The («, 5)-Eulerian Polynomials and Descent-Stirling
Statistics on Permutations

Kathy Q. Ji

Center for Applied Mathematics
Tianjin University
Tianjin 300072, P.R. China

kathyji@tju.edu.cn

Abstract. Carlitz and Scoville introduced the polynomials A, (z,y | «, 3), which we re-
fer to as the («a, §)-Eulerian polynomials. These polynomials count permutations based
on Eulerian-Stirling statistics, including descents, ascents, left-to-right maxima, and right-
to-left maxima. Carlitz and Scoville obtained the generating function for A, (z,y | a, 3).
In this paper, we introduce a new family of polynomials, P, (u,v,w,z | a, (), defined
on descent-Stirling statistics of permutations including valleys, exterior peaks, right dou-
ble descents, left double ascents, left-to-right maxima, and right-to-left maxima. By em-
ploying the grammatical calculus introduced by Chen, we establish a connection be-
tween the generating function for P,(u,v,w,z | a, ) and the generating function for
A, (z,y| «, ). Using this connection, we derive the generating function for P, (u, v, w, z | a, ),
which can be specialized to obtain («, 3)-extensions of generating functions for peaks,
left peaks, double ascents, right double ascents and left-right double ascents given by
David and Barton, Elizalde and Noy, Entringer, Gessel, Kitaev, and Zhuang. Moreover,
we establish two relations between P, (u, v, w, z | a, ) and A, (x,y | o, #), which enable
us to derive (a, 3)-extensions of results obtained by Stembridge, Petersen, Brindén, and
Zhuang, respectively. We also establish the left peak version of Stembridge’s formula and
the peak version of Petersen’s formula, along with their respective («, 3)-extensions, by
utilizing these two relations. Specializing («, [3)-extensions of Stembridge’s formula and
the left peak version of Stembridge’s formula allows us to derive («, /3)-extensions of the
tangent and secant numbers.
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1 Introduction

The objective of this paper is to investigate the polynomials involving descent-Stirling
statistics of permutations. Let &,, denote the set of permutations on [n] := {1, 2,...,n}.
We say that i is a descentof 0 = 0y ---0, € S, if 1 <i < nand o; > 0,41. Let des(o)



count the number of descents of o. The Eulerian polynomials are defined as: Forn > 1,

Anlw) =) ate@H, (1.1)

UEGn

By convention, we set Ag(x) = 1. The generating function for A, (x) is well known:

" 1—x

n>0

The Eulerian polynomials carry a profound historical legacy and play a pivotal role across
diverse combinatorial landscapes. For an extensive analysis, we refer to Petersen [33].

Let us recall Eulerian, Stirling and descent statistics on permutations. A permuta-
tion statistic whose generating function is given by (1.1) is called Eulerian. Let 0 =
o1---0, € G,. Anindex 1 < ¢ < n for which o; < 0,14 is called an ascent of ¢ and an
index 1 < i < n for which o; > i is called an excedance of o. Let asc(o) denote the num-
ber of ascents of o and let exc(o) denote the number of excedances of o. It is known that
asc(o) and exc(o) are Eulerian statistics, see MacMahon [28, p.186] and Stanley [39].

Namely,
An(ZL') — Z xdes(a)—‘rl _ Z xasc(a)-i—l _ Z l,exc(a)—&—l‘ (1.3)

occ6, c€G, €S,

A permutation statistic is called a Stirling statistic if

Y 0@ =a(a+1)(a+2) - (a+n—1). (1.4)

O’GGn

This is because this statistic shares the same generating function as the unsigned Stirling
numbers of the first kind, see [39, Proposition 1.3.7]. Here we describe five Stirling statis-
tics. The first one is the number of cycles in a decomposition of ¢ into disjoint cycles, in-
cluding those of length 1, which is denoted cyc(co). For the permutation o = 27183654,
its cycle decompositionis (12753) (48) (6),andsocyc(o) =3.Leto =0y --- 0, € S,,.
A left-to-right maximum (resp. a left-to-right minimum) of ¢ is an element o; such that
oj < o0; (resp. 0; > o;) for every j < ¢ and a right-to-left maximum (resp. a right-to-left
minimum) of ¢ is an element o; such that o; < o0; (reps. o; > o; ) for every j > <. Let
Irmax(c), Irmin(c), rlmax(c) and rlmin(c) denote the number of left-to-right maxima,
left-to-right minima, right-to-left maxima and right-to-left minima of o, respectively. For
c=27183654, we see that

Irmax(o) = 3, Irmin(c) = 2, rlmax (o) = 4, rlmin(c) = 3.

It is well known that
Z acyc(a) _ Z alrmax(a) _ Z arlmax(a) _ Z alrmin(a) _ Z arlmin(a)
[ S(C2 ceby, ceby, ceby, oeGy

=ala+1)(a+2) - (a+n—1). (1.5)



Carlitz and Scoville [6] considered the following polynomials involving Eulerian-
Stirling statistics, which we refer to as the («, )-Eulerian polynomials: For n > 1,

an(‘r7 y | Oé,ﬁ) _ Z xasc(a)ydes(o)alrmax(o)—lﬁrlmax(o)—l. (1.6)

066n+1

with the convention that Ay(z,y | a, ) = 1.

The first few values of A,,(x,y | «, 3) are given as follows:

Az, y | o, B) = ax + By;
Az, y | a, B) = o®2® + 2 aByx + yax + yBr + B2y
As(z,y | a, B) = &2 + 302 Bya® + 3 a’yx® + 3aByr® + ayz® + Byx®
+ 3 aB*y*r + 3aByic + 3 B2 + ayx + ByPx + B30

Carlitz and Scoville [6] obtained the following generating function for A, (z,y | v, §):

Theorem 1.1. (Carlitz and Scoville [6, Theorem 9])

S Auleyl B = (14 2Py ) L+ yFy), (D)

n>0

where F(x,y;t) is given by

ezt _ eyt

F(z,y;t) = ————. (1.8)

revt — yert

Note that Carlitz and Scoville [6] used falls and rises for descents and ascents, respec-
tively. They referred to left-to-right maxima and right-to-left maxima as left upper records
and right upper records, respectively.

When oo = 0, § = land x = 1, A,(z,y | a, B) reduces to the classical Eulerian
polynomials A, (y) given by (1.1). Accordingly, we recover the generating function (1.2)
for A, (y) by settinga =0, =1and z = 1 in (1.7).

When z = y = 1 and § = 0, it is not difficult to see that

n(11],0) =) ol (1.9)

0'6671
and by (1.7), we see that
" 1 \“
A,(1L,1|a,0)—=——| . 1.10
> a0 = (175 (1.10)

Comparing the coefficients of ¢ /n! yields the generating function (1.5).



The («, 3)-Eulerian polynomials A, (x,y | v, ) are also connected to a g-analogue of
the Eulerian polynomials, introduced by Foata and Schiitzenberger [20] and later named

after Brenti [5]:
Z xexc o) cyc(o (1.11)

O’GGn

These g-Eulerian polynomials also incorporate Eulerian-Stirling statistics of permuta-
tions. They are also linked to the 1/k-Eulerian polynomials, see Savage and Viswanathan
[35] and Ma and Mansour [27] for example. Brenti [5] obtained the following generating
function for A, (z, ¢) and showed that A, (x, q) is log-concave and unimodal.

tn et(:pfl) —r —q
1+2An(x,q)m - (ﬁ) . (1.12)

n>1

Due to the first fundamental transformation of Foata and Schiitzenberger [20], the g-
Eulerian polynomial (1.11) can be seen as a special case of («, 3)-Eulerian polynomials
A (z,y | o, B). More precisely, we have

_ Z xexc(o’)qcyc o Z xdes o) lrmaX (o) An(l’ T ‘ q, O)

ceGy, oeG,

Thus, the generating function (1.12) for A, (x,q) can be derived by setting z = 1 and
B = 01in (1.7), and replacing y and « with = and ¢, respectively.

The descent statistics are related to the Eulerian statistics, which are permutation
statistics that depend only on the descent and length of a permutation, see Gessel and
Zhuang[?3] and Zhuang [42, 43]. The classical descent statistics include variations of
peaks and valleys, double ascents and double descents. In this paper, we adopt the ter-
minology for these descent statistics provided by Gessel and Zhuang [23] and Zhuang
[42, 43]. For the detailed definitions of these descent statistics, see Section 2.

Carlitz and Scoville [6] considered the generating function for the polynomials based
on the joint distribution of the number of exterior peaks, the number of descents and the
number of ascents. Note that exterior peaks are referred to maxima by Carlitz and Scoville

[6].

Theorem 1.2. (Carlitz and Scoville [6, Theorem 2]) Let W (o) denote the number of
exterior peaks of o (see Definition 2.1). Then

tn
Dol D0 PO ) = (L yF(a,yit) (L+ 2 F (2, y51), (1L13)

n>0 \o€Gni1

where F(x,y;t) is given by (1.8) and

r= <r+q>+¢<§+7">2—4pq7", y= 0" \/(;H)Q_@QT. (1.14)




Goulden and Jackson [24, Exercise 3.3.46] and Stanley [39, Exercise 1.61] reformu-
lated Carlitz and Scoville’s result in terms of left double ascents and right double descents,
see Definitions 2.8 and 2.9. Note that Goulden and Jackson [24, Exercise 3.3.46] and
Stanley [39, Exercise 1.61] referred to left double ascents as double rises, and right dou-
ble descents as double falls. Valleys are called modified minima by Goulden and Jackson
[24, Exercise 3.3.46].

Let V(0), 1da(o) and rdd(o) denote the number of valleys, left double ascents, right
double descents, respectively (see Section 2). Goulden and Jackson [24, Exercise 3.3.46]
and Stanley [39, Exercise 1.61] reformulated Theorem 1.2 as

t’n
Z (Z UV(G)UW(O')—leda(o)Zrdd(a')) — = F(z,y;t), (1.15)
mn:

n>1 \o€6,
where r +y = w + z and 2y = wv.

Fu [27] provided a grammatical proof of (1.15). Pan and Zeng [3 1] provided inv ¢-
analogue of (1.15). Differentiating both sides of (1.15) with respect to ¢, we have

Theorem 1.3. (Carlitz and Scoville II [6, Theorem 2]) For n > 1, define

P(u,v,w,z) = Z uV (@)W o) =1y da(o) ,rdd(e) (1.16)

U€6n+1
By convention, we set Py(u,v,w, z) = 1. Then
tn
Z Po(u,v,w, 2)— = (L+yF(z,y;1) (1+ aF(z,y;1)), (1.17)
= n!
where x + y = w + 2z and xy = uv.

Setting u = z = r, v = pq and w = ¢ in Theorem 1.3, and using (2.10) and (2.16),
one recovers Theorem 1.2.

The main objective of this paper is to investigate the following polynomial, which
involves descent-Stirling statistics. For n > 1,

Pn(u, v, W, 2 | a, /8) _ Z UV(U)UW(J)—lwrdd(J)Zlda(a)alrmax(a)—lﬁrlmax(a)—l. (1.18)

oEG 11
As a convention, we set Py(u, v, w,z | a, ) = 1.
The first few values of P, (u, v, w, z | «, [3) are given as follows:
Pi(u,v,w, z | a, f) = az + pw;
Py(u,v,w,z | o, B) = &2 + 2aBwz + BAw? + avu + Buu;
Py(u,v,w,z | o, B) = &®2* + 30 Bwz* + 3af*w?z + 3 afuvz + 3 a*uvz + auvz

+ Buvz + BPw? + 3 fruvw + cuvw + Buvw + 3 afuvw.



Analogous to («, 3)-Eulerian polynomials, we refer to the polynomials P, (u, v, w, z | «, 3)

as («, f)-extensions of the polynomials P, (u,v,w, z). We will establish the following
connection between the generating function for P,(u,v,w, z | a, 3) and the generating
function (1.6) for A, (z,y | a, B).

Theorem 1.4. We have
tn « «
S Pu(uv,w,z | a,B) = (L4 yF (e, y;0) 5 (Lt aF(z,y:6) " e,
n!
n>0
(1.19)
where v +y = w + z, xy = wv and F(z,y;t) is given by (1.8).

When o« = § = 1 in Theorem 1.4, we recover Theorem 1.3.

The main technique utilized in this paper is the grammatical approach introduced by
Chen [7]. We establish the grammar for A,,(x,y | a, §) (see Theorem 3.1) and the gram-
mar for P, (u,v,w,z | a, ) (see Theorem 3.2). We then derive Theorems 1.1 and 1.4
based on their grammars. The derivations of the generating functions for A, (x,y | «, f)
and P,(u,v,w,z | a, ) become straightforward once their grammars are established.
More recently, Xu and Zeng [4 1] provided a generalization of Theorem 1.4 by employing
Foata’s fundamental transformation and a cyclic analogue of valley-hopping.

Many consequences can be derived from Theorem 1.4. We first obtain an explicit
form of the generating function for P, (u,v,w, z | a, ) (see Theorem 4.1). It turns out
that this generating function can be specialized to establish («, 3)-extensions of the gen-
erating functions for peaks, left peaks, double ascents, right double ascents and left-right
double ascents (see Theorems 4.2, 4.3 and 4.4). For more detailed explanations on the
generating functions for these statistics, see Section 2. Moreover, the generating func-
tion for P,(u,v,w,z | «, 3) enables us to derive the following explicit expression for
P.(u,v,w, z | a, ) when o + 3 = —1. In particular, we obtain the following interesting
enumerative consequences:

Theorem 1.5. Let M (o) denote the number of peaks of 0. When oo + f = —1 and for
n>1,
(1 —w)l2), i nis even,

—(1—w)3l, if nisodd.

Z UM(U)a/lrmin(o‘)—lﬁrlmin(a)—l — {

0€Gn11

Theorem 1.6. Let L(o) denote the number of left peaks of 0. For n > 1,

if niseven,

Z uL(a')(_l)rlmln(o) _ {

s —(1—w)2), if nisodd.



Theorem 1.7. Let rda(o) denote the number of right double ascents of . Forn > 1,

on Z urda(o’) (_%

€641

(1 +u)? =4zl if niseven,
- —(I+u)((1+u)? -4zl if nisodd.

) Irmin(o)+rlmin(o)—2

By combining Theorems 1.1 and 1.4, we establish two relations between P, (u, v, w, z | «, 3)

and A, (z,y | a, B) (see Theorems 6.1 and 6.2). These two relations allow us to de-
rive («, B)-extensions of formulas originally due to Stembridge, Petersen, Brandén and
Zhuang (see Theorems 1.8, 6.4, 6.6 and 6.9). Additionally, we obtain the left peak version
of Stembridge’s formula and the peak version of Petersen’s formula (see Theorems 6.3
and 6.7), along with their («, 3)-extensions (see Theorems 1.9 and 6.5). Here we would
like to single out the following two consequences, which can be viewed as the («, 5)-
extensions of Stembridge’s formula and its left peak counterpart.

Theorem 1.8. Forn > 1,

n—2M(o)—1
Z (l’y)M(U) (‘CE + y) alrmin(a)—lﬂrlmin(o‘)—l

2
0'6671

—des(o)-1( @t
— Z Ides(a)yn des(o) 1(_5

. , (1.20)
oeGy,

> Irmin(o)+rlmin(o)—2

where M (o) counts the number of peaks of o.

Theorem 1.9. Forn > 1,

n—2L(o)
Z ([Ey)L(U) ($ + y) ﬁrlmin(o')
2

0’6677,

_ des(o), n—des(o) é
3wty (]

U€6n+1

Irmin(o)+rlmin(o)—2
) , (1.21)

where L(o) counts the number of left peaks of o.

By setting & = = 1 in Theorem 1.8, we recover a formula of Stembridge [40] (see
(2.4)), which is known to lead to the following y-expansion of the Eulerian polynomials:
Theorem 1.10. Forn > 1,

L(n—1)/2]
Z xdes(a) _ Z 2_n+2k+17n,kxk(]- —I—,I‘)n_2k_1, (1.22)

ceG, k=0

where 7, , counts the number of permutations in S,, with k peaks.

7



Note that this result was discovered by several authors, see, for example, Carlitz and
Scoville [6], Foata and Schiitzenberger [20], Foata and Strehl [21] and Shapiro, Woan and
Getu [36]. Concerning more ~y-positive polynomials arising in enumerative and geometric
combinatorics, we refer to two surveys by Athanasiadis [2] and Brindén [4], respectively,
and the book by Petersen [33].

In the same vein, Theorem 1.8 can also be reformulated in the following form, which
recovers Theorem 1.10 whena = =1andy = 1.

Corollary 1.11. Let v, , denote the set of permutations in G,, with k peaks. For n > 1,

a+p a+p
An—l(xay| 9 ) 9

L(-1)/2]
) = D sl ) ay) @y
k=0

where

’yn,k(a,ﬂ) = (5) Z alrmln(d)—lﬁrlmln(g)—l'

O'El—‘n,k
The first few y-expansions of A, (x, v Q—;’B, O‘Tw) read as

a+8 a+p a+ 0
Al -,1372/’ 2 ) 2 = 2

2
4y (x,yr“ﬁ,“”) _ (‘”B) (e 49+ (a+ By,

(z+y),

9 9 9
3
A (sc,y! agﬁ,agﬁ) = <a;6> (z+y)°

2
o+ o+
+ 16 b +2 P zy(z +y),
2 2
When o = (3, the above result was established through the construction of a new group
action on permutations by the author and Lin [29]. The general case was more recently
proven by Chen and Fu [!2] and Dong, Lin and Pan [14]. Notably, Chen and Fu [12]

offered a novel proof of the ~-positivity for this variant of Eulerian polynomials by de-
composing an increasing binary tree into a forest.

Specializing Theorems 1.8 and 1.9 enables us to derive («, 3)-extensions of the tan-
gent and secant numbers. Recall that the tangent number F5,,.; and the secant number
E, are defined by

t2n+1

t2n
Z Egn_Hm = tan(t) and Z Egnw = SeC(t).

n>0 n>0

A permutation 0 = oy---0, € G, is called down-up (or alternating) if o7 > 09 <
03 > 04 < --- and a permutation 0 = o0y ---0, € G, is called up-down (or reverse al-
ternating) if oy < 09 > 03 < 04 > ---. The down-up permutations in S, are 2143,

8



3142,3241,4132, 4231 and the up-down permutations in &4 are 3412, 2413,
2314,1423,1324. It is easy to show that the number of down-up permutations of
[n] equals the number of up-down permutations of [n].

Let UD,, denote the set of up-down permutations of [n] and let DU, denote the set of
down-up permutations of [n]. André [1] showed that

E, = |UD,| = |DU,|.

Euler [ 18] found the following interesting relation: For n > 1,

1

(-1)"7 E,, ifnisodd,
> (-1 = (1.23)

el 0, if n is even.

Roselle [34] obtained the following parallel result to Euler involving secant numbers: For
n>1,

(-1)2E,, ifniseven,

> (-1 = (1.24)

oD, 0, if n is odd,

where D,, counts the number of permutations in &,, without fixed points. There are several
different g-analogues of (1.23) and (1.24) have been established by [19, 25, 37, 38].

By setting x = —1 and y = 1 in Theorem 1.8, we obtain the following theorem.

Theorem 1.12. Forn > 1,

> (232

) Irmin(o)+rlmin(o)—2
O’een

(-1 > veun, qfrmin(e) =1 grimin(@)=1 =iy s odd,

= o (1.25)
0, if n is even.
Setting x = —1 and y = 1 in Theorem 1.9, we have the following theorem.
Theorem 1.13. Forn > 1,
Irmin(o)+rlmin(o)—2
Z (_1)dos(a) (é)
2
066n+1
(=1)2 > ey, B if nis even,
= o (1.26)
0, ifnis odd.



Setting & = 5 = 1 in Theorem 1.12, we recover Euler’s relation (1.23) with the aid of
the first fundamental transformation of Foata and Schiitzenberger [20]. Setting 5 = 1 in
Theorem 1.13, we obtain the following identity, which seems to be new,

Z (_1)des(a)

U€Gn+1

( 1 ) Irmin(o)+rlmin(o)—2 (— 1) 3 En, if n is even,

- = 1.27
2 0, if n is odd. (1:27)

Combining (1.24) and (1.27), we obtain the following identity:

1 Irmin(o)+rlmin(c)—2
Z (_1)des(o') (5) _ Z (_1)exc(a'). (1.28)

U€6n+1 €Dy,

A bijective proof of (1.28) was recently provided by Chen and Fu [12]. It would be inter-
esting to give combinatorial proofs of Theorems 1.5, 1.6, 1.7, 1.9, 1.12 and 1.13.

The rest of this paper is organized as follows. Section 2 provides a review of certain
classical descent statistics, including peaks and their variations, double ascents (double
descents) and their variations. We then collect the generating functions associated with
these statistics and their relations with the Eulerian polynomials. Additionally, we present
the combinatorial definitions of A, (z,vy | o, ) and P,(u,v,w, z | «, 3), involving the
left-to-right minima and the right-to-left minima. Section 3 is dedicated to proving the
main result of this paper (Theorem 1.4) using the grammatical calculus. We establish the
grammar for A, (x,y | a, #) (see Theorem 3.1) and the grammar for P, (u, v, w, z | «, )
(see Theorem 3.2). We derive Theorems 1.1 and 1.4 based on their grammars. Sections
4,5 and 6 explore the applications of Theorem 1.4. In Section 4, we first establish an ex-
plicit form of the generating function for P, (u, v, w, z | i, ) using Theorem 1.4. We then
present (v, 3)-extensions of some known generating functions related to descent statis-
tics by specializing the generating function for P, (u, v, w, z | «, [3). Section 5 establishes
an explicit expression for P, (u,v,w,z | «, ) when a + [ = —1. This result can be
specialized to obtain Theorems 1.5, 1.6, and 1.7. In Section 6, we first establish two rela-
tions between P, (u, v, w, z | a, 5) and A, (x,y | o, ) using Theorem 1.4. We then derive
(cv, B)-extensions of certain known relations between descent statistics and the Eulerian
polynomials established by Stembridge, Petersen, Brandén and Zhuang by specializing
these two relations.

2 Descent statistics

In this section, we begin by revisiting classical descent statistics, which encompass
variations related to peaks, valleys, double ascents, and double descents. We then collect
the generating functions associated with these statistics and their relationships with the
Eulerian polynomials. Here we follow Stanley’s terminology for peaks and their varia-
tions, as described in [39, Exercise 1.61]. For double ascents, double descents and their
variations, we adhere to the definitions provided by Zhuang in [42].

10



2.1 Variations in peaks and related results

Definition 2.1 (Variations in peaks). Given a permutation o0 = oy - - -0, € S,, under the
assumption that oy = 0,41 = 0.

(1) Anindex i is called aleft peak of o if 1 <1 <nando;,_1 < 0; > 0;41.

(2) An index 1 is called an interior peak (or a peak for short) of o if 1 < 1 < n and
Oi—1 < 03 > Oj41.

(3) An index 1 is called an exterior peak of 0 if 1 < i <nando; | < 0; > 0;11.

(4) Anindex i is called a valley of 0 if 1 <i < nando;_1 > 0; < 0j11.

Let L(o), M(c), W(o) and V(o) denote the number of left peaks, peaks, exterior
peaks and valleys of o, respectively. Note that the symbols L(c), M (o), and W (o) used
in this context were introduced by Chen and Fu [9], which are meaningful and easy to
remember. The letter L looks like having a peak on the left. It should also be noted that
Carlitz and Scoville [6] referred to an exterior peak as maxima, while Goulden and Jack-
son [24, Exercise 3.3.46] describe them as modified maxima. Similarly, Goulden and
Jackson [24, Exercise 3.3.46] termed valleys as modified minima.

For the permutation 0 = 713859624 € Gy, we see that

It is not difficult to show that for o € G,,,

Z uM(cr) _ Z UV(O') _ Z uI/V(cr)—l7 (21)

oe6, ceG, occ6,

see (2.16). Hence it suffices to consider left peaks and peaks. The generating function for
left peaks is attribute to Gessel [30, Sequence A008971], see Zhuang [42, Theorem 10].

Theorem 2.2 (Gessel). We have

Lo | 1 Vi—u
; (Z o )> n! /I —ucosh (tv/I—u) —sinh (tv/I—u) (2.2)

0'6671

As brought up by Stanley [39], the generating function for peaks can be deduced from
an equation of David and Barton [13], see Chen and Fu [10] for more information. The
equivalent formula has been found by Entringer [17], Kitaev [26] and Zhuang [42, Theo-
rem 9].

Theorem 2.3. We have

Z Z M@ " V1 —ucosh (tv/1—u) 03
=0 \oco, nl VT —ucosh (v/T—u) — sinh (tv/T —u) :

11



Stembridge [40] was the first one to explore the connection between peak polynomials
and the Eulerian polynomials. In his investigation of enriched P-partitions, he established
a notable relation between peak polynomials and the Eulerian polynomials. This relation
was later rediscovered by Briandén [3] using the “modified Foata-Strehl action”, a variant
of a group action on permutations originally defined by Foata and Strehl [21].

Theorem 2.4. (Stembridge [40]) For n > 1,

o 1+$ n—1 Ax M(o)
Yoo-(57) Tl o e
oeG,

O’EGn

Petersen [32, Observation 3.1.2] established a relation between left peak polynomials
and Eulerian polynomials, stated as follows.

Theorem 2.5. (Petersen [32]) Forn > 1,

(1+x)"2(£—$x)2>L(o)zzn:(k)2k1—x (Zxdm ) (1-2)".

ceG, k=1 o€,
(2.5)

Recently, Zhuang [43] established two relations between the joint polynomials of
peaks (or left peaks ) and descents and the Eulerian polynomials.

Theorem 2.6. (Zhuang [43, Theorem 4.2]) Forn > 1,

S et (1D . > at (2.6)
1+ ab ’ ’
ceG, oe6y,
where
Y (1+v)2 —2uv — (1 +v)/(1 +v)? — 4duv 27
2uv
and
b:1—|—v2—2uv—(1—v)\/(1+v)2—4uv' 2.8)

2(1 —u)v
Theorem 2.7. (Zhuang [43, Theorem 4.7]) Forn > 1,

1 n
Z uL(a)Udes(U) — (1 - ab)n (Z (k><1 + b o n k Z des(o) +1 a)n) ’
k=1

o€, o€y
(2.9)

where a and b are defined by (2.7) and (2.8), respectively.

Note that grammatical proofs of (2.2), (2.3), (2.4) and (2.5) were recently provided by
Chen and Fu [10, 11].
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2.2 Variations in double ascents (descents) and related results

Definition 2.8 (Variations in double ascents). Given a permutation o = o1 ---0, € S,
under the assumption that oy and 0,11 = +00.

(1) An index 1 is a left double ascent of o if 1 < i <nando; 1 < 0; < 7;41.

(2) Anindex i is a double ascent of 0 if 1 <t <nando;,_1 < 0; < 0441.

(3) An index i is a right double ascent of o if | <i < nando; | < 0; < 0;41.

(4) An index 1 is a left-right double ascent of 0 if 1 < i <nando; | < 0; < 0;11.

Definition 2.9 (Variations in double descents). Given a permutation o = o, ---0, € S,
under the assumption that oy = 400 and 0,1 = 0.

(1) Anindex i is a left double descent of 0 if 1 < i <nando;,_1 > 0; > 0;41.
(2) Anindex i is a double descent of 0 if | < i <nando; 1 > 0; > 0;11.
(3) Anindex i is a right double descent of 0 if 1 <1 < nando;,_1 > 0; > 0;41.

(4) An index 1 is a left-right double descent of o if 1 < <nando;, 1 > 0; > 0.

Letlda(o)(ldd(0)),da(o)(dd (o)), rda(o))(rdd (o)), and Irda(o) (Irdd (o)) denote the
number of left double ascents (left double descents), double ascents (double descents),
right double ascents (right double descents), left-right double ascents (left-right double
descents) of o, respectively.

For the permutation 0 = 713859624 € Gy, we see that
da(oc) =1, lda(o)=1, rda(o)=2, Irda(o) =2

and
dd(e) =1, ldd(c)=2, rdd(c)=1, Irdd(c)=2.

By definition, we see that foro € &,
des(o) = W (o) 4 rdd(o) — 1, asc(o) = W(o) +1da(o) — 1 (2.10)

and
des(o) = L(o) + dd(o), asc(o) = L(o) + Irda(o) — 1. (2.11)

Leto =0y ---0, € G,. The complement of ¢ is given by
cf=n+1—o)n+1—03)---(n+1—0y,). (2.12)

For example, if o = 713856 24, then the complement of o is givenby 0¢ = 286143 75.

Evidently, the complement establishes a bijection on &,,. Additionally, for o € G,,,

we observe that
asc(o) = des(o), des(o) = asc(c), (2.13)

13



lda(o) =1dd(c), rdd(o) = rda(c®), (2.14)
Irmax(o) = lrmin(c°), rlmax(c) = rlmin(c°) (2.15)

and
W(o) —1= V(o) =M(c°). (2.16)

Therefore, we only need to consider double ascents, right double ascents and left-right
double ascents. By generalizing Gessel’s reciprocity formula for noncommutative sym-
metric functions, Zhuang [42] gave a systematic method for obtaining the generating func-
tions for double ascents, right double ascents and left-right double ascents. Note that the
equivalent form of the generating function for double ascents was established by Elizalde
and Noy [16]. Elizalde and Noy [16] referred to double descents as proper double de-
scents.

Theorem 2.10. (Elizalde and Noy [16], Zhuang [42, Theorem 12])

(1—u) t

" ve 2
da(o) | ©_ _
Z <Z u ) n! v cosh (%’l}t) _ (1 + U) sinh (%Ut) ) 2.17)

n>0 \oe6,

where v = \/(u + 1)2 — 4.

Theorem 2.11. (Zhuang [42, Theorem 13])

Z Z 48(0) ﬁ B vcosh(
n! UCOSh(

n>0 \oeb,

vt) + (1 — u)sinh (
vt) — (1 + u)sinh (

vt)
vt)

(2.18)

N Do =
N Do =

and

(u=1)
5t

t" ve
Irda(o) | ©  _
Z (Z ' ) n!  wvcosh (%Ut) — (1 4 u) sinh (%Ut) ’ (2.19)

n>0 \oce6,

where v = \/(u+ 1)? — 4.

2.3 Equivalent definitions of A, (z,y | a, 5) and P, (u, v, w, z | a, B)

In this subsection, we present the combinatorial definitions of A, (x,y | «, ) and
P,(u,v,w, z | a, ) which involve the left-to-right minima and the right-to-left minima.
These definitions are essential for employing the grammatical approach to study these
polynomials.

By taking the complements of permutations, and applying (2.13), (2.14) and (2.16),
we derive that A, (x,y | «, ) can be alternatively interpreted as follows:

An(x,y ’ a, 6) _ Z xdes(a)yasc(o)alrmin(a)—1ﬁrlmin(0')—1 (2.20)

UGGn.H
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and P, (u,v,w, z | a, 3) can be interpreted as follows:

Pn(u, v, W, 2 ‘ a, ﬁ) _ Z (uv)M(U)wrda(a)Zldd(a)alrmin(o)flﬁrlmin(cr)fl. (2.21)

c€Gn4+1

Note that P,(u,v,w, z | «, ) encompasses peaks, right double ascents, and left double
descents. However, it is worth mentioning that left peaks, left-right double ascents, and
double descents can also be characterized by specializing P, (u,v,w, z | «, 5). More pre-
cisely, by setting = 0 in (2.21), we have

Pn(u, v, W, 2 | 0, 6) _ Z (UU)M(U)wrda(a)Zldd(a)ﬁrlmin(a)—l. (2.22)
U€6n+1
o1=1
Next, define the following reduction map:
oc=10y 041 7= (0a—1)(053—1)+(0ps1 — 1). (2.23)
It is straightforward to verify that ¢ € G,, and that
M (o) = L(7), rda(o) = Irda(v), 1dd(c) = dd(7), rlmin(c) — 1 = rlmin(7).

Moreover, this process is reversible. Consequently, we derive that

Pn(u, v, W, 2 ‘ 0, 6) _ Z (UU)L(o)wlrda(U)de(a)ﬁrlmin(a). (2.24)

oeG,

Using the same argument, we deduce that

An<x,y ’ 0, 5) _ Z xdes(a)yasc(U)JrlBrlmin(U), (2.25)
O’GGn

An(l’, y ’ a, 0) — Z xdes(a)—‘rlyasc(a)alrmin(o‘). (226)
O'een

3 A grammartical calculus for A, (z,y | o, 8) and P,(u, v, w, z | «, 3)

The primary objective of this section is to introduce a grammatical approach to the
study of the polynomials A, (x,y | «, 5) and the polynomial P, (u,v,w,z | o, f3). This
technique, which employs context-free grammars to explore combinatorial polynomials,
was pioneered by Chen [7]. Note that the derivations of the generating functions for
An(z,y | a, ) and P,(u,v,w, z | a, ) become quite simple once their grammars are
established.

A context-free grammar G over a set V' = {z,y, z,...} of variables is a set of sub-
stitution rules replacing a variable in V' by a Laurent polynomial of variables in V. For a
context-free grammar G over V, the formal derivative D with respect to GG is defined as a
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linear operator acting on Laurent polynomials with variables in V' such that each substi-
tution rule is treated as the common differential rule that satisfies the following relations:

D(u+v) = D(u) + D(v), (3.1)
D(uv) = D(u)v + uD(v). (3.2)

Hence, it obeys the Leibniz’s rule

n

DM uv) =Y (Z) DF(u) D" (v).

k=0
For a constant ¢, we have D(c¢) = 0.

A formal derivative D with respect to G is also associated with an exponential gener-
ating function. For a Laurent polynomial w of variables in V/, let

Cen'D (w; t) = Z Dg(w)i—n, (3-3)
n>0
Then, by (3.1) and (3.2), we derive that
Gen'@ (u 4 v;t) = Gen'@ (u; t) + Gen @ (v; ). (3.4)
Gen'@ (uv;t) = Gen(G)(u; t)Gen(G) (v;t). (3.5)

For more information on the grammatical calculus, we refer to Chen [7] and Chen and Fu

[8, 10].
Dumont [ 5] showed the following grammar
E={z— 2y, y— xy} (3.6)

generates the Eulerian polynomials A, (x) given by (1.1). More precisely, let Dy be the
formal derivative with respect to the grammar £ given by (3.6), then for n > 1,

Dn Z :L,asc(a —Hydes(a)-i-l

oeG,
Chen and Fu [9] showed that

Gen® =Y Dy y(14 zF(z,y;t)), (3.7)

n>0

where F(x,y;t) is given in (1.8). Together with Dumont’s result, they provided a gram-
matical proof of the generating function (1.2) of A, (x).

Similarly, it can be shown that

n

Gen'? Z Di(x —| =z(l+yF(z,y;t)). (3.8)

n>0

In this section, we first show that the following grammar
F = {a = aczx, b = bBy, x — xy, y — zy} (3.9)

can be used to generate the polynomials A, (z,y | «, ). More precisely,
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Theorem 3.1. Let D be the formal derivative with respect to the grammar defined in
(3.9). Forn > 0,
D%(ab) = abA,(z,y | a, B). (3.10)

Using Theorem 3.1, we then provide a grammatical derivation of the generating func-
tion (1.7) for A, (z,y | o, 5) established by Carlitz and Scoville.

Next, we introduce the grammar for the polynomial P,(u,v,w,z | «, 3) stated as
follows:

Theorem 3.2. Let Dy be the formal derivative with respect to the grammar

H={a— aaz, b = bfw, z = wv, w — uv, u — uw,v — vz}. (3.11)
Forn >0,
D%(ab) = abP,(u,v,w, 2z | a, B). (3.12)

Building on Theorem 3.2, to prove Theorem 1.4, it suffices to demonstrate the follow-
ing theorem:

Theorem 3.3. Let Dy be the formal derivative with respect to the grammar defined in
(3.11), we have

Gen™(ab;t) = ab (1 + yF(z,y:1)) 7 (14 2F(z,y:1) "% exC-0w=20 (313

where v +y = w + z, vy = wv and F(z,y;t) is given by (1.8).

3.1 A grammatical calculus for A, (z,y | a, §)

We first show Theorem 3.1 by using the grammatical labeling. The notion of a gram-
matical labeling was introduced by Chen and Fu [¢]. Here we adopt the combinatorial
definition (2.20) of A,,(z,y | a, ).

Leto =o0y---0, € G,. For 1 < i < n + 1, recall that the position ¢ is said to be
the position immediately before o;, whereas the position n + 1 is meant to be the position
after 0,,. We adjoin +o00 to o at both ends so that there are n + 1 positions between two
adjacent elements. For 1 < ¢ < n + 1, we label the position 7 of ¢ as follows:

e If 2 = 1, then label it by a;
e If : = n + 1, then label it by b;
 If 7 is an ascent, then label it by y;

 If 7 is a descent, then label it by z;

If ; is a left-to-right minimum and o; # 1, then label o below o;
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* If 0 is a right-to-left minimum and o; # 1, then label /3 below o;.

The weight w of o is defined to be the product of all the labels.

Below shows the grammatical labeling of a permutation o0 = 712 8 3 6 5 4 whose
weight is w(o) = abxly®a 3. We refer to this labeling scheme of permutations as the
(x,y; «, B)-labeling.

co=7 1 2 8 3 6 5 4

400 a 7Tz 1y 2 y 8 x 3 y 6 x5 x4 b 40

—
o B B 5
From the definition of the (z, y; «, 5)-labeling, we see that
abA,(z,y | o, B) = Z w(o). (3.14)
0E€C 41

Proof of Theorem 3.1. We proceed by induction on n. For n = 0, the statement is evident.
Assume that this statement holds for n — 1. To show that it is valid for n, we represent
a permutation ¢ = oy --- 0, in &, by adjoining +oco at both ends, resulting in n + 1
positions between adjacent elements. These positions allow us to insert n + 1 into o to
generate a permutation in &,, ;. Let m be permutation in G,,,; obtained by inserting the
element n + 1 into o at the position 7, where 1 < ¢ < n + 1. We consider the following
four cases:

Case 1: If 7 is labeled by a in the labeling of o, that is, 2 = 1, then the first position
and the second position of 7 are labeled by a and z in the labeling of 7, respectively.
Moreover, n + 1 is the left-to-right minimum of 7, so label a below n + 1. In this case,
we find that the change of weights is consistent with the substitution rule a — aax.

o= 400 a o7 --- T= 400 a n+1 x o
=

(0% « (6]

Case 2: If 7 is labeled by b in the labeling of o, that is, ¢ = n + 1, then the change of
weights caused by the insertion is coded by the rule b — by.

c= - o, b 4+ T= -+ 0, y n+1 b 400
3 e B B

Case 3: If 7 is labeled by x in the labeling of o, then the position 7 of 7 is labeled by y
and the position ¢ + 1 of 7 is labeled by x in the labeling of 7, so the change of weights is
consistent with the substitution rule z — zy.

o= 0,12 0; - =>n01= -0y n+l x o
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Case 4: If 7 is labeled by y in the labeling of o, then the change of weights is in
accordance with the rule y — zy, as depicted in the figure below.

g = ...0'74.71 y O'Z....j m = ...O-ifl y n+1 x O-i“"
Summing up all the cases shows that this assertion is valid for n. This completes the
proof. ]

The grammatical derivation for Theorem 1.1. Let Dz be the formal derivative with
respect to the grammar (3.9). From Theorem 3.1, we see that

GenP(ab 1) = ab 3" A,y | o, ) (3.15)

n>0

Let Dp, be the formal derivative with respect to the grammar (3.6). Suppose that o and 3
are two fixed numbers. It is easy to check that

Dp(y®) = ay® 'Dp(y) = ay®x and Dg(2?) = B2’ 1Dg(z) = pzPy.  (3.16)
Setting @ = y® and b = 2. Then, by (3.16), we find that
Dp(y*) = Dg(a) and  Dp(z”) = Dy (b).
Moreover, it is easy to check that
Dg(x) = Dz(x) and Dg(y) = Dz(y).
Hence we can use the induction on n to deduce that for n > 0,
Di(y*) = Di(a) and  Di(a”) = D (0)

given that a = y® and b = 2. Consequently, for n > 0,

D%(ab) = Dij(a"y*). (3.17)

Hence it follows from (3.5) that
Gen(E)(ab; t) = Gen'® (y*2”: t) = (Gen'™ (z;1))?(Gen'®) (y; 1)), (3.18)
Substituting (3.7) and (3.8) into (3.18) and using (3.15), we obtain (1.7). This completes
the proof of Theorem 1.1. |

3.2 A grammatical labeling of P, (u, v, w, z | a, )

To give a grammatical labeling of P, (u, v, w, z | «, ), we need to refine the grammat-
ical labeling of permutations introduced in Subsection 3.1. In a similar vein, we take the
combinatorial definition (2.21) of P, (u, v, w, z | a, 3), which incorporates the left-to-right
minima and the right-to-left minima.

Leto =010, € G,,. For 1 <1 < n + 1, recall that the position 7 is said to be
the position immediately before o;, whereas the position n + 1 is meant to be the position
after 0,,. We adjoin +o00 to o at both ends so that there are n + 1 positions between two
adjacent elements. For 1 < ¢ < n + 1, we label the position i of ¢ as follows:
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* If 7 = 1, then label it by a;
e If + = n + 1, then label it by b;

* If 7 is a right double ascent, then label the position i by w;

If + — 1 is a left double descent, then label the position ¢ by z;
* If 7 is a peak, then label the position ¢ by v and label the position 7 + 1 by u;
* If 0, is a left-to-right minimum and o; # 1, then label « below o;

* If 0 is a right-to-left minimum and o; # 1, then label /3 below o;.

The weight w of ¢ is defined to be the product of all the labels. This refined labeling
scheme of permutations is called the (u, v, w, z; «v, )-labeling.

For example, the (u,v,w, z; «, 3)-labeling of the permutation 0 = 71283654 is
shown below, whose weight is w(o) = abu*v*wza 3.

71 2 8 3 6 5 4

+o00 a 7 z 1 w 2 v 8 u 3 v 6 u b z 4 b +oo
o & B B

—

From the definition of the (u, v, w, z; «, )-labeling, we see that

abP,(u,v,w, z | a, B) = Z w(o). (3.19)

UEGn+1

Proof of Theorem 3.2. We use induction on n. The case of n = 0 is straightforward.
Assume that the statement holds for n — 1. To establish its validity for n, we consider a
permutation ¢ = o4 - - - 0, in G,, by adjoining +oo at both ends so that there are n + 1
positions between two adjacent elements. These n + 1 positions are available for inserting
the element 7+ 1 into o to generate a permutation in &,, ;. Let m be permutation in &,
obtained by inserting the element n + 1 into o at the position ¢, where 1 <7 < n + 1. We
consider the following six cases:

Case 1: If 7 is labeled by a in the labeling of o, that is, © = 1, then the first position
and the second position of 7 are labeled by a and z in the labeling of m, respectively.
Moreover, n + 1 is the left-to-right minimum of 7, so label a below n + 1. In this case,
we find that the change of weights of 7 is consistent with the substitution rule a — aaz.

o= 400 a o1 --- T= 400 a n+1 z o
=

« 0% (%
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Case 2: If 7 is labeled by b in the labeling of o, that is, ¢ = n + 1, then the change of
weights caused by the insertion is coded by the rule b — bSw.

o= -+ o0, b 4+ T= - 0, w n+1 b 40

Case 3: If 7 is labeled by w in the labeling of o, then position ¢ of 7 is labeled by v
and position 7 4+ 1 of 7 is labeled by w in the labeling of 7, so the change of weights is
consistent with the substitution rule w — uv.

o= 01 W 0g; "+ = ™= s 01V n+1 wu g; -

Case 4: If 7 is labeled by z in the labeling of o, then the change of weights follows the
rule z — ww, as illustrated below.

o=+ 01 2 O+ =>mT= 0,1 v n+1l u o5

Case 5: If 7 is labeled by w in the labeling of o, then the corresponding change of
weights is consistent with the rule u — uw, see the figure below.

O=++0j_2 UV 0j-1 U O;-+ = T=- 09 W 0;—; v ntl u o;---

Case 6: If 7 is labeled by v in the labeling of o, then the change in weights aligns with
the rule v — vz, as depicted below.

O= 041 VUV 0; U Ojgp1 *+* = T= +++0;-1 VU ntl u o; =z Oig1 " -

Adding up all the cases verifies that this statement is true for any n. This completes
the proof. ]

3.3 Proof of Theorem 3.3

In this subsection, we aim to give a grammatical derivation of Theorem 1.4. Utilizing
Theorem 3.2, it suffices to prove Theorem 3.3.

Proof of Theorem 3.3. Let Dy be the formal derivative with respect to the grammar
H={z—>w, w—uv, u — uw,v — vz} (3.20)

We first show that

tn
CGen'™ (uv; t) == Z Dy (uv)—
n!

n>0

=2yl + yF(z,y; 1) (1 + 2 F(z,y;1)) (3.21)

21



and
Gen'™ (u?; 1) == u* (1 + yF (x,y: 1)) (L + xF (2, y; 1))e™ ", (3.22)

where = +y = w + z and xy = uv and F'(z,y;t) is given by (1.8).

Recall that Dy is the formal derivative with respect to the grammar (3.6) and Dy is
the formal derivative with respect to the grammar (3.20). If we set x + y = w + z and
ry = uv, we find that

Dg(zy) = zy(z +y) = wo(w + 2) = Dy (uv) (3.23)

and
Dg(x +y) = 2zy = 2uv = Dy (w + 2). (3.24)

We claim that forn > 1,
D%(xy) = D (uw). (3.25)

From (3.23), it is clear that (3.25) holds for n = 1. Assume that (3.25) holds for n. Since
D% (xy) is symmetric in xz, y, we can express D' (zy) as follows:

[2£2)

Dp(xy) = > aj(zy) (v +y)" %, (3.26)
j=1

where a; are integers. By the induction hypothesis, we have
Dip(uv) = Di(ay),

which implies that
B
D} (uw) Z a;(uwv)’ (w + 2)" 27, (3.27)
7j=1

Applying D to (3.26), we obtain

H

|22
Dyt (zy) = a;j(zyy ' (z +y)" 2 Dp(zy)
7

~ ‘

Il
—

[2£2)

+ ) aj(n—2j 4+ 2)(zy) (x + y)"" P Dy + y).
7=1

Since © + y = w + 2z and 2y = wwv, by applying (3.23) and (3.24), we deduce that
+

D (zy) Z a;j(uv)? " Hw + 2)"" T2 Dy (uv)

+

252
+ a;(n — 25+ 2)(w) (w + 2)"" 7' Dy (w + 2). (3.28)
1

v ‘

J
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Applying Dy to (3.27), and comparing it with (3.28), we conclude that
Dy (ay) = Dy (wv),
thus confirming that (3.25) holds for n + 1. This completes the proof. Therefore, we have
Cen™ (uv;t) = Gen™ (zy; 1). (3.29)
By applying the multiplicative property (3.5), and using (3.7) and (3.8), we deduce that

Gen™ (zy;t) = Y Di(xy) —, = zy(l+yF(z,y; 1)1+ aF(z,y3t)).  (3.30)

n>0
Substituting (3.30) into (3.29), we obtain (3.21).
To prove (3.22), we first observe that

Dy(uv™) = uwv™Hw — 2). (3.31)

Since
Dy(w—z) =0,

it follows that for n > 0,
D% (uwv™t) = woHw — 2)™

Hence

Gen(H) Z D (uv™t) v — yo e, (3.32)
n>0 ’
By the multiplicative property (3.5), we deduce from (3.21) and (3.32) that
Gen™ (u?;t) = Gen™ (uv™1; £)Gen™ (uv; t)
= w?((L+yF(z,y;)) (1 + 2F (z,y;1))e ",

which is (3.22).

Let «, £ be two fixed numbers. We see that
Dy (v*) = av* ' Dy (v) = av®z, (3.33)
Dy (u?) = Bu’ ' Dy (u) = puPw. (3.34)

Let D5 be the formal derivative with respect to the grammar (3.11). Setting @ = v and
b = u”. Then by (3.33) and (3.34), we find that

Dy(v*) = Dg(a) and Dy(u’) = Dg(b).
Moreover, it is easy to check that
Dy (u) = Dg(u), Dpu(v)=Dg(v), Du(w)=Dg(w), and Dg(z)= Dg(z).
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Hence we can use the induction on n to deduce that for n > 0,
D}y (v*) = D%(a) and Dy (u”) = D%(b),
providing that a = v® and b = u”. Consequently, for n > 0,
D% (ab) = D}, (v*u”). (3.35)
It follows that
Gen™) (ab;t) = Gen™ (v*u?; t)

—Q

:(Gen(H)(vu;t)) (Gen (u t))

Lb

—a)(w—2z)t

l\)\»—l

— P (14 yF(z,y:0) T (14 aF(z, ;)

octp ats

—ab(1+yF(z,y;t) 2 (14 zF(z,y;t)) 2 exBow=2)

as desired. This completes the proof of Theorem 3.3. ]

Note that the generating functions (3.21) and (3.22) in the proof of Theorem 1.4 can
also be derived by using the results of Fu [22].

4 The generating function for P,(u, v, w, z | a, )

In this section, we derive an explicit form of the generating function for P, (u, v, w, z | a, f3)
using Theorem 1.4. We then explore several consequences of Theorem 4.1, which provide
(o, B)-extensions of the generating functions for peaks, left peaks, double ascents, right
double ascents and left-right double ascents.

Theorem 4.1. We have

t" t
ZP u, v, W, 2 | ﬁ)—| e2(B-o)(w=2)t (cosh (5\/(10 +2)? — 4uv)

n>0
n y —(a+p)
w4z
- sinh [ = w+z2—4uv>
V(w+2)? — duv <2¢( ) )
Proof. From Theorem 1.4, we have
ZP(uvw 2|« ﬂ)ﬁ
n ) b ) ) n'
n>0
= (L4 aF(2,y50)) (1 + yF (0, 5:)) 5 e3 02, @.1)

where r +y = w + z and 2y = wv.

24



Recall that

ext _ eyt
F )= —————
(.137 Y, ) [L‘eyt _ y@xt7

and so

(x —y)e™ T y—ayt y \

L+ aF(z,yt) = = (— W™ =)

eyt — yert y—x y—x

Similarly,

—1
1+yF(x,y;t):( Y _ela=wr 7 ) :
y—x y—x

Given that z + y = w + z and zy = uv, we have

(w+ 2) — /(w0 + 2)? — duv
2 )

(w+ 2) + v/ (w + 2)? — duv
5 )

y g
Thus,

y— 1z =+/(w+ 2)? — duw,
1 (w+ 2)
2/(w+2)? —duv’
y 1.1  (w+z)
y—z 2 2\/(w+2)?—4duw
Substituting (4.6), (4.7) and (4.8) into (4.2), we obtain

P ey Y

T

+

1
Yy— 2

1

y—x y—x
B et (w+2)2—4uv +1 (w + Z) et\/(w+z)274uv .
2 V(W +2)% — duv 2
1

— (mm(g¢@wwﬁ—4m)

e L/ (w+z)2—duv

(w2) mm<%¢@wwy—4m)>.

_\/(w + 2)? — duv
Similarly, plugging (4.6), (4.7) and (4.8) into (4.3), we get
y—xr y—x

S (Cosh (%\/(w +2)2 — 4uv)

€% (w+2)2—4uv

Y Ve 4“)) |

V(w+ 2)? — duv
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Therefore,

(I+zF(x,y;t)(1 4+ yF(z,y;t (COSh < (w+2)? — 4uv)

(w+ 2

—2
. t
_ \/(w = )_ v sinh <§\/ w+ z)? 4uv>) , 4.9)

where r + y = w + z and xy = wv.

Substituting (4.9) into (4.1) yields the generating function for P, (u, v, w, z | «, 3) as
stated in Theorem 4.1. This completes the proof. ]

Many consequences can be derived from Theorem 4.1. By setting = 0 in Theorem
4.1, and applying (2.24) , we obtain the following result:

Theorem 4.2. We have

" t
Z (Z (UU)L(a)wlrda(a) dd(c ﬁrlmm(a)> — e%ﬁ(wfz)t % (COSh (5\/(10 +2)2 — 4uv)

n!
n>0 \oce6,

w—+ z

e (T B

Theorem 4.2 provides a unified extension of the generating functions for left peaks,
left-right double ascents and double ascents. More precisely, we obtain

* The -extension of the generating function (2.2) for left peaks established by Gessel

[30, Sequence A008971] (Replace v with w and then set w = z = v in Theorem
4.2.)

2L(o0), n—2L(c) primin(c) ﬁ
3 (5w

n!
n>0 \oe&,

B
02— 2
— . 4.10
(\/v2 — 42 cosh (t\/v2 - u2) — vsinh (t\/v2 - u2) > ( )

» The (-extension of the generating function (2.19) for left-right double ascents (Set
u = v = z = 1 and then replace w with « in Theorem 4.2.)

Z (Z ulrda(o‘)/@rlmin(o‘)) ﬁ — G%ﬁ(u—l)t
n!
n20 ocGy,
(u+1)2—-4
(u+1)% — 4 cosh (% (u+1)% — 4) — (1 + u) sinh <§ (u+1)%2 — 4)
(4.11)
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* The a-extension of the generating function (2.17) for double ascents (Set u = v =
w = 1, then replace z by u in Theorem 4.2, and finally take reverse of a permuta-

tion.)
Z (Z uda(g)alrmin(a)) ﬁ _ 6%oc(l—u)t
n!
n>0 \o€e6,
y (u+1)2—-4
(u+ 1)? — 4 cosh (% (u+1)%2 — 4) — (14 u) sinh (% (u+1)%2 — 4)

(4.12)

Replacing v with u and then setting w = z = v in Theorem 4.1 and applying (2.21),
we obtain

Theorem 4.3. We have

Z Z UQM(O')vn—?M(o‘)alrmin(a)—lﬁrlmin(a)—l "

n!
n>0 \oc€Sp41

a+p
0Z — 12
B (\/v2 — u? cosh (t\/v2 — u2) — vsinh (t\/v2 — uz) ) '

By setting v = o = 8 = 1 in Theorem 4.3, replacing u with /u, and performing

integration on both sides with respect to ¢, we retrieve the generating function (2.3) for
peaks.

Setting ©w = v = 2z = 1 and replacing w with « in Theorem 4.1 and using (2.21) gives
the following theorem.

Theorem 4.4. We have

Z Z urda(o‘)alrmin(a)—lﬁrlmin(o‘)—l " e%(ﬁ—a)(u—l)t

H =
n>0 €611

a+
1)2—-4
) s 1)

\/mcosh(g (u+1)2—4>—(1+u)smh(§ (u+1)2—4>

Setting @« = [ = 1 in Theorem 4.4 and performing integration on both sides with
respect to ¢, we recover the generating function (2.18) for right double ascents.

5 A formula for P,(u,v,w, 2z | o, ) with o + 5 = —1

This section is dedicated to deriving an explicit enumeration for P, (u, v, w, z | «, 3)
when o + 8 = —1 by utilizing Theorem 4.1.
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Theorem 5.1. When oo + 8 = —1 and forn > 1,
2"P,(u,v,w, z | a, B)
L

(5.1)

B

]

(22;) (w+2)* = 4uv)* (8 — )" (w — 2)" %

k=0
L5)

— (w+ 2) 2 (ka 1) (w+ 2)* — duv)*(B — )" 2" (w — 2)" 2L,

NIE

Proof. Whena+ = —1,and set r = \/(w + 2)? — 4uw, Theorem 4.1 gives
tn
an(u,v,w,z ’ avﬂ)m

n>0

1 1
— e3B=)w=2)t o (eosh (2t ) = & Rk sinh | =7t
2 T 2

l(ﬁ_Oé)(w—Z)t Tgn t?n T?n t2n+1
= e X Zﬁ@n)' —(w+2) 222n+1 (2n + 1)!

n>0 n>0

_ (B—a) (w—2z)"t" P2 g2n p2n g2l
= (nzo on H) X (; 22n (2n)! — (w+ 2) <Z 22n+1 (2, + 1)!>>

n>0

k

_ ﬁ n _ n—2k . n—2k’i
-3 (Z (50) 0 - @ w2

—(w+2)) ] (Qk’i 1) (8= a)" " w— >—> .

2n
k>0

Comparing the coefficients of ¢ /n! on both sides yields (5.1). This completes the proof.
|

Setting w = z = u = 1, replacing v with w in Theorem 5.1, and applying (2.21) yields
Theorem 1.5. Theorem 1.6 follows from Theorem 1.5 by setting o = 0.

By choosing &« = § = —1/2 in Theorem 5.1, we obtain
Theorem 5.2. Forn > 1,

1 1
2"P, (u,v,w,z | — 3 —5)

{ (w+ 2)? — 4uv)L2d,  if nis even,

—(w + 2)(w + 2)? — 4uv) 2L, if nis odd.

Setting ©u = v = z = 1, replacing w with v in Theorem 5.2, and employing (2.21)
yields Theorem 1.7.
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6 Two relations between P, (u, v, w, z |, 5) and A, (z,y | «, 5)

In this section, we begin by presenting two relations between P, (u, v, w, z | o, ) and
An(x,y | o, B) and giving their proofs. Subsequently, we derive several consequences
from these connections. These specific derivations will not only yield («, 3)-extensions of
the related relations associated with the Eulerian polynomial due to Stembridge, Petersen,
Brindén and Zhuang, but will also provide the left peak version of Stembridge’s formula,
the peak version of Petersen’s formula and their («, /3)-extensions.

Theorem 6.1. Forn > 1,

P (u,v,w,z | a,8) = - (Z)Ak (x,y | a+ B a+ﬁ> (B — )" *(w — 2)n*
k=0

2 72 2=k ’
(6.1)
where v +y = w + z and vy = uv.
Proof. Combining Theorem 1.1 and Theorem 1.4, we derive that
ZP(uvw z|aﬁ)ﬁ
n ) ) Y ) n!
n>0
k
_l(B—a)(w-2)t at B atp\tr
=e€2 ZAk <I7y | 2 ) 9 k!
k>0
- (B —a)™(w — z)™tm a+ 8 a+ B tF
() (o (s 200
m>0 k>0
L g a+f a+B\ (B—a)"Fw—z)"*
= — A . (6.2
= (kz—o(k> k(x,yl 2 7 2 ) ank (©2

Equating the coefficients of t"/n! yields the desired result. This completes the proof.
Theorem 6.2. Forn > 1,

P, (u,v,w, z | o, B)

> (n> Ap (2,9 10,0+ 8) (ax — By + (8 — c)w)" " (6.3)

k=0 k
= (Z) A (z,y | a+B,0) (ay — Bz + (B — a)w)"F (6.4)
k=0

where x + y = w + 2z and xy = uv.
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Proof. By (1.8), we see that

_ xt _ yt
(l’ y)e and 1 + yF(a:,y;t) — M

l+zF(z,y;t) = ————— .
( Yy ) l,eyt_yext xeyt—yext

Hence

(14 2F(z, ;) (1 +yF(x, y:t)) 2 ex@-elwman

z—y " (maw-n, @rsEiny,
— < e( 2 + 2 )

revt — yert
B=a)(w=z) | (atB)(x—y)
— (14 yF(z, y; 1)) e =) (6.5)
— (14 aF(x, y; t)) Pl T3 ) (6.6)

Substituting (1.7) into (6.5), and using Theorem 1.4, we deduce that

tn
ZPn(u, v,w,z | o, f)—
n!

n>0

— (1 + yF<x,y;t))aJrBe((B*a)Q(wfz)+(a+6)2(zfy))t

k m
_ (ZAk(g;,y|0,a+6)%) (Z(ax—ﬂyﬂﬁ—a)w)m%)»

k>0 m>0
where the last line follows from x + y = w + z. Equating the coefficients of ¢ /n! yields
relation (6.3).
Plugging (1.7) into (6.6), and applying Theorem 1.4, then we derive that

tn
ZPn(u, v,w,z | o, f)—
n!

n>0

= (14 xF(z,y; t))c“rﬁe((Bfaé(wfz)Jr(a*B)z(y*”))t

k m
_ (ZAk(may‘a"‘ﬁ’O)%) (Z(&y—ﬁx—l—(ﬁ—&)w)m%).

Equating the coefficients of ¢"/n! yields the relation (6.4). This completes the proof of
Theorem 6.2. i

Several consequences can be drawn from Theorems 6.1 and 6.2.

* Setting w = z and v = v in Theorem 6.1, we find that

w:z:x;y and u=v= /7y, (6.7)

and using the combinatorial definitions (2.20) and (2.21) of A, (z,y | , 3) and
P,(u,v,w, z | , B), respectively, we obtain Theorem 1.8.
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e Setting @« = $ = 1 and y = 1 in Theorem 1.8, we recover relation (2.4) due to
Stembridge.

* Choosing o = 0 in Theorem 1.8 yields Theorem 1.9.

e Setting f = 1 and y = 1 in Theorem 1.9, we obtain the following consequence,
which can be viewed as the left peak version of Stembridge’s formula.

Theorem 6.3. Forn > 1,

1 Irmin(o)+rlmin(o)—2 1 n 4 L(o)
Z $des(a) - — T Z i . (68)
2 2 (1+2)2

€641 oeGy,

* Setting o = f3, replacing u with uz, and replacing w with v in Theorem 6.1, apply-
ing (2.10), (2.20), and (2.21), we deduce the following consequence, which can be
viewed as the a-extension of Zhuang’s relation (2.6).

Theorem 6.4. Forn > 1,

Z uM(o') ,Udes(a) wasc(a) alrmin(U)Jrrlmin(U) -2

oeG,
- Z $des(0)yasc(a)alrmin(a)—f—rlmin(g)—Q, (69)
ogeG,
where
_ 2_4
o= W) = V(wtv)? - duvw (6.10)
2
and

(w+v)+\/(w+v)2—4uvw'

5 (6.11)

Note that (6.10) and (6.11) follow from (4.4) and (4.5) upon replacing u with uw
and z with v.

e Setting v = 1, w = 1, a = z/y,and b = (y — 1)/(1 — z) in Theorem 6.4, we
recover relation (2.6) established by Zhuang [43, Theorem 4.2].

* Setting w = z and v = v in (6.4), and using (2.21) and (2.26), we get

Theorem 6.5. Forn > 1,

n—2M (o)
o ZL‘—’-y rmin(c)—1 Qrlmin(o)—
Z(xy)M()< ) Qlrmin(e)—1 grimin(o) -1

€641 2
() ( 32 el o 6>“mm(a)>
k=1 oeBy
. (((04+5)2(y—$)))n. (6.12)



* By choosing @ = 0 in Theorem 6.5, and using (2.24), we derive the following (-
extension of Petersen’s relation, from which we recover relation (2.5) by setting
y=1land = 1.

Theorem 6.6. Forn > 1,

n—2L(o)
Z (2y)" (x + y) rimin(o)
2

ceG,

- n 5 y—x ok es(o asc(o) plrmin(o
_ (J%(Zxd (@)+1,sc(a) ())
k=1

cEGy

. (<5<y2— x)))"‘ 6.1

* By setting y = 1 and @ = 8 = 1 in Theorem 6.5, we derive the following relation,
which can be viewed as the peak version of Petersen’s formula (2.5).

Theorem 6.7. Forn > 1,

() 2 ()

Xn: ( ) _ n k Z pdes(o)+19lrmin(o) + (1 _ x)n

k=1 ceBy

* Replacing « with uw and z with v in (6.4), and applying (2.21) and (2.26), we
obtain the following consequence, which can be viewed as an («, )-extension of
the peak version of Zhuang’s relation (2.9).

Theorem 6.8. Forn > 1,

Z uM(a)Udes(U)wasc(a) alrmin(d)flﬂrlmin(a)fl (6.14)
UEG7L+1
& n I‘Inln g
=2 (k> (ay — Bz + (8- a) (Z 2SOy 0 ) >>
k=1 €6y
+ (ay — fr+ (B — a)w)", (6.15)

where x and y are given by (6.10) and (6.11), respectively.

 Setting @ = 0 in Theorem 6.8 yields
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Theorem 6.9. Forn > 1,

Z uL(U)Udes(o)wn—des(a)ﬁrlmin(a)

_ (Z) (B(UJ . x))nfk (Z xdes(a)—i—lyasc(a)ﬁlrmin(a)) + (ﬁ(w N x))n ,
k=1

<GP

(6.16)

where x and y are given by (6.10) and (6.11), respectively.

e Setting S =1, w=1,a=z/yandb = (y—1)/(1 —z) in Theorem 6.9, we recover
the relation (2.9) due to Zhuang [43, Theorem 4.7].
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