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Abstract

This paper proposes an efficient Adaptive Finite Element Method (AFEM) for solving the
eigenvalue problem with discontinuous coefficients. Different from the existing adaptive algo-
rithms for eigenvalue problems, the method innovatively focuses on solving linearized boundary
value problems in each adaptively refined space, complemented by solving small-scale eigenvalue
problems on low-dimensional augmented subspaces, which are automatically controlled by the
algorithm. Notably, it does not require solving the small-scale eigenvalue problem at every itera-
tion, which improves the computational efficiency. Moreover, a novel a posteriori error estimator,
which relies on the local oscillations of coefficients near singular points, guides the adaptive refine-
ment process. To further substantiate this method, we give a thorough and rigorous convergence
analysis in this paper. Finally, two numerical examples are provided to illustrate the accuracy
and efficiency of our new AFEM.
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1 Introduction

Solving large-scale eigenvalue problems becomes a fundamental problem in modern science and en-
gineering society. Eigenvalue problems with discontinuous coefficients [29, 39] arise in various appli-
cations, including photonic crystals and their spectral band gaps [6, 15, 44], Sturm-Liouville equation
and inverse eigenvalue problems [1, 5, 18], and quantum physics [9, 21] et al. In recent years, a few
numerical investigations have been devoted to computing eigenvalue problems with discontinuous coef-
ficients, such as the plane wave expansion method [23], finite element method [6,40], spectral (element)
method [29, 39], two-grid method [10], discontinuous Galerkin method [8, 26]. However, those direct
applications of standard discretization schemes lead to particularly high computational costs. In fact,
discontinuous coefficients across the interface can lead to abrupt changes in the solution, exhibiting
inherent multiscale behavior characterized by localized high-gradient zones near the interface.

Subspace correction methods [42] are a fundamental and effective class of algorithms for eigenvalue
problems. The two-grid/two-level method has proven to be an efficient numerical approach. Since
its initial development by Xu and Zhou [43], this approach has inspired subsequent advancements
in [14,19], particularly in addressing challenging eigenvalue problems with nonlinearity. Additionally,
[4] proposed a polynomial-based subspace correction approach with guaranteed superconvergence.
Recently, a type of efficient augmented subspace method (multigrid or multilevel correction method)
for eigenvalue problems has been proposed in Ref. [22,24,41]. In particular, this augmented subspace
method can achieve the optimal error estimate with (quasi-)optimal computational work.

The adaptive mesh refinement method based on the a posteriori error estimator has been widely
used to improve the convergence rate of the singular problem [9,21,37]. Based on the augmented sub-
space method, [20] has proposed h-adaptive multilevel methods for eigenvalue problems. Furthermore,
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several effective p-adaptive methods (achieving accuracy enhancement through polynomial order ad-
justment) have been proposed for eigenvalue problems in references [4, 16, 17, 33]. In particular, the
adaptive finite element method (AFEM) has been successfully applied to photonic crystal eigenvalue
problems (a class of eigenvalue problems with discontinuous coefficients) [15,36]. For eigenvalue prob-
lems with discontinuous coefficients, [34,35] have developed effective a posteriori error estimators. To
the best of our knowledge, rigorous convergence proofs for AFEM applied to eigenvalue problems with
discontinuous coefficients remain scarce in the literature.

In this paper, we propose a new type of augmented subspace AFEM to solve eigenvalue problems
with discontinuous coefficients. Overall, the main objectives of this paper are threefold:

(1) Adopt the a posteriori error estimator η(f, uh; e) of the linearized boundary value problem with
discontinuous coefficients for the discussed eigenvalue problem

η2(f, uh; e) =
∑
τ∈ωe

Λτ∥hτα
−1/2
τ Rτ (f, uh)∥20,τ + Λe∥h1/2

e α−1/2
e Je(uh)∥20,e,

where f is the right-hand side of the linearized boundary value problem, uh is the approximation
of the eigenfunction on the discussed mesh; e is the edge of the element, ωe is the collection of two
elements sharing the edge e, hτ and he are the diameter of element τ and edge e, respectively;
Rτ (f, uh) is the element residual, Je(uh) is the jump residual; Λτ , Λe, ατ and αe are constants
related to the coefficient α. Please see (3.1) for details.

(2) Develop a new AFEM solver (Algorithm 3.3 and the flowchart Fig. 1) for eigenvalue problems
with discontinuous based on the augmented subspace method, which is accelerated by the inverse
power method.

(3) Derive the convergence (Theorem 4.2) of the proposed augmented subspace AFEM algorithm
for eigenvalue problems with discontinuous coefficients.

In this algorithm, we try to balance the linear error (the numerical error of the linearized boundary
value problem) and the nonlinear error (the error between the solutions of the eigenvalue problem
and the corresponding linearized boundary value problem) to ensure error reduction while reducing
computational costs. More precisely (cf. Step 3 of Algorithm 3.2),

(a) if the linear error is larger than the nonlinear error in some sense, we refine the mesh adaptively
and solve the linearized boundary value problem (the inverse power method) defined on the
adaptively refined mesh to reduce the linear error;

(b) otherwise, we solve the small-scale eigenvalue problem on the low-dimensional augmented sub-

space VH + span{u(j)
h } and update the right-hand side term of the linearized boundary value

problem to reduce the nonlinear error,

here VH is the finite element space defined on the coarsest mesh. The initial mesh for our adaptive

finite element method can be either VH or a uniform refinement of VH . The term u
(j)
h represents

the approximate solution of the corresponding boundary value problem, please see Algorithm 3.2 for
details.

Actually, we can prove that the nonlinear error is a higher-order term compared with the linear
error and the higher-order factor is ζa(VH) defined in (2.8), see Lemma 3.5 and Theorem 4.1 for details.
Therefore, we mainly focus on solving the linearized boundary value problems defined on adaptively
refined meshes to reduce the linear error. Since the main computational work is spent on solving the
linearized boundary value problems, the cost of this AFEM can be improved to be almost the same as
that of the associated linearized boundary value problems. Compared with [20], our method greatly
reduces the number of eigenvalue problems solved on augmented subspaces, thereby improving the
computational efficiency. For details, please refer to Tables 1 and 2 in the numerical experiments.

The rest of this paper goes as follows. The considered eigenvalue problem and its corresponding
finite element method are given in Section 2. In Section 3, the efficient augmented subspace AFEM
is proposed for the eigenvalue problem with discontinuous coefficients. We give the analysis of the
convergence of our AFEM algorithm in Section 4. Two numerical examples are presented in Section
5 to illustrate the efficiency of the proposed AFEM algorithm. In the last section, we give some
concluding remarks.
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2 Finite element method for eigenvalue problems with discon-
tinuous coefficients

We use the standard notation for Sobolev spaces W s,p(Ω) and their associated norms (cf. [12]). We
denote H1(Ω) = W 1,2(Ω) equipped with the norm ∥ · ∥1. Let H1

0 (Ω) = {v ∈ H1(Ω) : v|∂Ω = 0}, where
v|∂Ω is understood in the sense of trace. For simplicity, we denote V := H1

0 (Ω). In this paper, the
notation A ≲ B means that A ≤ CB for some constant C which is independent of the mesh size.

2.1 Eigenvalue problems with discontinuous coefficients

In this subsection, we shall present some basic results of the finite element method for the second-
order elliptic eigenvalue problem. Here, for simplicity, we are concerned with the following general
eigenvalue problem with discontinuous coefficients: Lu := −∇ · (α(x)∇u) + φ(x)u = λu in Ω,

u = 0 on ∂Ω,∫
Ω
|u|2dΩ = 1,

(2.1)

where Ω is a polyhedral domain in Rd (d = 2, 3), the discontinuous coefficient α(x) is positive and
piecewise constant and 0 ≤ φ(x) ∈ L∞(Ω).

The weak form for (2.1) is defined as follows: Find (λ, u) ∈ R× V such that ∥u∥b = 1 and

a(u, v) = λb(u, v), ∀v ∈ V, (2.2)

where the bounded bilinear form a(·, ·) and b(·, ·) are defined by

a(u, v) =

∫
Ω

(α∇u · ∇v + φuv)dΩ, b(u, v) =

∫
Ω

uvdΩ, (2.3)

respectively, and ∥ · ∥b :=
√
b(·, ·). It is evident that ∥ · ∥b is nothing but the standard norm ∥ · ∥L2(Ω).

From properties of α(x) and φ(x), the bilinear form a(·, ·) satisfies

|a(w, v)| ≲ ∥w∥1∥v∥1, ∀w, v ∈ V,

∥w∥21 ≲ a(w,w), ∀w ∈ V.

Hence we can define the energy norm as ∥ · ∥a =
√

a(·, ·), then we have

ca∥v∥1 ≤ ∥v∥a ≤ Ca∥v∥1, ∀ v ∈ V,

where ca and Ca are some positive constants. Hence, we have the following inequality between ∥ · ∥b
and ∥ · ∥a,

∥v∥b ≤ ∥v∥1 ≤ 1

ca
∥v∥a, ∀ v ∈ V. (2.4)

Define the Rayleigh quotient as

RQ(v) :=
a(v, v)

b(v, v)
, ∀ v ∈ V \{0}.

As we know, the eigenvalue problem (2.2) has a countable sequence of real eigenvalues

0 < λ1 < λ2 ≤ λ3 ≤ · · ·

and corresponding orthogonal eigenfunctions

u1, u2, u3, . . . ,

which satisfy b(ui, uj) = δij (i, j = 1, 2, . . .), where δij is the Kronecker notation. In the sequence
{λi}i≥1, the λi are repeated q times according to their geometric multiplicity q.

Now we state a useful Rayleigh quotient expansion for an eigenvalue, which is expressed by the
eigenfunction approximation (see [3]).

Lemma 2.1. Let (λ, u) be an eigenpair of (2.2). Then for any w ∈ V \{0}, we have

a(w,w)

b(w,w)
− λ =

a(w − u,w − u)

b(w,w)
− λb(w − u,w − u)

b(w,w)
. (2.5)
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2.2 Finite element method for eigenvalue problems with discontinuous co-
efficients

In this subsection, we introduce the finite element method for problem (2.2). We first decompose the
computing domain Ω ⊂ R2 into triangles to produce the mesh such that α(x) is a constant on the
interior point of each element (cf. [12]). In this paper, we discuss the finite element discretization on a
family of shape-regular and nested conforming meshes T := {Th}h>0: there exists a constant γ∗ such
that

hτ

h′
τ

≤ γ∗, ∀ τ ∈
⋃
h

Th,

where hτ is the diameter of τ for each element τ ∈ Th, h′
τ is the diameter of the biggest ball contained

in τ and h := max{hτ : τ ∈ Th}. Eh is used to denote the set of interior edges of Th. For any e ∈ Eh,
we denote the diameter by he. For any τ ∈ Th, let ωτ =

{
τ ′ ∈ Th : τ ′ ∩ τ ̸= ∅

}
. Let ωe be the

collection of two elements sharing the edge e ∈ Eh.
For each node x, let ωx be the union of all elements τ sharing x as the common node, and let κx

be all elements τ ⊂ ωx where the coefficients ατ achieve the maximum in ωx. The distribution of
coefficients ατ , τ ⊂ ωx, will be called quasi-monotone with respect to x if the following conditions
are fulfilled: For each element τ ⊂ ωx there exists a Lipschitz set τqmx with (τ ∪ κx) ⊂ τqmx ⊂ ωx, such
that

ατ ≤ ατ ′ , ∀τ ′ ⊂ τqmx , τ ′ ∈ Th.

If x is a boundary node, it is additionally required that measd−1(∂τ
qm
x ∩∂Ω) > 0. The nodes concerning

which the quasi-monotone condition is violated are called singular nodes. For further information
about the quasi-monotone condition, we refer to [13].

Then the conforming finite element space Vh ⊂ V can be constructed based on the mesh Th. For
simplicity, we consider the Lagrange-type finite element space

Vh =
{
vh ∈ V : vh|τ ∈ Pm(τ), ∀τ ∈ Th

}
,

where Pm(τ) denotes the space of polynomials with degree no more than m.

The standard finite element scheme for (2.2) is: Find (λh, uh) ∈ R×Vh such that b(uh, uh) = 1 and

a(uh, vh) = λhb(uh, vh), ∀ vh ∈ Vh. (2.6)

From Ref. [2, 3], we know that the discrete eigenvalue problem (2.6) has eigenvalues

0 < λ1,h ≤ · · · ≤ λi,h ≤ · · · ≤ λNh,h,

and corresponding eigenfunctions
u1,h, · · · , ui,h, · · · , uNh,h,

where b(ui,h, uj,h) = δij , 1 ≤ i, j ≤ Nh (Nh is the dimension of the finite element space Vh).

Based on the finite element space Vh, the Galerkin-Ritz projection Ph : V → Vh can be defined by

a(w − Phw, vh) = 0, ∀w ∈ V and ∀vh ∈ Vh. (2.7)

Then, it is easy to know, for any w ∈ V

∥Phw∥a ≤ ∥w∥a and ∥w − Phw∥a → 0, as h → 0.

Define ζa(Vh) as

ζa(Vh) := sup
f∈L2(Ω),∥f∥b=1

inf
vh∈Vh

∥Tf − vh∥a, (2.8)

where the operator T : L2(Ω) → V is defined by the following boundary value problem: for any
f ∈ L2(Ω), find w ∈ V , such that

a(w, v) = b(f, v), ∀v ∈ V, (2.9)
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and Tf := w.

Let M(λi) denote the eigenspace corresponding to the eigenvalue λi of (2.2), i.e.,

M(λi) =
{
w ∈ V : w is an eigenfunction of (2.2) corresponding to λi

}
.

To simplify the description, we define the following error notation:

δh(λi) := sup
w∈M(λi),∥w∥b=1

inf
vh∈Vh

∥w − vh∥a.

From Ref. [2, 3], we know that ζa(Vh), δh(λi) → 0, as h → 0 and

ζa(V
′
h) ≤ ζa(Vh), if Vh ⊂ V ′

h. (2.10)

The error estimates of the eigenpair approximations for the eigenvalue problem with discontinuous
coefficients by the finite element method is stated in the following theorem.

Theorem 2.1 ([2,15]). Assume (λi,h, ui,h) ∈ R× Vh is the solution of (2.6). Then there exists exact
eigenpair (λi, ui) of (2.2) such that the following error estimates hold

∥ui,h − ui∥a ≤ Ceaδh(λi),

∥ui,h − ui∥b ≤ Cebζa(Vh)∥ui,h − ui∥a,
|λi,h − λi| ≤ Ceλ∥ui,h − ui∥2a ≤ Ceλδh(λi)∥ui,h − ui∥a,

where Cea, Ceb and Ceλ are some positive constants independent of the mesh size h.

Remark 2.1. It should be noted that ζa(Vh) is essentially the higher-order factor of the convergence
analysis from ∥ · ∥a (H1-norm) to ∥ · ∥b (L2-norm) in the Aubin-Nitsche duality argument.

3 Augmented subspace AFEM for eigenvalue problems with
discontinuous coefficients

We now give a new AFEM algorithm based on the augmented subspace method for eigenvalue problems
with discontinuous coefficients. More details about the augmented subspace method can be found in
Ref. [24, 41]. At first, we recall the classical AFEM for the boundary value problem. For simplicity,
we omit the subscript i of the eigenpair (λi, ui) and approximation solution (λi,h, ui,h) hereafter.

3.1 AFEM for boundary value problem

For problem (2.9), given the initial mesh, the form of the standard AFEM can be described as

SOLVE → ESTIMATE → MARK → REFINE.

Considering the discontinuous coefficient for the boundary value problem, we use a kind of error
estimator that depends locally on the oscillations of the coefficients around singular points. For a
right hand side term f ∈ L2(Ω) and a finite element function vh ∈ Vh, we define the element residual
Rτ (f, vh) and the jump residual Je(vh) as follows

Rτ (f, vh) := f − Lvh = f +∇ · (α∇vh)− φvh, in τ ∈ Th,
Je(vh) := −(α∇v+h ) · n

+ − (α∇v−h ) · n
− = [[α∇vh]]e · ne, on e ∈ Eh,

where u+
h = uh|τ+ , u−

h = uh|τ− , e is the common edge of element τ+ and τ− with the unit outward
normals n+ and n−, respectively and ne = n+. For the problem with discontinuous coefficients, we
introduce the following modified local residual estimator η(f, uh; e) [11]

η2(f, vh; e) :=
∑
τ∈ωe

Λτ∥hτα
−1/2
τ Rτ (f, vh)∥20,τ + Λe∥h1/2

e α−1/2
e Je(vh)∥20,e, (3.1)
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where ∥ · ∥0,τ and ∥ · ∥0,e denote the standard L2-norm on element τ and edge e, respectively, and ατ

is the constant value of α(x) on interior point of τ ∈ Th, αe := maxτ∈ωe{ατ} for e ∈ Eh,

Λτ :=

max
τ ′∈ωτ

(
ατ

ατ ′

)
, if τ has one singular node,

1, otherwise,

where Λe := max
τ∈ωe

{Λτ}.

For any submesh T ′
h ⊂ Th, we denote interior edges of T ′

h by E ′
h, and define

η2(f, vh; T ′
h) :=

∑
e∈E′

h

η2(f, vh; e). (3.2)

For any f ∈ L2(Ω), we define the local data oscillation as

osc2(f, vh; τ) := ∥hτα
−1/2
τ (I −Qτ )Rτ (f, vh)∥20,τ , (3.3)

where Qτ is the L2 projection operator onto polynomials of some degree on τ . For any submesh
T ′
h ⊂ Th, we define data oscillation as

osc2(f, vh; T ′
h) :=

∑
τ∈T ′

h

osc2(f, vh; τ).

Now, we present the reliability and efficiency of the a posteriori error estimator η(f, Phw; Th) for
boundary value problem (2.9) in the following lemma (see, e.g. [11,28,31]).

Lemma 3.1 ([11, Theorem 2.1, Theorem 2.2]). For any f ∈ L2(Ω), there exist constant Cup only
depending on the regularity constant γ∗ and the coercivity constant ca, and the constant Clow only
depending on γ∗ and the continuity constant Ca such that

∥(I − Ph)Tf∥a ≤ Cupη(f, PhTf ; Th), (3.4)

Clowη(f, PhTf ; Th) ≤ Λ
1
2

(
∥(I − Ph)Tf∥a + osc(f, PhTf ; Th)

)
, (3.5)

where Λ = max
τ∈Th

{Λτ}, and Tf is the solution of problem (2.9).

For convenience, we define some modules to present the standard AFEM algorithm for the boundary
value problem.

• wh = B SOLVE(f, Vh): Solve the boundary value problem (2.9) with the right-hand side term f
in the finite element space Vh and output the approximate solution wh ∈ Vh.

•
[
{η(f, vh; e)}, {osc(f, vh; τ)}

]
= ESTIMATE(f, vh, Th): Compute the error indicator on each

interior edge e ∈ Eh of Th according to (3.1) and the data oscillation on each element τ ∈ Th
according to (3.3).

• Mh = MARK
(
θ1, θ̂1, {η(f, vh; e)}, {osc(f, vh; τ)}, Th

)
: Construct a subset Mh of Th by Morin-

Nochetto-Siebert (MNS)-marking strategy (c.f. [30]) with θ1, θ̂1 ∈ (0, 1), (f, vh, Th), and
mark all elements in Mh.

• [Thk+1
, Vhk+1

] = REFINE(Mhk
, Thk

): Output a conforming refinement Thk+1
of Thk

where at
least all element in Mhk

are refined and construct the corresponding finite element space Vhk+1

on Thk+1
.

Remark 3.1. We use the iterative or recursive bisection (see, e.g. [27, 38]) of elements with the
minimal refinement condition in REFINE. Let γ ∈ (0, 1) be the reduction factor of element size
associated with one refinement step, then if τ ′ is one of the elements obtained by refining τ once, we
have hτ ′ ≤ γhτ (c.f. [11, Lemma 3.3] and [30, Lemma 3.8]).

For ease of reference, we now recall the MNS-marking strategy in Ref. [30].
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MNS-marking strategy

Input: θ1, θ̂1 ∈ (0, 1), Th ∈ T, f ∈ L2(Ω) and vh ∈ Vh.

Marking strategy:

1. Select a subset Êh of sides in Eh such that∑
e∈Êh

η2(f, vh; e)

1/2

≥ θ1

(∑
e∈Eh

η2(f, vh; e)

)1/2

.

2. Let Mh be the set of elements with one side in Êh. Enlarge Mh such that

osc(f, vh;Mh) ≥ θ̂1osc(f, vh; Th).

Output: Mh ⊂ Th.

Then we recall the standard AFEM for the boundary value problem (2.9).

Algorithm 3.1. AFEM for boundary value problem

Input: Given some parameters θ1, θ̂1 ∈ (0, 1), ε > 0, a function f ∈ L2(Ω), a mesh Th1 ∈ T
and the corresponding finite element space Vh1

.

Iteration: Set k = 1 and do the following loops:

1. whk
= B SOLVE(f, Vhk

);

2.
[
{η(f, whk

; e)}, {osc(f, whk
; τ)}

]
= ESTIMATE(f, whk

, Thk
);

3. if η(f, whk
; Thk

) < ε

return whk
;

else

Mhk
= MARK

(
θ1, θ̂1, {η(f, whk

; e)}, {osc(f, whk
; τ)}, Thk

)
;

4. [Thk+1
;Vhk+1

] = REFINE(Mhk
, Thk

);

5. Set k = k + 1 and goto Step 1.

Output: The approximate solution whk
.

For the finite element solution of the boundary value problem (2.9), it is easy to know

whk
= Phk

w = Phk
Tf

based on (2.7). About the AFEM Algorithm 3.1 for boundary value problems, we state the following
three lemmas.

Lemma 3.2 ([11, Lemma 3.2]). Let Thk+1
be a refinement of Thk

according to the MNS-marking
strategy, whk+1

and whk
are the finite element solution on the mesh Thk+1

and Thk
, respectively. Then
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there exists a constant C̃low ≤ 1 depending only on the minimum angle of the mesh Thk
such that for

all e ∈ Êhk
(the collection of all sides belonging to the marked elements) we have

C̃lowη(f, whk
; e) ≤ Λ

1
2
e

(∑
τ∈ωe

∥whk+1
− whk

∥a,τ +
∑
τ∈ωe

osc(f, whk
; τ)

)
.

Here we recall that Λe = max
τ∈ωe

{Λτ}.

Lemma 3.3 ([11, Lemma 3.3]). Given the refine parameter θ̂1 ∈ (0, 1), let σ̂ =
(
1− (1− γ2)θ̂21

) 1
2 and

Thk+1
be a refinement of Thk

according to MNS-marking strategy. Then we have

osc(f, whk+1
; Thk+1

) ≤ σ̂osc(f, whk
; Thk

).

Lemma 3.4 ([11, Theorem 3.4]). Let β ∈ R satisfy max{σ, σ̂} < β < 1 where

σ =

(
1− C̃2

lowθ
2
1

2C2
upΛ

)1/2

,

here C̃low ≤ 1 is defined in Lemma 3.2, Λ := max
τ∈Thk

Λτ , and σ̂ is defined in Lemma 3.3. Set

C0 =

(
∥(I − Ph1)w∥2a +

1

β2 −min{σ2, σ̃2}
osc2(f, wh1 ; Th1)

)1/2

.

Then, the AFEM Algorithm 3.1 for boundary value problem produce a convergent sequence {whk
}k≥1

of discrete solutions such that

∥(I − Phk
)w∥a ≤ C0β

(k−1). (3.6)

3.2 Augmented subspace AFEM for eigenvalue problems with discontinu-
ous coefficients

Based on the augmented subspace method, we need to solve both the boundary value problem and
the eigenvalue problem in the proposed AFEM algorithm. Then we introduce the following module.

• (λh, uh) = E SOLVE(Vh): Solve the eigenvalue problem (2.6) in the finite element space Vh and
output the desired discrete eigenpair (λh, uh) ∈ R× Vh.

3.2.1 Iterative augmented subspace method

To describe the augmented subspace AFEM algorithm for eigenvalue problems with discontinuous
coefficients clearly, we first give the iterative augmented subspace method in this subsection.

We first choose the coarsest mesh TH on Ω, and then construct the corresponding Lagrange-type
finite element space VH as

VH =
{
vH ∈ V : vH |τ ∈ Pm(τ), ∀τ ∈ TH

}
.

Suppose we are given a refined finite element space Vh (VH ⊂ Vh), a parameter θ2 ∈ (0, 1) and a

function f
(0)
h ∈ L2(Ω). Assume ζ > 0 is a given error indicator (see Algorithm 3.3 for details), the

iterative augmented subspace method is defined by Algorithm 3.2.

Algorithm 3.2. Iterative augmented subspace method

Input: Given a parameter θ2 ∈ (0, 1), a function f
(0)
h ∈ L2(Ω), an error indicator ζ > 0, a

coarse finite element space VH and a refined finite element space Vh.

Iteration: Set j = 0 and do the following loops:
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1. u
(j)
h = B SOLVE(f

(j)
h , Vh), λ

(j)
h = RQ(u

(j)
h );

2.
[
{η(f (j)

h , u
(j)
h ; e)}, {osc(f (j)

h , u
(j)
h ; τ)}

]
= ESTIMATE(f

(j)
h , u

(j)
h , Th);

3. (a) if η(f
(j)
h , u

(j)
h ; Th) > θj+1

2 ζ

return
(
λ
(j)
h , u

(j)
h , {η(f (j)

h , u
(j)
h ; e)}, {osc(f (j)

h , u
(j)
h ; τ)}, j

)
;

(b) else

(λ̃
(j)
h , ũ

(j)
h ) = E SOLVE(VH + span{u(j)

h }), f (j+1)
h = λ̃

(j)
h ũ

(j)
h , j = j + 1,

goto Step 1.

Output: The eigenpair approximation (λ
(j)
h , u

(j)
h ), estimator {η(f (j)

h , u
(j)
h ; e)}, oscillation

{osc(f (j)
h , u

(j)
h ; τ)} and the maximum value of iteration indicator j;

Denote this augmented subspace method as[
(λh, uh), {η(fh, uh; e)}, {osc(fh, uh; τ)}, jh

]
= IterAugSub(θ2, VH , Vh, ζ, f

(0)
h ).

It should be noted that the maximum value jh of the iteration index j exists. Please refer to Remark
3.3 for details.

Remark 3.2. In practical implementation, for the eigenvalue problem defined in the augmented sub-

space VH + span{u(j)
h }, we choose the one with the largest component on u

(j)
h as the eigenfunction

approximation ũ
(j)
h to make sure we obtain the desired eigenpair.

According to Algorithm 3.2, define the corresponding solution of the boundary value problem

w(j) := Tf
(j)
h , j = 0, · · · , jh, (3.7)

then we have

u
(j)
h = PhTf

(j)
h = Phw

(j), j = 0, · · · , jh. (3.8)

Together with (3.7)-(3.8) and the triangle inequality, we give the following inequality

∥u(j)
h − u∥a ≤ ∥(I − Ph)w

(j)∥a + ∥w(j) − u∥a, j = 0, · · · , jh. (3.9)

Actually, ∥(I − Ph)w
(j)∥a is the linear error (the numerical error of the linearized boundary value

problem) and ∥w(j) − u∥a denotes the nonlinear error (the error between solutions of the linearized
boundary value problem and eigenvalue problem). Furthermore, the following lemma shows that the
nonlinear error ∥w(j) − u∥a is a higher-order term.

Lemma 3.5. Suppose w(j) is defined in (3.7), then there exists a constant C1 > 0, such that

∥w(j) − u∥a ≤ C1ζa(VH)∥u(j−1)
h − u∥a, j = 1, · · · , jh, (3.10)

where C1 := C̃2

(
CeλC̃1 + Cebλ

)
/ca, and C̃1 > 0, C̃2 ≥ 1 are some constants.

Proof. From the definition (3.7), it is easy to get the following equations

a(w(j), v) = b(f
(j)
h , v) = b(λ̃

(j−1)
h ũ

(j−1)
h , v), ∀v ∈ V.

9



It is easy to know that there exists a constant C̃1 > 0 such that δH(λ) ≤ C̃1ζa(VH) (cf. [2, 25]).
According to Theorem 2.1, (2.4) and ζa(Vh) ≤ ζa(VH), we have

∥w(j) − u∥2a = a(w(j) − u,w(j) − u)

= b(λ̃
(j−1)
h ũ

(j−1)
h − λu,w(j) − u)

≤ ∥λ̃(j−1)
h ũ

(j−1)
h − λu∥b∥w(j) − u∥b

≤
(
|λ̃(j−1)

h − λ|∥ũ(j−1)
h ∥b + λ∥ũ(j−1)

h − u∥b
) 1
ca

∥w(j) − u∥a

≤ 1

ca

(
CeλδH(λ) + Cebλζa(VH)

)
∥ũ(j−1)

h − u∥a∥w(j) − u∥a

≤ 1

ca

(
CeλC̃1 + Cebλ

)
ζa(VH)∥ũ(j−1)

h − u∥a∥w(j) − u∥a.

From Ref. [2], there exists a constant C̃2 ≥ 1 such that

∥ũ(j−1)
h − u∥a ≤ C̃2 inf

vh∈VH+span{u(j−1)
h }

∥vh − u∥a

≤ C̃2∥u(j−1)
h − u∥a.

Combining the above two inequalities leads to

∥w(j) − u∥a ≤ 1

ca

(
CeλC̃1 + Cebλ

)
ζa(VH)∥ũ(j−1)

h − u∥a

≤ 1

ca
C̃2

(
CeλC̃1 + Cebλ

)
ζa(VH)∥u(j−1)

h − u∥a,

and we complete the proof.

In the following lemma, we show that the iteration defined in Algorithm 3.2 can stop in finite steps
and return the desired result.

Lemma 3.6. Suppose u
(j)
h (0 ≤ j ≤ j∗, j∗ ∈ N+) satisfy the loop condition in Algorithm 3.2

η(f
(j)
h , u

(j)
h ; Th) ≤ θj+1

2 ζ, 0 ≤ j ≤ j∗, (3.11)

where ζ > 0 is the given error indicator. When H is small enough such that C1ζa(VH) ≤ θ2/4, the
following property holds:

∥u(j)
h − u∥a ≤ 2θj+1

2 Cupζ +
(
C1ζa(VH)

)j∥u(0)
h − u∥a, 0 ≤ j ≤ j∗. (3.12)

Proof. We use the mathematical induction method to give the proof. It is easy to get that (3.12)
holds for j = 0 according to (3.9), (3.11) and Lemma 3.1. We assume (3.12) is satisfied for the case
j − 1 (j = 1, 2, · · · , j∗), and we now consider the case j. From (3.7)-(3.9), Lemmas 3.1 and 3.5, we
have

∥u(j)
h − u∥a ≤ ∥(I − Ph)w

(j)∥a + ∥w(j) − u∥a
≤ Cupη(f

(j)
h , u

(j)
h ; Th) + C1ζa(VH)∥u(j−1)

h − u∥a.

Together with (3.11) and the induction assumption for the case j − 1, when H is small enough such
that C1ζa(VH) ≤ θ2/4, we therefore obtain

∥u(j)
h − u∥a ≤ Cupθ

j+1
2 ζ + C1ζa(VH)

(
2θj2Cupζ +

(
C1ζa(VH)

)j−1∥u(0)
h − u∥a

)
≤ 2θj+1

2 Cupζ +
(
C1ζa(VH)

)j∥u(0)
h − u∥a.

Then (3.12) also holds for the case j. By the induction method, we complete the proof.

Remark 3.3. In this paper, we assume that the exact eigenfunction u is not a piecewise polynomial.
Then we claim

∃ jh ∈ N+ s.t. η(f
(jh)
h , u

(jh)
h ; Th) > θjh+1

2 ζ. (3.13)

Otherwise, according to θ2 ∈ (0, 1), C1ζa(VH) ∈ (0, 1) and (3.12), we have lim
j→+∞

∥u(j)
h − u∥a = 0,

which implies u ∈ Vh and this contradicts our assumption.
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3.2.2 Augmented subspace AFEM

We now proceed to propose the AFEM algorithm based on the augmented subspace method for
eigenvalue problems with discontinuous coefficients. Suppose we are given an initial mesh TH with
mesh size H, and the corresponding finite element space VH . Th1

is the uniform refinement of TH and

the corresponding finite element space is Vh1
. We choose two marking parameters θ1, θ̂1 ∈ (0, 1), an

error reducing ratio θ2 ∈ (0, 1) and a tolerance ε > 0.

Algorithm 3.3. Augmented subspace AFEM

Input: Given two marking parameters θ1, θ̂1 ∈ (0, 1), an error reducing ratio θ2 ∈ (0, 1), a
tolerance ε > 0 and the finite element sapces VH , Vh1

.

A. Start: Initialization.

1.
[
λ̃h1

, ũh1

]
= E SOLVE(Vh1

), set fh1
= λ̃h1

ũh1
, f

(0)
h2

= fh1
, uh1

= ũh1
, λh1

= λ̃h1
,

n1 = 1, ℓ = 1.

2.
[
{η(fh1

, uh1
; e)}, {osc(fh1

, uh1
; τ)}

]
= ESTIMATE(fh1

, uh1
, Th1

), set ζ1 = η(fh1
, uh1

; Th1
).

B. Iteration: Set k = 2, do the following loop until stop

1. Mhk−1
= MARK

(
θ1, θ̂1, {η(fhk−1

, uhk−1
; e)}, {osc(fhk−1

, uhk−1
; τ)}, Thk−1

)
;

2. [Thk
, Vhk

] = REFINE(Mhk−1
, Thk−1

);

3. [λhk
, uhk

, {η(fhk
, uhk

; e)}, {osc(fhk
, uhk

; τ)}, jk] = IterAugSub(θ2, VH , Vhk
, ζℓ, f

(0)
hk

);

4. (a) if jk = 0

set f
(0)
hk+1

= f
(0)
hk

;

(b) else[
λ̃hk

, ũhk

]
= E SOLVE(VH + span{uhk

}),
set f

(0)
hk+1

= λ̃hk
ũhk

, ζℓ+1 = η(fhk
, uhk

; Thk
), nℓ+1 = k, ℓ = ℓ+ 1;

5. (a) if η(fhk
, uhk

; Thk
) < ε

return (λhk
, uhk

);

(b) else

set k = k + 1, goto B.1;

Output: The desired eigenpair approximation (λhk
, uhk

).

To facilitate the understanding of Algorithm 3.3, we give the flowchart in Figure 1.

Remark 3.4. In Algorithm 3.3, if the numerical error of the linearized problem is larger than the
nonlinear error in some sense, we refine the mesh adaptively and solve the boundary value problem
to reduce the corresponding numerical error. The main task in our AFEM algorithm is to solve the
linearized boundary value problem, as we can prove that the nonlinear error is a higher-order term
concerning the estimator, please see Theorem 4.1.

Remark 3.5. In Algorithm 3.3, ℓ is used for counting the number of nonzero jk and nℓ documented

the corresponding mesh level in which the right-hand side f
(0)
hk+1

of the boundary value problem is newly

11
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Figure 1: The flowchart of Algorithm 3.3.

defined. jk = 0 means that the numerical error of the linearized problem is somehow large in the kth
level. Then, we do not need to change the right-hand side in the (k + 1)th level.

Similarly, define wk := Tfhk
, w

(j)
k := Tf

(j)
hk

, j = 0, · · · , jk, then, we have

uhk
= Phk

wk, u
(j)
hk

= Phk
w

(j)
k , j = 0, · · · , jk. (3.14)

From the above relationships and the triangle inequality, it holds

∥uhk
− u∥a ≤ ∥(I − Phk

)wk∥a + ∥wk − u∥a,
∥u(j)

hk
− u∥a ≤ ∥(I − Phk

)w
(j)
k ∥a + ∥w(j)

k − u∥a, j = 0, · · · , jk. (3.15)

According to Lemma 3.5, it is easy to show that the output of Algorithm 3.3 satisfies the following
estimates.

Lemma 3.7. There exists a positive constant C1 such that the following three assertions hold

1. If k = 1, which means the right-hand side of the boundary value problem fh1
= λ̃h1

ũh1
= λh1

uh1

is produced by the module E SOLVE in Step A.1, we have

∥w1 − u∥a ≤ C1ζa(VH)∥uh1
− u∥a, (3.16)

where C1 is defined in Lemma 3.5.

2. If k = nℓ (1 ̸= ℓ ∈ N+), which means the right-hand side of the boundary value problem

f
(j+1)
hk

= λ̃
(j)
hk

ũ
(j)
hk

(0 ≤ j < jk) is produced by the module E SOLVE implicitly in Step B.3
(iterative augmented subspace method) of Algorithm 3.3, we have

∥w(j+1)
nℓ

− u∥a ≤ C1ζa(VH)∥u(j)
hnℓ

− u∥a. (3.17)
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3. If nℓ < k ≤ nℓ+1 (ℓ ∈ N+), which implies the right-hand side of the boundary value problem

f
(0)
hk

= λ̃hnℓ
ũhnℓ

is produced by the module E SOLVE in Step B.4 of Algorithm 3.3, we have

∥w(0)
k − u∥a ≤ C1ζa(VH)∥uhnℓ

− u∥a. (3.18)

4 Convergence of augmented subspace AFEM

We analyze the convergence of the proposed AFEM method defined by Algorithm 3.3 in this section.
For this aim, we first present a preliminary result.

4.1 Preliminary result for convergence

At first, we give an important approximate property of wk = Tfhk
, which is instrumental for the

convergence analysis of the AFEM algorithm. This property means that the nonlinear error ∥wk−u∥a
is a higher order term with respect to η(fhk

, uhk
; Thk

).

Theorem 4.1. When H is small enough such that C1ζa(VH) ≤ θ2/4, the following estimate holds

∥wk − u∥a ≤ C2ζa(VH)η(fhk
, uhk

; Thk
), (4.1)

where C2 :=
4C1Cup

θ2
, and θ2 ∈ (0, 1).

Proof. We will use mathematical induction to carry out the proof. For the case k = 1, from (3.15)-
(3.16), we know

∥w1 − u∥a ≤ C1ζa(VH)∥uh1
− u∥a

≤ C1ζa(VH)
(
∥(I − Ph1

)w1∥a + ∥w1 − u∥a
)
.

When H is small enough such that

C1ζa(VH) ≤ θ2
4

<
1

4
, i.e. C2ζa(VH) ≤ Cup, (4.2)

together with (3.4), we have

∥w1 − u∥a ≤ C1ζa(VH)

1− C1ζa(VH)
∥(I − Ph1

)w1∥a

≤ 2C1Cupζa(VH)η(fh1 , uh1 ; Th1)

≤ C2ζa(VH)η(fh1 , uh1 ; Th1),

which means (4.1) holds for k = 1.

Now, we assume (4.1) holds for k = nℓ, i.e.

∥wnℓ
− u∥a ≤ C2ζa(VH)η(fhnℓ

, uhnℓ
; Thnℓ

). (4.3)

Next, we will prove the desired result holds for nℓ < k ≤ nℓ+1. In the first step, we consider the case

nℓ < k < nℓ+1. In this situation, we have jk = 0, fhk
= f

(0)
hk

, wk = w
(0)
k and

η(f
(0)
hk

, u
(0)
hk

; Thk
) > θ2ζℓ = θ2η(fhnℓ

, uhnℓ
; Thnℓ

).

It follows from (3.18), (3.15), (3.4), (4.3) and (4.2) that

∥wk − u∥a ≤ C1ζa(VH)∥uhnℓ
− u∥a

≤ C1ζa(VH)
(
∥(I − Phnℓ

)wnℓ
∥a + ∥wnℓ

− u∥a
)

≤ C1ζa(VH)
(
Cup + C2ζa(VH)

)
η(fhnℓ

, uhnℓ
; Thnℓ

)

≤ 2C1Cupζa(VH)η(fhnℓ
, uhnℓ

; Thnℓ
)
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≤ 2C1Cup

θ2
ζa(VH)η(fhk

, uhk
; Thk

)

≤ C2ζa(VH)η(fhk
, uhk

; Thk
).

In the second step, we consider the case k = nℓ+1. In this situation, we have jk > 0, wk = w
(jk)
k

η(f
(0)
hk

, u
(0)
hk

; Thk
) ≤ θ2ζℓ = θ2η(fhnℓ

, uhnℓ
; Thnℓ

), (4.4)

and

η(f
(jk)
hk

, u
(jk)
hk

; Thk
) > θjk+1

2 ζℓ. (4.5)

From (3.17), (3.12) and (4.5), we have

∥w(jk)
k − u∥a ≤ C1ζa(VH)∥u(jk−1)

hk
− u∥a

≤ C1ζa(VH)
(
2θjk2 Cupζℓ +

(
C1ζa(VH)

)jk−1∥u(0)
hk

− u∥a
)

≤ 2C1Cup

θ2
ζa(VH)η(f

(jk)
hk

, u
(jk)
hk

; Thk
) +

(
C1ζa(VH)

)jk∥u(0)
hk

− u∥a. (4.6)

For the last term of (4.6), combining (3.15), (3.4), (3.18), (4.4), (4.2) and (4.3), we obtain

∥u(0)
hk

− u∥a ≤ ∥(I − Phk
)w

(0)
k ∥a + ∥w(0)

k − u∥a
≤ Cupη(f

(0)
hk

, u
(0)
hk

; Thk
) + C1ζa(VH)∥uhnℓ

− u∥a

≤ Cupη(f
(0)
hk

, u
(0)
hk

; Thk
) + C1ζa(VH)

(
∥(I − Phnℓ

)wnℓ
∥a + ∥wnℓ

− u∥a
)

≤ θ2Cupη(fhnℓ
, uhnℓ

; Thnℓ
) + C1ζa(VH)

(
Cup + C2ζa(VH)

)
η(fhnℓ

, uhnℓ
; Thnℓ

)

≤ θ2Cupη(fhnℓ
, uhnℓ

; Thnℓ
) + 2C1Cupζa(VH)η(fhnℓ

; Thnℓ
)

≤ 2θ2Cupη(fhnℓ
, uhnℓ

; Thnℓ
)

= 2θ2Cupζℓ.

Then, when H is small enough such that (4.2) holds, together with (4.5) we have(
C1ζa(VH)

)jk∥u(0)
hk

− u∥a ≤ 2θ2Cupζℓ
(
C1ζa(VH)

)jk
≤ 2θ2Cup

(
C1ζa(VH)

)
ζℓθ

jk−1
2

≤ 2C1Cup

θ2
ζa(VH)η(f

(jk)
hk

, u
(jk)
hk

; Thk
). (4.7)

Combining (4.6) and (4.7),

∥wk − u∥a = ∥w(jk)
k − u∥a

≤ 4C1Cup

θ2
ζa(VH)η(f

(jk)
hk

, u
(jk)
hk

; Thk
),

so (4.1) holds for nℓ < k ≤ nℓ+1. By induction method, we complete the proof.

4.2 Convergence of augmented subspace AFEM

The convergence theorem of our augmented subspace AFEM algorithm is given in this subsection.
We first state a useful Rayleigh quotient expansion for the eigenvalue (see [2]).

Lemma 4.1. For any w ∈ V \{0}, we have

a(w,w)

b(w,w)
− λ̂ =

a(w − u,w − u)

b(w,w)
− λ̂

b(w − u,w − u)

b(w,w)
.

Next theorem gives the convergence property of eigenpair approximation (λhk
, uhk

) produced by
AFEM algorithm.
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Theorem 4.2. Assume the exact eigenfunction u is not a piecewise polynomial. When H is small
enough such that C1ζa(VH) ≤ θ2/4, there exists a constant C3 such that

∥uhk
− u∥a ≤ C3β

(k−1), (4.8)

|λhk
− λ| ≤ 2C2

3β
2(k−1), (4.9)

where max{σ, σ̂} < β < 1, σ =
(
1− C̃2

lowθ2
1

2C2
upΛ

)1/2
, σ̂ =

(
1 − (1 − γ2)θ̂21

) 1
2 are defined in Lemma

3.4, γ ∈ (0, 1) is the reduction factor defined in Remark 3.1 and θ1, θ̂1 ∈ (0, 1) are the refinement
parameters.

Proof. Lemmas 3.1, 3.3, 3.4 and Theorem 4.1 lead to

∥uhk
− u∥a ≤ ∥(I − Phk

)wk∥a + ∥wk − u∥a
≤∥(I − Phk

)wk∥a + C2ζa(VH)η(fhk
, uhk

; Thk
)

≤∥(I − Phk
)wk∥a + C2ζa(VH)

Λ1/2

Clow

(
∥(I − Phk

)wk∥a + osc(fhk
, uhk

; Thk
)
)

=

(
1 + C2ζa(VH)

Λ1/2

Clow

)
∥(I − Phk

)wk∥a + C2ζa(VH)
Λ1/2

Clow
osc(fhk

, uhk
; Thk

)

≤
(
1 + C2ζa(VH)

Λ1/2

Clow

)
C0β

(k−1) + C2ζa(VH)
Λ1/2

Clow
osc(fh1

, uh1
; Th1

)σ̂(k−1).

Notice that σ̂ < β, then we have

∥uhk
− u∥a ≤ C3β

(k−1),

with

C3 :=

(
1 + C2ζa(VH)

Λ1/2

Clow

)
C0 + C2ζa(VH)

Λ1/2

Clow
osc(fh1

, uh1
; Th1

),

which is the desired result (4.8). According to the min-max principle and Lemma 4.1, we have

0 ≤ λhk
− λ =

∥uhk
− u∥2a

∥uhk
∥2b

− λ∥uhk
− u∥2b

∥uhk
∥2b

≤ ∥uhk
− u∥2a

∥uhk
∥2b

. (4.10)

When H is small enough such that ∥uhk
− u∥a ≤ ca

2
, by (2.4) we have

∥uhk
∥b ≥ ∥u∥b − ∥uhk

− u∥b ≥ 1− 1

ca
∥uhk

− u∥a ≥ 1

2
.

Together with (4.10), we obtain

λhk
− λ ≤ 2∥uhk

− u∥2a ≤ 2C2
3β

2(k−1),

which is the second desired result (4.9), and have completed the proof.

Remark 4.1. From the proof of Theorem 4.2, the constant C3 will not be very large when H is small
enough, that is if H → 0, then h1(< H) → 0 and C3 ≈ C0 → 0.

5 Numerical results

In this section, two numerical examples are presented to illustrate the efficiency of the augmented
subspace AFEM algorithm. In these two examples, we choose the linear Lagrange type finite element
space

Vh =
{
vh ∈ V : vh|τ ∈ P1(τ), ∀τ ∈ Th

}
,
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where P1(τ) denotes the space of polynomials with degree no more than 1. The first example is used
to test the efficiency of our augmented subspace AFEM, which combines the modified error estimator
(3.1) with the MNS strategy. In the first example, we discuss the Laplacian eigenvalue problem
with piecewise constant coefficients. In the second example, we consider a dielectric rod model of the
photonic crystal eigenvalue problem. In these two examples, we choose the initial mesh as the coarsest
mesh, i.e. Th1

= TH , and consequently Vh1
= VH .

For these two examples, the exact eigenvalues are unknown, so the errors shown in the numerical
tests are computed based on very accurate approximations that come from millions of DOFs. In this
paper, the algorithms were implemented in Matlab (2016a) and run on a 3.00GH Intel(R) Xeon(R)
Gold 6248R CPU with a 36 MB cache in Ubuntu GNU/Linux.

5.1 Eigenvalue problem with piecewise constant coefficients

In this subsection, we consider the following eigenvalue problem with piecewise constant coefficients: −∇ · (α(x)∇u) + φu = λu, in Ω,
u = 0, on ∂Ω,∫

Ω
|u|2dΩ = 1,

(5.1)

where Ω = (0, 1)2, the discontinuous coefficient

α(x) =

{
100000, x ∈ (0, 0.5)2

⋃
(0.5, 1)2,

1, x ∈ (0, 0.5]× [0.5, 1)
⋃

[0.5, 1)× (0, 0.5],

and φ = e(x1− 1
2 )(x2− 1

2 ). In this example, we test the performance of the a posteriori error estimator
(3.1) and the new AFEM solver. At first, we recall the classical residual error estimator for the
boundary value problem

η̂2(f, uh; τ) := ∥hτRτ (f, uh)∥20,τ +
∑
e∈∂τ

∥h1/2
e Je(uh)∥20,e. (5.2)

We explore the performance of three types of AFEM in this example. The first one is Algorithm
3.3, the augmented subspace AFEM with modified estimator (3.1) and MNS-marking strategy. The
second one is the multilevel correction AFEM [20] with the classical estimator (5.2) and Dörfler-
marking strategy (Multilevel AFEM). In this example, we set the Dörfler-marking parameter to be

0.4, the MNS-marking parameters θ1 = θ̂1 = 0.4, and the parameter for the augmented subspace
method θ2 = 0.6.

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

Figure 2: The initial/coarsest mesh for Example 1.

The initial mesh for this problem is shown in Figure 2. For this initial mesh, the coefficient α(x) is
a constant on each element of the initial mesh. The meshes (the number of nodes of each method is
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Figure 3: Meshes after 15 adaptive iterations for Algorithm 3.3 (left) and Multilevel AFEM (right).
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Figure 4: The eigenfunction (left) and relative error (right) of the smallest eigenvalue approximation for
Example 1.

about 8500) after 15 iterations of these two types of AFEM algorithms are shown in Figure 3. Besides,
the eigenfunction of problem (5.1) is given in the left subfigure of 4.

The numerical results are shown in the right subfigure of Figure 4. Due to the singularity of this
problem, the convergence rate of the direct finite element method is very slow. However, these two
types of AFEM algorithms achieve the optimal convergence order, and Algorithm 3.3 performs better
than Multilevel AFEM.

To emphasize the high efficiency of our augmented subspace AFEM, we list jk, the number of
eigenvalue problems solved, in each iteration of Algorithm 3.3 in Table 1. From this table, we find
that during the 24 adaptive iterations, we only need to solve the eigenvalue problem defined in the
augmented subspaces 8 times, which reflects that our augmented subspace AFEM is more efficient
than multilevel correction AFEM [20].

Table 1: The number of eigenvalue problem solving in Algorithm 3.3 for Example 1.

k 1 2 3 4 5 6 7 8 9 10 11 12
jk 0 2 0 1 0 0 1 0 0 1 0 0

k 13 14 15 16 17 18 19 20 21 22 23 24
jk 0 1 0 0 0 1 0 0 0 1 0 0
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5.2 An example in photonic crystal

In this subsection, we consider an example of a photonic crystal. Photonic crystals are periodic fine
structures composed of different dielectric materials. Under some assumptions, the propagation of
light in photonic crystals can be described by a cluster of eigenvalue problems with periodic boundary
conditions. In this example, we consider the following transverse electric (TE) mode:

−(∇+ iκ) ·
(1
ε
(∇+ iκ)u

)
= λu in Ω, (5.3)

where Ω = (−0.5, 0.5)2, i =
√
−1, κ ∈ (−π, π)2 is the quasimomentum, ε is the dielectric permittivity

and defined as

ε =

{
1 (air), in (−0.25, 0.25)2,

20 (dielectric material), in Ω\(−0.25, 0.25)2,

(see the left subfigure of Figure 5, and the “dark region” represents “dielectric material”). Actually,
this is a realistic situation, for example, the permittivity of Silicon is 11.7, and Gallium Arsenide
(GaAs) is 13.18.

−0.5 0 0.5
−0.5

0

0.5

The primitive cell

air

−0.5 0 0.5
−0.5

0

0.5

(0,0)

Figure 5: The primitive cell Ω (left) and its initial/coarsest mesh (right) for Example 2.

In this example, we choose θ1 = θ̂1 = 0.3, θ2 = 0.5. Considering the periodic boundary condition, we
choose a kind of symmetric mesh aligned with the jumps of the dielectric permittivity (the coefficient
ε is a constant on each element) as the initial mesh. The initial mesh for this example is shown in the
right subfigure of Figure 5.

The left subfigure of Figure 6 gives the adaptively refined meshes for κ = (0, 0) which corresponds
to T in the left subfigure of Figure 10. The eigenfunction of the smallest nonzero eigenvalue for
κ = (0, 0) is shown in the right subfigure of Figure 6, which corresponds to the red star marker on the
second band function in the right subfigure of Figure 10. The numerical results of Algorithm 3.3 for
this example with κ = (0, 0) are given in Figure 7, in which we find that Algorithm 3.3 obtains the
optimal convergence rate.

Similarly to Example 1, we give the number of eigenvalue problem-solving (jk) in each iteration
of Algorithm 3.3 in Table 2. During the 24 adaptive iterations, we only need to solve the eigenvalue
problem defined in the augmented subspaces 5 times in this example. These data strongly demonstrate
the efficiency of our algorithm.

Table 2: The number of eigenvalue problem solving in Algorithm 3.3 for Example 2 with κ = (0, 0).

k 1 2 3 4 5 6 7 8 9 10 11 12
jk 0 1 0 0 0 1 0 0 0 0 1 0

k 13 14 15 16 17 18 19 20 21 22 23 24
jk 0 0 0 1 0 0 0 0 1 0 0 0
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Figure 6: Mesh after 10 adaptive iterations (left) and the eigenfunction (right) with κ = (0, 0) for Example
2.
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Figure 7: The error of the smallest non-zero eigenvalue for Example 2 with κ = (0, 0).

Besides, we also show the numerical result for κ = (π/2, 0), which corresponds to S in the left
subfigure of Figure 10. The adaptively refined mesh and eigenfunction are given in Figure 8. The
numerical results are shown in Figure 9, which corresponds to the blue star marker on the first band
function in the right subfigure of Figure 10. And the number of eigenvalue problem solving jk is listed
in Table 3, which also demonstrates the high efficiency of Algorithm 3.3.
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Figure 8: Mesh after 10 adaptive iterations (left) and the eigenfunction (right) for Example 2 with κ =
(π/2, 0).

The band structure of this model is also discussed. Calculations of band gaps can be carried out
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Figure 9: The error of the smallest non-zero eigenvalue for Example 2 with κ = (π/2, 0).

Table 3: The number of eigenvalue problem solving in Algorithm 3.3 for Example 2 with κ = (π/2, 0).

k 1 2 3 4 5 6 7 8 9 10 11 12
jk 0 1 0 0 0 1 0 0 0 1 0 0

k 13 14 15 16 17 18 19 20 21 22 23 24
jk 0 1 0 0 0 1 0 0 0 1 0 0

just along the boundary of the irreducible Brillouin zone [32,36] (see the left subfigure in Figure 10).
The mirror symmetry makes this possible. The union set of the spectra of problem (5.3) with κ along
the boundary of the reduced Brillouin zone contains all the spectra of this PC eigenvalue problem.
There exists an eigenvector for each eigenvalue, and each eigenvector represents a mode propagating
through the PC. So the non-spectrum interval means no wave with these frequencies can propagate
in the PC, and we call it a band gap.
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X(π, 0)T (0, 0)
S(π

2
, 0)
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π
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K T S X K
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0.2
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0.3

1
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3
4

The band gap of TE mode

κ−vector path

ωa
/2

πc

Figure 10: Irreducible Brillouin zone (the dark triangle KTX) (left) and the first four band functions (dis-
persion relations) (right) for Example 2.

The right subfigure in Figure 10 shows graphs of the first four band functions (dispersion relations).
As is customary in physics, these band functions are drawn using the eigenvalues of problem (5.3)
with quasimomentum parameter κ taking the following values (on the boundary of the irreducible
Brillouin zone): K(π, π), (3π/4, 3π/4), (π/2, π/2), (π/4, π/4), T (0, 0), (π/4, 0), S(π/2, 0), (3π/4, 0),
X(π, 0), (π, π/4), (π, π/2), (π, 3π/4), see Figure 10. The y-coordinate denotes the frequencies in the
dimensionless unit ωa/2πc =

√
λa/2π. From the right subfigure in Figure 10, we know that there

exists a big band gap between the first two bands.
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6 Concluding remarks

We have designed an augmented subspace AFEM for eigenvalue problems with discontinuous coef-
ficients and analyzed the convergence of this algorithm. The main idea of this AFEM algorithm
is: when the linear error (numerical error of the linearized boundary value problem) is larger than
the nonlinear error (the error between solutions of linearized boundary value problem and eigenvalue
problem) in some sense, we use the new a posteriori error estimator to refine the mesh adaptively,
and then solve the boundary value problem on the adaptively refined mesh to reduce the linear error;
otherwise, we solve an eigenvalue problem on a very low-dimensional augmented subspace and update
the right-hand side of the boundary value problem to reduce the nonlinear error. Hence, our algo-
rithm evidently improves the solving efficiency. The idea and method here can be extended to other
eigenvalue problems with discontinuous coefficients, such as the Maxwell eigenvalue problem and the
Stokes eigenvalue problem.
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