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�ê©


½½½ÂÂÂ

�­�n��ê©
��´��k���O���êS
�(λ1, λ2, . . . , λl)÷vλ1 + λ2 + · · ·+ λl = n.

~~~µµµ�­�4��ê©
k5�§©O´

(4), (3, 1), (2, 2), (2, 1, 1), (1, 1, 1, 1).

�p(n)L«�­�n��ê©
�ê§@op(4) = 5"ùp·�
ò­:�	ù�©
¼êp(n)"
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�ê©
�)¤¼ê

½½½nnn(Euler)

+∞∑
n=0

p(n)qn =
∞∏
j=1

1

1− qj
.

yyy²²²:
∞∏
j=1

1

1− qj
=(1 + q1 + q1+1 + q1+1+1 + · · · )

× (1 + q2 + q2+2 + q2+2+2 + · · · )
× (1 + q3 + q3+3 + q3+3+3 + · · · )
× · · · · · ·

=
∑
n=0

(· · · · · · )qn

c¡�XêÒ�u¿�ã�§1 j1 + 2 j2 + 3 j3 + . . . = n�)��ê"


�·�òéN´uyz�)éA���­�n�©
§�T·K�y"
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©
¼êp(n)

e¡·�ÐmT)¤¼ê§�±uy

∞∏
j=1

1

1− qj
= 1 + q + 2q2 + 3q3 + 5q4 + 7q5 + 11q6

+ 15q7 + 22q8 + 30q9 + 42q10 + 56q11 + 77q12

+ 101q13 + 135q14 + 176q15 + 231q16 + 297q17

+ 385q18 + 490q19 + 627q20 + 792q21 + 1002q22

+ 1255q23 + 1575q24 + 1958q25 + 2436q26

+ 3010q27 + 3718q28 + · · · · · ·+ 204226q50 + · · ·

�X�­n�O�§©
¼êp(n)O\��~¯�
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p(n) (mod 5)

∞∏
j=1

1

1− qj
= 1 + q + 2q2 + 3q3 + 5q4 + 7q5 + 11q6

+ 15q7 + 22q8 + 30q9 + 42q10 + 56q11 + 77q12

+ 101q13 + 135q14 + 176q15 + 231q16 + 297q17

+ 385q18 + 490q19 + 627q20 + 792q21 + 1002q22

+ 1255q23 + 1575q24 + 1958q25 + 2436q26

+ 3010q27 + 3718q28 + · · · · · ·
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p(n) (mod 5)

∞∏
j=1

1

1− qj
= 1 + q + 2q2 + 3q3 + 5q4 + 7q5 + 11q6

+ 15q7 + 22q8 + 30q9 + 42q10 + 56q11 + 77q12

+ 101q13 + 135q14 + 176q15 + 231q16 + 297q17

+ 385q18 + 490q19 + 627q20 + 792q21 + 1002q22

+ 1255q23 + 1575q24 + 1958q25 + 2436q26

+ 3010q27 + 3718q28 + · · · · · ·

½½½nnn(Ramanujan)

éu?¿��K�ên, ·�k

p(5n + 4) ≡ 0 (mod 5).
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p(n) (mod 7)

∞∏
j=1

1

1− qj
= 1 + q + 2q2 + 3q3 + 5q4 + 7q5 + 11q6

+ 15q7 + 22q8 + 30q9 + 42q10 + 56q11 + 77q12

+ 101q13 + 135q14 + 176q15 + 231q16 + 297q17

+ 385q18 + 490q19 + 627q20 + 792q21 + 1002q22

+ 1255q23 + 1575q24 + 1958q25 + 2436q26

+ 3010q27 + 3718q28 + · · · · · ·

½½½nnn(Ramanujan)

éu?¿��K�ên, ·�k

p(7n + 5) ≡ 0 (mod 7).
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p(n) (mod 11)

∞∏
j=1

1

1− qj
= 1 + q + 2q2 + 3q3 + 5q4 + 7q5 + 11q6

+ 15q7 + 22q8 + 30q9 + 42q10 + 56q11 + 77q12

+ 101q13 + 135q14 + 176q15 + 231q16 + 297q17

+ 385q18 + 490q19 + 627q20 + 792q21 + 1002q22

+ 1255q23 + 1575q24 + 1958q25 + 2436q26

+ 3010q27 + 3718q28 + · · · · · ·

½½½nnn(Ramanujan)

éu?¿��K�ên, ·�k

p(11n + 6) ≡ 0 (mod 11).
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Ramanujan©
Ó{ª

Ramanujanuy
e¡�n�Ó{ª:

½½½nnn([Ramanujan, Proc. Cambridge Philos. Soc. (1919)])

p(5n + 4) ≡ 0 (mod 5), (1)

p(7n + 5) ≡ 0 (mod 7), (2)

p(11n + 6) ≡ 0 (mod 11). (3)

1. Ramanujan [Proc. Cambridge Philos. Soc., (1919)] �Ñ
Ó
{ª(1)Ú(2)�Ð�y²"

2. 
�11�Ó{ª�y²Äg´dÔnÆ[Winquist [J.
Combin. Theory, (1969)]�Ñ§¦�y²�{Ì�´Ä
uMacdonald'uo�êB2���ð�ª"
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Freeman Dyson

• Freeman Dyson§{7=¾êÆÔn
Æ[§Ê�dîp�ïÄ��Ç§
Q¼�âÔ[ø£1966¤ÚÆK�
ø£1969¤"Dyson(¥nØJÑ
ö"
 

• �Dyson�´p�Æ)��ÿ
£1941c¤§¦lHardyÚWrightÜ
��5An introduction to the theory
of numbers6Ö¥��

RamanujanÓ{ª"��¦}ÁX
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Dyson'u�5�¯K

'uRamanujan�5�Ó{ª§DysonJÑ
ù���¯K

Dsyon���¯̄̄KKK

XÛò�­�5n + 4�©
©¤Ê°§¦�z�°¥©
�êÑ
��?

• DysonF"U
�é���©
þ�ÚOþ§¦��âù�
ÚOþ�±ò�­�5n + 4�©
©¤äk�Óê8�Ê�
°"

• 31944c§Dyson3êxþ����ÿ§¦â�¤ù�%
�§é�ù�/ÚOþ0§¿·¶�/rank0"
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Dyson�rank9Dsyonß�

½½½ÂÂÂ£££Rank¤¤¤

éu��©
λ§§�rank (r(λ))½Â�§���Ü©~�§�
Ü©ê"

~X§λ = (5, 4, 2, 1, 1, 1)§r(λ) = 5− 6 = −1"

Dyson���ßßß���1£££Freeman Dyson, Eureka, (1944)¤¤¤

�N(j , 5; n)L«�­�n§rank�5Ó{j�©
�ê§K

N(1, 5; 5n + 4) = N(2, 5; 5n + 4) = N(3, 5; 5n + 4)

= N(4, 5; 5n + 4) = N(5, 5; 5n + 4).
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~f

n = 4 (p(4) = 5) n = 9 (p(9) = 30)

N(1, 5; n) (3, 1)
(8, 1), (5, 2, 12), (42, 1)
(4, 3, 2), (3, 16), (23, 13)

N(2, 5; n) (1, 1, 1, 1)
(6, 13), (5, 3, 1), (5, 22)
(3, 2, 14), (24, 1), (19)

N(3, 5; n) (4)
(9), (6, 2, 1), (5, 4)
(4, 15), (32, 13), (3, 22, 12)

N(4, 5; n) (2, 1, 1)
(7, 12), (6, 3), (4, 2, 13)
(32, 2, 1), (3, 23), (2, 17)

N(5, 5; n) (1, 1, 1, 1)
(7, 2), (5, 14), (4, 3, 12)
(4, 22, 1), (33), (22, 15)
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Dyson�ßÿ

DysonÓ��uyù�ÚOþÓ��·^�7��/"

Dyson���ßßß���2£££Freeman Dyson, Eureka, (1944)¤¤¤

�N(j , 7; n)L«�­�n§��7Ó{j�©
�ê§K

N(1, 7; 7n + 5) = N(2, 7; 7n + 5) = N(3, 7; 7n + 5) = N(4, 7; 7n + 5)

= N(5, 7; 7n + 5) = N(6, 7; 7n + 5) = N(7, 7; 7n + 5).

�´¦¿Ø��TXÛ�y²ùü�ß�?
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Dyson'u/crank0�ßÿ

Dyson�uyù�ÚOþ¿Ø·^�11��/"
p(6) = 11§

|λ| = 6 r(λ) r(λ) (mod 11)

(6) 5 5

(5, 1) 4 4

(4, 2) 2 2

(4, 12) 1 1

(3, 3) 1 1

(3, 2, 1) 0 0

(3, 13) −1 10

(2, 2, 2) −1 10

(2, 2, 12) −2 9

(2, 14) −3 8

(16) −5 6
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Dyson���ßßß���4£££Freeman Dyson, Eureka, (1944)¤¤¤

�½�3��aqu/rank0�ÚOþ§�´�N���
c�
§b�¡§�/crank0"^M(j , 11; n)L«�­�n§
/crank0�11Ó{j�©
�ê§K

M(j , 11; 11n + 6) = M(11− j , 11; 11n + 6)

M(0, 11; 11n + 6) = M(1, 11; 11n + 6) = M(2, 11; 11n + 6)

= M(3, 11; 11n + 6) = M(4, 11; 11n + 6)

= M(5, 11; 11n + 6).
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Andrews-Garvan�crank

ù�ßÿ��44c±�â�{IêÆ[AndrewsÚGarvan)û"

½½½ÂÂÂ£££G. E. Andrews and F. G. Garvan, Bull. Am. Math.
Soc., (1988)¤¤¤

éu��©
λ§§�/crank0c(λ)½Â�

c(λ) =

{
λ1 if n1(λ) = 0,

µ(λ)− n1(λ) if n1(λ) > 0.

Ù¥n1(λ)��´©
λ¥Ü©�1��ê¶µ(λ)��´©
λ ¥
Ü©�un1(λ)��ê"

~X§éuλ = (5, 3, 2, 1, 1, 1), §�/crank0
�µ(λ)− n1(λ) = 1− 3 = −2.
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~f

p(6) = 11
λ c(λ) c(λ)mod11

(5, 1) 0 0
(3, 2, 1) 1 1
(23) 2 2
(32) 3 3
(4, 2) 4 4
(16) −6 5
(6) 6 6
(2, 14) −4 7
(3, 13) −3 8
(22, 12) −2 9
(4, 12) −1 10
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George E. AndrewsÚFrank Garvan�uyÚOþ/crank0Ø=é
u�11�/´¤á§
�é�5Ú7��/Ñ´¤á�"ë�F.
Garvan, Trans. Am. Math. Soc., (1988)ÚG.E. Andrews and F.G.
Garvan, Bull. Am. Math. Soc., (1988)"

|λ| = 4 c(λ) c(λ)mod5

(3, 1) 0 0
(14) −4 1
(22) 2 2
(2, 12) −2 3
(4) 4 4

|λ| = 5 c(λ) c(λ)mod7

(4, 1) 0 0
(22, 1) 1 1
(15) −5 2
(3, 2) 3 3
(2, 13) −3 4
(5) 5 5
(3, 12) −1 6
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o(

1. Andrews ÚGarvan'uDsyon/crank0�ß��y²´æ^
�ê��{"¦��y²Ì�´Äu3knê�þ4�õ�
ª�5�9�
q?êð�ª"

2 Dyson ©ªvké�'u/rank0ü�ß��y²"ùü�
ß��y²��kü =IêÆ[Atkin and
Swinnerton-Dyer [Proc. Lond. Math. Soc. III. Ser., (1954)]
�Ñ"¦��y²´)Û�§AO´3¦��y²L§¥§
¦��uy
Nõmock theta function�ª"
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­ãDyson�¯K

�8c��§wqDyson�¤k¯KÚßÿÑ��
�÷�)
û§Ù¢Ø,"

Dsyon���¯̄̄KKK

XÛò�­�5n + 4�©
©¤Êa§¦�z�a¥©
��ê
Ñ��?

�Xc¡¤ã§Dysonuy
/rank0§AndrewsÚGarvanuy

/crank0§§�Ñ�±ò�­�5n + 4�©
©�Ê�äk�Ó
©
�ê��da"Q,z��daäk�Óõ�©
�ê§@
o|||ÜÜÜÆÆÆ[[[���777,,,���¯̄̄ùùù���������¯̄̄KKK"
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|Üy²

|||ÜÜÜ¯̄̄KKK

ùÊ��daÄ¾´U�o�ª\±éA�Qº§��m�N�
Ä¾´�oº
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|Üy²

|||ÜÜÜ¯̄̄KKK

ùÊ��daÄ¾´U�o�ª\±éA�Qº§��m�N�
Ä¾´�oº

ù�¯Ku1990c�{IêÆ[Frank Garvan, Dongsu
Kim,ÚDennis Stanton)û£Invent. Math., (1990)¤"

1. ¦�Ì�A^
+LãØ¥�²;N�LittlewoodN�;

2. ©¥��daQvkUìDyson�/rank0\±©a§�v
kUìAndrews-Garvan�/crank0\±©a"¦�qJÑ

�«#�©a�ª§¡�/5-core crank0§du§�½
Â�9LittlewoodN�§ùpÒØ\±Lã
"
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Ramanujan�ýó

Ramanujan3uyþ¡n�Ó{ª�ýó�Ó{ªò¬�~D
k"

p(`n + t) ≡ 0 (mod `) é¤k n.

RamanujanQ�Ñù��ßÿµ

Ramanujan���ýýýóóó([Ramanujan, Proc. Cambridge Philos.
Soc. (1919), p.xix])

It appears that there are no equally simple properties for any moduli
involving primes other than these three (i.e. ` = 5, 7, 11). £Ø

þãn�Ó{ª±	£` = 5, 7, 11¤§Ø�3�Ù¦?¿�ê�
Ó{ª"¤
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Ramanujan�ýó

31992c§�IêÆ[Kimming ÚûðêÆ[Olsson |^�/
ª¥Èf�óäy¢

½½½nnn£££[Kimming-Olsson, Arch. Math. (1992)]¤¤¤

éu?¿���ê`
ó§XJ�3,��êβ`§k

p(`n + β`) ≡ 0 (mod `) éu¤k n,

@o§
24β` ≡ 1 (mod `).

~X§β5 = 4, ù´Ï�24× 4 = 96 = 95 + 1 ≡ 1 (mod 5).

�C§{IêÆ[Ahlgren ÚBoylan£[Ahlgren-Boylan, Invent.
Math. (2003) ]¤ÄuKimming-Olsson�ó�§|^�/ª��
5�m�Äy¢
Ramanujan�ýó"
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RamanujanÓ{ª9Ù¦Ó{ª

½½½ÂÂÂ£££RamanujanÓÓÓ{{{ªªª¤¤¤

�`�?¿�ê§·�¡e¡�Ó{ª�RamanujanÓ{ª

p(`n + t) ≡ 0 (mod `) é¤k n.

�Ä©
¼êp(n)´Ääke¡ù��Ó{ªµ

p(An + B) ≡ 0 (mod `) éu¤k n.

5¿µùpAØ�½��ê`.
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Ù¦Ó{ª

• 31967c§{IêÆ[AtkinÚO’Brien £[Trans. Amer.
Math. Soc. (1967)]¤âé�'u�13�Ó{ª"

p(157525693n + 111247) ≡ 0 (mod 13).

• l1967c�2000c§ïÄÆöÒvk2uy�Ù¦�ê�Ó
{ª
"
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�3Ã¡õ�Ó{ª

{IEmory�Æ�A.G. Candler�ÇKen Ono £{IêÆ¬Æ�
£Proc. AMS¤�Ì?9{IêÆ¬úw£Bull. AMS¤�BÌ
?¤/Ïu�/ªnØ¥Serre½ny²

½½½nnn[Ono, Ann. Math. (2000)]

éu?¿�ê` ≥ 5§Ñke¡ù��Ó{ª

p(An + B) ≡ 0 mod `.

• /ÏuOnoJÑ��{§Weaver (Ramanujan J. (2001))uy

�13 ≤ ` ≤ 31�76,065�Ó{ª"

• Ahlgren£Math. Ann. (2000)¤ í2
Ono��{y²
é
u?¿���6p���êm§�3Ã¡õ�þãÓ{ª"
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Ã¡Ó{ªf�Ó{)º

c�êÆ[K. Mahlburguy|
^Andrews-Garvan-Dyson�crankVg�±�ÑdOno ��Ã¡õ
�Ó{ª�|Ü)º"

½½½nnn(Mahlburg, PNAS (2005))

�½��êτÚr§9�êp ≥ 5§K�3Ã¡õ�ØCX�â?
êAn + B ¦�éu?¿0 ≤ m ≤ pr − 1§k

M(m, pr ;An + B) ≡ 0 (mod pτ ),

K. Mahlburg, Partition congruences and the Andrews-Garvan-Dyson
crank, Proc. Natl. Acad. Sci. USA 102 (2005) 15373–15376.
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p�rankÚcrank

�C§Atkin ÚGarvanÚ\
p�rankÚcrank�Vg§TVg3
��\/ïÄ©
Ó{�5�´�~k�Ï�"

½½½ÂÂÂ[Atkin and Garvan, Ramanujan J. (2003)]

Nk(n) £k �rank¤½Â�

Nk(n) =
+∞∑

m=−∞
mkN(m, n),

Mk(n) £k �crank ¤½Â�

Mk(n) =
+∞∑

m=−∞
mkM(m, n).

ùpN(m, n) L«�­�n§rank �m�©
�ê¶M(m, n) L
«�­�n§crank �m�©
�ê" 32 / 61
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k-marked Durfee symbols

�
�ÑNk(n)�|Ü)º§Andrews Ú\
e¡�Vg

½½½ÂÂÂ[George E. Andrews, Invent. Math. (2007)]

�­�n�k-marked Durfee symbol ´dké©
Ú��eI|¤
�§Ù½ÂXeµ

η =

(
αk , αk−1, . . . , α1

βk , βk−1, . . . , β1

)
D

,

Ù¥αi (resp. βi ) L«��©
¶
∑k

i=1(|αi |+ |βi |) + D2 = n. 

�©
αiÚβi 7L÷ve¡n�^�µ

(1) éu1 ≤ i < k , αi 7L´���©
§
αkÚβi�±��
8;

(2) éu2 ≤ i ≤ k§kβi−11 ≤ αi−1
1 ≤ βi

l(βi )
;

(3) βk1 , α
k
1 ≤ D. 33 / 61
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k-marked Durfee symbolsþ�rank�½Â

Andrews ��Ñ
k-marked Durfee symbolsþ“rank” �½Â.

½Â[George E. Andrews, Invent. Math. (2007)]

�η =

(
αk , αk−1, . . . , α1

βk , βk−1, . . . , β1

)
D

´k-marked Durfee symbol.

©
é

(
αi

βi

)
¡�η�1i��þ"η�1i�rank ρi (η) ½Â�

ρi (η) =

{
l(αi )− l(βi )− 1 1 ≤ i < k,

l(αk)− l(βk) i = k .

~X§

(
43 43 32 32 22 21

53 32 22 21

)
5

´���­

�55�3-marked Durfee symbol§Ù¥1��rank�−1, 1�
�rank �0, 1n�rank�1.
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)¤¼ê

Äuq?ê¥Í¶�C�úª£k-fold generalization of Watson’s
q-analog of Whipple’s theorem¤, Andrews �Ñ
k-marked
Durfee symbols�)¤¼ê:

½n[George E. Andrews, Invent. Math. (2007)]

�Dk(m1,m2, . . . ,mk ; n) L « � ­ �n§ 1i�rank�mi�k-
marked Durfee symbols��ê§@ok

+∞∑
m1,...,mk=−∞

+∞∑
n=0

Dk(m1, . . . ,mk ; n)xm1
1 · · · x

mk
k qn

=
1

(q; q)∞

+∞∑
n=1

(−1)n−1q3n(n−1)/2+kn (1 + qn)(1− qn)2∏k
j=1(1− xjqn)(1− qn

xj
)
.
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|Ü)º

½Â(k�é¡rank)

k�é¡rank£ηk(n)¤½Â�

ηk(n) =
+∞∑

m=−∞

(
m + bk−12 c

k

)
N(m, n),

§´k�rank£Nk(n)¤��5|Ü"

drank�é¡5N(−m, n) = N(m, n)§�±í�

η2k+1(n) = 0.
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Äuþã)¤¼ê§Andrews �Ñ'uk�é¡rank�|Ü)º:

½n[George E. Andrews, Invent. Math. (2007)]

η2k(n) �u�­�n�(k + 1)-marked Durfee symbols��ê".
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'X·�o�k21��­�5�2-marked Durfee symbols.(
12 12 12 11

)
1

(
11 11 11 11

)
1

(
11

11 11 11

)
1(

12 11 11
11

)
1

(
12 11 11 11

)
1

(
12 11

11 11

)
1(

12 12 11
12

)
1

(
12 12 11 11

)
1

(
12 12 11

11

)
1(

11
12 12 12

)
1

(
11 11 11

11

)
1

(
11 11

11 11

)
1(

11 11
12 11

)
1

(
11 11 11

12

)
1

(
11

12 11 11

)
1(

12 11
12 12

)
1

(
12 11 11
12

)
1

(
12 11
12 11

)
1(

11
)

2

(
11 11

12 12

)
1

(
11

12 12 11

)
1
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©
Ó{ª

Andrews
�uy
k-marked Durfee symbols äke¡�Ó{ª:

½n[George E. Andrews, Invent. Math. (2007)]

D3(5n + 4) ≡ 0 (mod 5),

D3(7n + 5) ≡ 0 (mod 7),

D5(7n + 5) ≡ 0 (mod 7),

Ù¥Dk(n)L«�­�n�k-marked Durfee symbols��ê"

/Ïuk-marked Durfee symbols�full rank�Vg§Andrews�Ñ

þãÓ{ª�|Ü)º"
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�C§Bringmann, Garvan ÚMahlburg uyk-marked Durfee
symbols�full rank�Vg��±^u)ºe¡'ué¡rank�Ã
¡Ó{ª"

½n[Bringmann, Garvan and Mahlburg, Int. Math. Res. Not.
(2009)]

éu�½���êk, jÚ�êQ > 3§�3Ã¡õ�ØCX��â
?êAn + B¦�

η2k(An + B) ≡ 0 (mod Q j).

K. Bringmann, F. Garvan and K. Mahlburg, Partition statistics
and quasiweak Maass forms, Int. Math. Res. Not. (2009)
63–97.
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��©
ð�ª

�C§·�/Ïu|Ü�E��{��
'uk-marked Durfee
symbols�©
ð�ª"

½n[G�, Trans. AMS, (2011)]

éuk ≥ 2, we have

Dk(m1,m2, . . . ,mk ; n) =
+∞∑
j=0

(
j + k − 2

k − 2

)
N

(
k∑

i=1

|mi |+ 2j + k − 1; n

)
.

5: Äuþãð�ª§·��±�ÑAndrews'uk-marked
Durfee symbols�¤k(J§l
XÚ/)û
Andrews3
5Invent. Math.6JÑ�8�úm¯K"

G�, The combinatorics of k-marked Durfee symbols, Trans.
Amer. Math. Soc. 363 (2011) 987–1005.

41 / 61



���êêê©©©


 Ramanujan©©©


ÓÓÓ{{{ªªª |||ÜÜÜ)))ººº |||ÜÜÜyyy²²² CCCÏÏÏ���'''óóó��� ÛÛÛêêê���ééé¡¡¡rank���|||ÜÜÜ)))ººº ���555���óóó���

£�

½Â(k�é¡rank)

k�é¡rank£ηk(n)¤½Â�

ηk(n) =
+∞∑

m=−∞

(
m + bk−12 c

k

)
N(m, n),

§´k�rank£Nk(n)¤��5|Ü"

drank�é¡5N(−m, n) = N(m, n)§�±í�

η2k+1(n) = 0.
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£�

½Â(k�é¡rank)

k�é¡rank£ηk(n)¤½Â�

ηk(n) =
∑
m=1

+∞
(
m + bk−12 c

k

)
N(m, n),

ù�#½Â�é¡Ûê�rankÒØ�"
;

�§��m�ke¡�'X"

η2k(n) = 2η2k(n) + η2k−1(n).
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ηk(n)�|Ü)º

½n(�[A!G�!!�L§(2013))

éu�½�êk ≥ 1 Ú1 ≤ i ≤ k + 1, η̄2k−1(n) �u�­�n,
1i�rank�"�(k + 1)-marked Durfee symbols��ê"

½n(�[A!G�!!�L§(2013))

éu�½�êk ≥ 1 Ú1 ≤ i ≤ k + 1, η̄2k(n) �u�­�n,
1i�rank���(k + 1)-marked Durfee symbols��ê"

d(k + 1)-marked Durfee symbols�rank�é¡5��§

½n(�[A!G�!!�L§(2013))

éu�½�êk ≥ 1 Ú1 ≤ i ≤ k + 1, η̄2k(n) �u�­�n,
1i�rank�K�(k + 1)-marked Durfee symbols��ê"

W.Y.C. Chen, K.Q. Ji, and E.Y.Y. Shen, On the positive moments of
ranks, arXiv: 1310.8556.
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η1(5) = 7 η2(5) = 7 η2(5) = 7(
12 12 12 11

)
1

(
11 11 11 11

)
1

(
11

11 11 11

)
1(

12 11 11
11

)
1

(
12 11 11 11

)
1

(
12 11

11 11

)
1(

12 12 11
12

)
1

(
12 12 11 11

)
1

(
12 12 11

11

)
1(

11
12 12 12

)
1

(
11 11 11

11

)
1

(
11 11

11 11

)
1(

11 11
12 11

)
1

(
11 11 11

12

)
1

(
11

12 11 11

)
1(

12 11
12 12

)
1

(
12 11 11
12

)
1

(
12 11
12 11

)
1(

11
)

2

(
11 11

12 12

)
1

(
11

12 12 11

)
1
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p�é¡crank

�
ïÄp�rankÚp�crank�mØ�'X§�
C§Garvan[Adv. Math. (2011)] 3p�crank�Ä:þÚ\
p
�é¡�crank"

½Â(k�é¡crank)

k�é¡crank£µk(n)¤½Â�

µk(n) =
+∞∑

m=−∞

(
m + bk−12 c

k

)
M(m, n),

§´k�crank£Mk(n)¤��5|Ü"

F. G. Garvan, Higher order spt-functions, Adv. Math. 228 (2011) 241–265
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k-marked Dyson bipartitions

·�Ú\e¡#�©
Vg§TVg´Dyson©
�k-�í2"

½½½ÂÂÂ(k-marked Dyson bipartitions )

�­�n�k-marked Dyson bipartition ´dk�©
éÚk − 1���ê
|¤�§Ù½ÂXeµ

η =

 α(k), α(k−1), . . . , α(1)

pk−1, pk−2, · · · p1

β(k), β(k−1), . . . , β(1)

 ,

Ù¥©
αiÚβi 7L÷ve¡n�^�µ

(1) pk−1 ≥ pk−2 ≥ · · · p1 ≥ p0 = 1.

(2) pi ≥ α(i)
1 ≥ α

(i)
2 ≥ · · · ≥ α

(i)
` ≥ pi−1 and

pi ≥ β(i)
1 ≥ β

(i)
2 ≥ · · · ≥ β

(i)
` ≥ pi−1.
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(To be continued)

(3) α
(k)
1 ≥ α(k)

2 ≥ · · · ≥ α(k)
` ≥ pk−1 and

β
(k)
1 ≥ β(k)2 ≥ · · · ≥ β(k)` ≥ pk−1.

(4) XJ`(α(k)) = 1, @oα
(k)
1 = pk−1;

XJ`(α(k)) > 1, @oα
(k)
1 = α

(k)
2 ;

XJ`(α(k)) = 0 Ú`(β(k)) = 1, @oβk1 = pk−1;

XJ`(α(k)) = 0 Ú`(β(k)) ≥ 2, @oβ
(k)
1 = β

(k)
2 ;

XJ`(α(k)) = 0 Ú`(β(k)) = 0, @

opk−1 = max{α(k−1)
1 , β

(k−1)
1 }.

�[A!G�!!�L, k-Marked Dyson Symbols and Congruences for
Moments of Cranks, preprint.
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|Ü)º

Äu�c�|Ü�E§·��Ñ'uk�é¡crank�|Ü)º:

½n[ �[A!G�!!�L, (2013)]

µ2k(n) �u�­�n�(k + 1)-marked Dyson bipartitions ��ê"

5µAndrews^uuyk�é¡rank|Ü)º��{¿Ø·^u�
Ñk�é¡crank�|Ü)º"

49 / 61



���êêê©©©


 Ramanujan©©©


ÓÓÓ{{{ªªª |||ÜÜÜ)))ººº |||ÜÜÜyyy²²² CCCÏÏÏ���'''óóó��� ÛÛÛêêê���ééé¡¡¡rank���|||ÜÜÜ)))ººº ���555���óóó���

We exhibit the 35 2-marked Dyson bipartitions of 5.(
11 11 11 11 11

)
0

(
11
11 11 11 11

)
0

(
12 11 11 11 11

)
0(

12 11
11 11 11

)
0

(
11 11 11 11
12

)
0

(
11
12 11 11 11

)
0(

12 12 11 11 11
)

0

(
12 12 11
11 11

)
0

(
11 11 11
12 12

)
0(

11
12 12 11 11

)
0

(
12 12 12 11 11

)
0

(
12 12 12 11
11

)
0(

11 11
12 12 12

)
0

(
11
12 12 12 11

)
0

(
12 12 12 12 11

)
0(

11
12 12 12 12

)
0

(
12 11
12

)
0

(
21 21 11

)
0(

21
21 11

)
0

(
22 22 11

)
0

(
11
22 22

)
0(

22 21 11
)

0

(
22 21

11

)
0

(
21 11
22

)
0(

21
22 11

)
0

(
21 11
21

)
1

(
11 11 11 11
11

)
1(

11 11
11 11 11

)
1

(
12 11 11 11
11

)
1

(
11 11 11
12 11

)
1(

12 11 11
11 11

)
1

(
11 11
12 11 11

)
1

(
12 12 11 11
11

)
1(

11 11
12 12 11

)
1

(
11 11 11
11 11

)
2
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'uµ2k(n)�Ã¡Ó{ª

·�3k-marked Dyson symbol ½Â
full crank"�NCk(r , t; n)
L«�­�n§full rank�tÓ{�r�k-marked Dyson symbols�
�ê"·�y²
e¡�(J"

½n(�[A!G�!!�L§(2013))

éu�½���êk,τÚ�êp ≥ 5, �3Ã¡õ�ØCX��â
OêAn + B§¦�éu?¿0 ≤ i < j ≤ p − 1,

NCk(i , p;An + B) ≡ NCk(j , p;An + B) (mod pτ ).
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'uµ2k(n)�Ã¡Ó{ª

dþã(J§·��±�ÑÃ¡õ�'uµ2k(n)�Ó{ª:

½n(�[A!G�!!�L§(2013))

éu�½���êkÚ�êp ≥ 5, �3Ã¡õ�ØCX��âO
êAn + B§¦�

µ2k(An + B) ≡ 0 (mod p).
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�k�o��ïÄ�º

1. ©
¼ê�2Ú3�Ó{ª

2. Rank�crank�Ø�'X

�C§Garvany¢
p�rank�p�crank�mkù����'X

½n [Garva, Adv. Math. (2011)]

éu¤kk ≥ 1Ún ≥ 1§·�k

M2k(n) > N2k(n).


d·��c�|Ü�E��§p�rankÚcrank�ÊÏ
�rank�crank�mkX���'X§ddäóÊÏ
�rank�crankm7�3,«��'X"

�[A!G�!]·7, Proof of the Andrews-Dyson-Rhoades conjecture
on the spt-crank, arXiv: 13052116.
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Stanely©
¼ê

32005c§{I�Æ��¬R.P. Stanely£2006cêÆ[�¬�
���w<¤3ïÄ S8þÎÒ²ïþuyù���AÏ�©

¼êµ

½Â(Stanely, Adv Appl Math. (2005) )

Stanely©
¼êt(n)½Â��­�n�©
λ��ê§Ù¥T©

�ÛêÜ©��ê�Ù�Ý�ÛêÜ©��ê�4Ó{"

~Xn = 5

λ (5) (4, 1) (3, 2) (3, 12) (22, 1) (2, 13) (15)

λ′ (15) (2, 13) (22, 1) (3, 12) (3, 2) (4, 1) (5)

Ïd§t(5) = 5 < p(5) = 7.

54 / 61



���êêê©©©


 Ramanujan©©©


ÓÓÓ{{{ªªª |||ÜÜÜ)))ººº |||ÜÜÜyyy²²² CCCÏÏÏ���'''óóó��� ÛÛÛêêê���ééé¡¡¡rank���|||ÜÜÜ)))ººº ���555���óóó���

Stanely©
¼ê

{I�Æ��¬G.E. Andrews |^q?êð�ª��
t(n)�µ
4úª§¿�uy§÷vRamanujan�5�©
Ó{ªµ

½n[G.E. Andrews, Electron. J. Combin. (2004) ]

éu¤kn§·�k

t(5n + 4) ≡ 0 (mod 5).

�C§·Ú�[A�Ç9Æ)�Ñ
t(n)�«#�|Ü)º§¿
�uy
e¡�(J"

½n[W.Y.C. Chen, Kathy Q. Ji, Electron. J. Combin. (2010) ]

éu¤kn§·�k

t(n) ≡ p(n) (mod 2).
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�k�o��ïÄ�º

¯¢þ§Andrews�Ñ�'ut(n)�5�Ó{ª�±@�
´Ramanuajn©
Ó{ª���/ª"@o��ég,�¯K
´µ

¯K

Ramanujan�7Ú11�©
Ó{ª���/ª´�oQº
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�k�o��ïÄ�º

1. ©
¼ê�2Ú3�Ó{ª;

2. Rank�crank�Ø�'X;

3. RamanujanÓ{ª�7Ú11���/ª;

4. ��θ¼êm�'X¶
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�k�o��ïÄ�º

1. Weighted forms of Ramanujan’s partition congruences;

2. RamanujanÓ{ª�7Ú11���/ª;

3. ��θ¼êm�'X¶

4. XÛ|^�/ªnØ��©
¼ê����(J"
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o(

Ramanujan discovered so much, and yet he left so
much more in his garden for other people to

discover. —-Freeman Dyson

£Ramanujan Ø=gCuy
éõÀÜ§�3¦�s	p3e

éõÀÜ4O<�uy"¤
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