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1. Introduction

Consider a Markovian regime-switching process
AX (1) = b(X (1), A(t))dt + (X (t), A(t))dW (t), (1.1)

where (A(t)) is a Markov chain on a countable state space S = {1,2,...,N}, N < oo, (W(t)) is a d-
dimension Wiener process, b: R4 x S — R, ¢ : R? x & — R4 If X(-) = 0 is an equilibrium state of the
original system (1.1), but it is not stable, one wants to add additional term to stabilize it. For the sake of
saving cost and being more realistic, Mao [16] proposed to stabilize the previous system using a feedback
control based on discrete time observations of (X (£)) as follows:

dX (1) = (B(X(8), A() — u(X(8), A())dE + o (X (1), A(1)) AW (1), (1.2)

where d; = [t/d]6 for some 6 > 0 and [t/d] denotes the integer part of ¢/4.
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Inspired by this work, many researches have been devoted to this topic. For instance, [17,26] aimed to
find a better lower bound of time duration § between two consecutive observations; [12,23] and [20,22] used
different methods to stabilize the unstable system based on both discrete time observations of (X (t)) and
(A(£)); [11] designed a periodically intermittent controller based on discrete time observations of (X(t));
[13] and [6] designed a controller based on the response lags and discrete time observations of (X()) and
(A(®)).

All the previously mentioned works focus on the stability of equilibrium state X(-) = 0 in various
senses including moments stability and almost sure stability. However, the stability of equilibrium state
is sometimes too strong, so it is of meaning to investigate the solutions to be stable in distribution. The
stability in distribution has been studied in many works (with some subtle differences). For instance, [3] for
diffusion processes with degenerate diffusion coefficients; [27] for SDEs with Markovian regime-switching;
[28] for delay-dependent SDEs with Markovian regime-switching. Our purpose of this work is to stabilize

the unstable system (1.1) in distribution via feedback controls based on discrete time observations of (X (t))
and (A(t)).

A little precisely, we aim to design a controller based on the discrete time observations such that the
obtained stochastic system

AX (t) = (b(X(£), A(t)) — u(X (8:), A(6,)))dt + o (X (£), A())dWV (£) (1.3)

admits a limit in distribution as ¢ — oo, where §; = [t/d]d. Since the controlled system (X (¢),A(t)) in
(1.3) becomes a path-dependent SDE, it is natural to investigate the existence of limit distribution for the
segment process (X¢, A;), where X; € €(]—0,0]; R?) is defined as X;(s) = X((t +s) vV 0), =0 < s <0, and
A € 9([-9,0];S) defined as A:(s) = A((t+ s) V0) for s € [—4,0].

SDE (1.3) is a kind of stochastic functional differential equation (SFDE). Many literatures have been
devoted to investigating the stationary distributions of SFDEs, see, for instance, [1,5,7,9] and [2] for SFDEs
with regime-switching. As shown in [5], a typically crucial condition to ensure the existence of invariant
probability measure for the SFDE

AX (1) = F(X0)dt + g(X,)AW (1)
is in the form

(f(),6(0)) < —clp(0)7, ¢ € €([~5,0;RY) (1.4)

for some p € (0,1], ¢ > 0. Namely, the drift coefficient f acting on ¢ € €([—6,0]; R?) must be dissipative
w.r.t. the current state ¢(0).

To see the difficulty to stabilize SDE (1.3) in distribution, let us consider a simple example. The coefficient
b can be extended as a function on ([, 0]; R?) by setting b(¢, i) = b(¢(0),4), ¢ € €([—6,0];R%), i € S.
Since the original system is unstable, it is possible that b(z,4) is in the form

b(¢,i) = ¢(0), ¢ € C([~0,0;R), i €S, and hence (b(¢,7),$(0)) = [$(0)[,

which obviously violates (1.4) and cannot satisfy any dissipative condition. Therefore, the main challenge to
stabilize (1.3) lies in how to use the delay term u(¢(d;), A(d:)) to ensure the existence of invariant probability
measure of (X;, A;) in the infinite dimensional space €([—4,0]; R?) x 2([-4,0]; S).

We use two methods to realize the stabilization of (1.3) in distribution in this work. Our first method is
based on the idea of [9] and [16]. We view (X, A;) as a Markov process in the path space €([—4,0]; R9) x
2(]-6,0];S), and notice that the difference E|X () — X (8;)|® can be controlled by E|X(¢)|® when § is
small (see Lemma 2.3), which guarantees the existence of an invariant probability measure for (X, Ay)



J. Li et al. / J. Math. Anal. Appl. 553 (2026) 129838 3

under appropriate explicit conditions (see Theorem 2.8). Moreover, in this case we actually show that the
distribution of (X;, A;) converges weakly to its invariant probability measure in ¢'([—4, 0]; R?) x 2([-6,0]; S).

Our second method takes advantage of the special structure of SFDE (1.3). To show the idea, let us
consider only a simple case here. Note that for r € (0,), the process (X (nd + r), X (né), A(né))n>0 is a
Markov process on R?? x S. This permits us to use the criterion on the existence of invariant prob_ability
measure for the finite dimension Markov process (cf. e.g. [14,15]). Then, via the Kolmogorov extension
theorem, we obtain a probability measure pu on €([—d,0]; R?) x 2([—6,0];S) such that the distribution of
(X5, Ans) converges in finite dimension projection to p as n — co. The convergence in finite dimension
projection is weaker than the weak convergence in ¢'([—9,0]; R?) x 2([-6,0]; S). But, the conditions on the
term u(x, ) are also much weaker than those imposed in the first method. See Theorem 3.3 and Remark 3.5
below.

This work is organized as follows. In Section 2, we investigate the existence and uniqueness of invariant
probability measure for SDE (1.3) in the infinite dimensional path space €([—4,0];R%) x 2([-6,0];S).
In Section 3, we first verify the structure of embedded Markov processes of SDE (1.3). Then, using the
criterion on the existence of finite dimensional Markov processes, we obtain the existence of a unique
invariant probability measure for each embedded Markov process. At last, we obtain the desired probability
measure on € ([—4d, 0]; R?) x 2([—4,0]; S) by virtue of the Kolmogorov extension theorem, which is the limit
distribution of (X5, A,s) as n — oo in the sense of convergence in finite dimension projection.

2. An approach in an infinite dimensional path space

In this section we shall view (X, A;) as a Markov process in the path space, and use the Krylov-Bogoliubov
theorem to show the existence of the invariant probability measure. Then, by showing the to-regularity of
the corresponding semigroup, the uniqueness of the invariant probability measure is also shown.

Denote €'([—6,0]; R?) the continuous path space from [—d,0] to R¢, endowed with the uniform norm
9]l = sup,e(—s,0) [#(s)]- Define Z([—4,0];S) the collection of right continuous functions from [—4,0] to S
with left limits, endowed with Skorokhod’s topology (cf. [4]). In this work % denotes the distribution of
random variable §. [|v1 — valvar := 28Up s 4(p) [V1(A) — 12(A)| denotes the total variation distance between
two probability measures v; and v, on a measurable space (E, Z(E)).

Define the segment process (X, Ay) on €([—46,0]); R?) x 2([—4,0]; S) for the solution (X (t), A(t)) to SDE
(1.3) by

Xi(s) = X((t+5)V0), Ais)=A((t+s)V0), se&[=60],t>0.
We collect the conditions on the coefficients used in this work here.
(H1) There exist constants «, 8 > 0 such that
max{[b(z, i), [o(z,i)|fs} < alz* + 8, zeR%ieS,

where ||o(z,1)||%g = tr(co*)(z,i) and o*(z,i) denotes the transpose of matrix o(z, ).
(H2) There exist constants 7, 9, cg, ¢1, K, > 0 such that

lu(z,i) — u(y,i)| < Kulz —yl, |u(z, i) <co+ ezl
nlzl® < (z,u(z,q) < dlzf?, z,yeRYieS.

(H3) There is a constant K such that

|b(.CC,Z) - b(y,Z)‘ + ||O'(l‘,Z) - U(yﬂ;)HHS < f(lx - y|’ T, Y€ Rdv i€S8.
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(H4) There exists a constant ¢ > 0 such that
oz, i) (x,)E > col€]?, VEERLzeRY ieS.

(H5) @ = (¢ij)ijes is a conservative, irreducible transition rate matrix. Assume that M := sup{—g;;;i €
S} < 0o and there exist a function H : § — [1,00), constants k1, k2 > 0 such that

lim H(j) =00, QH(i):=> ¢;H(j) < —rH(i)+ry i€S. (2.1)

j—oo X
JjES

The process (A(t)) is a continuous-time Markov chain with transition rate matrix (g;;)i jes. (A(t)) and
(W(t)) are assumed to be mutually independent throughout this work. It is known that the drift condition
(2.1) means that the process (A(t));>0 is exponentially ergodic, and there is a stationary distribution v of
(A(t)) on S such that

tll)rgo IP(A(t) € -|A(0) = i) —Y[[var =0, VieS.

Remark 2.1. Under the conditions (H1)-(H3), SDE (1.3) admits a unique strong solution (cf. e.g. [20]).
Condition (H4) is used to ensure the validation of @-irreducibility of skeleton process of (X (¢), A(t)) in
order to apply the Lyapunov criterion studied in Meyn and Tweedie [15], which can be replaced by weaker
conditions such as hypoelliptic condition. We refer to [24] for the study of strong Feller property of regime-
switching processes under the hypoelliptic condition.

Definition 2.2. Let (X (¢), A(t))¢>0 be the solution to (1.3).

(i) We say that (X(t),A(t))i>0 is strongly stable in distribution if the distribution of (X, A;) con-
verges weakly to some probability measure p on €([—9,0]; RY) x 2([—4,0];S) for every initial value
(X(0),A(0)) = (z,i) € R x S as t — oc.

(i) It is said (X(¢),A(t))i>0 is weakly stable in distribution if there is a probability measure p
on €([-6,0);RY) x 2([-6,0];S) such that for any finite dimension projection map mp X mp,

L X mirys himsnys) @ (TF X 7a) ! converges weakly to po(mp xwp) ! for every initial value (X (0), A(0)) =

(7,i) € RY x S as n — oo, where

Tt C([—0,0RY) — REFDI 6 (¢(—(8 = 73)), .., (= (6 — 71)), $(—6))
A D([=6,01;8) — S, Y= Y(=9d),

associated with F' = {0 =179 <71 < ... <71, < ¢} for some k € N.

In view of the fact that the Markov chain (A(¢)) is assumed to be exponentially ergodic with stationary
distribution v, the limit of segment process %y, in 2([—§,0];R%) is clearly equal to v[=%0 denoting the
infinite product measure of (S,~) with index set [—d,0]. Therefore, in the definition of weak stability in
distribution, we only consider the projection 7 to map ¢ € Z([—0,0];S) to ¥»(—d) € S, which is sufficient
to guarantee the finite projection process (mp X mA)(X(n41)5, An+1)5); 7 > 0, to be a Markov process (see
Lemma 3.1).

In practical applications, the stability of a given system is often checked or used on a sequence of discrete
times 7,27, ...,n7,... with a time step size 7 > 0. This induces many works to study how to stabilize a
system based on discrete time observations (cf. [12,13,16] and references therein). If a system is weak stable
in distribution, then this system is stable enough with respect to the discrete observations times 7,27, ...
with suitable 7 > 0.
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Lemma 2.3. Assume (H1), (H2) and (H5) hold. If § > 0 is sufficiently small so that
K((S) p— 25(1206 + Cl)ée(6+60a+261+12ﬁ+200)5 < 17 (22)

then for any t > 0,

K (9)
—K(9)

(65 + 60)56(6+600¢+2c1+12ﬁ+2co)5
1—K(9)

E[X(t) - X(6)|° < E[X(1)° + (2.3)

Proof. Note that for each ¢ € [nd, (n + 1)d) with n € Z,, §; = nd is a fixed point. Then, applying Itd’s
formula and (H1), (H2), we obtain that
d|X (1) — X(3)[°
= 3[X () — X (0:)[* (2(X (t) — X(0), (X (t), A(t)) — w(X (6:), A(61)))
+ o (X (), A1) i) At + 6] X (1) — X (8:)[*(X (1) — X(8:), o(X (t), A(£))dW (1))

F12X(1) - X [Z(ka D) - Xi(6))) ] at
k=1 I=1
< B1X() — XEH{21X () — X2 + BOX(0), AW)P + [u(X (5, AG))I

+IIU(X(t)vA(t))II%s}dH12|X() X(80)[*lo (X (£), A1) |[fisdt
+ 61X (1) — X (6,) (X (t) — X (6:), o (X (t), A(t))dW (t))
< 31X (t) — X(6:) {21 X (t) — X(6)]* + 6| X (1)|* + 68 + co + 1| X (6,)]* }dt

+ 61X () = X (30) (X () = X (8), 0 (X (), A(1)) AW (2)).

2 1
By Young’s inequality, for any z,y > 0, zy? < ng + gyﬁ. Hence,

dIX (1) — X (6,)/°

< {(64360)[X(t) — X(6:)[° + (360 + 3¢1) | X (£) — X (6:)[*1 X (8:) 7
+3(66 + co) | X (t) — X (6:)|* fdt + 6] X (£) — X (8:)| (X () — X (8¢), (X (), A(t))dAW (t))

< {(6 4 60c + 2¢; + 128 + 2¢) | X (t) — X (6:)[° 4+ (12c + ¢1)[ X (6,)|° + 68 + co Jdt
+6]X (1) = X (0)[M(X(8) = X (6:), o (X (1), A(£))dW (1))

By taking expectation in both sides of the previous inequality, we get

E[X(t) — X(6:)° < (12 4 €1)E|X (6:)[° + 68 + o)
+ / {(6 +60a + 2¢1 + 123 + 2¢)E| X (s) — X (65)|° }ds.
Ot

Gronwall’s inequality implies that
E[X(t) = X(3)]° < (120 + c1)OE[X ()]0 + (65 + )8 |6 000+ 201 H126+200)5
< (25(12a + 01)5(E|X(t) . X((St)‘G + E‘X(t)|6) + (66 + Co)5>e(6+600‘+261+12ﬁ+2m)5_

Therefore, if K(§) < 1, this inequality deduces the estimate (2.3). O
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Theorem 2.4. Assume (H1), (H2) and (H5) hold. Suppose that n > « + 1 sufficiently large and § > 0
sufficiently small such that K(8) <1,

s 1 KSK(6
0(n,0) := 72V/26e31=20=20 52 — 20 — 2) (a2 + =) + 3607 Kul£00) 1, (2.4)
2 1—K(5)
and

96—6(77—(1—1)6

e <V (2.5)

3 2
where K(2n —2a — 2) = 033_i1“g%> T $) (2n—2a— 2)~2, T'(-) denotes the Gamma function, and Cs is

the universal constant in Burkholder-Davis-Gundy’s inequality. Then

sup E[]| X, [|°] < o0,
t>0

where we put X (s) = X(0) for s <O0.

Proof. Let Z(t) = |X(¢)|?, then by (H1), (H2) and 1t6’s formula,

dz(t) < (Z(t) + DX (), A1) + [lo (X (£), A®)) Irs — 2<X(t)7U(X(5t)yA(5t))>)dt

+2(X (1), o(X(t), A(t))dW (1))

< (Z(t) +2(aZ(t) + B) — 2(X (), u(X(t), A(6r)))

+ 20X (), u(X (1), AG)) — u(X(8:), A))) ) dt

+2(X(t), o (X (1), A(2)dW (1))

< (25 + (20 + 1)Z(t) — 20Z(t) + Z(t) + K2|X (t) — X(ét)|2)dt
F2AX(8), o (X (), A)dW (£))

= (26+ (20 +2 - 2)2(1) + K2 X(t) - X(3)]?)at
F2AX (1), o (X (£), A£))dW (2)).

For simplicity of notation, let
A=2n—2a -2,
which is positive by assumption. So,
d(eMZ(t)) < eM (28 + K21 X (t) — X (6¢)|?)dt + 2eM(X (), 0(X (), A())dW ().

This implies that for 0 < s < ¢,

MZ(t) <eMZ(s) + /e” (28 + K2\ X (r) — X(5,)]*)dr

t

+/2e’\T<X(r),U(X(7‘),A(r))dW(r)).

S
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There is a 1-dimension Brownian motion (B(t));>o w.r.t. the same filtration such that
(X (s),0(X(s),A(s))dW (s)) = x(s,w)dB(s), (2.7)

where

(i(z %(X(s),A(s)))Q)%.

Jj=1 =1
According to [9, Lemma 2.2],
t , T
E sup | / e My (s,w)dB(s)| < ROVE| / [x(s,w)ds], (2.8)
0<t<T )
where
LI\ IN2
RN = Co37AD(5) T (5) A, (2.9)

and Cj3 is the universal constant in Burkholder-Davis-Gundy’s inequality, i.e. for a martingale (M;);>o,

E [sup [M, "] < GE[(M)2?].

s<t

5

Indeed, x(A) is derived from the argument of [9, Lemma 2.2] by taking there p =3, a = 15, = \.
Due to (H1),

X(5,w)* <X (5)Pllo(X (), Als) lfis < 1X(s)[* (al X (5)]* + B). (2.10)

As (a+b+¢)® <9(a® + b3 + ¢3) for a,b,c > 0, (2.3), (2.6), (2.8) and (2.10) yield that for ¢ # kd for some
keZy,

E [ sup (e)‘sZ(s))g)}

61 <s<t
t
< 9 EZ(6,)% + 962 / AME [(2/3’ + K2|X(r) - X(5t)l2)3} dr

+ 72320 H0) /|19 rw)? dr

t

< 9ePEZ(5,)? + 962 / 3T (3253 +AKSE[| X (r) — X(ét)|6Ddr

+ 726300 f/ (Ml° + 63 IX(T)\G}dT

< 9P EZ(5,)% + 965253X (3 — e329t) 4 36v/2e3M0 T (X)) 336
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KSK(0) 7203 K53 3N — 370 R
53 u E 3)\5Z 3 u (64+60a+n+128)8
T R () [afg‘fite (5] + 5 “K©®) a ¢
3 1
+ 722063} k(\) (@2 + —)]E{ sup eg)‘sZ(s)s}.
27 L, <s<t
Let
s 1 K(9)
= 72V/26e3% 2 4= SRS 2.11
01(X, 8) = T2v206X K (N) (02 + 5) + 366 TR (2.11)
2 p3€ — 1 376 3
05(\,8) = 96623 + 36v/2e*M k(X) 520 (2.12)
+ 7253Kﬁﬁ &3 — 16(6+60a+ﬁ+126)6.
1-K(@) X
If 1 (X, 6) < 1, then for k > 0,
9 O2(\, §)e3 ko
E su SMZ(s)P| < ——— K[ Z(k6)3| + 2 2.13
|:k5§s<(ll:+1)5 ( ) ] 1 91(>\a 6) |: ( ) :| 1- 01()‘7 5) ( )
Define a function V : €([-6,0];R?) — R by
V()= sup e[((s)], e @([~0,0:RY).
—6<5<0
It is easy to see
V(¢) =e sup e|¢(s - 8)|° > [¢(0)[*.
0<s<é
Applying (2.13) to k = 0, we obtain that
96—3/\6 92(>\ 5)6—3)\6
E[V(X5)] € ————=E||X(0)°] + =2
V) < gm s ElX O] + 1550
Applying (2.13) to k > 1,
E[V(Xgs)] = PR sup X (o)
k6<s<(k+1)6
Qe —3Ad 92(/\ 5)6—3)\5
<  ElX 6 RCAYS A’
< T g ooy EIX P+ 775 55
96—3/\6 92(>\ 5)6—3/\5
<——FK X _
S A WA e ey s vy
Therefore, if
96—3>\6
O3(N\,0) = —— <1 2.14
3( ) ) 1_01(>\,6)< ) ( )
then iterating above estimate, we have
1 B (N, §)e 3N
E[V(Xgans)] <0500 OE[XO)] + LD s,

1—03(70) 1-6.(\0)° =
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Combining these estimates with the fact || X¢||% < || Xps|® + | X(rg1)5]| for t € (k6, (k + 1)), we finally get

2 02(\,9)

su E[X6}<29 X, 8)eME[1X(0)[6] + : %) < o,

tzlg || t” = 3( ) [| ( )| ] 1—93()\,(5) 1—91(>\,6)
and complete the proof. 0O
Remark 2.5. Note that

lim K (9) = lim li =
lim (6) =0, lim Tim 0(n,6) =0,
then by choosing 7, ¢ such that 5 %im e 3" = 0, the conditions in Theorem 2.4 could be verified for
—0,n—0o0

suitable § and 7.
Proposition 2.6. Under the conditions of Theorem 2./, the class of distributions {Zx, a,);t > 0} is tight.

Proof. Let us first show that {Z,;t > 0} is tight. According to Kurtz’s tightness criterion ([10, Theorem
8.6, p. 137]), we only need to show there exists a sequence of nonnegative random variables v;(g) such that
lim. 0 sup,~o E[v:(¢)] = 0, and

E 15, (s4u) 20, ()| Z2] < Eye(e)|.F] (2.15)
for 0 <u<e, —6 <s<0, where F2 = o{A;(r); =5 < r < s}. Due to (H5),
P(A(s+7) = Ae(s),Vr € [0,u]) > E[exp (— sup;es qju)]| > exp(—Mu).
Then, we take v,(¢) = 1 — e~ ¢ to arrive at

E[]‘At(s-ﬁ-“)?&f\t(s”ﬂﬁt] S 1 - P(At(s + 7‘) = At(s),Vr € [O,U])
<1-e M =q(), VO<u<e,

It is clear that (2.15) is verified, and we conclude that {%y,;t > 0} is tight.
By Itd’s formula and (H1), (H2), for any 0 < s1 < s9 < 4,

E|X;(—=s1) — Xi(—s2)[* = E|X((t — 51) V 0) — X ((t — 52) VO)|*
(t—s1)V0 (t—s1)V0 \
<El| [ X©A0) - uXELAGHs T [ o(X(s) AW ()]
(t—s2)V0 (t—s2)V0
(t—s1)VO0
< 8(ss — 1)°E| / (201X (3)[? + 28 + 260 + 26 | X (5,)?) s
(t—s2)VO0
(t—s1)VO0
+288(s5 — sl)IE[ / (alX(s)? +ﬂ)2ds]

(t*SQ)\/O
Hence, according to Theorem 2.4, sup;~o E|X (¢)|® < oo, then

SI;E)E‘Xt(—Sl) - Xt(—32)|4 < C(s2— 31)2
t>
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for some constant C' > 0. By virtue of [4, Theorem 12.3], {-%x,;t > 0} is tight. In all, it is easy to see that
{Z x,,a,:t > 0} is tight. O

Next, we study the continuous dependence on initial values of (X (¢), A(t)). As S is endowed with discrete
topology, we only need to focus on the component (X (£)). Let (X ™) (2), A(t));>0 and (X (t), A(t))s>0 be the

solution to the following SDEs respectively

x(m) (t) = 2 + /b(X(m)(s)7A(s)) _ u(X(m) (05), A(ds))ds

7 (2.16)
+/0(X(m)(s) A(s))dW (s),
£) =20+ / b(X (), A(s)) — u(X (3,), A(5,))ds
) (2.17)
+ /o $))dW (s),
e

where i € S, 2, 19 € R%. Let X(™)(s) = 2, X(s5) =z for s < 0.

Lemma 2.7. Assume (H1)-(H3) hold. Then for any bounded continuous function F : €([—6,0;R?) — R it
holds

lim EF(X{™) =EF(X,), t>0,

m—0o0
if imy, 00 Ty = 9.
Proof. We derive from It6’s formula that
dxm (1) - = {2(b(X ™ (), A(£)) — b(X (1), A1), X "™ (t) — X (1)
0

+2(u(X (8), A8)) — (X ™ (6), A(6:)), X ™ (t) — X (1)) }dt
+ o (XU (), A1) — o (X (8), At))Ifrsdt + dMy,

where
My = [ 2(X(5) = X(6), (X (5), A(5)) = (X () M) AW ()

Hence, by (H2) and (H3),

t

1X™ — X% < 2l _x0|2+/(2f22+K3+2)||X§m> — X,|[?ds + sup M,.
0<s<t
) <s<

Furthermore,
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t
E|X{™ — X,|* < 3(4|xm —zolt + (2K + K2 + 2)2t/IE[||XS(m) — X,||*]ds
0

+ 16K2/E[\X(m) (s) — X(s)|4]ds).
0

It follows from Gronwall’s inequality that
E[X™ — Xi||* < 12|20 — zo[* exp (3(2K? + K2 + 2)%t 4 48K?).
So, Xt(m) converges to X; in probability as m — oo, and the dominated convergence theorem yields that

lim EF(X\™) =EF(X,), t>0,

m—0o0
which yields the Feller property of (X;) in € ([—4,0];R%). O

Theorem 2.8. Suppose the conditions of Theorem 2./ hold. In addition, assume (H3) and (H4) hold. Then
the process (X, Ai)i>0 admits a unique invariant probability measure (1, and the distribution of (X, Ay) in
E([—6,0;RY) x 2([—6,0];S) converges weakly to p. Hence, (X (t), A(t)) is strongly stable in distribution.

Proof. According to the Krylov-Bogoliubov Theorem (cf. [8, Section 3.1]), the existence of invariant prob-
ability measure p follows from Proposition 2.6 and Lemma 2.7.

To see the uniqueness of 1, we need to check the semigroup P; corresponding to (X, A;) is to-regular
for some ty > 0. By definition (cf. [8, Section 4.1]), if all the transition probabilities P, ((¢,1),-), (¢,1) €
€ ([-9,0];RY) x S, are mutually equivalent, then P; is to-regular. For SDE (1.3), the initial value for (X (t))
satisfies that Xo(s) = X(0) = « for all s € [0, 0]. So we can write Py, ((¢,1),-) = P, ((¢(0),1), ). Since (g;5)
is irreducible, the transition probability P;;(t) := P(A(t) = j|A(0) = 4) of the Markov chain (A(t)) satisfies
that P;;(t) > 0 for all ¢,j € S and all ¢ > 0. Therefore, the initial state ¢ of (A(¢)) has no impact on the
equivalence of Py, ((¢(0),14), ).

To emphasize the initial state of solution to SDE (1.3), we denote X%(¢) the solution to SDE (1.3)
with X (0) = 2, A(0) = i. Due to (H1)-(H3), particularly the nondegenerate condition (H4), for all x € R,
i € S,t > 0, the distributions of X*(¢) are all equivalent to the Lebesgue measure. Therefore, given
any to > 0, for all € R, i € S, the finite dimensional projection of the distributions of (Xf;’i,AtO) on
€ ([-9,0];RY) x 2([—6,0];S) are all equivalent, which yields that Py, ((z,4),), (z,i) € R% x S, are mutually
equivalent. Then, applying [8, Theorem 4.2.1], x is the unique invariant probability measure of P;((z,1), ")
on €([—-6,0;R?) x 2(]—6,0];S) and P;((z,7),-) converges weakly to p. By Definition 2.2, (X (t),A(t)) is
strongly stable in distribution. O

Remark 2.9. Theorem 2.4 cannot be proved by a direct application of [9, Theorem 3.2], since we cannot
verify simultaneously the conditions (Hg) and (Hz) there for the SDE (1.3). The control of E|X () — X (4;)|°
via E|X (¢)|° plays essential role in our argument.

3. An approach via embedding Markov processes in finite dimensional spaces

In this section instead of viewing (X(¢));>o via the segment process (X;);>o in the path space
% ([—6,0];RY), we shall apply the special history dependent structure of the process (X (t));>0 to construct
a family of finite dimensional embedded Markov process and to prove its existence of invariant probability
measure. Then, via Kolmogorov’s extension theorem, we can find a probability measure u on the path space
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€ ([—9,0]; RY) such that any finite dimensional projection of the distribution of the segment process X; will
converge to the corresponding finite dimensional projection of u. Notice that this does not mean that the
distribution of X; in €([—4, 0]; R?) converges weakly to u; see [4, Chapter 3] for more discussions. Compared
with Theorem 2.4, in this situation the condition on the term wu(x,i) will be weakened. Our approach in
this section is based on the following observation:

o Foreachk > landany 0 <7y <...<rj <4, the process (X (né+ry),..., X (nd+r1), X(nd), A(nd))

is a Markov process on R* x S.

n>0

In order to present a strict argument, we recall Skorokhod’s representation for continuous time Markov
chains, which has been extensively studied in the study of regime-switching processes; see, e.g. [25,20] and
the recent work [21] on its application to study the ergodicity of state-dependent regime-switching processes.

Precisely, define a sequence of intervals A;; on [0, 00) associated with the transition rate matrix (¢;;): jes
of (A¢)¢>o0 in the following way:

A =1[0,q12), A1z =[q12,q12+ q13),...,A1n = [ Z fhj,(h),
1<j<N

Aot =[q1,q1 + q21), Doz =[q1 + q21,q1 + 21 + q23), - -,

and so on. For convenience of notation, put A;; = (). Then, introduce an auxiliary function 9 : Sx[0,00) — R
defined by

19(@’2) = Z (] - i)lﬁz‘j (z)
JES,jFi

Let A/(dt,dz) be a Poisson random measure with intensity d¢ x dz, which is independent of the Wiener
process (W (t))¢>0. Consequently, (A(t)):>0 can be expressed as a solution to the following SDE:

t

A(t) = A(0) + / / 9(A(s), 2)N (ds, dz). (3.1)

0 [0,00)
Lemma 3.1. Assume (H1)-(H3) and (H5) hold. Let (X (t),A(t)) be the solution to (1.3). Then
(i) (X (nd), A(nd))n>0 is a discrete-time Markov process on R? x S.

(ii) For each k > 1 and any 0 < ri < ... < 1, < 0, the process (X(nd + r1),...,X(né +
rl),X(né),A(né))n>0 is a Markov process on RF+14 x S,

Proof. (i) Based on Skorokhod’s representation (3.1) for (A(t));>0, we can rewrite (X(t),A(t))t>0 as a
solution to the SDE below:

X(t) _ (b(X(t),At)) — w(X(S¢), A(Sr)) o(X (1), A1)
1(2) - ( 0 Jar ("HGH ) aweo -
+ / <79(A(2)’Z)>N(ds,dz).

[0,00)

Under conditions (H1)-(H3), SDE (3.2) admits a unique strong solution (cf. [20, Theorem 2.4]). This means

(X((n+1)8), A((n +1)d)) = F(X(nd), And), (W (t), N (t))tefms.(n+1)5))
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for some measurable functional F. Refer to the argument of [19, Theorem 7.1.2] on the Markov prop-
erty of solution to SDE for more details. So, (X((n + 1)§),A((n + 1)8)) is independent of its history
(X (5),A(5))se[o,ns)- Consequently, (X (nd), A(nd)),>o0 becomes a Markov process.

We proceed to give out the transition probability measure of the process (X (nd), A(nd)),>o. For x € R9,
1 € S, consider the SDE

X(t) =2 —u(z, i)t + /b()”((s),]\(s))ds + /J(X(s),]\(s))dW(s),
0 0

where (A(t)) is a Markov chain on S with transition rate matrix (g;;) and being independent of the Wiener
process (W (t)). Under conditions (H1)-(H3), the previous SDE admits a unique strong solution, and define

Py((x,1); Ax {j}) = P(X(t) € A, A(t) = j|X(0) =, A(0) = 4)

for A € #(R9),j € S,t > 0. Then the transition probability measure of the Markov process
(X (nd), A(nd))n>o is given by

P(X((n+1)3) € A, A((n +1)8) = j|X (nd) = z, A(nd) = i) = Ps((x,i); A x {j}). (3.3)

Moreover, under the uniform ellipticity condition (H4), the density of P;((z,%),- x {j}) w.r.t. the Lebesgue
measure exists, denoted by p((z,7); (2,7)), and so

Pu(w ) A (1) = [ pe{(o. ) (2.)) (3.4)

A
Combining (H4) with the irreducibility of (g;;), it also holds
pe((@,); (2,3) >0, @2 €RY, i, j€S.

(ii) For simplicity of notation, we only consider the case k = 1 with r; = r € (0,0). Combining (3.2) with
the following observation

X((n+1)04+r)—X((n+1)0)

(n+1)6+4r
— / (B(X(5), A(s)) = u(X ((n +1)8), A((n +1)8)) ) ds
(n+1)8
(n+1)6+r
+ / o(X(s),A(s))dW (s),
(n+1)0

we obtain that (X((n+ 1)d + 7, X((n + 1)d), A((n + 1)d) depends only on (X (nd + r), X (nd), A(nd)) and
(W (1)) tetns, (nt1)54r)s N (1)) tems,(nt1)5+4r)- Hence, (X (nd+r), X (nd), A(nd))n>0 becomes a Markov process.

To characterize the transition probability of (X (nd+r), X (nd), A(nd)),>0, we introduce another auxiliary
SDE: for given y € R4, i € S,

X(t)=a —u(y,i)(t —r) + / b(X(s),A(s))ds + /0()7((5),/_\(s))dVV(s)7 t>r,

T s
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where (A(t))¢>o satisfying A(r) = k € S is a Markov chain with transition rate matrix (g;;) and independent
of (W(t)). Also, the previous SDE admits a unique strong solution under conditions (H1)-(H3). Define

P (@ k)i A x () = B(X(0) € AA() = | X () = . A(r) = ) &)

for A € #(R?),j € S,t > r. After these preparations the transition probability of (X (nd +
), X (nd), A(nd))n>o0 is given by

P(X((n+1)0+7) € A1, X((n+1)8) € Az, A((n+ 1)d) :j|X(n§+r) =z, X(né) =y, A(nd) = 1)
=P(X((n+1)d+r) € A1|X((n+1)0) € Az, A((n+1)8) = j)
D P(X((n+1)8) € Ay, A((n+1)8) = 4| X (nd + 1) = 2, A(nd + ) = k, X (nd) =y, A(nd) = i)
keS
P(X(nd +r) € dz,A(né + r) = k| X (nd) = y, A(nd) =)
1
P(X(nd +7) € dz| X (nd) = y, A(nd) = i)

- ! z X yZ) - . N
- kgpr((% i); (x, k) ];SA/P )i A x S)PYY (. k) dz x {3} pr ((y,4); (2, k)

for Ay, Ay € Z(R%),4i,5€S8. O

Notice that the previous observations (i) and (ii) on the Markov property of embedded processes of
(X (t),A(t))e>0 do not hold in general for other type of stochastic functional differential equations. For
instance, it does not hold for the following stochastic delay differential equation:

dY (t) = b(Y (¢),Y (¢t — 1))dt + AW (¢).
To this equation, one can only view the segment process {Y;;t > 0}, defined by Yi(u) = Y (¢t + u) for
€ [~1,0], as a Markov process in the infinite dimensional space € ([—1,0]; R?) (cf. [18, Theorem 1.1 of

Chapter III)).

Lemma 3.2. Under the conditions (H1)-(H3) and (H5), if

K(6) == 2(4a + ¢;)de?H409 < 1) (3.7)
then
2% cn)de(2+4a)d
E[|X(t) — X(6,)%] < %EX@)P + (2541_0)2(6) . t>0. (3.8)

Proof. By It6’s formula, due to (H1), (H2),

dX (1) — X (8)?
=[2<X(t)—X( 1), 0(X (1), A(t)) — (X (8r), A(61))) + [lo (X (t), A(t)) Iz dt
+2(X (1) — X(6:), 0 (X (1), A(®))dW (1))
[2|X(t) X (60)2 + [b(X (1), A))* + [u(X (80), A@B))* + o (X (8), A1) i ] dt
+2(X () = X(3r), 0 (X (2), A(£))AW (1))
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< [+ 40)|X (1) = X(0)]* + (4o + 1) | X (8)|* + 28 + co] it
+2(X(t) — X(6¢), o (X (2), A(t))dW (1))

Then we obtain from Gronwall’s inequality that

E[|X(t) — X(6:)]%]

< (da+ c1)deHVE[ X () [°] + (26 + co)de* 1)

<2(4a+ cl)5e(2+4a)6]E[|X(t) _ X(5t)\2] +2(4a + 01)66(2+4“)6E[|X(t)|2]
+ (2B + co)del* T4,

which yields the estimate (3.8) immediately if K(6) < 1. O

After these preparations, we shall apply the Lyapunov criterion on geometric ergodicity of discrete time
Markov processes to study the long time behavior of the process (X (¢)). Such kind of criterion was extensively
studied in Meyn and Tweedie [15]. In addition, Mattingly et al. [14] provided a self-contained proof in terms
of reachability structure which arises in many applications to SDEs.

Theorem 3.3. Assume that (H1)-(H4) and (H5) hold. If K(8) < 1 and

-
2n—2—2a—w>0,
1-— K(9)

then (X (t),A(t)) is weakly stable in distribution. Precisely, there is a probability measure p on €' ([—9,0]; R?)x
2([—0,0);S) such that for every finite set F = {0 =10 <71 < ... <7Tm <0} LX (0115 Amins) @ (TR XTA) 7!
will converge weakly to po (mp X mp) ™t as n — oo.

Proof. Based on the observations in Lemma 3.1, we shall apply the Foster-Lyapunov drift condition and
Kolmogorov extension theorem to prove this theorem. See Meyn and Tweedie [15, Theorem 15.0.1] or
Mattingly et al. [14, Theorem 2.5] for the Foster-Lyapunov drift condition in the study of ergodicity of
Markov processes.

Step 1. We shall prove the exponential ergodicity of any finite dimensional embedded Markov processes
associated with (X (¢), A(t));>0 based on Lemma 3.1. For each finite set F ={0 =1y <1 < ... <71 <}
for some k € N let

Y, =(Xné+rg),...,X(nd +r1),X(nd)), Z,= (Y, A(nd)), n>0.

Then (Z,)n>0 is a Markov process on the state space R*E+Dd % S due to Lemma 3.1. Put FZ = cr{Zm; 0<
m < n} and Z = o{(W(s),A(s));0 < s < t}. By virtue of non-degenerate condition (H4) and irreducibility
of (¢i;), in view of the transition probability measure of (Z,,) given in (3.6) for the case k = 1, it holds that
(Zy)n>0 is g-irreducible with the choice that

o(dx,di) = Leb(dx) X ds,

where Leb(dx) denotes the Lebesgue measure on R*? and s the Dirac measure over S. The aperiodicity
of (Z,) is immediate from the positivity of the transition probability due to (3.6). What we need to do
is to construct the desired Lyapunov function satisfying the drift condition. Namely, construct a function
V:REHDD 5 S 5 [1,00) such that
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E[V(Zys1)|FZ] <0V (Z,) +C (3.9)

for some constants 6 € (0,1), C' < co.
We shall construct the desired Lyapunov function based on the following estimation. Due to (H1) and

(H2),

dX @) = (20X (1), b(X (), A1) = u(X (8), A(0r))) + [lo (X (1), A1) l[fis ) dt
+2(X(#), o (X (1), A(#))dW (2))
< X @ + X0, AD)* + lo(X (1), A®)) s — 2(X (1), w(X (3), A(6)))
+2(X (), u(X (t), Adr)) — u(X(3:), A(0,)))] dt
+2(X (1), o (X (1), A1) AW ()
(X ()|
(

t

e

),

t),A(t))d

< [2+2a—2n)|X1)]>+28+ K| X(t) — X(5,)*]dt
+2(X(t),0(X(t), A(t)dW(1)).

According to Lemma 3.2,

d K2K(6) )
X(t <(242a-2 —L 2 E||X(t)]*|Fs
GEIXOPIZ] < (2420 = 20+ 220 JBIX 0P| 7]
K228+ c)d o(2Hia)s 4 98
1 - K(5)
Setting
K2K(9)
0,(n,8) =20 —2 — 20 — —w 3.10
4(n,0) = 21 I R() (3.10)
K2(28 + co)d
05(8) = —u T T 0o (244a) y 9 3.11
5(6) 1— K(5) € B ( )
and if 4(n, §) > 0, we obtain that for t > s > 0,
_ _ 05(9) _ _
EllX 2 <X 2 —04(n,0)(t—s) 5 1— 04(n,6)(t—s) . 12
[X(OP[2.] < X(s)]e g (e ) (3.12)
In addition, by virtue of (2.1), it follows from It6’s formula that
E[H(A®)|Z] <e ™D H(A(s) + 21— e E9) ¢> >0, (3.13)

K1

According to the estimates (3.12) and (3.13), we construct the desired Lyapunov function V' in the
following way: for arbitrary eq,...,ex_1 € (0,1), let

k—1
V(2p, Th1,...,20,1) = |zp]* + ZEA:QP +H(@i), xR 1eH{0,...,k}, i€S.
=0

Obviously, we have V' > 1 as H > 1. Notice that #Z C F,51r,, and X (né + ), A(nd) € FZ by the
definition of (Z,,). Invoking the estimates (3.12) and (3.13), we obtain that
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E[V(Znﬂ)’fnz] - ]E{IE [V(Znﬂ)]fmgw} 9”2]
k—1
—E[E[|X((n+ 15+ ) + > el X((n+ 18 + o) 2+ HA((n +1)0)| Fns i, | | F7]
=0
k—1
<E {|X(n(5 + 7"}9)|2 (e—94(ﬁ76)6 + 2546—94(W75)(6+m—m)> + H(A(n6 + Tk))e—m(é—rk) ynz}
=0
k-1
N 05(0) (1 ETACEIL E@(l _ 6794(77,5)(5”@4,9))) n @(1 o))
94(77,5) =0 K1
k—1
< |X(n6 + ?,,k)|2(6704(7],5)5 + 626794(ﬂ,5)(5+r1{fﬂc)) + H(A(nd))efmé
=0
05(5) —04(n,6)8 - —604(n,8)(54ro— k2 —k1r —k1(6—
I (1 _ e 0a(n.8)5 | 52(1_6 4(1,8) (547 m)) + 22 (g emmime _ gmm (6=
64(7776) —0 K1
k—1
< V(Z,) max {6—04(77,5)5 n ng(l _ 6—94(7175)(5+w—m))7e—f<15}
=0
k—1
N 05(0) (1 AL i (1 _ 6794(n,5)(5+mﬂ~k))) i @(2 LT gm0y
04(n, 6) = K1
As a consequence, since 04(n,d) > 0 and €g,...,ex—1 € (0,1) can be taken arbitrarily small, we can find
€0y---,k—1 € (0,1) such that
k—1
o 08 L N El(l _ e—e4<n,a>(5+7-z—rk>) <1,
=0

and further we have
k—1
f := max {e—em,&)a +3 e (1 _ e—em,a)(ém—m) 7 e—mé} <1
£=0

Therefore, the function V satisfied the drift condition (3.9). Due to [14, Theorem 2.5], the Markov pro-
cess (Zy)n>o0 is exponentially ergodic. Namely, there are constants ¢z, A3 > 0 and a probability measure
Corpoooryro.i 00 REFDE 50 S guch that

|E[£(Zn)] = Trprooirr i ()] < c3e™" (3.14)

for all f: R*+D4 x S 5 R such that |f| < V. As V > 1, (3.14) implies that

L X (n65-r0) X (0511),X (18),A(18)) — Dot o |lvar < cze™ 3™, (3.15)

Besides, by the ergodicity of (A(t)) due to (H5), (3.14) also yields the projection measure of I'y, . o
into & must equal to v, i.e. I'y, . ) roi0 ﬂ-Xl = 1.

Step 2. Let D be the collection of all finite subsets of [0, §), ordered by set inclusion. By the arbitrariness of
the finite set F' in the argument of Step 1, we obtain that for each F = {0 =rg <r; < ... <7 < ¢}, there
r....m1,mo ON the product space RE x S, where RY := R(*+Dd_Therefore,
we obtain a family of probability measures { I'p; Fe D}. We shall check its consistent property below.

is a probability measure I'p :=T
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For F,ﬁ € D satisfying FcC F', denote by 7 = the projection map from R¥ to R¥. The Kolmogorov
consistent condition obviously holds for the finite dimension marginal distribution of (X(,11)s) for every
n € N, that is,

-1

('ZX(nﬂ)s omp') o e F

-1

gX(nﬂ)a o 7TF

Invoking the convergence of (3.15), this yields that

'z ow%l = (FF Oﬂ';l) owglﬁ.

So, the family of probability measures {I'r; F € D} on €([—4,0]; R%) x S is Kolmogorov consistent. Then,
by the Kolmogorov extension theorem, there is a unique probability measure i on € ([—d,0]; R?) x S such
that

fi(r7'(A) x B) =Tp(Ax B), YA€ BR"), Be #(S), VF € D. (3.16)
Let 11 be a probability measure on %' ([—§,0]; RY) x 2([-4,0];S) given by
1A x G)=(Axm\(G)), VAeB(€(-0,0;RY), Ge B(2(-0,0;S)).
Using (3.15) again, we have
|LX (n647m)senns X (05471 ),0(n8)) — K © (TF X T7) " [[var — 0
as n — oo. By Definition 2.2, (X (), A(t)) is weakly stable in distribution. O

Corollary 3.4. Under the conditions of Theorem 3.3, the obtained measure ji in (3.16) on € ([—6,0];RY) x S
is also a stationary probability measure for the process (X (n41)5, A(10))n>0-

Proof. For F' € D, denote %,(R* x 8) the set of bounded continuous functions on R x S. As an application
of the Kolmogorov extension theorem, if for two probability measures v and # on €([—4,0];R?) x S, if

vorp'(f)=vonnt(f), VfeGR xS), FeD,

then v = D.

According to the argument of Step 1 in Theorem 3.3, I';, ., »: i the unique stationary distri-
bution of the Markov processes (X(nd + ri),...,X(nd + rl),X(né),A(né))n>o, which yields that if
(X(rk)7 oo, X (), X(0), A(O)) is distributed as 'y, .. ry ro.i, then (X(né—i—?“k), - ,3((71(54—7“1)7 X (nd), A(né))
for all n € N is also distributed as I'y, .. », ro,i- Thus, for every f € ‘Kb(RF x S)

]Errk,...,rl,'ro,i [f(X(n5 + Tk)v ce- ’X(n(s + T1)7 X(né),A(n(S))] = (Frk,--<7T17T0,i)(f)'

Invoking (3.16), we can rewrite above equation into

E[(f o (rr x 1ds))(X(nt1)5, A(nd))] = (fio (mp x Ids) ™) (f), (3.17)

where Ids stands for the identity map on S. Together with the arbitrariness of FF € D and f €
©(RY x 8), this means that if (X5, A(0)) is distributed as fi on €¢([—4,0];RY) x S, the distribution of
(X(nt1)s5, A(nd)) will coincide with p for n > 1. Namely, /i is a stationary probability measure for the
process (X 41y, A(1n0))n>0. O
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Remark 3.5. Notice that the weak convergence of probability measures on the path space €([—d,0]; R?)
implies the convergence of corresponding finite dimension projection measures. But the converse fails. See
[4, Sec. 1.5]. So, the convergence of Theorem 3.3 is weaker than that of Theorem 2.8. Certainly, the conditions
of Theorem 3.3 are weaker than those of Theorem 2.8 as well.
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