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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�ê©


½½½ÂÂÂ

n� � ê © 
 � � ´ � � k � � � O � � � ê S
�(λ1, λ2, . . . , λl)÷vλ1 + λ2 + · · ·+ λl = n.

~~~µµµ4�©
k5�§©O´

(4), (3, 1), (2, 2), (2, 1, 1), (1, 1, 1, 1).

�p(n)L«n�©
�ê§Kp(4) = 5"��g,�¯KÒ´ù
�p(n)kõ�º
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

p(n)�Cqúª
• 31918c§M�Ú<ÝUâêÆ[.êã7uy
©
�ê�X

eì?úªµ

p(n) ∼ eπ
√

2n/3

4n
√

3
.

• 1937c§Rademacher ?�Ú��
Xe�p(n) �?êL�ª§

Ù¥1���M�-.êã7ì?úª�dµ

p(n) =
1

π
√

2

∞∑
k=1

Ak(n)
√
k

d

d n

sinh
(
π
k

√
2
3 (n − 1

24 )

)
√

n − 1
24

 ,
Ù¥

Ak(n) =
k∑

h=1

δgcd(h,k),1 exp

πi k−1∑
j=1

j

k

(
hj

k
−
⌊
hj

k

⌋
− 1

2

)
− 2πihn

k

 .
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

©
¼êp(n)
Major MacMahon

n 1 2 3 4 5 6 7 8 9 10

p(n) 1 2 3 5 7 11 15 22 30 42

n 11 12 13 14 15 16 17 18 19 20

p(n) 56 77 101 135 176 231 292 385 490 627

n 21 22 23 24 25 26 27 28

p(n) 792 1002 1255 1575 1958 2436 3010 3718

p(100) = 190, 569, 292,

p(1000) = 24, 061, 467, 864, 032, 622, 473, 692, 149, 727, 991

Cq�2.4× 1031
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Ramanujan �uy

n 1 2 3 4 5 6 7 8 9 10

p(n) 1 2 3 5 7 11 15 22 30 42

n 11 12 13 14 15 16 17 18 19 20

p(n) 56 77 101 135 176 231 297 385 490 627

n 21 22 23 24 25 26 27 28

p(n) 792 1002 1255 1575 1958 2436 3010 3718

(1) p(4), p(9), p(14), p(19), · · · ≡ 0 (mod 5),

(2) p(5), p(12), p(19), p(26), · · · ≡ 0 (mod 7),

(3) p(6), p(17), p(28), p(39), · · · ≡ 0 (mod 11).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Ramanujan©
Ó{ª

e¡ùn�Ó{ªÒ´Í¶�Ramanujan©
Ó{ª"

p(5n + 4) ≡ 0 (mod 5),

p(7n + 5) ≡ 0 (mod 7),

p(11n + 6) ≡ 0 (mod 11).

Ramanujan���ýýýóóó
It appears that there are no equally simple properties for any
moduli involving primes other than these three (i.e. ` = 5, 7, 11).
£Ø
þãn�Ó{ª±	£` = 5, 7, 11¤§Ø�3�Ù¦
?¿�ê�Ó{ª"¤
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

<ÝUâêÆ[Srinivasa Ramanujan (1887-1920)

• Ramanujan Ñ)u<Ý��«¡�
[Ì§¦vkÉLî��êÆÔ
ö§%Õáuy
òC3900�êÆ
úª"�5�Hardyuy§�É�À
�{§Ñ]7Ï¦�=IUY¦�
êÆïÄ"
 

• Ramanujan ���/<Ý�f0§
��<�{�¿fà°¤�<Ý�
É�¹ÚO��<Ô"

• Hardy�g�OÑ�«O���<ê
ÆU©�µ©L§¦gC�

25©§Littlewood�
30©§Ó�
������IêÆ[Hilbert�

80©§
RamanujanK�
÷
©100©.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�'(J

(1) Ramanujan �Ñ
�5Ú7Ó{ª�Ð�y²"
S. Ramanujan, Some propertities of p(n), the number of partitions of n,

Proc. Cambridge Philos. Soc. 19 (1919) 207–210.

(2) 
�11�Ó{ª�y²Äg´dÔnÆ[Winquist u1969c
�Ñ§¦�y²�{Ì�´ÄuMacdonald'uo�êB2�
��ð�ª"
L. Winquist, An elementary proof of p(11m + 6) ≡ 0 mod 11, J. Combin.

Theory 6 (1969), 56–59.

(3) 32005c§{IêÆ[Ahlgren ÚBoylan |^�/ª��5
�m�Äy¢
Ramanujan�ýó"
S. Ahlgren and M. Boylan, Arithmetic properties of the partition function,

Invent. Math. 153 (2005) 487–502.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Freeman Dyson (1923–)

• Freeman Dyson§{7=¾êÆÔn
Æ[§Ê�dîp�ïÄ��Ç§
Q¼�âÔ[ø£1966¤ÚÆK�
ø£1969¤"Dyson(¥nØJÑ
ö"
 

• �Dyson�´p�Æ)��ÿ
£1941c¤§¦lHardyÚWrightÜ
��5An introduction to the theory
of numbers6Ö¥��

RamanujanÓ{ª"��¦}ÁX
�ÑRamanujan�11Ó{ª�Ä�y
²§�´vk¤õ"ØL¦uy�
�¯K´Ramanujan�y²´Ã{)
º�"
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Dyson'u�5�¯K

'uRamanujan�5�Ó{ªp(5n + 4) ≡ 0 (mod 5)§DysonJÑ

ù���¯K

Dsyon���¯̄̄KKK

XÛò�­�5n + 4�©
©¤Ê°§¦�z�°¥©
�êÑ
��?

• DysonF"U
�é���©
þ�ÚOþ§¦��âù�
ÚOþ�±ò�­�5n + 4�©
©¤äk�Óê8�Ê�
°"

• 31944c§Dyson3êxþ����ÿ§¦â�¤ù�%
�§é�ù�/ÚOþ0§¿·¶�/rank0"
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Dyson�rank9Dysonß�

½½½ÂÂÂ£££Rank¤¤¤

éu��©
λ§§�rank (r(λ))½Â�§���Ü©~�§�
Ü©ê"

~X§λ = (5, 4, 2, 1, 1, 1)§r(λ) = 5− 6 = −1"

Dyson���ßßß��� [Dyson, Eureka (1944)]

�N(j , 5; n)L«rank�5Ó{j�n�©
�ê§K

N(1, 5; 5n + 4) = N(2, 5; 5n + 4) = N(3, 5; 5n + 4)

= N(4, 5; 5n + 4) = N(5, 5; 5n + 4).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

~f

n = 4 (p(4) = 5) ��5

N(1, 5; n) (3, 1) 1

N(2, 5; n) (1, 1, 1, 1) 2

N(3, 5; n) (4) 3

N(4, 5; n) (2, 1, 1) 4

N(5, 5; n) (2, 2) 5

n = 5 (p(5) = 7) ��7

N(1, 7; n) (3, 2) 1

N(2, 7; n) (4, 1) 2

N(3, 7; n) (15) 3

N(4, 7; n) (5) 4

N(5, 7; n) (2, 13) 5

N(6, 7; n) (2, 2, 1) 6

N(7, 7; n) (3, 1, 1) 7
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Dyson'u/crank0�ßÿ
Dyson�uyù�ÚOþ¿Ø·^�11��/"
p(6) = 11§

|λ| = 6 r(λ) r(λ) (mod 11)

(6) 5 5

(5, 1) 4 4

(4, 2) 2 2

(4, 12) 1 1

(3, 3) 1 1

(3, 2, 1) 0 0

(3, 13) −1 10

(2, 2, 2) −1 10

(2, 2, 12) −2 9

(2, 14) −3 8

(16) −5 6
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�'©z

(1) Dyson ©ªvké�'u/rank0ü�ß��y²"ùü�
ß��y²��kü Í¶�êØêÆ[Atkin
ÚSwinnerton-Dyer�Ñ"¿�¦�3y²L§¥uyù�ß
��mock theta function�ª"
A. O. L. Atkin and P. Swinnerton-Dyer, Some properties of partitions,

Proc. Lond. Math. Soc. III. Ser. 4 (1954) 84–106.

(2) 31988c§{I�Æ��¬G.E. AndrewsÚF. Garvanªué
�
)º�11Ó{ª�ÚOþ£crank¤"
G. E. Andrews and F. G. Garvan, Dyson’s crank of a partition, Bull. Am.

Math. Soc. 18 (1988) 167–171.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Andrews-Garvan-Dyson�

½½½ÂÂÂ£££Crank¤¤¤

éu��©
λ§§�/crank0c(λ)½Â�

c(λ) =

{
λ1 if n1(λ) = 0,

µ(λ)− n1(λ) if n1(λ) > 0.

Ù¥n1(λ)��´©
λ¥Ü©�1��ê¶µ(λ)��´©
λ ¥
Ü©�un1(λ)��ê"

~X§éuλ = (5, 3, 2, 1, 1, 1), §�/crank0
�µ(λ)− n1(λ) = 1− 3 = −2.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

~f

p(6) = 11
λ c(λ) c(λ)mod11

(5, 1) 0 0
(3, 2, 1) 1 1
(23) 2 2
(32) 3 3
(4, 2) 4 4
(16) −6 5
(6) 6 6
(2, 14) −4 7
(3, 13) −3 8
(22, 12) −2 9
(4, 12) −1 10
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

George E. AndrewsÚFrank Garvan�uyÚOþ/crank0Ø=é
u�11�/´¤á§
�é�5Ú7��/Ñ´¤á�"

|λ| = 4 c(λ) c(λ)mod5

(3, 1) 0 0
(14) −4 1
(22) 2 2
(2, 12) −2 3
(4) 4 4

|λ| = 5 c(λ) c(λ)mod7

(4, 1) 0 0
(22, 1) 1 1
(15) −5 2
(3, 2) 3 3
(2, 13) −3 4
(5) 5 5
(3, 12) −1 6
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

RamanujanÓ{ª9Ù¦Ó{ª

½½½ÂÂÂ. �`�?¿�ê§·�¡
e¡�Ó{ª�RamanujanÓ
{ªeé¤kn

p(`n + t) ≡ 0 (mod `).

p(5n + 4) ≡ 0 (mod 5),

p(7n + 5) ≡ 0 (mod 7),

p(11n + 6) ≡ 0 (mod 11).

�Ä©
¼êp(n)´Ääke¡ù��Ó{ªµ

p(An + B) ≡ 0 (mod `) éu¤k n.

5¿µùpAØ�½��ê`.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�3Ã¡õ�Ó{ª

{IEmory�Æ�A.G. Candler�ÇKen Ono £{IêÆ¬Æ�
£Proc. AMS¤�Ì?9{IêÆ¬úw£Bull. AMS¤�BÌ
?¤/Ïu�/ªnØ¥Serre½ny²

½½½nnn [Ono, Ann. Math. (2000)]

éu?¿�ê` ≥ 5§�3Ã¡õ�ØCX�â?êAn + B÷v
e¡�Ó{ª

p(An + B) ≡ 0 mod `.

/ÏuOnoJÑ��{§Weaver (Ramanujan J. (2001))uy

�13 ≤ ` ≤ 31�76,065�Ó{ª"

K. Ono, Distribution of the partition function modulo m, Ann. Math. (2)
151 (2000) 293–307.

R.L. Weaver, New congruences for the partition function, Ramanujan J. 5
(2001) 53–63.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Ã¡Ó{ª�|Ü)º

{IêÆ[K. Mahlburguy|^crank�±�ÑOno���Ã¡
õ�Ó{ª�|Ü)º"

½½½nnn [Mahlburg, PNAS (2005)]

�½�ê` ≥ 5,K�3Ã¡õ�ØCX�â?êAn + B¦�éu
?¿0 ≤ m ≤ `− 1, k

M(m, `;An + B) ≡ 0 (mod `),

Ù¥M(i , t; n)L«crank�t{i�n�©
�ê"

5¿�

p(n) =
`−1∑
i=0

M(i , `; n).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

p�é¡rankÚcrank
½Â [Andrews, Invent. Math. (2007)]

k�é¡rank£ηk(n)¤½Â�

ηk(n) =
+∞∑

m=−∞

(
m + b k−1

2
c

k

)
N(m, n),

Ù¥N(m, n) L«rank�m�n�©
�ê"

½Â [Garvan, Adv. Math. (2011)]

k�é¡crank£µk(n)¤½Â�

µk(n) =
+∞∑

m=−∞

(
m + b k−1

2
c

k

)
M(m, n)

Ù¥M(m, n) L«crank�m�n�©
�ê"

G.E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan momemts
of ranks, Invent. Math. 169 (2007) 37–73.

F.G. Garvan, Higher order spt-functions, Adv. Math. 228 (2011) 241–265. 21 / 67
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

η2k+1(n) =
+∞∑

m=−∞

(
m + k

2k + 1

)
N(m, n)

=
+∞∑

m=−∞

(
−m + k

2k + 1

)
N(−m, n)

⇓ symmetry

=
+∞∑

m=−∞
(−1)2k+1

(
m + k

2k + 1

)
N(m, n)

= −η2k+1(n).

ù��Ñ

η2k+1(n) = 0.

aq/§·��±y²

µ2k+1(n) = 0.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

k-marked Durfee symbols

½½½ÂÂÂ [Andrews, Invent. Math. (2007)]

n�k-marked Durfee symbol ´dké©
Ú��eI|¤�§Ù
½ÂXeµ

η =

(
αk , αk−1, . . . , α1

βk , βk−1, . . . , β1

)
D

,

Ù¥αi (resp. βi ) L«��©
¶
∑k

i=1(|αi |+ |βi |) + D2 = n. 

�©
αiÚβi 7L÷ve¡n�^�µ

(1) éu1 ≤ i < k , αi 7L´���©
§
αkÚβi�±��
8;

(2) éu2 ≤ i ≤ k§kβi−1
1 ≤ αi−1

1 ≤ βi
l(βi )

;

(3) βk1 , α
k
1 ≤ D.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

p�é¡rank�|Ü)º

Äuq?ê¥Í¶�C�úª£k-fold generalization of Watson’s
q-analog of Whipple’s theorem¤

½n [Andrews, Invent. Math. (2007)]

η2k(n) �u�­�n�(k + 1)-marked Durfee symbols��ê".

G. E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan
momemts of ranks, Invent. Math. 169 (2007) 37–73.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

η2(5) =
∞∑

m=−∞

(
m

2

)
N(m, 5)

=

(
4

2

)
+

(
2

2

)
+

(
1

2

)
+

(
0

2

)
+

(
−1

2

)
+

(
−2

2

)
+

(
−4

2

)
= 21.

λ (5) (4, 1) (3, 2) (3, 12) (22, 1) (2, 13) (15)

r(λ) 4 2 1 0 −1 −2 −4

N(4, 5) = N(2, 5) = N(1, 5) = N(0, 5) = N(−1, 5)

= N(−2, 5) = N(−4, 5) = 1.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

eL�Þ21�5�2-marked Durfee symbols.(
12 12 12 11

)
1

(
11 11 11 11

)
1

(
11

11 11 11

)
1(

12 11 11

11

)
1

(
12 11 11 11

)
1

(
12 11

11 11

)
1(

12 12 11

12

)
1

(
12 12 11 11

)
1

(
12 12 11

11

)
1(

11

12 12 12

)
1

(
11 11 11

11

)
1

(
11 11

11 11

)
1(

11 11

12 11

)
1

(
11 11 11

12

)
1

(
11

12 11 11

)
1(

12 11

12 12

)
1

(
12 11 11

12

)
1

(
12 11

12 11

)
1(

11

)
2

(
11 11

12 12

)
1

(
11

12 12 11

)
1
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

©
Ó{ª

Andrewsuy
|^k-marked Durfee symbols�±)ºe¡'u
p�é¡rank�Ó{ª:

½n [Andrews, Invent. Math. (2007)]

η2(5n + 4) = D2(5n + 4) ≡ 0 (mod 5),

η2(7n + 5) = D2(7n + 5) ≡ 0 (mod 7),

η4(7n + 5) = D3(7n + 5) ≡ 0 (mod 7).

Ù¥Dk(n)L«n�k-marked Durfee symbols��ê"

27 / 67



���êêê©©©


 |||ÜÜÜ)))ººº ÃÃÃ¡¡¡ÓÓÓ{{{ªªª���|||ÜÜÜ)))ººº ppp���©©©


��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

i-th rank for k-marked Durfee symbols

½Â [Andrews, Invent. Math. (2007)]

�η =

(
αk , αk−1, . . . , α1

βk , βk−1, . . . , β1

)
D

´k-marked Durfee symbol.

©
é

(
αi

βi

)
¡�η�1i��þ"η�1i�rank ρi (η) ½Â�

ρi (η) =

{
l(αi )− l(βi )− 1 1 ≤ i < k,

l(αk)− l(βk) i = k .

~X§

(
43 43 32 32 22 21

53 32 22 21

)
5

´���­

�55�3-marked Durfee symbol§Ù¥1��rank�−1, 1�
�rank �0, 1n�rank�1.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Full-rank for k-marked Durfee symbols

½½½ÂÂÂ. �η ´k-marked Durfee symbol§½Âfull-rank FR(η) by

FR(η) = ρ1(η) + 2ρ2(η) + · · ·+ kρk(η),

Ù¥ρi (η)L«η�1i�rank"

�NFk(r , t; n)L«full rank �t{r�n�k-marked Durfee
symbols��ê"Andrewsy²


NF2(1, 5; 5n + 4) = NF2(2, 5; 5n + 4) = NF2(3, 5; 5n + 4)

= NF2(4, 5; 5n + 4) = NF2(5, 5; 5n + 4).

l
�Ñη2(5n + 4) = D2(5n + 4) ≡ 0 (mod 5)|Ü)º"
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Ã¡Ó{ª�|Ü)º

½n [Bringmann,Garvan, Mahlburg, IMRN (2007)]

�½��êj , k ≥ 3ÚÛêt9�êp - 6t,K�3Ã¡õ�ØCX
�â?êAn + B¦�éu?¿0 ≤ r ≤ t − 1, k

NFk(r , t;An + B) ≡ 0 (mod pj).

5¿�

η2k(n) =
t−1∑
r=0

NFk+1(r , t; n).

�½��êj , k ≥ 3ÚÛêt9�êp > 3,K�3Ã¡õ�ØCX�â?
êAn + B¦�

η2k(An + B) ≡ 0 (mod pj).

K. Bringmann, F. G. Garvan and K. Mahlburg, Partition statistics and
quasiweak Maass forms, Int. Math. Res. Not. IMRN (2009) 63–97.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

��©
ð�ª

32011c§·�/Ïu|Ü�E��{��
'uk-marked
Durfee symbols�©
ð�ª"

½n [G�, Trans. AMS (2011)]

éuk ≥ 2, we have

Dk(n)

=
∞∑

m1,m2,...,mk=−∞

+∞∑
j=0

(
j + k − 2

k − 2

)
N

(
k∑

i=1

|mi |+ 2j + k − 1; n

)
.

G. E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan
momemts of ranks, Invent. Math. 169 (2007) 37–73.

K. Q. Ji, The combinatorics of k-marked Durfee symbols, Trans. Amer.
Math. Soc. 363 (2011) 987–1005.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

k�é¡crank
½Â [Garvan, Adv. Math. (2011)]

k�é¡crank£µk(n)¤½Â�

µk(n) =
+∞∑

m=−∞

(
m + bk−1

2 c
k

)
M(m, n).

µ2(5n + 4) ≡ µ2(5n) ≡ 0 (mod 5)

µ2(7n + 5) ≡ µ2(7n) ≡ 0 (mod 7)

µ2(11n + 6) ≡ µ(11n) ≡ 0 (mod 11)

µ4(7n + 5) ≡ µ4(7n) ≡ 0 (mod 7)

µ4(11n + 6) ≡ µ4(11n) ≡ 0 (mod 11)

µ6(11n + 6) ≡ µ6(11n) ≡ 0 (mod 11)

µ8(11n + 6) ≡ µ8(11n) ≡ 0 (mod 11).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

|Ü)º

Äu�c�|Ü�E§·���
e¡�úª

½n [�[A§G�§!�L§2013]

éuk ≥ 2,

Fk(n)

=
∞∑

m1,m2,...,mk=−∞

+∞∑
j=0

(
j + k − 2

k − 2

)
M

(
k∑

i=1

|mi |+ 2j + k − 1; n

)
.

Ù¥Fk(n)L«n�k-marked Dyson symbols��ê"

William Y.C. Chen, Kathy Q. Ji and Erin Y.Y. Shen, k-marked Dyson
symbols and congruences for moments of cranks, submitted.
arXiv:1312.2080.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

k-marked Dyson symbols

½Â£k-marked Dyson symbols¤

n�k-marked Dyson symbols´dk�©
éÚk − 1���ê|
¤§Ù½ÂXeµ

η =

α
(k), α(k−1), . . . , α(1)

pk−1, pk−2, · · · p1,

β(k), β(k−1), . . . , β(1)


Ù¥©
αiÚβi7L÷ve¡n�^�µ

(1) pk−1 ≥ · · · ≥ p1 ≥ p0 = 1.

(2) pi ≥ α
(i)
1 ≥ α

(i)
2 ≥ · · · ≥ α

(i)
` ≥ pi−1 �

pi ≥ β
(i)
1 ≥ β

(i)
2 ≥ · · · ≥ β

(i)
` ≥ pi−1.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

(To be continued)

(3) α
(k)
1 ≥ α(k)

2 ≥ · · · ≥ α(k)
` ≥ pk−1 �

β
(k)
1 ≥ β(k)

2 ≥ · · · ≥ β(k)
` ≥ pk−1.

(4) e`(α(k)) = 1, Kα
(k)
1 = pk−1;

e`(α(k)) > 1, Kα
(k)
1 = α

(k)
2 ;

e`(α(k)) = 0 Ú`(β(k)) = 1, Kβ
(k)
1 = pk−1;

e`(α(k)) = 0 Ú`(β(k)) ≥ 2, Kβ
(k)
1 = β

(k)
2 ;

e`(α(k)) = 0 Ú`(β(k)) = 0, Kpk−1 = max{α(k−1)
1 , β

(k−1)
1 }.

ddúª§·��±�Ñ
µ2k(n)Oê�|ÜÔN"

½n [�[A§G�§!�L§2013]

µ2k(n) �un�(k + 1)-marked Dyson symbols��ê"

35 / 67



���êêê©©©


 |||ÜÜÜ)))ººº ÃÃÃ¡¡¡ÓÓÓ{{{ªªª���|||ÜÜÜ)))ººº ppp���©©©


��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

eL�Þ35� 5�2-marked Dyson symbols, �±��µ2(5) = 35.

 1
(1 1 1 1)

 (1)
1

(1)

 (2 2)
1


 (2)

2
(1)

  (1)
1

(1 1) (1)

  (1 1)
1

(1 1)


(1 1 1 1)

1

  1
(2 2)

 (1 1) (1)
1

(1)


 (1 1 1 1)

1

 (1 1) (1 1)
1

  (1)
1

(1 1 1)


(2) (1)

2

  (1 1 1)
1

(1)

 (1 1 1) (1)
1



36 / 67



���êêê©©©


 |||ÜÜÜ)))ººº ÃÃÃ¡¡¡ÓÓÓ{{{ªªª���|||ÜÜÜ)))ººº ppp���©©©


��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

(1) (1 1)
1

(1)

 (1) (1 1 1)
1

  (1 1)
1

(1 1)


 (2 1)

2

  (1 1 1)
1

(1)

  (1 1)
1

(1) (1)


 (1)

2
(2)

 (1) (1)
1

(1 1)

  (1)
1

(1 1 1)


1

(1 1 1 1)

 (1)
1

(1 1 1)

  1
(1 1) (1 1)


2

(2 1)

 (1 1)
1

(1 1)

  1
(1 1 1) (1)


(2)

2
(1)

  1
(1) (1 1 1)

 (1 1 1)
1

(1)


 (1)

1
(1) (1 1)

  2
(2) (1)


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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

µ2k(n)�Ã¡Ó{ª

·�3k-marked Dyson symbols½Âfull crank§�NCk(r , t; n)L
«full rank�t{r§n�k-marked Dyson symbols��ê"·�y
²
e¡(J"

½n [�[A§G�§!�L§2013]

�½�êp ≥ 5Ú��êrÚk ≤ (p + 1)/2, �3Ã¡õ�ØCX
�â?êAn + B§¦�éu?¿0 ≤ i ≤ pr − 1,

NCk(i , pr ;An + B) ≡ 0 (mod pr ).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

µ2k(n)�Ã¡Ó{ª

d

µ2k(n) =

pr−1∑
i=0

NCk+1(i , pr ; n),

·��±y²µ2k(n)�3Ã¡õ�Ó{ª"

½n [�[A§G�§!�L§2013]

éu�½��êk ≤ (p + 1)/2Ú�êp ≥ 5, �3Ã¡õ�ØCX
�â?êAn + B§¦�

µ2k(An + B) ≡ 0 (mod p).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

spt-¼ê
32008c§Andrews uy2-�cranks Ú2-�ranks��©ª´��
�"

½½½nnn [Andrews, J. Reine Angew. Math., (2008)]

�spt-¼êspt(n)Oê
n�©
��Ü©­E�gê§K

spt(n) = µ2(n)− η2(n) > 0,

Total

λ ∈ P(5) (5) (4, 1) (3, 2) (3, 12) (22, 1) (2, 13) (15) 7

ns(λ) 1 1 1 2 1 3 5 14

14 = spt(5) = µ2(5)− η2(5) = 35− 21 = 14.

G.E. Andrews, The number of smallest parts in the partitions of n, J.
Reine Angew. Math. 624 (2008) 133–142.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

spt-Ó{
G.E. Andrews y²spt-¼ê�ÊÏ©
¼ê��§÷vaq�.
êã7Ó{ª"

spt(5n + 4) ≡ 0 (mod 5).

spt(7n + 5) ≡ 0 (mod 7).

spt(13n + 6) ≡ 0 (mod 13).

�U§�){IêÆ[A. Folsom ÚK. Ono3S�
êÆ[�u
yTa¼ê�3Nõ�Ð�Ó{5�"

A. Folsom and K. Ono, The spt-function of Andrews, Proc. Natl. Acad.
Sci. USA 105 (2008) 20152–20156.

K. Ono, Congruences for the Andrews spt function, Proc. Natl. Acad. Sci.
USA 108 (2011) 473–476.

S. Ahlgren, K. Bringmann and J. Lovejoy, l-adic properties of smallest
parts functions, Adv. Math. 22 (2011) 629–645.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

|Ü)º
32011c§G.E. AndrewsÚF. Garvan�<�Ñ½Â3�þ©
þ
�spt-�§nØþy²
TÚOþ�±)ºspt-¼ê�.êã7Ó{
ª"

½Â (�þ©
)

n��þ©
π = (π1, π2, π3)´dné©
|¤§Ù¥

(1) π1 ´zÜ©ÑØÓ�©
"

(2) π1���Ü©�u�uπ2���Ü©Úπ3���Ü©"

(3) |π1|+ |π2|+ |π3| = n.

eé�þ©
π = (π1, π2, π3)N�­ω(π) = (−1)`(π1)−1§Ù
¥`(π1)�π1�Ü©ê"AndrwesÚGarvany²
∑

|π|=n

ω(π) = spt(n).

G.E. Andrews, F.G. Garvan and J.L. Liang, Combinatorial interpretations
of congruences for the spt-function, Ramanujan J. 29 (2012) 321–338.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�þ©
 ω(π) spt-©


((1), (1), (1, 1)) +1 (4)

((1), ∅, (3)) +1 (3, 1)

((2, 1), ∅, (1)) −1 (2, 2)

((2), ∅, (2)) +1 (2, 2)

((1), (1, 1, 1), ∅) +1 (2, 1, 1)

((1), ∅, (2, 1)) +1 (2, 1, 1)

((1), (2, 1), ∅) +1 (1, 1, 1, 1)

((1), ∅, (1, 1, 1)) +1 (1, 1, 1, 1)

((1), (1, 1), (1)) +1 (1, 1, 1, 1)

((1), (3), ∅) +1 (1, 1, 1, 1)

((2, 1), (1), ∅) −1
((2), (2), ∅) +1

((1), (2), (1)) +1

((1), (1), (2)) +1

((3, 1), ∅, ∅) −1
((4), ∅, ∅) +1

16 10 10
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�þ©
þ�spt-�

½½½ÂÂÂ [Andrews, Garvan and Liang, Ramanujan J. (2012)]

�½�þ©
π = (π1, π2, π3)§§�spt-�½Â�`(π2)− `(π3)"

-NS(k , t, n) L«¤k÷vspt-��t{k�n��þ©
��­�
Ú"Andrews ÚGarvan �<y²


NS(k , 5, 5n + 4) =
spt(5n + 4)

5
, for 0 ≤ k ≤ 4,

NS(k , 7, 7n + 5) =
spt(7n + 5)

7
, for 0 ≤ k ≤ 6,

l
kspt(5n + 4) ≡ 0 (mod 5) ±9spt(7n + 5) ≡ 0 (mod 7)"
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�þ©
 ω(π) spt-��5

((1), (1), (1, 1)) +1 4

((1), ∅, (3)) +1 4

((2, 1), ∅, (1)) −1 4

((2), ∅, (2)) +1 4

((1), (1, 1, 1), ∅) +1 3

((1), ∅, (2, 1)) +1 3

((1), (2, 1), ∅) +1 2

((1), ∅, (1, 1, 1)) +1 2

((1), (1, 1), (1)) +1 1

((1), (3), ∅) +1 1

((2, 1), (1), ∅) −1 1

((2), (2), ∅) +1 1

((1), (2), (1)) +1 0

((1), (1), (2)) +1 0

((3, 1), ∅, ∅) −1 0

((4), ∅, ∅) +1 0

spt-©


(4)

(3, 1)

(2, 2)

(2, 2)

(2, 1, 1)

(2, 1, 1)

(1, 1, 1, 1)

(1, 1, 1, 1)

(1, 1, 1, 1)

(1, 1, 1, 1)
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

¯K

(1) G.E. Andrews ÚF. GarvanJÑXÛ�Ñ½Â3spt-©
þ
�spt-��¯K"
G.E. Andrews, F.G. Garvan and J.L. Liang, Combinatorial interpretations

of congruences for the spt-function, Ramanujan J. 29 (2012) 321–338.

(2) CÏ§G.E. Andrews§F. DysonÚR.C. Rhoades �Ñ½Â
3spt-©
�spt-��
íä£speculation ¤§¿�3©¥
¡Ïé½Â3spt- ©
þspt-�¯KE,´k¿g¿�éL
k]Ô5�¯K"£It remains an interesting and apparently
challenging problem to interpret the spt-crank in terms of
ordinary integer partitions.¤
G. E. Andrews, F.J. Dyson and R.C. Rhoades, On the distribution of the

spt-crank, MDPI- Mathematics 1 (3) (2013) 76–88.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�IP�©


Andrews, Dyson and Rhoades íäspt-��½Â�N�6u��
Ü©�º�§¿�Ú\
�IP�©
"

½½½ÂÂÂ [Andrews, Dyson and Rhoades, MDPI (2013)]

n�IP©
´(λ, k),Ù¥λ´�n�ÊÏ©
§k´��^uIP
��Ü©��ê"

ùp·��λk = s(λ)Ù¥s(λ)´λ���Ü©"

G. E. Andrews, F.J. Dyson and R.C. Rhoades, On the distribution of the
spt-crank, MDPI- Mathematics 1 (3) (2013) 76–88.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

~f

λ ∈ P(4) ns(λ) (λ, k)

(4) 1 ((4), 1)

(3, 1) 1 ((3, 1), 2)

(2, 2) 2 ((2, 2), 1), ((2, 2), 2)

(2, 1, 1) 2 ((2, 1, 1), 2), ((2, 1, 1), 3)

(1, 1, 1, 1) 4
((1, 1, 1, 1), 1), ((1, 1, 1, 1), 2)

((1, 1, 1, 1), 3), ((1, 1, 1, 1), 4)

Total 5 10 10

w,n��IP©
��ê�spt(n).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

VIP�©


½½½ÂÂÂ. n�VIP©
´��
n�|(λ, a, b), Ù¥

• λ ´n�ÊÏ©
;

• 1 ≤ a ≤ d(λ) ( Durfee
square of λ��Ý);

• a ≤ b ≤ λ1;

• λ′a = λ′b.

((3, 2, 2), 1, 2)

Doubly marked partition

((3, 2, 1), 1, 2)

Non-doubly marked partition

((3, 2, 2), 2, 1)

Non-doubly marked partition

a b

a b b a

William Y.C. Chen, Kathy Q. Ji, and Wenston J.T. Zang, The spt-crank
for ordinary partitions, J. Reine Angew. Math., to appear.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

~f

eL�Ñ
10�4�üIP©
Ú10�4�VIP©
"

üIP©
 VIP©


((4), 1) ((1, 1, 1, 1), 1, 1)

((3, 1), 2) ((3, 1), 1, 1)

((2, 2), 1) ((2, 2), 1, 1)

((2, 2), 2) ((2, 2), 1, 2)

((2, 1, 1), 2) ((2, 1, 1), 1, 1)

((2, 1, 1), 3) ((2, 2), 2, 2)

((1, 1, 1, 1), 1) ((4), 1, 1)

((1, 1, 1, 1), 2) ((4), 1, 2)

((1, 1, 1, 1), 3) ((4), 1, 3)

((1, 1, 1, 1), 4) ((4), 1, 4)

Ó�§·�3ùü�8Üþïá
��éA"
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

VIP©
þ�spt-crank

·�3VIP©
þ½Âspt-�"

½½½ÂÂÂ [���[[[AAA, GGG���, ]]]²²²777, J. Reine Angew. Math. (2013)]

�(µ, a, b)´��VIP�©
"§�spt-�½Âd(µ, a, b)�µ

d(µ, a, b) = µ′a − µµ′a−a+1 + b − 2a + 1.

~~~µµµ�((4, 4, 1, 1), 2, 3)´10�VIP©
§K§�spt-��µ

d((4, 4, 1, 1), 2, 3)

= µ′2 − µµ′2−2+1 + 3− 4 + 1

= 2− 4 + 3− 4 + 1

= −2.

a b
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

-MS(i , t, n) L«¤k÷vspt-��t{i�n�VIP©

(λ, a, b)"·�y²


MS(i , 5, 5n + 4) =
spt(5n + 4)

5
, for 0 ≤ i ≤ 4,

MS(i , 7, 7n + 5) =
spt(7n + 5)

7
, for 0 ≤ i ≤ 6,

l
kspt(5n + 4) ≡ 0 (mod 5) ±9spt(7n + 5) ≡ 0 (mod 7)"
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

~f

ù�/ÏuVIP©
þspt-�ÚVIP©
ÚüIP©
þ�
V�§�±5n + 4�üIP©
©
�Ê�°§7n + 5�üIP
©
©
�Ô�°"

(λ, k) (µ, a, b) = 4(λ, k) d(µ, a, b) d(µ, a, b)mod 5

((4), 1) ((1, 1, 1, 1), 1, 1) 3 3

((3, 1), 2) ((3, 1), 1, 1) 1 1

((2, 2), 1) ((2, 2), 1, 1) 0 0

((2, 2), 2) ((2, 2), 1, 2) 1 1

((2, 1, 1), 2) ((2, 1, 1), 1, 1) 2 2

((2, 1, 1), 3) ((2, 2), 2, 2) −1 4

((1, 1, 1, 1), 1) ((4), 1, 1) −3 2

((1, 1, 1, 1), 2) ((4), 1, 2) −2 3

((1, 1, 1, 1), 3) ((4), 1, 3) −1 4

((1, 1, 1, 1), 4) ((4), 1, 4) 0 0
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Andrews-Dyson-Rhoades ß�

ßßß��� [Andrews, Dyson and Rhoades, MDPI (2013)]

éu?¿�n ≥ 0 Úm ≥ 0, k

NS(m, n) ≥ NS(m + 1, n),

Ù¥NS(m, n) Oê
spt-��m�n��þ©
��ê§3þ�©
Ù¥§·�y²
NS(m, n)�Oê
spt-��m�n�VIP©

��ê"

G.E. Andrews, F.J. Dyson and R.C. Rhoades, On the distribution of the
spt-crank, MDPI-Mathematics, to appear.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

~f

n \m 0 1 2 3 4 5 6 7 8 9

0 1

1 1

2 1 1

3 1 1 1

4 2 2 1 1

5 2 2 2 1 1

6 4 4 3 2 1 1

7 5 4 4 3 2 1 1

8 7 7 6 5 3 2 1 1

9 10 9 8 6 5 3 2 1 1

10 13 13 11 10 7 5 3 2 1 1
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

Cqúª

Andrews, Dyson and Rhoades ��
e¡�Cqúª§ù�úª
�±y¢�nÃ¡���ÿ´¤á�"

½½½nnn [Andrews, Dyson and Rhoades, MDPI (2013)]

For each m ≥ 0, we have

NS(m, n)−NS(m+1, n) ∼ (2m + 1)π2

384
√

3n2
exp

(
π

√
2n

3

)
as n→∞.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

ÎÒ

�Äe¡ü�©
¼ê

• N≤m(n) L«ranks 0u−mÚmm�n�©
�ê¶

• M≤m(n) L«cranks 0u−mÚmm�n�©
�ê"

·�ke¡�'Xªµ

NS(m, n)− NS(m + 1, n) =
1

2
(N≤m(n)−M≤m(n)) .

ßßß��� [Andrews, Dyson and Rhoades, MDPI (2013)]

For m ≥ 0 and n ≥ 0, we have

N≤m(n) ≥ M≤m(n).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

p��m�Ø�ª
k�rank Nk(n) ½ÂXeµ

Nk(n) =
+∞∑

m=−∞
mkN(m, n),

Ù¥N(m, n) L«rank�m�n�©
�ê"
k�crank Mk(n) ½ÂXeµ

Mk(n) =
+∞∑

m=−∞
mkM(m, n),

Ù¥M(m, n) L«crank�m�n�©
�ê"
Xc¤ã§Andrewsuy2�cranks�2�ranks�����"

spt(n) =
1

2
(M2(n)− N2(n)) > 0.

g,�¯K´éu?¿�k§´Äkù��'X?

Mk(n)− Nk(n) > 0.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

p���,«L«

½½½nnn [���[[[AAA, GGG���, ]]]²²²777, 2013]

éu?¿k ≥ 1 Ún ≥ 1, k

Nk(n) =
+∞∑
m=1

(mk − (m − 1)k) (p(n)− N≤m−1(n)) ,

Mk(n) =
+∞∑
m=1

(mk − (m − 1)k) (p(n)−M≤m−1(n)) .

ùü�'XÌ�´|^AbelÚny²�"

William Y.C. Chen, Kathy Q. Ji, and Wenston J.T. Zang, Proof of the
Andrews-Dyson-Rhoades conjecture on the spt-crank, submitted.
arXiv:1305.2116.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

GarvanØ�ª

Mk(n)− Nk(n) =
n−1∑
m=1

(mk − (m − 1)k)(N≤m−1(n)−M≤m−1(n))

+ nk − (n − 1)k .

eAndrews-Dyson-Rhoades ß�¤á�{, =

N≤m−1(n)−M≤m−1(n) ≥ 0.


éum ≥ 1 Úk ≥ 1,

mk − (m − 1)k > 0,

ù�·���
éun ≥ 1 Úk ≥ 1

Mk(n)− Nk(n) > 0.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�8(Rank-set)

�
y²Andrews-Dyson-Rhoades ß�§·��Ñ|^Dyson�
�8�Vg�Ñ¦�ß�,	�«�d/ª"

½½½ÂÂÂ [Dyson, J. Combin. Theory A (1989)]

λ = (λ1, λ2, . . . , λ`)��8(rank-set)½Â��Ã¡S�

[−λ1, 1− λ2, . . . , j − λj+1, . . . , `− 1− λ`, `, `+ 1, . . .].

~X§(5, 5, 4, 3, 1) ��8�

[−5,−4,−2, 0, 3, 5, 6, 7, 8, . . .].

F.J. Dyson, Mappings and symmetries of partitions, J. Combin. Theory A
51 (1989) 169–180.
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

�d/ª

·�Ú\ü�¼ê

• q(m, n) L«�8¹km�n�©
��ê;

• p(−m, n) L«rankØ�u−m�n�©
�ê"

N≤m(n)−M≤m(n) = 2(p(−m, n)− q(m, n)).

½½½nnn [���[[[AAA, GGG���, ]]]²²²777, 2013]

éu?¿m ≥ 0 Ún ≥ 1, k

q(m, n) ≤ p(−m, n).
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

y²Ì�g´

·�ÏLÚ\��#�Vgm-Durfee rectangle symbols§3ùü
�8Üþ�E��ü�y²T(Ø§l
y
²Andrews-Dyson-Rhoades ß�"ùp�âm ≥ 1Úm = 0©�ü
«�¹"

• m ≥ 1. ·�kr�q(m, n)Oê�8Ü©
©�8�Ø�f
8Qi (m, n) (1 ≤ i ≤ 6);2r�p(−m, n)Oê�8Ü©
©�
l�Ø�f8Qi (m, n) (1 ≤ i ≤ 6);,�3c8�f8Üp©
Oïáü�"
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

m ≥ 1�¹

q(m, n)

(α, β)(m+j)×j

either j = 0 or β1 = j with j ≥ 1

p(−m, n)

(α, β)(m+j)×j

either j = 0 or `(β) ≤ `(α) with j ≥ 1

Q1(m, n)

Q2(m, n)

Q3(m, n)

Q4(m, n)

Q5(m, n)

Q6(m, n)

P1(−m, n)

P2(−m, n)

P3(−m, n)

P4(−m, n)

P5(−m, n)

P6(−m, n)

P7(−m, n)

P8(−m, n)

φ1 (bijection)

φ2 (injection)

φ3 (bijection)

φ4 (injection)

φ5 (injection)

φ6 (injection)
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

m = 0�¹
m = 0�¹¬�E,�
"Äk·�uyco�ü�´�±^
um = 0�¹"�´1Ê�ü�φ5Ú18�ü�φ6ÒØ�±^

"

q(0, n)

(α, β)j×j

β1 = j

p(0, n)

(α, β)j×j

`(β) ≤ `(α)

Q1(0, n)

Q2(0, n)

Q3(0, n)

Q4(0, n)

P1(0, n)

P2(0, n)

P3(0, n)

P4(0, n)

φ1 (bijection)

φ2 (injection)

φ3 (bijection)

φ4 (injection)

Q5(0, n)∪

Q6(0, n)

P7(0, n)

P8(0, n)

P5(0, n)∪

P6(0, n)
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

m = 0�¹
ù�§·�I�òQ5(0, n) ∪ Q6(0, n) ©�Ê�Ø�f8Q̄i (0, n)
(1 ≤ i ≤ 5)§rP5(0, n) ∪ P6(0, n)©�n�Ø�f8ÜP̄i (0, n)
(1 ≤ i ≤ 3). ,�3©OïáÊ�ü�"¤±éum = 0�¹§
�k9�ü�|¤"

q(0, n)

(α, β)j×j

β1 = j

p(0, n)

(α, β)j×j

`(β) ≤ `(α)

Q1(0, n)

Q2(0, n)

Q3(0, n)

Q4(0, n)

P1(0, n)

P2(0, n)

P3(0, n)

P4(0, n)

φ1 (bijection)

φ2 (injection)

φ3 (bijection)

φ4 (injection)

Q̄1(0, n)

Q̄2(0, n)

Q̄3(0, n)

Q̄4(0, n)

Q̄5(0, n)

P̄1(0, n)

P̄2(0, n)

P̄3(0, n)

P7(0, n)

P8(0, n)

φ5 (injection)

ψ3 (injection)

ψ4 (bijection)

ψ5 (injection)

φ6 (injection)
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��� spt-¼¼¼êêê spt-crank���üüü¸̧̧...

���
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