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The moments of ranks and cranks

Definition (Atkin and Garvan, 2003)
The kth moment of the rank Nj(n) is defined by

“+o0o
Ni(n) = Z m*N(m,n),

m=—00

where N (m,n) denotes the number of partitions of n with rank m.
The kth moment of the crank My (n) is defined by

“+o0
My(n) = Z m* M (m,n),
where M (m,n) denotes the number of partitions of n with crank m.
@ A.O.L. Atkin and F. Garvan, Relations between the ranks and cranks of
partitions, Ramanujan J. 7 (2003) 343-366.
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+oo
Ny(n)= Y m"N(m,n)
m=—00
+oo
= Z (—=m) N (—m,n)
m=—00
| symmetry
+oo
= Z (=1)*mEN (m, n)
m=—o0
= (—1)ka(n)
This implies that
N2k+1(n) = 0.
Using the same argument, we could show that
Mok 41(n) = 0.
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[
The POSITIVE moments of ranks and cranks

Definition (Andrews, Chan and Kim, 2013)
The kth positive moment of the rank N (n) is defined by

+00
Ni(n) = kaN(m,n).

m=1

The kth positive moment of the crank M (n) is defined by

+o0
Mp(n) = Z m*M(m,n).

m=1

@ G.E. Andrews, S.H. Chan, and B. Kim, The odd moments of ranks and
cranks, J. Combin Theory, Ser. A 120 (2013) 77-91.
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e
Relations

m The new odd moments of ranks and cranks are now nontrivial.

m For even moments of ranks and cranks, we have

Ngk(n) = 2N2k(n), Mgk(n) = 2M2k(n)
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[
The SYMMETRIZED moments of ranks and cranks

Definition (Andrews, 2007)
The kth symmetrized moment of the rank 7, (n) is defined by

o0 k—1
ne(n) = Z (er]E 2 J>N(m,n).

Definition (Garvan, 2011)
The kth symmetrized moment of the crank ux(n) is defined by

+oo k—1
pin= 5 (715

m=—o00

These are linear combinations of Ni(n) and My (n).

@ G.E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan momemts
of ranks, Invent. Math. 169 (2007) 37-73.

@ F.G. Garvan, Higher order spt-functions, Adv. Math. 228 (2011) 241-265.
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N2k+1(n) = i" (m * k)N(m, n)

2k+1
m=—00
+o0
—m + k‘)
= Z N(—m,n)
L ( % +1
| symmetry
+oo
_ k1M Tk ,
= Z (—1) <2k N 1>N(m, n)
m=—o0
= —M2k+1(n).
This implies that
n2k+1(n) = 0.

Using the same argument, we could show that

pok41(n) = 0.
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The combinatorial

interpretation of the even

symmetrized moments of ranks
given by Andrews
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To give a combinatorial interpretation of 7ax(n), Andrews
introduced the following function creatively,

Ri(z1,22,.. ., 785 q)

m

— z : q(m1+m2+-~+mk)2 q !
. q .
my>0 (Il%q)ml (E7q)
mo,m3,...,mp >0 my
m1+ma

X g NEEE

my

(T2¢™1; Q)mg+1 (qw ; q)
mo+1

mi+mo+---+mp_q

« q
mi1+mo+-t+my_o
+--- c— D q .
("Ekflqml-"_mQ +my, 27q)m1671+1( Tho1 ,Q)m 4
k—1
1

X L gt P R e Tt

(xkq 1 2 k_1§Q)mk+1( T ;q) 4

. my,

Using k-fold generalization of g-Whipple's theorem, Andrews showed
Rk+l(17 17 ) 17 Q) = Z 772/‘7(”)(]”'

n>0
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k-marked Durfee symbols

On the other hand, Andrews found the coefficients of ¢" in Ri4+1(1,1,...,1;q)
can be interpreted in terms of k-marked Durfee symbols.

Definition
A k-marked Durfee symbol of n is composed of k pairs of partitions and a
subscript, which is defined as

ak, ak_l, ey ol
n= — )
g B, B
where the partitions o' and 8° must satisfy the following four conditions:
(1) For1< i<k, o' must be non-empty partition, while a® and ¢ could be
empty;
(2) i7" <aland B <ot < Blfor2<i<k;
(3) Bf.af < D;
(4) i (' +68°) + D* = n.

Note that o} denotes the largest part of o’ and o’ denotes the smallest part of

a'.
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Example

ad ol -
—— - ~—
D >53,53,43 > 49,32,32,20 > 21

" BV gl ¥
D 44 39, 29,29 > 2

—— e i N
.'j 3 “j 2 B 1

v
IV

is a 3-marked Durfee symbols.
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Combinatorial interpretations for 7y(n)

Theorem (Andrews, 2007)

For k > 1, nor(n) is equal to the number of (k + 1)-marked Durfee
symbols of n.

@ G. E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan
momemts of ranks, Invent. Math. 169 (2007) 37-73.
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rN] 4] 2 [ 1] 0 | -1 ] -2 |4

N(-1,5)

N(4,5) = N(2,5) = N(1,5) = N(0,5)

= N(-2,5) = N(—4,5) = 1.



BESSNN———
We exhibit the 21 2-marked Durfee symbols of 5.

( b 1o 1 Iy )
1
b 11 1
L),
o 1o 1
1 )
Iy
I 1 1 )
L 1
1> L),
1> 1
1y 1 )

("),

<11 1, 1, 1,
(12 1, 1, 1,

(12 1, 1, 1,

o i L
1 .



e
Congruences for Ny(n) and Ny(n)

In addition, Andrews gave combinatorial interpretations of the
following congruences in terms of k-marked Durfee symbols.

No(5n+1) =na(5n+1) =0 (mod 5).
No(5n+4) = na(5n+4) =0 (mod 5).
No(Tn+1)=m(Tm+1) =0 (mod 7).
No(Tn+5) =ma(™m +5) =0 (mod 7).
Ny(Tn+1)=n4(Tn+1) =0 (mod 7).
Ny(Tn+5) =na(Tn+5) =0 (mod 7).
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e
Questions

1. What kind of combinatorial structure is associated with the
odd moments of ranks?

2. What kind of combinatorial structure is associated with the
moments of cranks?

In this talk, we will give the answers to these two questions.
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The combinatorial

interpretation of
the odd moments of ranks




The rank for k-marked Durfee symbols

Definition (Andrews, 2007)
ozk, ozk_l, e al
ﬂk Bk—l o 51
symbol. The ith rank of n is define by
(o) —£(BY) — 1, for 1 <i<k,
La®) —£(B"), for i =k,

Let n = ) be a k-marked Durfee
D

where ¢(cv) denotes the number of parts of a.

@ G. E. Andrews, Partitions, Durfee symbols and the Atkin-Garvan
momemts of ranks, Invent. Math. 169 (2007) 37-73.
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BESSNN———
Example
The 3-marked Durfee symbol

ad a? ol

—— ——— A
93,53,43 42,32,32,22 21

43 32,29,2 21
~— —_—— ~—
g3 g2 g/

m the first rank is /(at) — £(B!) —1 = —1;
m the second rank is £(a?) — £(8%) — 1 = 0;
m the third rank is £(a3) — £(33) = 2.
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Symmetry

Let Dx(mi, ma,...,mg;n) denote the number of k-marked Durfee
symbols of n with ith rank equal to m;, Andrews first showed that

Theorem (Andrews, 2007)

Di(mi,...,my;n) is symmetric in my, ma, ..., M.

There are several combinatorial proofs of the above symmetry, see
Boulet and Kurungoz, 2011 and Ji, 2011.

@ C. Boulet and K. Kurungéz, Symmetry of k-marked Durfee symbols, Int.
J. Number Theory 7 (2011) 215-230.

@ Kathy Q. Ji, The combinatorics of k-marked Durfee symbols, Trans.
Amer. Math. Soc. 363 (2011) 987-1005.
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[
The SYMMETRIZED POSITIVE moments of ranks
Definition

The kth symmetrized positive moment of the rank 77, (n) is defined
by

m The new odd symmetrized moments of ranks are not trivial,

M2k (n) = 2o (1) + Nop—q ().
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The combinatorial interpretation of 7, (n)

Theorem (Chen, Ji and Shen, 2013)

Fork>1and1<p<k+1, fop_1(n) counts the number of
(k + 1)-marked Durfee symbols of n with
the pth rank equal to zero.

Theorem (Chen, Ji and Shen, 2013)

Fork>1and1<p<k+1, ior(n) counts the number of
(k + 1)-marked Durfee symbols of n with
the pth rank larger than zero.

@ W.Y.C. Chen, K.Q. Ji, and E.Y.Y. Shen, k-Marked Durfee symbols and
the odd moments of ranks, preprint.
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Using this relation
Dy(mi,...,my,...mg;n) = Di(ma,...,—mp,...my;n),

we see that

Corollary (Chen, Ji and Shen, 2013)

Fork>1and1<p<k+1, fax(n) also counts the number of
(k + 1)-marked Durfee symbols of n with
the pth rank less than zero.

Using the above three results and

N2k (n) = 2Mgp (1) + Nap—1(n),
we recover Andrews' result.
Theorem (Andrews, 2007)

For k > 1, nor(n) counts the number of (k + 1)-marked Durfee
symbols of n.
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Example

From the definition of 7j, (n), we can calculate that

0 00-0-0-0
() = i (2) N(m,5) = (;) " (;) . (;‘) 7

mN(m,5)=1+2+4=7.

]
@
I
5
G}
|
gt

Obviously, we have
1n2(5) = 275(5) + 7, (5)-

A ‘ (5) ‘ (4,1) ‘ (3,2) ‘ (3,1%) ‘ (2%,1) ‘ (2,1%) ‘ (1)
r 4] 2 | 1] 0o | -1 ] -2 |4
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BESSNN———
We exhibit the 21 2-marked Durfee symbols of 5.

( b 1o 1 Iy )
1
b 11 1
L),
o 1o 1
1 )
Iy
I 1 1 )
L 1
1> L),
1> 1
1y 1 )

("),

<11 1, 1, 1,
(12 1, 1, 1,

(12 1, 1, 1,

o i L
1 .



1 1, 1, 1, 1L 1y
12 12 12 1 11 1 11 11 1
11 11 11 11 11 11
12 11 1 12 1 12 11 11 1
12 11 12 11 11 12 11
1o 1o ) 1o 1 1o 14 )
11 L L 11
) 1o 1o N 1o 1o L/,
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e
The main tool

The proof of these results is based on the following partition
identity given by my previous paper.

Theorem (Ji, 2011)
For k > 2, we have

Dk(ml,mg,...,mk;n): Z N(Z|m,!+22t + k- >

t1yeestp—1=0

@ Kathy Q. Ji, The combinatorics of k-marked Durfee symbols, Trans.
Amer. Math. Soc. 363 (2011) 987-1005.
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The combinatorial

interpretation of
the moments of cranks
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If we mimic the combinatorial interpretation of 79, (n) due to
Andrews, we may first introduce the following function

Ck(whfﬁz, .. -J«“k;‘J)

mi mi1+m2

= E g X g o
. q . . g,
g0 (%195 Q)m, (qu) (£24™1; @) mo+1 ( o ,q)
mo,m3,..., mg_1>0 mi mao+1
qm1+m2+~»+mk,1
X - X 1 tmat o tm qm1+m2+...+mk,2
(Jfk—lq 1+m2 A-,—2;q)mk71+1( Tho1 ;‘J)
- mp_1+1

(45 @)oo

mytmatotmy_q .
. 4
oo

X
_ . q
(l,kqm1+m2+ +my 17q)Oo ( o

Using k-fold generalization of g-Whipple's theorem, we could also show that

Cra(L,1,...,159) = > pan(n)g™.

n>0

But, we could not give a nice combinatorial interpretation of the coefficients of

q" in Cr+1(1,1,...,1;q) since there exists (¢; q)oo!!
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e
Dyson bipartitions

We first introduced a new representation of ordinary partitions,

which we call Dyson bipartitions («, /3) since it was inspired by a
paper of Dyson in 1989.

If X is an ordinary partition with at least one part equal to one. Let

m n1(\) denote the number of parts equal to one in A;
m () denote the number of parts in A larger than ng(A).

Then the crank of A is defined to be pu(\) — ny(A).
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e
Dyson bipartitions
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e
Dyson bipartitions

| o o j® o @
ﬂ(M:. ® : #(f\):o e o o : °
| I I I
1 ® e e e |j®® @ o0
& @ — e o o o
@ i@ e o
e o
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BESSNN———
Dyson bipartitions

A Rl A !
#(A):o o o o:. #(/\)H + + | &——m oo
I | I |
||® @ e o0 J_|_+_ _+_ _+_ _+_| e
X
& 4 3 433
: 58
° YV Vo
o B B2 Ba By
®
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Dyson bipartitions

ni(A) ni(A)
Tk;_;___;—{ e o Tk;_;___;—j, *—o» o
|

e If () > 1, then 8 = s, B > l(a);
o If () =1, then 8 =)+ 1;

The crank of A is equal to (o) — ¢(3)!!
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e
Dyson bipartitions

If X is an ordinary partition with no part equal to one, then

e o 0o 0o o
e o o o @
e o o o @
Paw———o -0 -0-0-9

-

L -—— 9 -8 8 -8 -8

=
(%

L -———0 -0 -0 o9

[}

P -————— — -8

i

i ol

?
|
|
|
|
|
|
|
|
'

5 5, b 3, 3,

(6,5,5,3,3) = (

ot
—_
e STSRRERTT 4
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e
Dyson bipartitions

If X is an ordinary partition with no part equal to one, then

KRR teeeee
b 4o 4]
R R
b4l
bren

BRRER

H
@
=

—1\
o
[
i
(%]
T
[}
(S
ot
oC
o
—
S———

I(3) =0 and oy = as.
The crank of A is equal to ¢(a) — ((3)!!
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e
Dyson bipartitions

From the above bijection, we see that

Theorem

The number of Dyson bipartitions (c, 3) of n with {(a) — £(8) =m
is equal to the number of ordinary partitions of n. with crank m,
that is M(m,n).
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e
The partition identity

We have shown that pgoi(n) has the similar partition identity as

ok (n).
+oo .
)= 3 (" et
“+o0o

= Z io M<I§|mi!+22k:ti+k,n>.

ML yeeyyMEp 1 =—0011,...,1;=0 =1 i=1

Using the bijections in my previous paper in 2011, we have
succeeded to refine Dyson bipartitions to new partitions counted by
ok (n) according to the above partition identity.

We call such partitions k-marked Dyson bipartitions.
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e
k-marked Dyson bipartitions

Definition
A k-marked Dyson bipartitions of n is composed of k pairs of partitions and a
subscript, which is defined as

Bkl 1
o ceey, @
PO N
where the partitions o and 8% must satisfy the following conditions:

(1) For 1< i<k, o' must be non-empty partition, while o® and B° could be

empty;
(2) ai' <aland B <ai ' <Bifor2<i<k;
(3) nb(n) = D;

(4) If a =, then o' = max{ab™", gF1};
If ® # 0 and (o) = 1, then of = oF 1,

)=
If &® # 0 and I(« k)>1 then of = of;
(5) S (e[ +18°]) + (la(n) + D) x (Is(n) = D) = n.
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The combinatorial interpretation of piar(n)

Theorem (Chen, Ji and Shen, 2013)

For k > 1, par(n) is equal to the number of (k + 1)-marked Dyson
bipartitions of n.

@ W.Y.C. Chen, K.Q. Ji, and E.Y.Y. Shen, Dyson bipartitions and the crank
moment function, preprint.
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Example

Example
From the definition of po(n), we have

= S (7 )pr0m.5)

m=—0Q0

() () () () () () ()

= 35.

A ‘ ‘32)‘(22,1)‘(41‘312‘213‘15
cankof A| 5 | 3 | 1 | 0 | -1 | =3 |-
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We exhibit the 35 2-marked Dyson bipartitions of 5.

=)
TN
—
—
—
—
—
—
—
—
o
—
~—
=)
/~
—
—
—
—
—
—
-
—
~—
=)
/N
—
—
—
—
—
—
—
—
—
—

1, 1y

1y
12

(
(

1, 1p 1p 1y
1z

(

11 1y

1y

1o 1y

1z
1y

12

12

1y

(=]

TN

—

—

o~

—

o~

—
o~

—

~—
(=)

~
—

—

—

—

~

—

[\

—

N

—

~—
(=)

TN
—
—
—
—
~
-
- o
—

=)

TN
—

—

o~

—

o~

—

~

—

~

—

~—
(=)

/~
~
—
~
—
~
—
- o
—

~—
=]
TN
~
-
- o
—
- o
—
~—

21

21

12

12

12

o

TN
al
]
-

— o

~—
S}

~
—~

—

@

]

@

]

~—
o

TN
—
—
- -
oo
N~—

21

1

21

22

21 1L

22

13

11 1

1

21

1

22

1, 1
1

1y
12

(

1
1, 1

1
1

(

1, 1y

12

1y
1 1y

1y
1z

(

i 1y
1y

12
1y

(
(

1

1
1z

1
12

42/46



e
Congruences for Mj(n)

In addition, we gave combinatorial explanations of the following
congruences for p;(n) in terms of k-marked Dyson bipartitions.

Ms(n) =p2(n)=0 (mod b5), ifn=0,4 (mod b).
Ms(n) = p2(n) =0 (mod 7), ifn=0,5 (mod 7).
Ms(n) = p2(n) =0 (mod 11), ifn=0,6 (mod 11).
My(n) =pa(n) =0 (mod 7), ifn=0,5 (mod 7).
My(n) =psa(n) =0 (mod 11), ifn=0,6 (mod 11).
Mg(n) =pe(n) =0 (mod 11), ifn=0,6 (mod 11).
Mg(n) =psg(n) =0 (mod 11), ifn=0,6 (mod 11).
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[
The SYMMETRIZED POSITIVE moments of cranks
Definition

The kth symmetrized positive moment of the crank i, (n) is
defined by

Fig(n) = i (m +,£]€51J>M(m, n).

m=1

m The new odd symmetrized moments of cranks are not trivial;

p2k(n) = 2fig(n) + Hop—1(n).
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The combinatorial interpretation of 7i;.(n)

Theorem (Chen, Ji and Shen, 2013)

Fork>1and1 <p<k+1, fig,_1(n) is equal to the number of
(k 4+ 1)-marked Dyson bipartitions of n. with
the pth crank equal to zero.

Theorem (Chen, Ji and Shen, 2013)

Fork>1and1 <p <k+1, fig,(n) is equal to the number of
(k 4+ 1)-marked Dyson bipartitions of n. with
the pth crank greater than zero.

Theorem (Chen, Ji and Shen, 2013)

Fork>1and1<p<k+1, figp(n) is equal to the number of
(k 4+ 1)-marked Dyson bipartitions of n. with
the pth crank less than zero.

@ W.Y.C. Chen, K.Q. Ji, and E.Y.Y. Shen, Dyson bipartitions and the crank
moment function, preprint.
45/ 46



Happy Birthday,
Professor Andrews!

=
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