 Dysonil /2 =y 5 AL R i
(19414 , fih AHardyFWright &
5 {An introduction to the theory
of numbers) 57 A&
T Ramanujan[AlR 3. JRAM 2R E
i thRamanujan 11 [ 42U SR AGE
B, (HRWA I Ak —
AN Ja) & Ramanujan (KJ3IE B A& o iR
B
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HEMERE

DysonIk T 15 511 n] @it

KT Ramanujant¥is AR X p(5n +4) =0 (mod 5), Dysonf i}
T IXFE—AN A

Dsyon ] i) &

WAL ALE 50 + AR R Ay Ty, A4S A — 1 T 4 B AN
&7

o Dysonfis HFEWHA S|~ Pr EMGHE, MEMRIEIEA
grit B Al LURAUE 50 4 410 7 0 CRAT A R ECH 19 K
firo

o {£1944%, DysonfESIHF K A, A4 58 XA~
J&, BRXA “GpitE” , JFaHoN “rank” o

10/ 67



HEMERE

Dysonftrank % Dysong 4

FE X (Rank)
T =08\ Effirank (r(\))E SCNE FI R 208K 2 1
Biltn, A= (5,4,2,1,1,1), r(\)=5—-6 = —1,

Dysonf#]J548 [Dyson, Eureka (1944)]
WN(J, 5; n) R srank &5 [F 4 1 i 73 A2, )

N(1,5;5n+4) = N(2,5;5n +4) = N(3,5;5n + 4)
= N(4,5;5n+4) = N(5,5;5n + 4).
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HEMERE

DysonkT “crank” HI%E M
Dysonit K IIX A G vh- & A E 1L TE .

p(6) =11,

IAl=6 | r(A)|r(A) (mod11)
(6) 5 |5
(5,1) 4 |4
(4,2) 2 2
(4,12) |1 1
(33) |1 |1
(3,2,1) |0 o
(3,13 |[-1 |10
(2,2,2) [ -1 |10
(2,2,1>) | -2 |9
(2,1 | -3 |8
(19) -5 |6
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HEMERE

FAICHR

(1) Dyson WG AR T “rank” PG EAIER . XA
X AR W B Jo A PR 25 44 B 3807 2K Atkin
FlSwinnerton-Dyer?s Hi o FF HARATAEUE B IS 2 A & IR AN
# 5 mock theta function%5 .

A. O. L. Atkin and P. Swinnerton-Dyer, Some properties of partitions,
Proc. Lond. Math. Soc. lll. Ser. 4 (1954) 84-106.

(2) 119884, 3k EFI# Bkt 1:G.E. AndrewsHIF. GarvanZ& T-#%
B 7RSSR (crank) o

G. E. Andrews and F. G. Garvan, Dyson's crank of a partition, Bull. Am.
Math. Soc. 18 (1988) 167-171.
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HEMERE

Andrews-Garvan-Dysonkk

E X (Crank)

XF =N, B “crank” c(\)E XN

{ A\ if n1(\) =0,

c(A) = .
w(A) — ni(A) if ni(\) > 0.

Horbny (A)$R 2 2 RN I LA p(V) T 204N
R T m (N2

Biltn, SFFN=(5,3,2,1,1,1), ‘B “crank”
Hp(A) —m(A) =1-3=-2.
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HEMERE

George E. AndrewsflIFrank Garvani& KILZR T & “crank” AMUXT
THRIIVE R KA, T H ST 15 T AR A2 L

Al =4 |c(A\) | c(AM)mod5 [N =51 c(A) | c(A\)mod7
(3,1) |o 0 (4,1) |0 0
(1%) —4 |1 (22,1) |1 1
(22) 2 2 (1°) -5 |2
(2,1%2) | -2 |3 (3,2) |3 3
(4) 4 4 (2,13) | -3 |4
(5) 5 5
(3,12) | -1 |6
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T 55 FARRKAE R

Ramanuganlm) 52 70 5 HoAth [F] 2 =X

X WONERFRE, FATIR

T A A 5 O9RamanujantF p(5n+4) =0 (mod 5),

ARAFXSPA p(7n+5) =0 (mod 7),
p(/n+t)=0 (mod ?). p(11n+6) =0 (mod 11).

&I PR R p(n) & 15 B AT N XA R[] AR 2

p(An+B)=0 (mod ¢) X THrf n.
HE: REAA—ENRE.
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LS E A FAR

ZE Emory K2ZHJA.G. CandlerZi#%Ken Ono (3 EH 222k
(Proc. AMS) M E 4% M LB AR (Bull. AMS) [HE]F
9w A BT AR X PRAS Hh Serre e FRAIE A

£ [Ono, Ann. Math. (2000)]

XNTEERE > 5, FAELTHZNAEEEARLE AN+ Bl 2
N E R
p(An+ B)=0 mod /.
fE BT Ono$ i 1117775, Weaver (Ramanujan J. (2001)) &3 T
Bi13 < ¢ < 311176,0654 A A& =
[§ K. Ono, Distribution of the partition function modulo m, Ann. Math. (2)
151 (2000) 293-307.

@ R.L. Weaver, New congruences for the partition function, Ramanujan J. 5
(2001) 53-63.
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R4 R

% E ¥ K K. Mahlburg K I H crank ] L4 H Onof3 21| 1) 6 55
ZANFEIR R H B R

SEH [Mahlburg, PNAS (2005)]

ERERBL > 5 WAAEL TS 2N AN E i HARLE AN + BEBX T
FEO<m</(-1,F

M(m,¢; An+ B) =0 (mod /),

HrApM(i, t; n)FoncrankBEE R i1 nf) 73 5 2
HEEE
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[1wie i

S X R rankF0 crank

%€ X [Andrews, Invent. Math. (2007)]
kXt Frrank (ne(n)) 58 SUA

IS k=1
nk(n): Z (m+/E ’ J>N(m"n)

m=—00

HrN(m, n) F7Rrank Ay mifnff) 73 544

% X [Garvan, Adv. Math. (2011)]
kB S$FRerank Cuk(n)) & SCH

POEDS ( k“)M(m?n)

m=—o00

HAFM(m, n) Fxcrank AmEFInff 5954

@ G.E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan momemts
of ranks, Invent. Math. 169 (2007) 37-73.

@ F.G. Garvan, Higher order spt-functions, Adv. Math. 228 (2011) 241-265. 21/67



[1wie i

+oo
+ k
mea() = 3 (575 )Memn)
+oo
—m+ k
=2 <2T+ 1 >N(_m’ n)
| symmetry
“+oo
= Y (5
= —12k+1(n).-
SRS
M2k+1(n) = 0.
A, FRATTAT LAIE B
p2k+1(n) = 0.
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73 R AR A A & 1A RiiY7S spt-crankif] g7

k-marked Durfee symbols

% X [Andrews, Invent. Math. (2007)]

nffJk-marked Durfee symbol #& kX 73 7 A1 — /> S AR R, 3
E SCANR -
ozk, ak_l, ceey al
”:(ﬁk, Bl L 51>D’

Hedial (resp. B) FoR—MF: S ([of| +187]) + D2 = n. T

HA R/ FI8" L2500 & T I =561

(1) WFL<i<k, o BDARIEEMIR, Mok FBm LA
%,

(2) XMF2<i<k AP <oyt < By

(3) Brf.af <D.
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B B rankit 2 R

T Bt A A0 (k-fold generalization of Watson's
g-analog of Whipple's theorem)

JEPE [Andrews, Invent. Math. (2007)]

nok(n) ST ALE Nnff)(k + 1)-marked Durfee symbolsf ™45, .

@ G. E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan
momemts of ranks, Invent. Math. 169 (2007) 37-73.
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N(1,5) = N(0,5) = N(-1,5)
= N(—4,5) = 1.



[1wie i

K F%521/N5)2-marked Durfee symbols.

(12 12 12 11 11 11 11 11 11
1 ) L L L
(12 1, 1y 1, 1; 1, 1 1, 1
L 1 1 Lo L 1
1, 1, 1, 1, 1, 1, 1 1, 1, 1;
1o 1 1 L/,
1 L 1 1 1, 1L
1, 1, 1, L 1, ) 1, 1L 1
11 11 11 11 11 11
1, L/, 1, L 1, L L j,
12 11 12 11 11 12 11
1, 1o L 1, L 1, L/,
( 1, L, 1L 1y
) 1, 1, L 1L, 1, 1; 1
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[1wie i

ZAE/NCIF SV

Andrews &3 7 FI| Fi k-marked Durfee symbolsn] DL#RE [ o< T
S5 R rank B[R] 4% 2

7E P [Andrews, Invent. Math. (2007)]

n2(5n+4) = Da(5n+4) =0 (mod 5),
M2(7n+5) = Da(7n+5) =0 (mod 7),
na(7n+5) = D3(7n+5) =0 (mod 7).

HrH Dy (n)& R nHk-marked Durfee symbolsf)~4{.
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[1wie i

i-th rank for k-marked Durfee symbols

7€ X [Andrews, Invent. Math. (2007)]

ko k-1 1

i @ @ ae.y, @ -

wn = ( gk gkl g ) & k-marked Durfee symbol.
i Y ) bl D

ﬁﬁﬁ(?ﬁ)%ﬁﬁ%@ﬁmﬁowﬁﬁﬁmmpmn%Xﬁ

o I(a) = 1(B) -1 1<i<k,
i) = { I(ak) — 1(B%) i= k.

2, 2
mm,< 2032 2% 1) AR
3 2o 21 5
A55113-marked Durfee symbol, HAZE—rankN—1, 25
“NMrank “HO,
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[1wie i

Full-rank for k-marked Durfee symbols

7 X . ¥n s&k-marked Durfee symbol, & Y full-rank FR(n) by

FR(n) = p1(n) + 2p2(n) + - - - + kpk(n),

Horbpi(n)FmnBI 5 i ranks

WNF(r, t; n)& R~ full rank Bt rif niTk-marked Durfee
symbolsf ). AndrewsilER] |

NF>(1,5;5n + 4) = NF>(2,5;5n + 4) = NF»(3,5;5n + 4)
= NF,(4,5;5n+ 4) = NFy(5,5;5n + 4).

M4 Hina(5n + 4) = Da(5n 4 4) = 0 (mod 5) 2L & fFFE
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T 55 AR A ikt
£ 2 [Bringmann,Garvan, Mahlburg, IMRN (2007)]

IRy, k > SRR St R Hp 1 6t MAFETC ST 2 M AVE o
HAREHAn + BERNTHEEO<r<t-1H

NF(r,t; An+B)=0 (mod p/).

EEE
t—1
nak(n) = Z NFi1(r, t; n).
r=0

B IEBAY, k> 3MAH LR S p > 3 WAFAET T 2 MAE o HARK
HAn + BIEfS '
mk(An+B)=0 (mod p/).

@ K. Bringmann, F. G. Garvan and K. Mahlburg, Partition statistics and
quasiweak Maass forms, Int. Math. Res. Not. IMRN (2009) 63-97.
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[1wie i

— A iRfE S
FE20114F, BAMEB TS HIER AR R T 95T k-marked
Durfee symbolsf#] 7 #71E %5,

EH [ZE75, Trans. AMS (2011)]
XFFk > 2, we have

Dy(n)

- i Z<J+k ) <Z|m,y+2j+k—1n>.

my,mz,...,mg=—00 j=0 i=1

@ G. E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan
momemts of ranks, Invent. Math. 169 (2007) 37-73.

@ K. Q. Ji, The combinatorics of k-marked Durfee symbols, Trans. Amer.
Math. Soc. 363 (2011) 987-1005.
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[1wie i

KW R crank
& X [Garvan, Adv. Math. (2011)]

kB Xt FRerank Cug(n)) 7€ SLH

00 . k—1
pk(n) = Z ( +,E 2 J>M(m= n).
w2(5n+4) = pp(5n) =0 (mod 5)
p2(7n+5) = pa(7n) =0  (mod 7)
p2(11n+6) = u(lln) =0 (mod 11)
pa(7n+5) = pa(7n) = (mod 7)
w1a(lln+6) = ,u4(11n) =0 (mod 11)

we(1ln+6) = pe(1ln) =0 (mod 11)
ps(1ln+6) = ug(1ln) =0 (mod 11).
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[1wie i

H A R

ﬁt?‘zﬁﬁﬁ%ﬂ%’]ﬁ &lﬂ‘]ﬁﬁT—FﬁE‘J/A\ﬁ

Xﬁ?k > 2,
Fi(n)

_ Z Z(”k 2>M<Zk:ym,-\+2j+k—1;n).

my,my,....,mg=—00 j=0 =1l
H A Fr(n)ZF 7~ nff k-marked Dyson symbols[fJ ™4

@ William Y.C. Chen, Kathy Q. Ji and Erin Y.Y. Shen, k-marked Dyson

symbols and congruences for moments of cranks, submitted.
arXiv:1312.2080.
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[1wie i

k-marked Dyson symbols

7 X (k-marked Dyson symbols)

nfflk-marked Dyson symbols/& H kA~ 70 #7 % itk — 14~ IE #4004
B, HE
o), alk-1), s a®
n= Pk—1, Pk—2, - P1,
Bk, plk=1), ooy B
HorA 4ol B BT DA 250 2 T TH = AN 554
(1) pk=1>--->p1 > po = 1.
2 pizdd’>al’>... >V >p  H
pi> B >80 > >80 > pia
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155 A& R KA SRR w3 R

(To be continued)

3) ol >l > > aﬁk) > pr—1 H.

W >p0>... 50> .

S

t-crankff) iR

(4) %e(a(k)) =1, U'Joz( ) — pe1:
E4(a) > 1, Wal®) = ol
(k) =0 Fle(pk)) =1, U'Jﬁ(k) = Pt
%Z(a(k)) —0 ﬂ]g( ) > 9, U]Jﬁ B(k)
Hl(alR) =0 Fe(BR) =0, Mp_y = max{agk_l)aﬁgk_l)}.

HE A S, FRATAT BAER H T oy (n) THEROAL S W0 1

EM MR, ZFE, L8, 2013

pak(n) T nif(k + 1)-marked Dyson symbolsff]/M 4.

35/ 67



[1wie i

N F1%4354 5ff12-marked Dyson symbols, AJ LA 5 10(5) =

6
1 1
@ 1 1 1 (1)
9 IR PR ( ”)
2 1
&) @ 6 1)
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ok (n)JE 55 Al 4 2

FA17E k-marked Dyson symbolsiE Y full crank, NCy(r,t; n)3&
7nfull rank#&t43r, nflk-marked Dyson symbolsf 4. FATIE
N ESE 8

EH Mok, Z=FH, B—8, 2013]

BEERRp > SMIEBH Ak < (p+1)/2, FHELF LN REH
HARFHAn+ B, FHEFTFEREOLi<p" —1,

NCk(i,p";An+B)=0 (mod p").
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ok (n)JE 55 Al 4 2

il

p'—1

pak(n) = Y NCiia(i, p's ),
i=0

FATAT LAEBH oy (n) A7 1ETE 55 2 AN [ R K

EH MR, ZFF, IL—F, 2013

ST IR L < (p+1)/2MEHp > 5 FELF 2 M EH
EARLE AN+ B, 115

wak(An+ B) =0 (mod p).
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spt-FREL
120084, Andrews K IN2-Frcranks FI2-Frranksi) ZE 4522 N 1E
H o

EH [Andrews, J. Reine Angew. Math., (2008)]
Bespt- B Bspt (n) THE T ni - PR/ NS Sy B IR E, W

spt(n) = p2(n) — n2(n) >0,

Total
AeP(B)[(5) (4,1) (3,2) (3,1%) (22,1) (2,13) (1®)] 7
ns(A\) |1 1 1 2 1 3 5 | 14

14 = spt(5) = p2(5) — n2(5) = 35 — 21 = 14.

@ G.E. Andrews, The number of smallest parts in the partitions of n, J.
Reine Angew. Math. 624 (2008) 133-142.
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spt-[A) 4
G.E. Andrews ilE Mispt- B8 50 5 58 0 R R B, T 2 AR

55 AR
spt(5n+4) = 0 (mod 5).
spt(7n+5) = 0 (mod 7).
spt(13n+6) = 0 (mod 13).

Mk, AIEEEEFFKA. Folsom FIK. OnofE N — Y8 F KL K
WAZ I R ARV 2 B AP I R R M

@ A. Folsom and K. Ono, The spt-function of Andrews, Proc. Natl. Acad.
Sci. USA 105 (2008) 20152-20156.

@ K. Ono, Congruences for the Andrews spt function, Proc. Natl. Acad. Sci.
USA 108 (2011) 473-476.

@ S. Ahlgren, K. Bringmann and J. Lovejoy, I-adic properties of smallest
parts functions, Adv. Math. 22 (2011) 629-645.
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HE MR
1£20114F, G.E. AndrewsflF. Garvan® A %5 H 2 XAE M E S PF
Hspt-Fk, HI LR 7% 801t & v] DU R spt- R A0 F7 5 85 4 (A r
Ao
7€ S (A= 53HF)
nif) A E 3 Hfkm = (71, mo, m3) R H =X 0 R R, Horp
(1) 7 RBEEREAE T,
(2) m IR/ /IN T35 T o B 5/ INER 43 Rl s [ e N B 4 o
(3) |m1| + |ma| + [m3] = n.

XS R = (1, 70, m3) A Ew(r) = (—1)4™-1, K
W () N 33 50, AndrwesFlGarvanilE B [

Z w(m) = spt(n).

|w|=n

@ G.E. Andrews, F.G. Garvan and J.L. Liang, Combinatorial interpretations

of congruences for the spt-function, Ramanujan J. 29 (2012) 321-338. 12/67



RS w(m) | spt-73 ¥
((1),(1),(1,1)) +1 (4)
((1),9,(3)) +1 (3.1)
((27 1)7@7(1)) -1 (272)
((2),0,(2)) +1 (2,2)
((1),(1,1,1),0) +1 (2,1,1)
((1),0,(2,1))  +1 | (2,1,1)
(1), (2, 1) 0) +1 | (1,1,1,1)
((1),0,(1,1,1))  +1 | (1,1,1,1)
((1),(1,1),(1)) +1 | (1,L,L,1)
((1),(3),0) +1 | (1,1,1,1)
((2,1),(1),0) -1
((2),(2),0) +1
((1),(2),(1)) 41
((1),(1),(2)) 41
((3,1),0,0) -1
((4),0,0) +1
16 10 10
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A& ik L spt-Fk

7% X [Andrews, Garvan and Liang, Ramanujan J. (2012)]
M E R = (m1, 72, m3), B RIspt-FRE UN(m0) — 4(73).

% Ns(k, t,n) R BT A R spt-FRAE t 5% kI i) [a) & 53 R AL E 2
. Andrews flGarvan ZEANUEH] T

spt(5n + 4)

Ns(k,5,5n+4) = 3 , for 0< k<4,
t(7n+5
Ns(k,7,7n+5) = S”(7"+), for 0< k <86,

M A spt(5n+4) =0 (mod 5) LA fspt(7n+5) =0 (mod 7).
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[EE=&2 i w(mr) spt-FRS spt-7r 1%
((1),(1),(1,1))  +1 4 @)
(1,0,3) 11 4 (3.1)
((27 1)7@7(1)) -1 4 (2,2)
(2.0,2) 1 4 2
((1),(1,1,1),0) +1 3 (2,1,1)
((1),0,(2,1)) +1 3 (2,1,1)
((1),(2,1),0) +1 2 (1,1,1,1)
((1),0,(1,1,1)) +1 2 (1,1,1,1)
((1),(1,1),(1))  +1 1 (1,1,1,1)
(1), (3),0) +1 1 (1,1,1,1)
((2’ 1)’(1)7(2)) -1 1
((2),(2),0)  +1 1
((1),(2), (1)  +1 0
((1),(1),(2) +1 0
((3,1),0,0) -1 0
((4),0,0) +1 0
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] et

(1) G.E. Andrews HIF. Garvan$& H Wifi 2y t e X AEspt-77-4f b
() spt-Fk ) ) 7
G.E. Andrews, F.G. Garvan and J.L. Liang, Combinatorial interpretations
of congruences for the spt-function, Ramanujan J. 29 (2012) 321-338.

(2) ¥, G.E. Andrews, F. DysonAHIR.C. Rhoades #3H!5%E X
TEspt-73 P spt-Fk—LLHEWT (speculation ) , FHHAECH
PRFHRE L AEspt- 703 Lspt-RRIA R 2 A 2 B HAR'E
HEEPERT RS, (It remains an interesting and apparently
challenging problem to interpret the spt-crank in terms of
ordinary integer partitions.)

G. E. Andrews, F.J. Dyson and R.C. Rhoades, On the distribution of the
spt-crank, MDPI- Mathematics 1 (3) (2013) 76-88.
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ARG 7 3%

Andrews, Dyson and Rhoades #EWrspt-Fk 1) & AR VK H T % />
RS, FHEBIN T #Asid i3

%€ X [Andrews, Dyson and Rhoades, MDPI (2013)]
nfIFRIC I RIE (N, k), PR EE 2, k& — TR
PUNEIFNINE S

X EFATEN = s(N)FH A s(AN) AR E/NE T

@ G. E. Andrews, F.J. Dyson and R.C. Rhoades, On the distribution of the
spt-crank, MDPI- Mathematics 1 (3) (2013) 76-88.
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¥

NeP@) | n(\) (A k)

(4) 1 ((4),1)

(3,1) 1 ((3,1),2)

G3) | 2 (@2 1.(2.2.2)
(2,1,1) 2 ((2,1,1),2),((2,1,1),3)

(LLL1).1), (LLL1),.2)
LLLD P4 (11.1.1).3), (1,1,1,1).4)
Total 5 10 10

BIRHAFIL RIS R spt (n).
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XU bRic ) 7 3

a_b
® o0
R R iE iR — A oo
=J(N, a, b), Hrp o o
o X RnlEEATR (.22.1.2

Doubly marked partition

e 1 <a<d(\) (Durfee

square of NFIKJE); . b. ° : sle
e a<b< g o0 o0
o X, =M\, ° o0
((3,2,1),1,2) ((3,2,2),2,1)

Non-doubly marked partition  Non-doubly marked partition

@ William Y.C. Chen, Kathy Q. Ji, and Wenston J.T. Zang, The spt-crank
for ordinary partitions, J. Reine Angew. Math., to appear.
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¥

TR T 1040 BARC 2 PR ATL0AN 4K BUbRE 20 P

BARIC R

XARIC 74

((1,1,1,1),1,1)
((3:1),1,1)

R, FAEXN RS EES T —— X
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X 7395 B 1 spt-crank
BAEXR L I b€ Lspt-Fko

E X [BRAN, &, BE&HE, J. Reine Angew. Math. (2013)]
(1, a, b)FE—MRARC I & MIspt-FkE Ld(u, a, b)N:

d(u, a, b) = :U*; = Hyp,—at+1 + b—2a+1.
Bil: BE((4,4,1,1),2,3)21000AREA TR, WE HIspt-FE A :

d((4,4,1,1),2,3) ST
:M/2_ILL,U/2—2+]_+3_4+1 ‘o .E..
=2—-443-4+1 P

= 2. °
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AMs(i, t,n) R HTA T L spt-FRAB t 43 1 nf XUAR L 43
P¥(\, a, b)o FATERH T

spt(5n + 4) .
Ms(i,5,5n+4) = '0(5, for 0 <j<4,

spt(7n+5) .
Ms(i,7,7n+5) = '0(7, for 0 <i <6,

MG spt(5n+4) =0 (mod 5) LA Jspt(7n+5) =0 (mod 7).
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biIT

AR BT R E 70 I _Espt-BRATXUR L 0 PR AT AR e 70 5 1
XU, FTELSn + 4R ARC IR RO LSS, Tn + SHIHARID
PRI NETE

(A, k) (1, a,b) = A(XN k) | d(p, a,b) | d(u, a, b)mod 5
((4),1) ((1,1,1,1),1,1) 3 3
((3,1),2) ((3,1),1,1) 1 1
((2,2),1) ((2,2),1,1) 0 0
((2,2),2) ((2,2),1,2) 1 1
(2,1,1),2) ((2,1,1),1,1) 2 2
((2,1,1),3) ((2,2),2,2) -1 4
((1,1,1,1),1) ((3),1,1) =3 2
((1,1,1,1),2) ((4),1,2) -2 3
((1,1,1,1),3) ((4),1,3) -1 4
((1,1,1,1),4) ((4),1,4) 0 0
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spt-crankff] Bk %]

Andrews-Dyson-Rhoades 1518,

J& 8 [Andrews, Dyson and Rhoades, MDPI (2013)]
X FAER KN > 0 Flm >0, 5

NS(ma n) > NS(m + 17 n)7
HANs(m, n) THELT spt-FRAmEI nif 1A &3 HF AN 7B RS
T, FATUER T Ns(m, n) B iH2 7 spt-Fk A mP) nff 85 12 73 3
A5

[3 G.E. Andrews, F.J. Dyson and R.C. Rhoades, On the distribution of the
spt-crank, MDPI-Mathematics, to appear.
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spt-crankff] Bk %]

¥

3 456 7 89

2

1

3211

5
6

5 3 2 11

8

9

10

13 13 11 10 7 5 3 2 1 1

n\m| 0

10
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spt-crankff] Bk %]

AL 2

Andrews, Dyson and Rhoades 732! |~ [ f Uzl =X, XA
AJ DAUESE Y n TG 55 R RIS A2 BT 1

¥ [Andrews, Dyson and Rhoades, MDPI (2013)]

For each m > 0, we have

(2m + 1)72 2n
Ns(m,n)—Ns(m+1,n) ~ ————— ex — as n — Q.
s(m, n)—Ns( ) seavie 2P\ ™V 3
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spt-crankff] Bk %]

%5

SRR NS R A
o N<m(n) Forranks 9T —mH mla] 5] n i) 73 854
o M<pm(n) Foncranks ST —mAI mla] (1) ) 23 P-4
TATAE R R

1
2

¥%#8 [Andrews, Dyson and Rhoades, MDPI (2013)]

For m > 0 and n > 0, we have

Ns(m, n) — Ns(m + 1,n) = = (N<m(n) — M<m(n)).

Nem(n) = M<m(n).
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spt-crankff] Bk %]

v B Ak 1] PR AN 55 2
kEfrrank Ny (n) & XU0F:
+o00

Ni(n) = Z m*N(m, n),

m=—0o0

HrN(m, n) Forrank ImiEnif) 7354
k[rcrank My (n) € LWTR:

+oo

My (n) = Z m*M(m, n),

m=—0o0

FHAM(m, n) ForcrankImifnff1 73954
WIHTATIR, Andrews & B2 cranks 5 2/ ranks i) 25 A 1E T

spt(n) = =(Ma(n) — Nao(n)) > 0.

AR @R TAER A, R GHRXERKR?
Mk(n) — Nk(n) > 0.

N -

m
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spt-crankff] Bk %]

P RR IR 5 AR

EH [BRK)N, =5, BEd, 2013)

NTHEEL>1HMn>1H

+oo
Ne(n) = D (m*—(m—1)")(p(n) = Nem-1(n)),
m=1
+oo
Mi(n) = > (m*—(m—1)*)(p(n) = M<m-1(n)).
m=1
XA I A T B H Abel 51 ERUE I o

@ William Y.C. Chen, Kathy Q. Ji, and Wenston J.T. Zang, Proof of the
Andrews-Dyson-Rhoades conjecture on the spt-crank, submitted.
arXiv:1305.2116.
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spt-crankff] Bk %]

GarvanhE2
n—1
Mi(n) = Ni(n) = > (m* — (m = 1)*)(N<m-1(n) = M<m—1(n))
m=1

+nk — (n—1)k

#7Andrews-Dyson-Rhoades J& 8 %37 A%, Bl
N<m-1(n) = M<m-1(n) > 0.
mAFFm>1 Mk >1,
m* — (m— 1)k >0,
XFERAEE TX T 0> 1 Flk > 1
Me(n) — Ne(n) > 0.
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spt-crankff] Bk %]

% (Rank-set)

A T ERH Andrews-Dyson-Rhoades #&5 48, FA145 HiF H Dyson i)
PREE LS 25 HARAT I 48 53 A —Fh 0 T 2

% X [Dyson, J. Combin. Theory A (1989)]

A= (A1, A2, ..o, A HIFREE (rank-set) & XN —TE 55 791
[—)\1,1—)xg,...,j—)\j_:,_l,...,g—1—)\4,576—%1,...].
B, (5,5,4,3,1) FIFEN

[-5,-4,-2,0,3,5,6,7,8,...].

@ F.J. Dyson, Mappings and symmetries of partitions, J. Combin. Theory A
51 (1989) 169-180.
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spt-crankff] Bk %]

FhiEa

FATTINHEA 2R 2L
o q(m, n) FRFRESH mitnif) 7 4L
e p(—m, n) Frrank AN T —minffy 73 A

N<m(n) - M<m(n) = 2(p(_m7 n) - q(m’ n))

EH [BRK), FF, AR, 2013]

SN EEm>0Mn>1FH

qg(m,n) < p(—m, n).
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spt-crankff] Bk %]

TR 3 2 K

BATIE L 5 N—A 3 BIHE 2 m-Durfee rectangle symbols, 7EIX P
MES EMIE— N RGHEINZE5 10, ATTIE
B Andrews-Dyson-Rhoades J5 48, iX BEAIEm > 1H1m = 053 WM
Tt oL o
o m> 1. AV g(m, n) TS 73R AADAL T
£Qi(m,n) (1 < i <6);HHp(—m, n)iHEIEEE IR A

AL THRQi(m, n) (1 < i < 6);RIaMERIANATHA RS
T ST LA
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spt-crankff] Bk %]

q(m, n) p(=m, n)
1 (bijection)
Qu(m, L Pr(—M\n)
@5 (injection)
Qa(m, n) \—=2 Py(=m, Y
¢3 (bijection)
Q3(m, n) P3(—=m,n
@4 (injection)
Qm.n) [ Py(—m, o)
e (injection
Qs (m, n) Ps(—m, n
Qa(m, g (injection) Po(—m,
(@ B)(mijyxj P7(=m,/n)
either j = 0 or By = j with j > 1 5 (— 7> n)

(@ B)mj) xj

either j = 0 or £(8) < £(a) with j > 1
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spt-crankff) Bk R

1 (bijection)

2 (injection)

&3 (bijection)

4 (injection)

(o, B)jxj (e B)jx;
6= «B) < )
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spt-crankff] Bk %]

m = 0fF

R, AT Qs(0, n) U Q6(0, n) 73 ATLAAALTHEQ;(0, n)
(1 <i<5), #Ps(0,n) U Ps(0, n)r N=NAREEFEEL PO, n)
(1<i<3). RIEEDMESLIAHS . FTUSTFm = oI,

AN IS AL

q(0, n)

¢1 (bijection)

p(0, n)

Q1.(0, M

¢ (injection)
bijection

P4 _(injection)

g (injection)

¢ (injection)
b3 (injection
b4 (bijecti

injection

P1(0,

P (0, n)

(s Bjxj
o(B) < £(e)
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P !
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