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The Rogers-Ramanujan identities

Theorem (Rogers-Ramanujan)

For |q| <1,
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These two identities were first proved by Rogers in 1894 and
rediscovered by Ramanujan a few years later.

@ Ramanujan’s comment: It would be difficult to find more
beautiful formulas than the Rogers-Ramanujan’ identities.

@ Hans Rademacher clearly was in agreement with Ramanujan’s
comments.
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@ There is a beautiful story
about the discovery of the
Rogers-Ramanujan
identities.

@ Rogers' reputation as a
mathematician rests
almost entirely on the
discovery of these two
identities.

@ how they found these two
identities have appeared in
Baxter's exact solution to
the hard hexagon model in
statistical mechanics.
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Connections to Other Fields

Rogers—Ramanujan type identities have many important relations
with other branches of mathematics or physics:

@ Lie algebra: Lepowsky, Wilson, Milne (1980s) developed a Lie
theoretic approach to establish Rogers—Ramanujan type
identities.

Rogers—Ramanujan identities
Andrews—Gordon identity —
Bressoud'’s identity

characters of affine
Kac-Moody Lie algebra

o Statistical mechanics: Baxter (1982) used the
Rogers—Ramanujan identities to solve the hard-hexagon
model, which is a 2-dimensional lattice model of a gas.
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Connection with modular forms

@ Modular forms: If we look at these two identities from the
perspective of modular forms, the product sides of them are
modular forms, but it is not clear from the sum sides.

& qn2+in 1 . o1
= - - | =
= (Gq)n (9,975 0)] ’
—_—
—_——
297 modular forms

@ Question: What kind of the basic hypergeometric series is a
modular form?
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Nahm's problem

@ Suppose r > 1 is a positive integer, A is a real positive definite
symmetric r X r matrix, B is a vector of length r, and Cis a
scalar. Define

qéﬁT-A-ﬁJr?T- B+C

fapc(q) :== Z

7:(n1,...,nr)€(220)'

(9 @ny - (a5 9)n,

@ Nahm’'s Problem 1994, 2007 Describe all such A, B and C
with rational entries for which f4 g c(q) is a modular form.

@ The motivation of Nahm's problem comes from physics, and
the modular forms f4 g c(q) are expected to be characters of
rational conformal field theories (#££1%it).
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Integer partitions

Definition

A partition of a positive integer n is a finite nonincreasing sequence
of positive integers (1, 7o, ..., my) such that

M+ M4+ =N

Example: There are five partitions of 4, which are

(4),(3,1),(2,2),(2,1,1),(1,1,1,1).

7/69



MacMahon's combinatorial interpretation

Theorem (MacMahon)

@ Let Ai(—;1,2,2;n) denote the number of partitions of n into parts = 1,4
(mod 5) (equivalently, # 0,£2 (mod 5));

@ Let Bi(—;1,2,2;n) denote the number of partitions ™ = (w1, 2, ..., T)
of n Wl.thﬂ','*ﬂ',url 22 for 1 S ISK*l

Then for n > 0,

Al(_7 1a 272v n) = Bl(*, ].,27 2; n).

S (=122 0" =

- qgd
= (9:9%6°)oo

=143+4+---4+2n—1)

2
(RRI)Z q" = 2231(7;1,2,2;n)qn

n>0

Notation:

(aq)=(1—-a)(1—-aq)(1-ag""") (aq)e = lim (a;q)n,

(a1,a2, .-, akq)n = (315 9)n(a2; @)~ - - (ak; q) -
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MacMahon's combinatorial interpretation

Theorem (MacMahon)
o Let Ai(—;1,2,1;n) denote the number of partitions of n into
parts = 2,3 (mod 5) (equivalently, # 0,£1 (mod 5));
o Let Bi(—;1,2,1;n) denote the number of partitions
™= (71'1,71'2,...,71’@) of n with Ti— Tip1 > 2 forl1<i</-—1
and mw; > 2.
Then for n > 0,

Al(_; ]-a 27 ]-7 n) = Bl(*; 1, 2, 1 n).

1
ZAl(*E L2,1,nq" = 55—
= (4%, 4% 0°) 0
oy X0 P tn (=2+44+2n)
Yy =Y Bi(=51.2 1)
n=0 (qa q)” n>0
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Gordon's combinatorial generalization

Theorem (Rogers-Ramanujan-Gordon, 1961)

@ For k>r>1, let A|(—;1, k, r;n) denote the number of
partitions of n into parts # 0, +r (mod 2k + 1).

@ Fork>r>1, let Bi(—; 1,k r;n) denote the number of
partitions of n of the form (y,...,ws), where

Tj — Tjt+k—1 = 2, and at most r — 1 of the m; are equal to 1.

Then, for k> r>1 and n > 0,

Al(_7 17 ka r n) = Bl(_7 17 k‘/ r n)‘

When k=2 and r = 2,1, this identity reduces to (RR1) or (RR2).

Note: Gordon's theorem was independently discovered by G.E. Andrews, see
G.E. Andrews, Some debts | owe.

@ B. Gordon, A combinatorial generalization of the Rogers-Ramanujan
identities, Amer. J. Math 83 (1961) 393-399.
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The corresponding g-identity due to Andrews

Andrews found the following g-identity, which can be viewed as a
companion to Gordon's partition identity.

Theorem (Andrews, 1974)
Fork>r>1,

qN§+--~+/\/£,1+Nr+-~+Nk_1

2

s S50 (G DN, - (@ DN N (F Dy

o0

- I

n=1

nZ0,+r (mod 2k+1)

1—qg"

v

When k=2 and r= 2,1 this identity reduces to (RR1) and (RR1).

@ G.E. Andrews, An analytic generalization of the Rogers-Ramanujan
identities for odd moduli, Proc. Nat. Acad. Sci. USA 71 (1974)

4082-4085.
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The sketch of the proof given by Andrews

Andrews first introduced the following function

00 anqkn2+(k7r+1)n<_1)nq(g) (1 _ qu(2n+1)r>

i (05 %, q) = Z (@)n(xq™ D)oo

n=0

He then proved that for 1 < i< k,|q| < 1,

o0

J0;159) = D Ai(—i1krn)g" = I —=

_ n
n>0 n=1 q
- n#Z0,+r (mod 2k+1)

i

JA0;1;9) = D Bi(—i1,krn)q"

n>0

Jk,r(O; 1 q) = Z 9

Moo ST 0 (@ DN, (@ Do (5 D

NF 4+ NZ_ + Nt 4Ny
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Bressoud’s combinatorial generalization

Bressoud observed that Gordon's partition identity only focused on
the parts modular the odd numbers. He addressed the case
involving the even numbers and derived the following partition
identity.

Theorem (Bressoud-Rogers-Ramanujan, 1979)

@ For k>r>1, let Ay(—;1, k, r;n) denote the number of
partitions of n into parts # 0, +r (mod 2k).

@ For k>r>1, let By(—;1, k,r;n) denote the number of
partitions of n of the form (i, ..., ws), where
Tj — Tjt+k—1 = 2, at most r — 1 of the 7; are equal to 1.

If mj— Wiyk—o <1, then mj+ -+ + Tjjk—2 = r—1 (mod 2).
Then, fork>r>1 and n> 0,

Ao(—;1,k,r;n) = By(—; 1, k, r; n).

@ D.M. Bressoud, A generalization of the Rogers-Ramanujan identities for
all moduli, J. Combin. Theory, Ser. A 27 (1979) 64—-68. 13/69



The sketch of the proof given by Bressoud

Based on the following function

O kn kn? 4 (k—r+1)n —1)" (g) 1 — x"g(2nt1)r

—0 (q)n(an+1)oo

Bressoud then proved that for 1 < i< k,|q| < 1,

(=G Qoo (k-1)/2,r/2 (0;1; ¢°) ZAO i1,k r;n)g"
n>0
_ ﬁ 1
= vt

n=1
nZ0,xr (mod 2k)

(=& Qoodik-1)/2,2(0:1;0%) = D Bo(—; 1,k r;n)g".

n>0
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The corresponding g-identity

Bressoud obtained the following g-identity, which can be viewed as
a companion to his partition identity.

Theorem (Bressoud, 1980)
Fork>r>1,

N3+ N+ Nyt Ny

q
NlZ"'§k1ZO (q§ q)Nl—N2 T (q; q)Nk72—Nk71(q2§ q2>Nk71

> 1

- I —==

n=1
nZ0,+r (mod 2k)

.

@ D.M. Bressoud, Analytic and combinatorial generalizations of
Rogers-Ramanujan identities, Mem. Amer. Math. Soc. 24(227) (1980)

54pp.
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A general theme

A(n; congruence conditions on parts)

0

B(n; gap conditions on parts)
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Some classical partition identities

@ Euler’s partition theorem: The number of partitions of n into
parts = 1 (mod 2) is equal to the number of partitions

m = (mw1,72,...,m) of nwith m; — 7.1 > 1for 1 <i<{—1.
1
(G Qo= 3
()

@ Schur’s theorem: The number of partitions of n into parts
= 41 (mod 6) is equal to the number of partitions
m = (m1,72,...,m) of nwith m; — w3y >3for 1 </ </—1
with strict inequality if 7; = 0 (mod 3).

" 2-3n, 3 1+3n, 3 1
(=a50")n(=a " 0 )00 = :
,,Z:O (4% %) ! *(0,6%¢%)
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Some classical partition identities

@ The Gollnitz-Gordon theorem |: The number of partitions of n
into parts = 1,4, or 7 (mod 8) is equal to the number of
partitions m = (71,72, ..., m) of n with 7; — w11 > 2 for
1 < i< ¢ —1 with strict inequality if 7; = 0 (mod 2).

n? .2
34 (=4 q)n _ 1
S (@d)n (4.9,976%)w

@ The Gollnitz-Gordon theorem |I: The number of partitions of
n into parts = 3,4, or 5 (mod 8) is equal to the number of
partitions m = (71,72, ..., m) of n with 7; — w11 > 2 for
1 < i< /¢ —1 with strict inequality if 7; =0
(mod 2). Furthermore, my > 3.

" " (=g ¢*)n 1

—~ (%) (.00
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Andrews’ combinatorial generalization

Theorem (Andrews-Gollnitz-Gordon, 1967)

@ For k>r>1, let A1(1;2, k, r;n) denote the number of
partitions of n into parts # 2 (mod 4) and # 0, £(2r — 1)

(mod 4k).
@ For k>r>1, let Bi(1;2, k,r;n) denote the number of
partitions of n of the form (my,...,ms) such that no odd part

is repeated, mj — mj k1 > 2 with strict inequality if 7; is even,
and at most r — 1 of the m; are less than or equal to 2.
Then, fork>r>1 and n> 0,

A1(1;2,k,r;n) = Bi(1;2,k, r; n).

When k=2 and r =1, this theorem reduces to GGT-II. When
k=2 and r= 2, this theorem reduces to GGT-I.

@ G.E. Andrews, A generalization of the Géllnitz-Gordon partition theorems,

Proc. Amer. Math. Soc. 18 (1967) 945-952. s



The sketch of the proof

Andrews first introduced the following function

oo anqkn2+(k—r)nan(1 _ quQnr)(ann+1)oo(a—1)n
n=0 (q)n(an)oo

Hk,r(a; X; CI) =

and let

Jir(3; % q) = Hir(a; xq; q) — axqH —1(3; xq; q).
He then proved that for 1 < i< k,|q| < 1,
=g 5 Lid") = Y A(Li2.krn)g"
n>0

(g% g1 oo (q% L, g2t gtks gth) o

(0 @)
Jl=a 56 = ) Bi(l;2,krn)g".

n>0

)

20/69



The corresponding g-identity

Theorem (Bressoud, equation (3.8))
Fork>r>1,

1-2Nq

T oG

Ny >Ny 1 >0 (0% NN, (6% )Mo N (5 G2 Ny

2(NE+- N +Npt--4Ny_1)

_ (qQ; q4)oo(q2r—1’ q4k—2r+1’ q4k q )

(95 9) oo

@ D.M. Bressoud, Analytic and combinatorial generalizations of
Rogers-Ramanujan identities, Mem. Amer. Math. Soc. 24(227) (1980)
54pp.
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A further generalization

Assume that oy, s, ..., ay and 7 are integers such that for 1 < i< A,
O0<ar <--<ax<mn, and o;=1n—axrxyi—i

Theorem (Bressoud, Mem. Amer. Math. Soc., 1980)

Let \, k, rand j=0 or 1 be the integers such that (2k+ j)/2 > r> X > 0.
Then

qn(N§+~~+NE_1+Nr+-»-+Nk_1)

Ni>>N_ 130 (qm; qn)NI*N2 === ((@ff; qn)Nk—2*Nk71 (q(27j>n§ q(27j)n)Nk—1

A A
x [J(=q" " g [ [ (a1 4"
s=1 s=2
_ (=g =™ G") oo (g1 2) | qnRh=r=3+D) qn(2k=Ati), (k=2
(q7;9")oo
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The Aj-partition function

Definition
Let \, k, rand j=0 or 1 be the integers such that (2k+ j)/2 > r> X > 0.

Define the partition function Aj(cu,...,ax;n, k, r;n) to be the number of
partitions of n into parts congruent to 0, au, . ..,ax (mod n) such that

@ If X\ is even, then only multiples of 1 may be repeated and no part is
congruent to 0, 4n(r— X\/2) (mod n(2k — X + j));

@ If A is odd and j = 1, then only multiples of 77/2 may be repeated, no part is
congruent to 7 (mod 27), and no part is congruent to 0, £7(2r — X)/2
(mod n(2k — X +1));

@ If \is odd and j = 0, then only multiples of 77/2 which are not congruent to
n(2k — X)/2 (mod n(2k — X)) may be repeated, no part is congruent to 7
(mod 27), no part is congruent to 0 (mod 27(2k — A)), and no part is
congruent to £7(2r — \)/2 (mod n(2k — X)).

v
Remark: Recall that a1, a2, ..., ax and 7 are integers such that for 1 </ < ),
O0<a1 <---<ax<mn, and «aj=1n— axti—i. When X is odd, observing
that

N = q(+1)/2 T At1—(A+1)/2 = 2Q(r41)/2,

we see that 1 must be even in such case.
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The generating function of Aj-partition function

By the definition, it's not difficult to see that for k> r> X\ >0,
k+j—1>Xand j=0or1,

> Ajlar,...,axin. k rn)g"
n>0

Q1

(—q

7"'7_qa)\;qn)oo

("3 4")oo
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The Bj-partition function

Definition

Let A\, k, rand j=0 or 1 be the integers such that (2k+ j)/2 > r> X > 0.
Define Bj(au, ..., ax;n, k, r;n) to be the number of partitions of n of the form
(m1,...,ms) where w; > miy1 satisfying the following conditions:

(1) m=0,01,...,ax (mod n);

(2) Only multiples of 7 may be repeated,

(3) 7 — Witk—1 > n with strict inequality if ) | 7;

(4) Atmost r — 1 of the 7; are less than or equal to 7;

(5) If mi < ipk—2 + n with strict inequality if 7 { 7/, then
[wi/n] + - + [Figk—2/n] = r— 1 + Vi (7) (mod 2 — j),

where V:(N) (or V(N) for short) denotes the number of parts not exceeding N
which are not divided by ) in 7 and [ ] denotes the greatest integer function.

V.
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Bressoud’s conjecture

Conjecture (Bressoud)

Let A\, k, rand j=0 or 1 be the integers such that (2k+ j)/2 > r> X > 0.
Then

Z Bj(ah coanm, ko n)qn

n>0
qn(N%-‘r'"+NE_1+N,+-»-+N,(_1)
N NlZ“-EZNkflzo (g7; qn)leNz < (g qn)Nk,szkfl (q(Q*J')W; q(Q*J‘)n)NF
A P
X H(—q"‘as_”NS; q")n. H(_qn—as-s-nstl; q")oo.
s=1 s=2

@ D.M. Bressoud, Analytic and combinatorial generalizations of

Rogers-Ramanujan identities, Mem. Amer. Math. Soc. 24(227) (1980)
54pp.
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Bressoud's conjecture |l

Conjecture (Bressoud)

Let A\, k, rand j= 0 or 1 be the integers such that
(2k+/)/2>r>X>0. Then forn> 0,

Ai(at,...,axin, k r;n) = Bj(a,...,ax;n, k r;n).

@ D.M. Bressoud, Analytic and combinatorial generalizations of
Rogers-Ramanujan identities, Mem. Amer. Math. Soc. 24(227) (1980)
54pp.

[=)

S. Kim, Bressoud'’s conjecture, Adv. Math. 325 (2018) 770-813. (j = 1)

[=)

Thomas Y. He, Kathy Q. Ji and Alice X.H. Zhao, Overpartitions and
Bressoud's conjecture, |, Adv. Math. 404 (2022), Paper No. 108449, 81
Pp.

@ Thomas Y. He, Kathy Q. Ji and Alice X.H. Zhao, Overpartitions and
Bressoud's conjecture, I, Europ. J. Combin. 118 (2024) 103937. (j = 0)

27/69



Special cases

@ Euler's partition theorem: A=0,n=1,j=0,k=3,r=2.

@ Shur's theorem: A=k=r=2 a1 =1, a0 =2,n=3,j= 1.

@ Rogers-Ramanujan identities: A=0,n=1,j=1,k=2,r=1
or 2.

@ Rogers-Ramanujan-Gordon identity: A=0,n=1,j= 1.

@ Rogers-Ramanujan-Bressoud identity: A =0,n=1,j=0.

@ The Gollnitz-Gordon identity I, 11
A=1lagn=1,n=2j=1,k=2,r=10r2.

@ Andrews' generalization of the Gollnitz-Gordon identity:
A=1lop=1n=2,j=1

@ Bressoud’s generalization of the Gollnitz-Gordon identity:
A=l =1,n=2,j=0.
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Bressoud-Gollnitz-Gordon theorem

Theorem (Bressoud-GélInitz-Gordon)

@ Fork>r>1, let Ao(1;2, k, r; n) denote the number of partitions of n
into parts # 2 (mod 4), Z 2k — 1 (mod 4k — 2) may be repeated, no part
is multiples of 8k — 4, and # £(2r — 1) (mod 4k — 2).

@ Fork>r>1, let Bo(1;2, k, r;n) denote the number of partitions of n of
the form (w1, ...,7s) such that no odd part is repeated, wj — Tjrk—1 > 2
with strict inequality if 7j is even, at most r — 1 of the m; are less than or
equal to 2, and if mj — mirk—2 < 2 with strict inequality if 7; is odd, then

i+ T2 =r—1+ Vﬂ-(ﬂ'j) (mod 2),
where V. (N) (or V(N) for short) denotes the number of odd parts not
exceeding N in 7.

Fork>r>1andn>0,

Ao(1;2, k, r;n) = Bo(1;2, k, r; n).

@ D.M. Bressoud, Analytic and combinatorial generalizations of
Rogers-Ramanujan identities, Mem. Amer. Math. Soc. 24(227) (1980)
54pp.
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The corresponding g-identities

Fork>r>1,

1—2N; . 2(N%++NE_1+Nr++Nk_1)

5 (=9 M ¢*)ma

(@ PN =Ny - (G5 PN, (G5 TN,

Ny2>-->N_ 120

(6% Yoo (L, gHh 21 gth =2 gth2) o

(95 @)oo

A

@ D.M. Bressoud, Analytic and combinatorial generalizations of
Rogers-Ramanujan identities, Mem. Amer. Math. Soc. 24(227) (1980)
54pp.
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Overpartition

Definition (Corteel and Lovejoy, 2004)

An overpartition w of n is a partition of n in which the first
occurrence of a number can be overlined.

For example: There are fourteen overpartitions of 4.

@ @

1) Gy G G
(2,2) (2,2)

(2,1,1) (?, ,1) (2,1,1) (Q,l,l)
(1,1,1,1) (1,1,1,1)

The overpartition (2, 1,1) can be viewed as ((2, 1), (1))
Let p(n) denote the number of overpartitions of n. Then

Z p(n)qn — ((_qa q)oo ‘

= % Qoo

@ S. Corteel and J. Lovejoy, Overpartitions, Trans. Amer. Math. Soc. 356 31/69



An overpartition analogue of Rogers-Ramanujan-Gordon

Theorem (Chen-Shi-Sang, 2013)

e For k> r>1, let A\(—;1, k, r;n) denote the number of
overpartitions of n such that non-overlined parts = 0, £r
(mod 2k), and for k= r, let A;(—;1, k, k; n) denote the
number of overpartitions of n into parts not divided by k.

® For k> r>1, let By(—;1,k, r,n) denote the number of
overpartitions w of n of the form (my,...,ws), where
T — Tiyk—1 > 1 with strict inequality if 7; is non-overlined,
and at most r — 1 of the m; are equal to 1 .

Then for k> r>1 and n> 0,

Ai(—=;1,k r;n) = Bi(—; 1,k r; n).

@ W.Y.C. Chen, D.D.M. Sang and D.Y.H. Shi, The
Rogers-Ramanujan-Gordon thoerem for overpartitions, Proc. London
Math. Soc. 106 (3) (2013) 1371-1393.
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The corresponding g-identities

Theorem (Chen-Shi-Sang, 2013)

(=q" M g1 (1 + gy gt TN s

2

Np>->Ny g (qa q)Nl_NQ T (q7 q)Nk_g—Nk_l (q7 q)Nk_l

(=4 9) oo (9", 2", ¢°%; 4*9)

(4 9) o

@ W.Y.C. Chen, D.D.M. Sang and D.Y.H. Shi, The
Rogers-Ramanujan-Gordon thoerem for overpartitions, Proc. London
Math. Soc. 106 (3) (2013) 1371-1393.
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The sketch of the proof

Based on the following function

gt ngn(1 — X (axg" o3
n=0 (q)n(an)oo

Hk,r(a; X Q) =

Chen, Sang and Shi then proved that for 1 < i< k, |q| < 1,

Hi(=1/gq.q9) = Y Ai(—;1,krn)q"

n>0

(=49 (q, 7, 6 6™ )

CHOES ’
Hi(—1/g;q:9) = Y Bi(—1,krn)q
n>0
2 2
-y b g Mg 1( + g gt e
Ny> >Ny (@ a)w, - “(q;q)Nk—Q—Nk_1(q;q)Nk—1
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An overpartition analogue of Bressoud-Gordon-identities

Theorem (Chen-Sang-Shi)

@ For k> r>1, let Ao(—; 1, k, r; n) denote the number of overpartitions of
n such that non-overlined parts # 0, +r (mod 2k — 1);

@ For k> r>1, let Bo(—; 1, k, r; n) denote the number of overpartitions
m = (w1, m2,...,m) of n, where m; > miyr—1 + 1 with strict inequality if
7 is non-overlined for 1 < i< ¢ — k—+ 1, at most r— 1 of the «; are equal
tol, and for1 <i</{l—k+ 2, if mi < wiyk—2 + 1 with strict inequality if

i is overlined, then i+ -+ mipg—2 = r— 1 + V() (mod 2),
where V. (N) (or V,(N) for short) denotes the number of overlined parts not
exceeding Nin 7.

Then, for k> r>1 and n > 0,

Ao(=; 1,k r;n) = Bo(—; 1, k, r; n).

V

[l W.Y.C. Chen, D.D.M. Sang and D.Y.H. Shi, An overpartition analogue of
Bressoud's theorem of Rogers-Ramanujan-Gordon type, Ramanujan J. 37
(2015) 653-679.
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The corresponding analytic identities

Theorem (Sang-Shi, 2015)

1—Np.

NE 4 NZ_ | Nyt + Ny (1+ q—’Vr)(—q S Q)Ny—1

PR

T~ (@ DN =N, - (G DN o—Ne1 (6% 0N,

2k—r—1 2k—1. 2k—1
e e Y A IS

(95 9)oo

(=4 9)(q

A

@ D.D.M. Sang and D.Y.H. Shi, An Andrews-Gordon type identity for
overpartitions, Ramanujan J. 37 (2015) 653-679.
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An overpartition analogue of Bressound's identities

We also obtain the following analytic form with the aid of Bailey's
pair. For k> r>X>0,

2

N> >Ny 130 (qﬁ; qn)Nl_N2 T (q77; qn)Nk—Q_Nk—l (q@*j)”; q(27j)n)Nk—1

qn(Nl-i- +N2k_1+Nr+ +Nk_1)(1+qanr)(_qnfr]N,\Jrl;q71)N>\+l

A A
X (=g g o [T (=g Mo g [ [ (— M1 7)o
s=1 5=2
=(=¢",... = ¢, =q";q")

(q(rf%)n’ q(2kfrf%+j71)77’ q(2k—>\+j—1)77; q(Qk—A—i-j—l)n)oo

(79"
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Bressoud's proof

For k>r> X/2 >0, and for |g| < 1, let

Fxkr(ct,c;b1,...,bx;a;q)

)\Jrl)aknqkn2 ()\—l-l)( )+n—rn

n(crcaby - - by)"

_ (a/b1, " a/b/\7 00 Z:
n>0
(a,cl,c27b1,...,b>\, Q)n
(ag/c1,aq/c2,a/br,...,a/bx;q)n
y {1 . (- 1)A+1 rq(2r—)\)n(1 — big") -+ (1 — byg") }
by by(1—aq"/b1)---(1—aq"/by)
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Bressoud's proof

Gakrlcr, €2 b1, ..., ba; a5 q)

No et N, N2 N2 —(Ny4- 4N, _
1. (aq/C162)Nk,1a 14N 1q T+ N = (N1t 4N 1)
— m : :

Ny>Np_ 120 (@ @n—ns - (G @), (ag/ 1, aq/ 23 @,

r

« (qlle/b1; q)n, H(a/bsb2r+1753 q)Ns—l—Ns

5=2

) TT(a " /by 0™ b @ (6™ /b 36" s @)

(01)
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Using the g-difference equations, Bressoud obtained

Theorem (Bressoud, 1980)
For k>r> \/2>0,

Fxkr(ct,coibr, ..., by;aiq) = Gy kr(ct, i by, ..., by;a:q).
For k>r> \/2>0,

lim  Fyy(c1,co5b1,...,bx;a;9) = lim Gy (c1,c2;b1,...,bx;a;9).
C1,C2—>00 C1,00—00

[ D.M. Bressoud, Analytic and combinatorial generalizations of
the Rogers-Ramanujan identities, Mem. Amer. Math. Soc.,
vol. 227, 1980, 54 pp.
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Let A\, k,r,a1,...,a) and i be integers which satisfy
(2k+1)/2>r>X/2>0,0<a1 <---<a)<n

and for 1 < i< ),
Qp =1 — Q41—

Bressoud define two partition functions A(ayq, ..., ax;n, k, r, 1;n)
and C(a,...,an;n, k,r,15n).
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ZA(alv"‘7a>\;nu k) ra]-;n)qn

n>0
1 . 103 QN . .
= lim F)\,k,r(C17C27_q 17"'a_q Avqn)qn)'
C1,C2— 00
. n
E C(a17"'7ak;n7k7r717n)q
n>0
1 QN . .
= _lim Gy yrlcr, e —=¢", ..., =™ " q").
1,62
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From the definition of Fy x .(c1, c2; =g, ..., —q**;q";q") and by

Jacobi's triple product identity, Bressoud derived that

ZA(alv < GG, k) r ]-7 ”)qn
n>0

Q Q) .
17"'7_q Aaqn)oo

(759" oo

(—q

% Z q,,,] 2k72k+1 (n;l)_n? (1 _ qn (2r—)\)2(2n+1) )

X

n>0

1

(=q*, ..., —9": ")

(qr](r—%)’ qn(2k—r—%+l), qn(Qk—M-l); qn(2k—)\+1))oo

(g7 q") oo
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By the definition of G x ,(c1, c2; b1, ..., by; a; q), we see that

Z Clag,...,ax;n, kr,1;n)q"

n>0

- ¥

SR CLL IR VR C T DI

qﬁ(N%+"'+l\/2k71+Nr+"'+Nk—1)

A A
x [T(@ ™ g [T (a7 ¢")oo
s=1 5=2
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Bailey pairs

Definition (Bailey pairs)
A pair of sequences (an(3a;q), Bn(a; q)) is called a Bailey pair
relative to a; q if they have the following relation for all n > 0,

(o0}

N ar(a; q)
A= ; (¢ )n—r(aG; @)’

A
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Some known Bailey pairs

We have

a0(L,9) =1, an(l,q) = (-1)"q&(1+¢"), n>1,

Bo(l,q) =1, PBn(l,q9) =0, n>1

is a Bailey’s pair relative to (1;q).

A
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Proof. By definition, we have

n

Pn = ;0 (q; q)n—r(q; q)n+r
1 " (—1)q8) (14 ¢)
(@ @n(@@)n = (6 Q) n—r(G; Q) nir

T <m * ; [,,2_" J (—1q@+ qr)>

n

- L v [n2_” r] (~1)"q(%)

(@ G)2n &=,
It suffices to show that
n
Z [ 2n ](—l)rq(é) =0 forn>1,

n—r
r=—n

which follows from the following identity:

(zq)n = Zn:(—l)kq@ [Z] s
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Some known Bailey pairs

a1l — 2n+1
ao(@q) =1, an(g;q) = (~1)"q) —T— n>1,

l—gq
Bo(q,q) =1, Bn(q,q) =0, n>1

is a Bailey’s pair relative to (q; q).

n

ﬁnzz( ar

—0 q; q)nfr(q2; q)nJrr
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Bailey's lemma

Theorem (Bailey's lemma)

If (an(a, q), Bn(a, q)) is a Bailey pair relative to (a, q), then
(o’ (a,q),Bh(a,q)) is also a Bailey pair relative to (a, q), where

) _ (p1;9)n(p2;Q)n aq ”a ;
n(3,9) = (aq/p1; 9)n(aq/p2; q)n <p1pz> n29);

e (o @)ipes @)iag/prpo)n-y ([ aq \
Pr(2 ) = FZO (aq/p1; 9)n(aq/ p2; @)n(q; @) n—j <p1pz> Ala,q)
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A corollary of Bailey's lemma

Letting p1, p2 — 00, we get

Corollary (p1, p2 — oo in Bailey's lemma)

If (an, Bn) is a Bailey pair relative to (a, q), then (o, 3)) is also a
Bailey pair relative to (a, q), where

2
an(a, q) = a"q" an(a, q)
n 2

/ dq
ﬁn(av ) = 7/81(37 )
I JZO: @@y 7

.
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A corollary of Bailey's lemma

Letting p1, p2 — 00, we get

Corollary (p1, p2 — oo in Bailey's lemma)

If (an, Bn) is a Bailey pair relative to (a, q), then (o, 3)) is also a
Bailey pair relative to (a, q), where

2
an(a, q) = a"q" an(a, q)
n 2

/ dq
ﬁn(av ) = 7/81(37 )
I JZO: @@y 7

.

ao(l,q9) =1, an(l,q) = (—1)"q(g)(1 +4"), n>1,
BO(]-v q) = 17 Bn(l,q) = O, n>1

is a Bailey's pair relative to (1;q).
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The proof of the first Rogers-Ramanujan identity

Applying the first Bailey pair into Bailey's Lemma twice, we get

(2) 1, n = 0,
an’(1,q) = 502 n
(_1)nq 2 2(1 + qn)’ n Z ]-7
2) - q"
Br (1) = ———r— (0.2)

(9:9) (@) n—r

r=0
By defition of Bailey's pair and letting n — oo
,2

PR (1+z<—1>rqsfs<1+qf>)

—~(3:9)r (9

= Jacobi's triple product identity).
(4 9°)o0(q; 0°) o

which is the first Rogers-Ramanujan identity. o160



A corollary of Bailey's lemma

Corollary (p1, p2 — oo in Bailey's lemma)

If (n, Bn) is a Bailey pair relative to (a, q), then (a/,, 3),) is also a
Bailey pair relative to (a, q), where

2
o (a,q) = a"q" as(a, q)

n P2

Biaa) =3 ("’”(’”@-(a, ).

= (@q)n-j

.

ao(q;q) =1, an(g;q) = (—1)"q
ﬁﬂ(qa q) = 17 ﬁn(qa q) = Ov n Z 1

is a Bailey's pair relative to (g; q).
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Applying the second Bailey pair into Bailey's Lemma twice, we get

(2) . ]-a n= 07
o (q’ q) a (_1)nq(;)+2”2+2n1_1‘f;+1’ n Z ]-7

n P4r

8 (q.q) =" m.

r=0

By defition of Bailey's pair and let n — oo

0 P4r 1 0 1 — g2rtl
Z (q _ . (1 + Z(_l)rqgr%r%r q )

—~(3:9)r  (¢°9) — l—gq
1 — 52 3
= T gz (—q 2)"
G Qoc
1

= Jacobi's triple product identity).
(6% 6°)o0 (G G°) oo ( )

which is the second Rogers-Ramanujan identity.
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Andrews-Gordon's identity

For k>r>1,

Z q

s S s0 (G DN (G DN —Ny 1 (6 Qs

NE ot N2+ Nyt Ny g

ad 1
_ 1:[1 —

nZ0,%+r (mod 2k+1)
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Bailey lattices

Lemma (Bailey lattices)

If (an(a, q), Bn(a, q)) is a Bailey pair relative to (a, q), then
(o(a/q,q),8,(a/q,q)) is a Bailey pair relative to (a/q, q), where

2n—2

/ (p,a;q)n(a/m)”(l_a)< an ag”"” an_1>7

r_ _ _
fom o @ (a/p;a/o;q)n 1—ag®" 11— ag"2

n

, x= (p,0:9)a/po; q)n—r(a/po)"
D D W PY PR e el

r=0

@ A. K. Agarwal, G.E. Andrews and D.M. Bressoud, The Bailey lattice , J.
Indian Math. Soc. 51 (1987) 57-73.
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A corollary of Bailey lattices

Letting a = q, p,0 — 00, we get

Lemma (a = g, p,0 — o0, in Bailey lattices)

If (an(q,9),Bn(q, q)) is a Bailey pair, then (a;,(1,q), 5,(1,q)) is a
Bailey pair, where

. a(q, 2n—1 e :
an(1,9) = (1= q)q” [f_(gzncfl -7 1 _aqz,ﬁ q)} )
zn: 2
Br(1,9) =Y —=—Bq,q).
“— (q;q)n-r
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The proof of Andrews-Gordon's identity

Applying the second Bailey's pair into the first lemma (a = q)
k — i+ 1 times, we have

(k—i+1) 1, n=20,
Qp (9,9) = (—1)ng(3)+ k=t Dnt Gk ) (| 2ngry
1—q ’

n>1,

NP o NGy + N+ Ny

—i q"
BY (g, q) = >

n>N;>-->Ny_1>0 (@ @)=y (G DNy (G DN —n 1 (T DNy

Applying the above Bailey's pair into the second lemma, we obtain

) 1 n=20
(k—i+2) _ ’ ’
Qp (1,q9) = {(_1)nq(g)+(k—i+1)n+(k—f+2)n2(1 + q(2i72k71)n)7 n>1

ji )

qu271+M+Nfil+NI+m+Nk71

ST (L q) = >

A>Ni_1>->Ng_1>0 (@ q)"—Ni—l (@ q)Ni—l_Ni (g q)Nk—2_Nk—1 (@ Q)Nk-
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Applying the above Bailey's pair into the first lemma (a = 1) i—2

W%, we derive that

W g e db n=0,
ay’(1,q) = (_1)nq(g)+(k—i+1)n+kn2(1+q(2r‘72k71)n)’ n>1,

N2 N2 NNy

Plg= 7

o= S 0 (@ Do-m (G Dn—n - (@ Dz —m 1 (G Dy
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By definition of Bailey's pair and let n — oo, we have

> o

Ny>-> Ny ;>0 (q7 q)leNz e (q7 q)Nkfngkfl(q; q)Nk71

NZ+-e ot N2+ Nt 4Ny

(q ( + Z +(k—l+1)r+kf2(1 + q(2i2k1)r)>
1 - (ki P
_ (_1)rq(2)+(k i+1)r+k
(45 9) o ,:ZOO
(g, 21, g2kt g2kt)

= > (Jacobi's triple product identity).

(45 9) o

which is the Andrews-Gordon identity.
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An overpartition analogue of the Andrews-Gordon identity

Theorem (Chen-Shi-Sang, 2013)

(=g M gy, 1

(@GDN Mo (B DN N1 (T DN,

(1 + gNr) g+ M N1t N

2.

N1Z>->Ny_

(=4 9) o (9", 42", % 4*9)
(4: 9)
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Change of base in Bailey’s pair (1)

If A'is a real number and (an(1, q), Bn(1,q)) is a Bailey's pair
satisfying

(1,q) , n=0,
anll,q) = —1)n —(A=1)n
n (_1)nqAn2(q(A Dn q (A-1) ), n>1,

Then (o/,(1,q), 8,(1,q)) is also a Bailey’s pair, where

(1,0 =1 "
(6 s =
W aq (_1)nqAn2(qAn + q—An)’ n>1,

Bn(1,9) = ¢"Bn(1, q).

.

@ D.M. Bressoud, M.E.H. Ismail and D. Stanton, Change of base in Bailey
pairs, Ramanujan J. 4 (2000) 435-453.
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Change of base in Bailey's pair (I1)

If A'is a real number and (a,(1,q), Bn(1,q)) is a Bailey's pair
satisfying

(g =1{" =0
« 4) = —1)n —(A=1)n
! (=) (G A=Um s o E=lm) s

Then (a/,(1,q), 8,(1,q)) is also a Bailey’s pair, where

(=1)"g* (" + g A" (1 + ") /2, n>1,

¢@®={L

Bn(1,9) = (1+q")/2Ba(1, q).

@ T.Y. He, K.Q. Ji, and A.Y.F Wang, An overpartition analogue of the
Andrews-G lInitz-Gordon theorem, J. Combin. Theory Ser. A, 166 (2019)
254-296.
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Applying Bailey's pair into Bailey's lemma and the result on the
change of base k— j— 1 times, we arrive at

04(2k_2i_2)(1 q) = L 2k—2i—1 2k—2i—1 2k—2i—1
,q) = —2i—1 2 —2i— —2i—
! (=D"q~ =2 "(¢ 2 "4+q 2 "), n>1,
N.2 +N.2 +..4+[\[2 +Niyq1+--+N,
(2k—2i—2)(1 q) Z q 1T Nit2 k—1TNit1 k—1
Bn 5 =

n>Nijp1>-->Ny_1>0 (q; q)"_Nf+1 (q; q)N,‘+1—N;+2 e (q; q)Nk_Q—Nk_l (q§ q)Nk

Plug the above Bailey's pair into the corollary to obtain

. 1 n= 0
(2k—2i41) ) 5
o 1,q9) = 2k—2i+1 2k—2i+1 2k—2i—1
’ o {(—1)”q P g T g 2 (L g/, n>1,
N2 N2 ot N2 N+ 4Ny
2k—2i+1 (1 + q")q i+1 T Nigp2 k—1+Nit 1
BRI (1,q) = >

n>Nip1>>Ne_1>0 2G5 D n—Nigr (@ DN —Niz (G DNy N1 (G )
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Applying the above Bailey's pair into the corollary i— 1 times, we
deduce that

(2k—i) 1, n=0,
Qp (1, q) = 2k—1 2 _ 2k—2i+1 2k—2i—1
( 2 "+q 2 "(1+49")/2, n>1,

N3+ NG+ NGy N+ Ny (1+qM)

(1, q) = > a

o Na > Ny 0 208 D= (@ Do~y -+ (6 Dy —Ny (5 Dy ’
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Applying the above Bailey's pair into the corollary i— 1 times, we
deduce that

a(Qk_i)(l q) = L 2k=1 2 _ 2k—2it1 2k—2i-1 "=
! ’ T2 "+ag 2 )(14497)/2, n21,

N§+N§+~44ﬁ,l+NHﬂ~+Np4(14,qug

0(,9) = > I

n>Ng>--->Ng_12>0

1_N1_q)N1_1(1+qu)qN1+ +IV2,<,1+N,+1+ +Ni_1

(=q ™
legka_l (@ DN - (5 Do (G Dy

(= Q)oo(d', <, 0% 4%9) e
(¢ @)oo

200 D=y (G DN =N = (T DN o=y (G DN,y
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Bailey's lemma

Theorem (Bailey's Lemma)

(an(a
n(a,

/ — (p159n(p2;9)n aq \" .
(2 4) = (aq/p1; 9)n(aq/ p2; q)n <P1P2> o2 4):

a,q), Bn(a, q)) is a Bailey pair relative to (a, q), then
q), Bh(a, )) is also a Bailey pair relative to (a, q), where

If
(o

Bag) =3 e e >j/3j<a, )

= (aa/p15a)n(aq/p2; Q)n(q; @)n—j \ P1p2
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Bailey's lemma

Theorem (Bailey's Lemma)

If (a,,( a,q),Bn(a,q)) is a Bailey pair relative to (a, q), then
(a(a,q), Bh(a, )) is also a Bailey pair relative to (a, q), where

’ . (Pl§Q)n(p2§q)n aq na 2
n(3,9) = (aq/p1; 9)n(aq/ p2; q)n <P1P2> (29);

B (aq) = z": ( (01; 0)p2; D20/ p1p2) oy ( aq >jﬂj(a’ 0.

= (aa/p15a)n(aq/p2; Q)n(q; @)n—j \ P1p2

Letting p1 — oo and pa = —1, we have
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Another corollary of Bailey's lemma

If (n, Bn) is a Bailey pair relative to (a, q), then (a/,, 3),) is also a
Bailey pair relative to (a, q), where

n+1
q. = (_1§q)nanq( 2 )an
" (_aq; q)n ’

re

;= (~1;q)aq(?)
fr=2 (—aq; q)n(q; q)n—r

r=0

A
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a(Qk_i)(l q) = L 2k—1 2k—2i+1 2k—2i—1 n=0,
T (-7 T (g g 2 (g2, 21,

N§+N§%“+NiJ+NH““+NwJ(1+_q7N0

P (1,q) = > g

Ny s SN 20 2(F Do (@ Dy ns (G DNy~ (G DNy

Plug the above Bailey's pair to the corollary to get

(2k—i+1) )L n=0,
o (ha) = {(—1)"qk"2(q“‘k)" +qk=dm), n>1,

P, =

Np+1
E )+N§+"'+Nf_1+Ni+"'+Nk—1(1+q—N,-)

) (—l;q)/vlq(

oy s S50 200 % D@ Dnny (@ Dy —ny (G Dy (G Dy
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By definition of Bailey's pair and let n — oo, we have

T (—q

Ny> >Ny 1 >0 (@ a)w

(( 9 q <1+Z g (gli—Hm _|_q(k—i)n)>
q, )oo Z ) gk

_ (c59(q, ¢ ¢ )
(5 9)o0

1-Ny N3 +---+/\Ii,1+N,-+---+Nk71(1 +q M)

7q)N1 19
Ny—Ny - (q§ q)Nk—z_Nk—l (q; q)Nkﬂ

(Jacobi's triple product identity).

68 /69



THANK YOU!



