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R

o FITEMAEIFES, ETXFKIGE (Context-free grammar)
RAB—RIIVUESHIGEAFR, JIRL N. Chomsky FER
19 2 BISGE;

e 1960 £, N. Chomsky 5 M.P. Shiitzenberger&{E, & LT
TRIES (CFL) K&k, B E T RESHIREGRRS
MEEE, BERHBESZEER;

o 1993 £F, F&RKJII(W.Y.C. Chen) BIRETF E T FTFIGES|
g%ﬁ%ﬁzﬁﬁ% B 7TXGEREE, ATHRESXISRAYT
(=11

@ W.Y.C. Chen, Context-free grammars, differential operators and
formal power series, Theoret. Comput. Sci. 117 (1993) 113-129.
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Introduction

@ In 1996, Dominique Dumont coined the term “Grammaires de
William Chen” (William Chen Grammars) to refer to these
combinatorial tools. He further developed such grammars for
describing several classes of classical combinatorial objects.

@ D. Dumont, Grammaires de William Chen et dérivations dans les
arbres et arborescences, Sém. Lothar. Combin. 37 (1996) B37a, 21
pp.

@ D. Dumont and A.Ramamonjisoa, Grammaire de Ramanujan et
Arbres de Cayley, Electron. J. Combin. 3 (1996) R17.
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Introduction

@ In 2017, W.Y.C. Chen and Amy M. Fu introduced the
grammatical labeling and grammatical calculus, which enabled
the derivation of diverse generating functions and
combinatorial identities—without relying on complex
recurrence relations or differential equations.

@ W.Y.C. Chen and A.M. Fu, Context-free grammars for permutations
and increasing trees, Adv. in Appl. Math., 82 (2017) 58-82.

@ In 2019, Shi-Mei Ma, Jun Ma and Yeong-Nan Yeh proposed
the grammar transform, which was proven to be useful in the
study of ~-positivity of combinatorial polynomials.

@ Shi-Mei Ma, Jun Ma and Yeong-Nan Yeh, v-positivity and partial
~-positivity of descent-type polynomials, J. Combin. Theory Ser. A
167 (2019) 257-293.
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What's the context-free grammar?

@ A context-free grammar G over a set V= {x,y, z, ...} of
variables is a set of substitution rules replacing a variable in V
by a Laurent polynomial of variables in V.

G ={f— 1}, G ={x—xy, y = xy}.

@ For a context-free grammar G over V, the formal derivative D
with respect to G is defined as a linear operator acting on
Laurent polynomials with variables in V such that each
substitution rule is treated as the common differential rule.

De,(f) =1, Dg,(x) = xy = Dg, ()
@ The formal derivative D satisfies the following relations:
D(u+ v) = D(u) + D(v),
D(uv) = D(u)v+ uD(v).
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What's the context-free grammar?

Hence, it obeys the Leibniz's rule

n

D'(w) =Y (Z) D*(u) D" (v).

k=0

For a constant ¢, we have D(c) = 0.
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A toy example

e Consider the grammar G = {f— f}. Let D be the formal
derivative with respect to G. We see that D(f) = f.

e What is D(f 1) =?
@ Since ff~! =1, the derivative property demands that

D(Af L+ (F 1) =0,

which yields that D(f~1) = —f~1.

@ In view of the chain rule, we get

D(FY) = (~1)7F
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A toy example

A benchmarking example is the following inverse pair:

n

ap = Z <Z> by = b, = i(—l)n_k<z> ax

k=0 k=0
@ Define the grammar as

G={f—fibj— by, i=0,1,2,...}.

@ Let D denote the formal derivative with respect to G. We see
that
D(fy=f, D(by) = b1, D¥(by) = by.

@ By the Leibniz formula, we get

D" (fby) = i (Z) D"k(f)D¥(by) = i (Z) fbr.

k=0 k=0
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A toy example

A benchmarking example is the following inverse pair:

n n

ap = Z <Z> by = b, = Z(—l)n_k<z> ax

k=0 k=0
@ Suppose that the relation on the left holds, that is,
an = 1D"(fhy)
Recall that
() = (-1)f
@ By definition, we see that

n

by = D"(by) = D"(f 'fby) = > Z) D"~k (1) DX (fbo)
k=0
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Descents and ascents

o Let &, be the set of all permutations of [n] = {1,2,...,n}.

@ Let 0 = 0109 0, € &, we say that i is a descent of ¢ if
1<i<nando;>oi andiisanascentof o if 1 <i<n
and 0;i < Ojy1-

c=2171118131615]4¢ Gs.

@ Let des(o) denote the number of descents of o and asc(o)
denote the number of ascents of o. We see that des(o) = 4
and asc(o) = 3.

@ Let o € G, it is easy to see that

des(o) +asc(o) = n— 1.
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Classical Eulerian polynomials

The Eulerian polynomials A,(y) are defined by Ag(y) = 1 and for

n>1,
_ j{: yﬂ6“0)+1

ceG,

The first few values of A,(y) are given below.

Ally) =y
) =y+y
s =y+47 +y
As(y) = y+ 117 + 112 + y*

The generating function of A,(y)

__ y—1
ZA nl 1 _y—le(y—l)t‘
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Grammatical proof

Let's consider the grammar
G={x—xy, y— xy}.

let D¢ be the formal derivative with respect to the above grammar
G, that is,
D(x) = xy, D(y) = xy.

Thus, we have
D*(x) = D(Xy) = D(x)y + xD(y) = xy* + Xy

xy2 y2—|—2xyD —Xy3+2x2y2
(x2y): yD(x) + X*D(y) = 22y + Xy

Hence we get

x) = xy® + 42y + Py.
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In general, Dumont showed that under the grammar
G={x—xy, y— xv},

we have

Dn(X) = An(x, y) = Z ydeS(U)JrlXaSC(U)+1'

O’GGn
n=1, 0x1y0

n=2, OxlxyO, 0xy1y0
n=3, 0x[3]y1x2y0, 0x1x[3]y2y0, 0x1x2x|3]y0,
Oxy2y1y0, Ox2xy1y0, Ox2y1xy0
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Observe that
D(u+ v) = D(u) + D(v) D(uv) = D(u)v+ uD(v).
Hence, it obeys the Leibniz's rule
D"(uv) = kzo (Z) D*(u) D" (v).

For a constant ¢, we have D(c) = 0.
Let

Gen(w, t) Z D"(w
n>0

Then, by the above two relations, we derive that
Gen(u + v, t) = Gen(u, t) + Gen(v, t).
Gen(uv, t) = Gen(u, t)Gen(v, t).
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Theorem (Chen-Fu)

Let D¢ be the formal derivative with respect to the grammar G:

G={x— xy, y— xy}.

Then

XmY
Gen(© De(x)—= = =T

Proof. Since D(x) = xy and D(y) = xy, we see that D(x —y) =0
D(xfl) = —X72D(X) = —)Fly7
D(x'y) = —x"'yY¥ +y=(x—yxy.

Hence,
D"(x'y) = (x—y)"x"'y.
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D'(xly) = (x=y)"xy

t"
n!

Gen(x ', 1) =) D'(x 1=

n>0
n
=x =Y DN x y)
n>1
1 — xyelx=9t
X=Yy
By Gen(x, t)Gen(x !, t) = 1, we get

X~y

Genlx t) = T et

@ W.Y.C. Chen and A.M. Fu, A Context-free grammar for the e-positivity of
the trivariate second-order Eulerian polynomials, Discrete Math. 345(1)
(2022) 112661.
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g-Binomial inverse formula:

n

(i) an = En: [ﬂ qbk — (ii) by = Z(—l)"_k[,;] qq(HQk) ak-

k=0 k=0

The g-binomial coefficients (Gaussian coefficients) is defined by:

R B
klq j=1 1-q
Note that
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Partition-based combinatorial interpretation

5
H =14+¢+2¢>+2¢° +2¢" + ¢ + ¢°.

0 1 2 2 3
3 4 4 5 6
n k(n—k)
|:k:| = Z pm(n - kv k)qm’
q m=0

where pm,(n, k) counts the number of partitions of m into at most
k parts, with largest part < n— k.
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1)-Sequences-based combinatorial interpretation

1 w = 01010010 (inv(w) = 8)

0.1: The lattice path associated with the partition 431

|:Z:| — Z qinv(w) — Z qmaj(w)
q

we M (k,n—k) we M (k,n—k)
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Free group and group algebra

o Let S be a (finite or infinite) set of symbols, called master
variables.

@ To each master variable s € S, we associate an infinite family
of indexed non-commutative variables sy, s1, so, . . ..

@ The total set of variables is denoted by
S:=N:={s:5¢8S, ieN}.

@ The free group on S, denoted F(S), consists of all reduced
words from SUS™1.

@ Let g be an indeterminate and let K be a commutative ring
with unity and characteristic zero. The group algebra
K[g|[F(S)] on F(S) is denoted by E. Namely, for E € E,

E—ZaW

where each coefficient a, lies in K[q].
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Definition. A formal g-grammar G over a commutative ring
K with unity and characteristic zero is a triple

G= (Sa Ra p)v

@ S denotes a finite or infinite set of master variables;

o A rule R: SUS™! — E is a map that assigns to each
variable in SUS™! an expression in E;

@ p is an order.

R:= {50 — R(So), S1 — R(Sl), .. }

The definition is then extended to the set of formal inverses s; ' by
setting:

R(si') = —s ' R(si)si. (%)

1
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Definition. Let G = (S,R,p) be a g-grammar. The
g-derivative operator D: E — E associated with G is the
linear operator defined by:

D(wiwg - - - wp) := ZP(W1W2 w1 R(wy) T (wjr -+ Wn))a
=1

for each word wiws - - - w),, where each w; € SU S—1.

[ Guo-Niu Han, Kathy Q. Ji, Huan Xiong, g-Derivative
grammar, submitted. arXiv:2604.23959. (Section 2:
g-derivative)
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Example.

Gtan = (5: {X}7 R= {XJ - qj(l +XJ'Xj+1)}7 p= DIO)-

D(xp) = DIO(1 + xox1) = 1 + x1x0,
D?(x0) = DIO(R(x1)x1 + x1R(x0))
= DIO(q(1 + x1x2)x1 + x1 (1 + x0x1))

= (14 g)x1 + x1x1x0 + gxax1X1.

D(xp) = LPO(1 4+ xpx1) = 1 + xox1,
D?(xp) = LPO(R(x0)x2 + xoR(x1))
= LPO((1 + xox1)x2 + x0q(1 + x1x2))
= gxp + x2 + (1 + g)xox1x2.
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Proposition. Let c € K[q] and f€ E,
D(c) =0,

D(cf) = cD(),
D(f+g) = D(f) + D(g).

Proposition. Let f, g € E,

D(f')=—f'D(h1(F),
D(fg) = D(f) T g+ fD(g).

D(fif - Zflfz HRNGTEREE
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Definition (g-Linear grammar). A g-grammar G =
(S, R, p) is called g-linear if p = KSO, and for each mas-
ter variable s € S and any i > 0, we have

R(sit1) = R(T si) = a 1 R(si). (&)

Gan = (S={x}, R={x; = ¢(1+ xx11)}, p = DIO),

Observe that '
R(xi) = q'(1 + xixit1)

and '
R(xi+1) = ¢ (1 + Xip1xi42).

It can be checked that
R(X;+1) = R(T X,') =dq T R(X,').
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Proposition (g-Leibniz formula). Let D be g-derivative
associated with g-linear grammar. For n > 1 and f,g € E,
we have

n

i =3[} o1 (0" P i@).

k=0

The proof is based on the following key observation:

D(1™f) = g™ 1™ (D"(h)) -
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g-Binomial inverse formula:

) an=Y" m b= () by = i(—n”m Ao

k=0

@ Define the following g-linear grammar:
Goinv = ({x ¥}, {x — &x11, y; — dy;},KSO).

@ Let D be the g-derivative associated with Gyj,y. Then for
n>1,

D(x0) = ) xm, Do) = yo.
@ Observe that
D(y ") = =y 'D(y) + (vi 1) = —d'y; Ly = —d'vih-
So, by induction, we obtain that for n > 0,

D'(yyh) = (—1)"q)y
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g-Binomial inverse formula:

) an=3" m b= () by = fj(—n"km qq<"5k> -

k=0

Note that G,y is g-linear grammar, so

o) =3 [1] 24000 1+ (7 0m) = 3 [}] o

k=0 k=0
Denote b; by q(2i)x,-y,-. If (i) is valid, then

D"(xoy0) = an-
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On the other hand,

b, = q(g)xn}/n = YnDn(XO)

= ynD" (xo0y0¥5 ")

n

=Yn )

k=0

n

=Yn )

k=0

Z] qu(XOYO) 1 (Dn_k(yal))

-2l

The converse can be proved similarly.
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Research problems on g-grammars

Let G= (S, R, p) be a g-grammar and let f be an expression in E.
The high order g-derivative associated with G on f can be written

in the following form:
= 2 ww (a)

weF(S)

Some problems for investigation:

e Terms: Characterize the words w € F(S) appearing in
(a) for which a, # 0. These words are called terms of
the g-derivative.

@ Number of terms: Determine the cardinality of the
set of terms.

o Coefficients: Obtain explicit formulas for the
coefficients a,,.

e Combinatorial model: Provide a combinatorial
interpretation for the coefficients a,.
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Definition (Evaluation on g-grammars). Let G= (S, R, p)
be a g-grammar, and let V be a commutative ring. Recall
that S is the set of all non-commutative variables and E is
the free K|[qgl|-algebra generated by S.

@ An evaluation ¢ on a g-grammar is a map ¢: S -V
that sends each non-commutative variable of S to a
commutative element of V.

@ The evaluation map ¢ can be uniquely extended to a
morphism ¢: E — V by preserving linearity,
multiplicativity and invertibility (i.e.,

o0 ") = dlx0) ™).
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Research problems on g-grammars (continued)

Let G= (S, R, p) be a g-grammar and let f be an expression in E.
The high order g-derivative associated with G on f can be written
in the following form:

Z aw W (a)

weF(S

Some problems for investigation:
@ Determine an appropriate evaluation map ¢ such that
#(D*(f)) admits a simple closed form;
@ Develop a general method, which we refer to as
g-grammar calculus, to compute the g-exponential
generating functions for ¢(DX(f)).
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g-Exponential generating function

Let D be the g-derivative associated with a g-grammar G. For
fe E, the g-exponential generating function of D"(f) is defined by

Gen f, Z D"(f)

n>0

I‘l

Proposition. For f,g € E,
GenE,G)(f+ g u) = GengG)(f u) + Gen( )(g; u),

DyGen'? (£ u) = Gen\? (D(f); u).

A real g-derivative of a function f(u) is defined by

) — flgu)

Dyf(u) = u
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g-Grammar calculus

Theorem (Product formula). Let G = (S5, R, p) be a ¢
grammar, where for each variable s; € S and any i > 0, we
have

R(siv1) = R(T si) = g 7 R(si). (W)

Let ¢ be a master-linear evaluation, that is, for any two vari-
ables s;, 5, € §,

P(si) = 9(s))-
We have

) (Gengc)(fg; u)) =¢ (Gengc)(f; u)) ) (Gen,(qc) (& u)) .
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TEAYGIFR g-Eulerian ZIAZL AN (¢;x,y) BY ¢-30%. BX

Amv q,x y Z qmv (o) SAse a)ydes

o€ES,
XE inv (o) T o BOHFREL, BD
inv (o) = |{(i,)) : i < Jj, ;> o3},
HARANSSWEL. AN (q; %, y) BRI LV/MENT:
AR (g%, y) = xy,
ASY (g% y) = Xy + axy’,

AP (@xy) = Xy + (20+26°)8Y + ¢'x/.
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Eulerian ZINAISCES RN ZE x 1 y, }F ¢-30%, HIFE
BRI NFF (%0, x1, %2, - -.) 1 (yo, y1, y2, - . .), FHRIZ x; ¥ i
BUTIRE

X< YW<XxI<y1<XxXo<yy<---. (0.1)
ENXIGE
Ginv = {x = @yixis1, ¥j— @y |i=0,1,2,...}.  (0.2)

HAA p ZB— 1R (0.1) BONNFERE AR ER .
TE X IR ERET
P(x) = x, o(y) = y.

Fg D BXTF ¢-30% (0.2) MY ¢ &EF, W

d(D"(x0)) = AR (g5, y).
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a0,
D(x0) = R(x0) = yoxa,
D*(x0) = D(yox1) = R(yo)x2 + yoR(x1) = yoxix2 + qyoyixe,
D*(x0) = D(yox1x2 + qyoy1x2)
= R(yo)x2x3 + yoR(x1)x3 + yox1 R(x2)
+ gR(y0)y2x3 + ayoR(y1)xs + qyoy1 R(x2)
= Yox1X2X3 + QYoy1XeX3 + G°Y0X1Y2X3
+ qYox1y2X3 + G Yoy1xeX3 + G°Yoy1yaxs.
LTS,
¢(D(x0)) = xy,
B0 (0)) = Ry + P,
(

P(DP(x0)) = v + a*X + @2 + qP % + ¢V + ¢ yPx.
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Giny = {x; — qij-XjH, yj — qjyj><j+1 |j=0,1,2,...}.

¢(D"(x0)) = A" (g:%.)-

n=1 0x11y0

n=2, 0x1xi[2]wo0, 0x[2]yi 1y 0
n=3, 0X3y21X12y(]O, 0X31X2y12y00, 0X31X22X1y()0,

OX3y22y1 1 yo O, 0X32X2y1 1 yo O, 0X32y21X1y00

D(X()) = Xoy1
D? (x0) = yoxix2 + qyoy1x2
DS(XO) = Yox1X2X3 + qyoy1Xex3 + q2yox1y2X3
2 3
+ qyoxi1y2X3 + g Yoyi1x2X3 + g Yoy1y2X3

D"(xo) = Z g™ Dw(o).

oce6,
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g-inv-Eulerian polynomials

Theorem ((des ,inv ) on permutations). Let Gy, be the
g-grammar defined by

Ginv = ({x v} {5 = dypxi1, vj = @y}, AIO).

Let D be the g-derivative associated with Gj,, and define the
evaluation map ¢ by ¢(x;) = x and ¢(y;) = y. Then

¢ Dn XO Z qmv(a 2S¢ a)ydes

ceG,

where des(o) (resp. asc(o)) counts the number of descents
(ascents) of o, and inv(o) counts the number of inversions
of 0.
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g-Grammar calculus for g-inv-Eulerian polynomials

Theorem. For i> 0,

_ XYy
1 —xLlyeq((x— y)uq’)

(Geny™ ) (x;; u)

Which can recover a result of Stanley:

= inv(cr)xasc(a) es(o) u’ X—Yy
> (3 o)

. =7 _ -1 — )
n=0 \c€&, %q)n 1—xlyeg((x—y)u)

where eq(u) is given by
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Proposition. For i > 0,

D) = —q"x Lyi(xip1 — yir1)™ !

&(Geng™ ) ( 71;u>>=2¢> (O e

+oo u"
—1 —1 n—1 _ni
=X =) X yx=y)"q" ——
;1 (g @)n

—1

Y (eq((x— y)uq') —1)

X—y

1 xlyeg((x— y)ug)
X—y ’
which vyields the desired generating function because

1 = &(Gen'®™ ) (xxLe 1)) = b(Gen'®™ ) (x N b(Gen'Cim ) (1. 1)) 41/50




Cycle g-Roselle polynomials

Theorem (cycle g-Roselle polynomials). Let Gy =
({x,y, z, e}, R, KSO) be the g-grammar, where
R={x = @ypir1, ¥ = @y 5 = dypxen, & = Bdeizi).

Let D be the g-derivative associated with Ggy. and define
the evaluation map ¢ by ¢(x;) = x, ¢(y;) =y, ¢(z;) = z and

o(e)) = e. Then
¢(Dn(60)) —e Z qinv (cr)Xiasc(cr)Zisol(U)ydes (a)—lﬁRLmin(o).

oeS,
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g-Exponential generating function

qS(GenE,Gi"V )(eo; u)

+oo k+1)

1 — x"'yeq((x = y)uq

a /g) 1 — Bugh(z—y) — x Ty(1 + Bugh(x — 2))eq((x — y)ugktt)’

where
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g-André | polynomials

Theorem ((des, inv) on André | permutations). Let Gapq
be the g-grammar defined by

GAndI - ({X) y}; {XJ — quj.yj-f-la .yj — q]XJ}7AIO)

Let D be the g-derivative associated with Ganqi and define
the evaluation map ¢ by ¢(x;) = x and ¢(y;) = y. Then

6(D"(x0)) = Epr(gixy) = S HDypMgn (D),

1
€T

where T,/ denotes the set of André | trees on [n].
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Recurrence formula

Forn>1,

EL—i—l(q; X, y)

n—2
/ e n—1
= yE(gixy)+ > g 1[ . } i1 (0% ¥) Ep k1 (4% )
k=0 q
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g-André Il polynomials

Theorem ((des, inv) on André Il permutations). Let
Gandn be the g-grammar defined by

Ganat = ({x, ¥}, {x = @xyj01, v = @' xi01}, ATO).

Let D be the g-derivative associated with Ganqp and define
the evaluation map ¢ by ¢(x;) = x and ¢(y;) = y. Then

3(D"(x0)) = Eli(gxy) = Y KDy (T,

o€T )y
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Recurrence formula

Forn>1,

Er,1+1(q; X, y)

n—2
o |n—1
=yEN(gixy) + > gk ”[ . ] E1(a: % Y) Ep g1 (5% y)-
k=0 q
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g-major-Eulerian polynomials

Theorem ((des ,maj ) on permutations) Let Gpn, be the
g-grammar defined by

Gmaj = ({x ¥}, {x = @00, ¥ = @xoy0}, LPO).

Let D be the g-derivative associated with G, and define
the evaluation map ¢ by

90g) =xq¢ and 9(y) = yd.

Then
¢(Dn XO Z qmaj )('ISC(O' }/les(o

ceG,

where des(o) (resp. asc(o)) counts the number of descents
(ascents) of o, and maj(o) equals major index of o.
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Thanks for your attention!
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