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Abstract: Based on the hypocoercivity approach due to Villani (2009), Dolbeault, Mouhot and Schmeiser (2015)
established a new and simple framework to investigate directly the L2-exponential convergence to the equilib-
rium for the solution to the kinetic Fokker—Planck equation. Nowadays, the general framework advanced by
Dolbeault, Mouhot and Schmeiser (2015) is named as the DMS framework for hypocoercivity. Subsequently,
Grothaus and Stilgenbauer (2014) built a dual version of the DMS framework in the kinetic Fokker—Planck
setting. No matter what the abstract DMS framework by Dolbeault, Mouhot and Schmeiser (2015) or the dual
counterpart by Grothaus and Stilgenbauer (2014), the densely defined linear operator involved is assumed to be
decomposed into two parts, where one part is symmetric and the other part is anti-symmetric. Thus, the exist-
ing DMS framework is not applicable to investigate the L?-exponential ergodicity for stochastic Hamiltonian
systems with a-stable Lévy noises, where one part of the associated infinitesimal generators is anti-symmetric
whereas the other one is not symmetric at all. In this paper, we shall develop a dual version of the DMS frame-
work in the fractional kinetic Fokker—Planck setup, where one part of the densely defined linear operator under
consideration need not to be symmetric. As a direct application, we explore the L?-exponential ergodicity of
stochastic Hamiltonian systems with a-stable Lévy noises. The proof is also based on Poincaré inequalities for
non-local stable-like Dirichlet forms and the potential theory for fractional Riesz potentials.
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1 Introduction and main result

1.1 Background

In physics, the Hamiltonian system, as a mathematical formalism due to W.R. Hamilton, describes the evolution
of particles in physical systems. From the perspective of practical applications, the deterministic Hamiltonian
systems are often subject to environmental noises. Then the environmentally perturbed system, named as the
stochastic Hamiltonian system in literature, is brought into being. So far, stochastic Hamiltonian systems have
been applied ubiquitously (see e.g. [23]) in finance describing some risky assets, in physics portraying the syn-
chrotron oscillations of particles in storage rings due to the impact of external fluctuating electromagnetic fields,
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and in stochastic optimal control serving as a stochastic version of the maximum principle of Pontryagin’s type,
to name just a few.

With regard to the mathematical formulation, the stochastic Hamiltonian system is described by the fol-
lowing degenerate stochastic differential equation (SDE for short) on R?¢ := R? x R®:

dX; = Vo H(X;, V) dt,
{ t = VoH(X¢, Vi) 1)

th = —(VXH(Xt, Vt) + F(Xt, Vt)VvH(Xt, Vt)) dt + dZt,

where H is the Hamiltonian function, VxH and V,H stand for the gradient operators with respect to the
position variable x and the velocity variable v, respectively, F means the damping coefficient, and (Z;)so
is a d-dimensional stochastic noise. Throughout the paper, in some occasions, we frequently use the simpli-
fied notation V to denote the gradient operator in case there are no confusions evoked. In particular, when
H(x,v) = Ux) + %|v|2 and (Z¢)t0 = (B¢)¢=0, @ d-dimensional standard Brownian motion, (1.1) reduces to the
stochastic damping Hamiltonian system:

dX; = V,dt,
(1.2)

th = —(VU(Xt) + F(Xt, V[)Vt) dt + dBt,

where U might incorporate the confining potentials and the interaction potentials (e.g., the Lennard-Jones
potential and the Coulomb potential).

In the past few years, great progress has been made on ergodicity of the stochastic Hamiltonian system (1.2)
with regular potentials. For the polynomial-like potential U, the exponential ergodicity under the total varia-
tion distance was addressed in [33, 38] with the aid of Harris’ theorem. By making use of the mixture of the
reflection coupling and the synchronous coupling, concerning the underdamped Langevin SDE (i.e., (1.2) with
F(x,v) = 1), the exponential contractivity under the quasi-Wasserstein distance was tackled in [17]. Recently,
the kinetic Langevin dynamics with singular potentials has also received more and more attention since the
interaction potentials exhibit certain singular features. Specially, the geometric ergodicity under the total vari-
ation distance of kinetic Langevin dynamics with singular potentials has been investigated in depth via Harris’
theorem; see [22] concerned with the setting on the Lennard-Jones-type interactions, and [28] regarding the
setup on the Coulomb interactions, respectively.

In comparison to stochastic Hamiltonian systems subject to Brownian motion noises, the long term behavior
of the counterparts environmentally perturbed by pure jump Lévy processes is sparse. All the same, there has
been some progress on ergodicity of stochastic Hamiltonian systems with pure jumps in recent years. In [7], con-
cerning stochastic Hamiltonian systems with pure jumps and regular potentials, by designing a novel Markov
coupling, we dealt with the exponential ergodicity under the multiplicative Wasserstein-type distance. In the
meantime, based on distinctive constructions of Lyapunov functions and the Hérmander theorem for non-local
operators, the exponential ergodicity under the total variation distance was explored [6] via Harris’ theorem
for Lévy-driven Langevin dynamics, where the singular potentials might be the Coulomb potentials or the
Lennard-Jones-like potentials.

Besides the exponential ergodicity under the total variation or the Wasserstein-type distance, there is plenty
of work that is devoted to the Lz-exponential ergodicity. We recall some facts related to it. Let (X;) >0 be a Markov
process generating a Markov semigroup (P;)s0, and let the probability measure y be an invariant probability
measure (IPM for abbreviation) of (P;):»o. The Markov process (X;)¢ is called Lz-exponentially ergodic if there
exist constants ¢, A > 0 such that for all f € L?(u) and t > 0,

Var,(Pef) < ce™t Var,(f), (1.3)

where Var,(f) := u(f?) - u()* with u(f) := [ f du. The L:-exponential ergodicity above has multiple appli-
cations. For instance, the explicit bounds involved in (1.3) may provide insights into effectiveness of stochastic
algorithms. Particularly, the explicit constants ¢, A > 0 in (1.3) furnish an upper bound on the integrated auto-
correlation, which indeed is a performance measure of Monte Carlo estimators; see, for instance, [2]. On the
other hand, the L2-exponential ergodicity implies characterization of convergence to equilibrium in the other
regimes; see, for example, [14, Chapter 8] for a very nice diagram of nine types of ergodicity.
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For symmetric Markov processes, one of the powerful tools to investigate ergodicity (under, for example,
the variance or the relative entropy) is the functional inequality (e.g., the Poincaré-type inequality and the
log-Sobolev inequality). With regarding to a symmetric Markov process under investigation, the correspond-
ing Markov semigroup is L?-exponentially decaying once the associated Poincaré inequality is valid; see e.g.
[35, Theorem 1.1.1, p.24] and [5, Theorem 4.2.5, p.183]. Whereas, as far as non-symmetric Markov processes
are concerned, the situation will be different drastically. To demonstrate this aspect, we focus on (1.1) with
H(x,v) = Ux) + ®(v) for some smooth functions U and ®, F(x,v) =1, and (Z¢)¢0 = (Bt)t=0, a d-dimensional
Brownian motion. More precisely, we work with the following kinetic SDE:

dX; = VO(V;) dt, (14)

AV, = —(VUX,) + VO(Vy)) dt + dB;. '
If the prerequisite Cyg := [[4, pe € V™) dxdv < co holds true, then the probability measure

u(dx, dv) := Cylye UM dx dy (15)

is an IPM of the Markov semigroup (P;):»o generated by the Markov process (X;, V¢)¢0. Due to the invariance
of u, we have

Ol(Pef)) = ~2u(T(Pf)),
where I'(f) = %|V‘, /1 is the Carré du champ operator; see [5, pp. 20-22 and pp. 122-125]. If there exists a constant
¢o > 0 such that the Poincaré inequality:

Vary(f) < cou(T(N), f e H (), (1.6)

is valid, then the Lz-exponential ergodicity of (X;, V)0 (or the semigroup (Py)sso is Lz-exponentially decay-
ing) follows from Gronwall’s inequality. Nevertheless, due to I'(f) = %|V\,ﬂ2 for f € H'(u), the energy form
&(f) == u(T(f)) is reducible since the x-direction in I' is missing. Hence, the Poincaré inequality (1.6) is not any
more available.

The infinitesimal generator of the Markov process (X;, V)so solving (1.4) is given by

1
(LN, V) = ((Vafx, 1), VOW)) — (Vof(x, v), VUKX))) + (—<vv (,0), VO(W)) + 5 AufCx, v))

= ("S’ﬂaf)(xa V) + (gsf)(xy V), f € Clz)(]Rd):

@7

where A, means the Laplacian operator in the variable v. Under appropriate conditions imposed on the poten-
tial U, the kinetic Fokker—Planck equation corresponding to (1.4) with ®(v) = %|v|2:

oth=2"h (1.8

is well posed, where .#* represents the L?(u)-adjoint operator of .. In [34], Villani initiated the reputable
hypocoercivity approach, which has been applied successfully in coping with the exponential convergence of
the solution h to (1.8) in the H'(u)-sense, in the L?(u)-sense, and in the relative entropy sense, respectively.
In particular, in order to obtain the L?-exponential convergence, an additional L?-gradient estimate needs
to be enforced; see, for example, [8, Remark 3.3]. Later, based on a crucial source of inspiration from [21],
Dolbeault, Mouhot, and Schmeiser [16] established a new and simple framework to investigate directly the
L2-exponential convergence of the solution h to (1.8) by examining conveniently coercivity inequalities, an alge-
braic relation, and boundedness of auxiliary operators. In comparison with the hypocoercivity strategy in [34],
the outstanding feature of the abstract setting advanced in [16] lies in its succinctness and directness, and,
most importantly, bypassing an examination of the L2-gradient estimate in short time. Nowadays, the general
framework developed in [16] is termed as the DMS framework for hypocoercivity in literature. Subsequently,
the DMS framework in the Fokker—Planck setting was extended further in [19] to study the long-time behavior
of strongly continuous semigroups generated by Kolmogorov backward operators. As an important application,
the L%-exponential ergodicity of the degenerate spherical velocity Langevin equation was handled in [19]. Fur-
thermore, we refer to [12] for the recent study on more refined explicit estimates of the exponentially decaying
rate for underdamped Langevin dynamics. Meanwhile, the authors in [20] went a step further to generalize
the general DMS framework and to tackle the L2-algebraic ergodicity of (1.4). Additionally, Andrieu, Durmus,
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Niisken and Roussel [2] and Andrieu, Dobson and Wang [1] formulated a symmetrization-antisymmetrization
version of the DMS setup so that the geometric/subgeometric hypocoercivity for piecewise-deterministic Markov
process Monte Carlo methods can be established. Also, we refer to [27] for explicit L?-exponential convergence
rates concerning a class of piecewise deterministic-Markov processes for sampling. Regardless of the abstract
DMS framework in [16, 34] and the dual counterpart in [19, 20], the densely defined linear operator .# involved,
which generates a strongly continuous Cy-contractive semigroup, is assumed to be decomposed into two parts,
where one part is symmetric and the other part is anti-symmetric. In (1.7), ., is L?(u)-antisymmetric and .%;
is L2(u)-symmetric so that the DMS setups in [19] and [20] are applicable to investigate the L?-exponential
ergodicity and the L%-subexponential ergodicity of the Markov semigroup associated with (1.4), respectively.

1.2 Setting

As mentioned previously, in certain scenarios, the deterministic Hamiltonian systems are influenced by ran-
dom fluctuations with discontinuous sample paths rather than continuous counterparts. In this context, the
d-dimensional noise process (Z;)>o can be modelled naturally by a pure jump Lévy process (for example,
a symmetric a-stable process with a € (1, 2)) so the formulation (1.4) needs to be modified correspondingly.
More precisely, replacing the Brownian motion (B;)so by a symmetric a-stable process (L)>o prompts us to
reformulate (1.4) as below:

dX, = VO(V,) dt,
{ (= Ve (1.9)

dV[ = —VU(X[) dt - V(D(Vt) dt + st

Superficially, there are no essential distinctions between the SDE (1.4) and the SDE (1.9) by changing merely
noise patterns. Whereas, plenty of intrinsic changes are to be encountered. First of all, the probability measure
u introduced in (1.5) is no longer an IPM of the Markov process (X¢, V)0 solving (1.9). Concerning SDEs with
jumps (even for non-degenerating cases), the problem on addressing explicit expressions of IPMs is a tough
task and is impossible for almost all of scenarios. This is the prime issue we must be confronted with when
we explore the L2-exponential ergodicity for stochastic Hamiltonian systems with Lévy noises. Whereas, it is
still possible to figure out the closed form of IPMs once the jump diffusions under consideration enjoy special
structures; see, for instance, [24, 32, 39] for related details. To make sure that ¢ introduced in (1.5) is still an IPM,
we need to alter the drift term of (1.9) in a suitable manner. So far, there are several different ways to amend the
drift term in order to achieve our purpose. One of the potential ways is that the drift term V® in the position
component is untouched while the drift part —V® in the velocity component is substituted by the following one:

bo(v) := e*WV((-A):1e™®M), v eRY, (1.10)
when d > 2 — a. Herein, (-A) " is the fractional Laplacian operator defined via the inverse of the Riesz potential
(see e.g. [26, Definition 2.11]). Subsequently, (1.9) can be rewritten as

dX; = VO (V,)dt,
{th = (-VU(X¢) + bo(Vy))dt + dL;.
The detail that u defined by (1.5) is an IPM of (X;, V)s»0 determined by (1.11) will be elaborated in Lemma 3.1

below. In fact, given the local equilibrium F(v) = e~®W) the friction force b defined by (1.10) is the solution to
the fractional Fokker—Planck equation

(1.11)

(=A)? F + divy(boF) = 0.

See e.g. [9, p.1048] for related details. Note that, for the case a = 2, it is easy to see that be defined by (1.10)
goes back to —V®(v). This evidently coincides with the counterpart in the Brownian motion setting. In addition,
[32, 39] provided another alternative of the drift term by, where the i-th component by ; is given by

bo,i(v) = e*WDI2(e=*M9;d(v)), 1.12)

where D means the fractional Riesz derivative defined by the aid of the Fourier transform and the inverse
Fourier transform, and 0; stands for the partial derivative with respect to the i-th component v;. In contrast to
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be defined in (1.12), by introduced in (1.10) is much more explicit. Based on this point of view, in this work we
are interested in the stochastic Hamiltonian system (1.11), in which b¢ is defined in (1.10) instead of (1.12).

To proceed, we interpret more backgrounds on stochastic Hamiltonian systems driven by symmetric
a-stable noise. The SDE (1.9), with the driven noise (L;);>o being a symmetric a-stable process, is named as
a fractional underdamped (or kinetic) Langevin dynamic in [32] and a fractional stochastic Hamiltonian Monte
Carlo in [39]. Below, let us expound it in the spirit of [39]. In some scenario, the stochastic Hamiltonian Monte
Carlo (HMC for short) based on (1.4) exhibits slow mixing during the sampling procedure, and is incapable
to provide sufficiently large “jumps” to explore full parameter space efficiently; see e.g. the introductory and
preliminary section in [39] for more interpretations. To tackle the aforementioned issues, a variant of (1.11)
was initiated in [39] (see, in particular, (12) and (13) therein). In contrast to the HMC on account of (1.4), the
experimental results showed that the resulting stochastic fractional HMC could sample the multi-modal and
high-dimensional target distribution more efficiently and effectively; see e.g. [31, 32, 39] and the references
therein for details. Additionally, in [39] the proposed stochastic fractional HMC was exploited to train deep
neural networks with faster convergence speed. In addition to applications on machine learning and com-
putational statistics, the stochastic Hamiltonian systems resembling (1.11) have wide applications in physics.
In particular, they have been used to model the anomalous diffusion phenomenon; see e.g. [13, 18] and the
monograph [30, Chapter 10] for related details.

The infinitesimal generator .# of (X;, V¢)>o solving (1.11) is given by

(LN, V) = (VBW), Vaf(X, V) = (VUX), Vufx, 1)) + (o (v), Vuf(X, V) = (~Ay) % fiX, V))

1.13)
= (NG Y) + (Lfx, )V,  f e CoR™M),

where for any g € Ci(]Rd),
(L)) = (be(v), VW) — (1) g(v). (1.14)

By the chain rule, .% is L?(u)-antisymmetric while .%; is not L?(u)-symmetric so the DMS framework [19] is
not applicable to investigate the L?-exponential ergodicity of (1.11). Therefore, another challenge concerning an
establishment of the L?-exponential ergodicity of (1.11) is attributed to the non-symmetric property of ;. To
deal with the trouble brought on by the non-symmetric property of .}, we shall establish an improved version of
the general DMS framework by following essentially the line of [19, 20]. It is of great importance that the densely
defined linear operator involved need not to possess a symmetric part. Once the novel framework is available,
as an important application, the L%-exponential ergodicity of (1.11) can be addressed. The detailed expositions
of the aforementioned tasks will be presented sequentially and systematically in the following sections.

At length, we want to stress that the L2-analytical properties of fractional kinetic equations have received
great interest recently, see e.g. [3, 9, 10]. In particular, a newly developed L2-hypocoercivity approach has been
proposed in [9] to establish a decay rate, which is compatible with the fractional diffusion limit for fractional
kinetic equations without confinement. However, there are remarkable distinctness between the framework
and the approach delivered respectively in [9] and the present paper. For example, the reference measure con-
cerned with the L2-hypocoercivity in [9] is L2-(IR*?; dxdv) accompanying with a proper unbounded weighted
function, whilst the reference measure related to the L?-exponential decay addressed in the present work is
the IPM u(dx, dv). Additionally, the approach in [9] is based on the fractional Nash-type inequality, whereas
the cornerstone in our work consists in the Poincaré inequality established for non-local stable-like Dirichlet
forms [15, 36, 37].

1.3 Main result

Before proceeding to state our main result, we present assumptions on the coefficients U and @ in (1.11). Firstly,
concerning the potential U, we assume that
(Ay) Theterm U: R - R, := [0, co) satisfies the following two assumptions:
(Ay1) Ue C®R%ER,)isa compact function (i.e., foranyr > 0, {x € R?: U(x) <r}hasa compact closure)
such that RY 5 x — e U™ ig integrable and RY 5 x — |[VUX)| is a compact function (i.e., for any
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r>0,{x e R?: |[VU(x)| < r} has a compact closure); moreover, there exist constants cy, c; > 0 such
that for all x € RY,
IV UGN < c1lVUM) + ¢, (115)

where V2 stands for the second-order gradient operator (i.e., the Hessian operator) and | - | denotes
the operator norm.
(Ay) We have lim inf |y oo % > 0.
With regarding to @, we suppose that
(Ap) The function ® : R? — R, fulfills the following assumptions:
(Ap1) @ € C3(R%; R, ) is radial such that ®(v) = lp(lvlz)for allv € R?and some Ve C3(R,; R,); moreover,
[v| — ®(|v|) is non-decreasing, and R? 5 v - e~®V) is integrable.

(Ap2) IV@llo + V3@l < 00 and

sup (V2@ - [v]) < 0o,  sup [®(v) - D(})] < oo,

veRd veRd
where V3 indicates the third-order gradient operator; moreover, there exist constants ¢*,v* >0
such that for all v € R? with |v| > v*,

sup V@@ < c*IVEW)I, i=1,23,
ueB(v)
where B1(v) denotes the unite ball with center v and radius 1.

(Ag,3) The map
ed>(v)
]Rd SV —m
(1 + |v])2d+a)
is integrable.
(Ap,4) We have lim inf}y 00 IiT;: 50

Before we proceed, let us make some comments on Assumptions (Ay) and (Ag).

Remark 1.1. Assumption (Ay,1) is enforced primarily to guarantee that the Poisson equation (I — %op)f = h has
aunique smooth classical solution f € C‘,;O(IRd) forgivenh ¢ Cgo(]Rd). Hereinabove, %op, defined in (3.12) below,
is the infinitesimal generator of the overdamped Langevin SDE with the potential U. Regularity estimates on
the solution to the previous Poisson equation play a vital role in the following analysis. As far as Assumption
(Ay2) is concerned, it is one of the sufficient conditions to ensure that the x-marginal of the IPM u defined in (1.5)
satisfies the Poincaré inequality (see (3.7) below); see, for instance, [4, Corollary 1.6] for further details.

The structure ®(v) = ¢(|v|2) for some ¥ € C3(R,; R,), besides the uniform boundedness of V& and the
integrability of the function x — e"U®, ensures that the sufficient criteria (H;) and (H;) (see Section 2 below
for details) in the general DMS framework (i.e., Theorem 2.1 below) are valid. Under (Ag 1) and (Ag,2), it holds
that limy|—co |[Ve~®M™)| = 0, which enables us to establish a crucial link between the operators n.,%zﬂ and %op
(see Lemma 3.5 below). This transfers the boundedness of one part of the auxiliary operator into correspond-
ing estimates of the solution to the Poisson equation (see Lemma 3.6). Furthermore, the uniform boundedness
and the integrable conditions involved in (Ag ) and (Ag 3) also yields the boundedness of the other part of
the auxiliary operator (see Proposition 3.10 below). (Ag4) provides a sufficiency so that the v-marginal of the
IPM u in (1.5) satisfies the Poincaré inequality (see (3.8) below), where the corresponding energy is a non-local
stable-like Dirichlet form.

The main result in the present paper is presented as below.

Theorem 1.2. Assume d > 2 — a, and suppose further that both (Ay) and (Ag) are satisfied. Then the process
(Xt, Vi)e=0 solving (1.11) is Lz-exponentially ergodic, Le., there exist constants ¢, A > 0 such that for all f € Lz(y)
andt > 0,

Vary (Pf) < ce"“Var,,(f), (1.16)

where (P¢)ts0 1S the Markov semigroup generated by (X¢, V)0 and u, defined in (1.5), is an IPM of (P¢) 0.

As a direct consequence of Theorem 1.2, we have the following statement.
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Corollary 1.3. Assume d > 2 — a and (Ay), and suppose for some f8 € [a, 2a),
1 2 d
D(v) = E(d+ﬁ) log(1+|v|), xeRY

Then the assertion (1.16) holds true, i.e., the process (X¢, Vi)so Solving (1.11) is Lz-exponentially ergodic.

Remark 1.4. Roughly speaking, the process (X;, V¢)ro solving (1.4) is L-exponentially ergodic provided that the
probability measures u1(dx) := #-e V™ dxand y5(dv) := & e *") dv satisfy respectively the Poincaré inequal-
ities; see e.g. [16, 20, 34]. Hence, in this sense, Assumption (Ay) is reasonable since (Ay,2) is a (mild) sufficient
condition to ensure that yq fulfils the Poincaré inequality. On the other hand, (A 4) is a sufficiency making
sure U, satisfies the Poincaré inequality as well. However, as stated previously, there are essential distinctness
between (1.4) and (1.11). In particular, from the viewpoint of infinitesimal generators, the generator (see (1.13))
corresponding to (1.11) cannot be written into a proper form as that for (1.4), where the associated infinitesi-
mal generator is equal to the L?(u)-antisymmetric part plus L?(u)-symmetric part. Thus, to apply efficiently the
dual version of the DMS framework developed here for the system (1.11), we need to quantify the L?-estimate
on %" B;.m; see Lemmas 3.8 and 3.9 for more details. In this sense, the additional Assumptions (As 2) and (Ae 3)
are necessary. This in turn requires that § < 2a in Corollary 1.3, which leads to an immediate consequence that
our main result Theorem 1.2 does not work when y; is of (sub)-exponential decay. We shall emphasize that, for
the explicit example provided in Corollary 1.3, f > a is the optimal condition so that u; satisfies the Poincaré
inequality (see e.g. [36]); while 8 < 2a is also sharp to guarantee the L2-boundedness of the operator L'Bum
via the approach adopted in the present work; see Remarks 3.11 and 3.12 for further comments. Nevertheless,
Corollary 1.3 with B = a is applicable to fractional underdamped Langevin dynamics with the a-stable kinetic
energy, which was studied in [32, Theorem 3]; see also [32, Sections 3.3 and 3.4] for the corresponding Euler dis-
cretization and weak convergence analysis. For sure, besides the explicit example of ®(v) given in Corollary 1.3,
we can also choose its lower-order perturbation as another candidate, e.g.,

d(V) = %(d + B)log(1 + |v|?) — Bloglog(e + [v|*) + co

with B € [a,2a), 6 > 0 and ¢y = 0 such that ®(v) >0 forall v e R?. We also want to mention that such kind
conditions are imposed commonly in investigating the analytic properties of fractional Laplacian operator; see,
for example, [3, 9, 10] for the fractional hypocoercivity of kinetic equations.

The remainder content of this work is organized as follows. In Section 2, we establish a general DMS framework,
where one part of the densely defined linear operator involved is antisymmetric while the other part need not to
be symmetric. As an application, we apply the DMS framework developed to complete the proof of Theorem 1.2.
This will be addressed in Section 3. Since the proof of Theorem 1.2 is a little bit lengthy, a series of lemmas and
propositions are prepared separately in Section 3 so that the paper is much more readable.

2 A general DMS framework

To encompass the non-local kinetic Fokker—Planck operator . defined in (1.13), in this section we aim to develop
a general DMS framework. For this purpose, some warm-up work needs to be carried out in advance. Let
(&, D(Z)) be adensely defined linear operator generating a strongly continuous contraction semigroup (P¢)>o
on a separable Hilbert space (H, -, )u, || - |lz)- Assume that ®© is a core of (£, D(¥)), and that £ can be written
in the following form:

L=H+LA ond,

where the linear operator (%, ©) is antisymmetric in H. Since (%, ®) is a densely defined antisymmetric
operator on H, it follows that (.%, ©) is a closable operator (see e.g. [2, Lemma 26] or [29, Theorem 5.1.5, p. 194])
with the closure (%, D(%)). On the other hand, since the semigroup (P;)so is contractive, the generator
(&, D(Z)) is negative definite on H (i.e., (Zf,f)g <0 for all f € D). Hence, the antisymmetric property of
(L, D) yields that (Af, fiu < 0forall f € ®.
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Let Hy be a closed subspace of H so H can be formulated as a direct sum of Hp and its orthogonal comple-
ment Hy (see e.g. see [25, Theorem 3.3-4, p.146]). Thus, the orthogonal projection operator 77 : H — Hy is well
defined.

Below, we shall assume that:

(H) D cDL)nD(L*)andHy c {f € D(A) : Af =01n{f e D(L) : L' f = 0}, where £ and .Z}" stand
for the adjoint operators of . and .#7 on H, respectively,

(Hy) m® c D(L) and nnf =0forallf € ©,

(H3) there exist constants ai, az > 0 such that

I - A% < a{~Af, P, feD, Q1

and
Al < aol Zomfily,  f € D(Lom). 2.2)
From (Hy) and (Hy), it is ready to see that Hy ¢ D(%) and 0 ¢ D(%). Thus, for all u € ©, u € D(L) =
D(L) N D(L), and so (I - m)u € D(Z). Consequently, the mapping © > u — £ — mu is well defined
(see (Hy) below).

Due to the fact that (%, D(%)) is a densely defined antisymmetric operator, in addition to 7D(.%) ¢ D(%)
(since 10 ¢ D(%) by invoking (Hy) and (%, D(%)) is a closure of (%, D)), (L7, D(Z)) is a closable opera-
tor (see e.g. [2, Lemma 26]) with the closure (%, D(%m)). Because of (Lm)* = 1.4 = —-n.% on®, (Lm)* is
a densely defined linear operator. This, along with % = ((%m)*)* on®© and [29, Theorem 5.1.5, p. 194], implies
that (£, D(%m)) is a densely defined closed operator. Next, define G = (%n)* %ym. Then (G, D(G)) is self-
adjoint and D(G) is a core of .%y; and moreover, for A > 0, AI + G is bijective from D(G) to H and the inverse
operator (AI + G)~! is a self-adjoint operator with |[(AI + G)™!|| < 1 (see, instance, [29, Theorem 5.1.9 (i) and (i),
p-195]), where | - || stipulates the operator norm. Accordingly, the operator

B = (AL +G) (Lm)*, D(B)) = D(Ln)*) = D(L) 2.3)

is well defined. Recalling from [29, Theorem 5.1.5, p. 194] again that (%) is a densely defined closed operator,
we deduce from [29, Theorem 5.1.9 (iii), p. 195] that

Bi=(%n)* A +G)Y, DB)=H and [By<A:

in which (B;, D(B,)) is the closure of (B;, D(By)). Combining the expression of B; given above with the fact
that 7 is a projection operator (so 7* = 7 and 7> = 1) on H yields 7B, = B; right now. For further discussions
and more detailed properties on the operator B;, one can consult e.g. [20, Section 2] or [2, Appendix B].

On the basis of the preliminary materials concerned with the linear operator B,, we further suppose that
(H4) © c D(G), and there exists a constant as := as(A) > 0 such that forall f € ©,

(BAZ (I - mf, | < aslaflul( - mfla-

The main result in this section is stated precisely as follows.

Theorem 2.1. Assume that (H1)-(Ha) hold true. Then, forallf € H,t > 0and A > 0,

IPAIE < Ce A%, 2.4)
where for ay, az > 0 and as > 0 given in (Hs) and (Hy), respectively,
1
Ao = 810 and C:= Aj T2 (2.5)
2(1+€0/‘177)(1+/1(12) Az - &
with 1 1+4 1
g = —(A%/\ il az/\ 2).
2 ay a1(1+ Aap)ag

Proof. Since (., D(.Z))is a densely defined linear operator and the associated semigroup (P;)o i contractive,
it is sufficient to show that (2.4) holds true for any f € D(.¥). Below, we define the modified entropy functional
(see e.g. [16, p. 3812])

L) = W0+ eoBaf P [ e H
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where the linear operator B, was defined in (2.3) and &y was given in (2.5). By taking advantage of [16, Lemma 1]
or [20, (2.7) in Lemma 2.2], it follows from (H,) that

1 1
IBrulg < — I -muly < —llul, ueH.
2 212
This subsequently implies that
1 &0 9 1 £9 2
5(1- A—%)nuuH <h<g(1+ A—%)nuuH, ueH, (2.6)

where 1 - 80/1_% >1 by taking the definition of €; into consideration. Recall the basic fact that f; := P;f € D(.¥)
for any f € D(.Z). Once we can claim that for any f € D(.Z) and ¢ > 0,

€0

T Li(fo). 2.7
2(1 + ggA72)(1 + Aag)

%Iﬂ(ft) < -

Then (2.4) is available for any f € D(.¥) by applying Gronwall’s inequality and using (2.6). Therefore, to achieve
the desired assertion, it remains to prove (2.7).
By invoking the fact that & f; = .Zf; for all f € D(.Z), we deduce that

d
Eh(f‘) = (LSt foou + eo((Ba LSt foym + (Baft, Lf)n)- (2.8)
Since D is a core of (.Z, D(¥)), for each fixed t > 0, there is a sequence (f{')n>1 ¢ D satisfying
W (Ife = ff e + 12 fe = Z ) = 0. 2.9)

By interpolating f;* € © into the right-hand side of (2.8), it is easy to see that

SR = LIS+ (B L0+ BT ) + R, 10)
where the remainder R?’A is given as below:
R = (L= f0, S+ (ZfL fe~ fm + o (Balfe ~ ), Lfdm
+&o(BAfT, L (fe = [N + eoBALSE o = fm + eo(BAL (fe - ). fom-
Owing to £ = —% (so (ZLu, u)yy = 0 for u € D(%)) and (2.1), we find easily that

1
(L O =—(Af fin < —a—lll(I— fE - 211

Next, by using .2 = —% again, in addition to 77B; = B, and .#}* ru = 0 for all u € H due to (Hy), it follows that
forallu € ©,
(Bau, Zu)g = (L Bau, uyg + (L mByu, wyp = —(ZoByu, W

This, together with | £Bullg < (I — m)ulg for all u € © (see e.g. [16, Lemma 1] or [20, (2.8) in Lemma 2.2]),
leads to

KBAT, LI ul < T = f lulf s 2.12)

From (H;) and (Hy), one obviously has .4 mu = 0 and nu c D(%) for all u € ©. Whereafter, we derive
from (Hy) that for all u € D,

(BrZu, u)yy = (BrLymu, uyg + By mu, uyg + (B).L (I - mu, uyg
= (By%nu, Uy + (ByZL (I - mu, uyy

< (BrZmu, wyg + asllmullg|(d - mullq.

As a result, we arrive at

BaZf{ fin < Baonf(, fim + aslnf lul T - m)f la- (213
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On the other hand, applying [20, Lemma 2.3] with Ay = %7, a(r) = az, Po(r) = 0and v(ds) = e*sds, and taking
advantage of (2.2), 7% = rand 7B; = B) yields that

1
(Binfl, fu = (BaLon(nfl), nf{ ) < —m"ﬂff"ll%-

Thus, plugging this back into (2.13) gives us that

BaZf{ fidm < - If{ I + aslaf Nl = m)f L e (2.14)

1+ /1
Now, combining (2.11) with (2.12) and (2.14) enables us to obtain that

d 1 n
A0 < ——II(I - Off I - %Ilﬂf[‘ 1%+ (I = mf Pl f e + aslaff (- m)f ) + Ry (215)

Since B; is a bounded linear operator with ||B,|| < A3 , we deduce from (2.9) thatlim,,_,o, R ?’A = 0. Hence, (2.9),
(2.10) and the inequality 2ab < §a? + b foralla,b > 0and § > 0 imply by sending n — co in (2.15) that

IA(ft)——_"(I mfelly - ||7Tfr||H+So(||(I Dflalfla + aslafillald - m)feln)

(2.16)
0]

1 2 2
”H 2(1 1a ) alg()”ft”H-

2
I7felly + 5

171
< _§<a_1 ~ ead(l +Aaz))||(1— nfi

By invoking the alternative of ¢y introduced in (2.5), we infer that

1 2 o 1 &0 1
— o gpdl(1+Aay) 20, — 0 a -0 <0.
2q, ~ f0al+Aa) 20+ Ady) M~ ddtAay) 2 2 Qe

Consequently, by leveraging the fact that ||(I — m)f;||? a+ ||nft|| = = |Ifel? 1> the estimate (2.16) implies that

&Ix(ft) Ifel,.

41+ /1a )
Whence, (2.7) follows by taking (2.6) into consideration. The proof is therefore completed. O

Before ending this section, we make some remarks on the comparisons between Theorem 2.1 and the DMS
framework in [16, 19, 20].

Remark 2.2. We make the following observations.

(i) Inretrospect, the densely defined linear operator . considered in [16, 19] has to be decomposed into the
symmetric part and the antisymmetric part. Nevertheless, the linear operator . we focus on in this paper
has an antisymmetric part, whereas the remaining part needs not to be symmetric.

(i) In[16,19], (2.1) and (2.2) in Assumption (Hs) are called the microscopic coercivity and the macroscopic coer-
civity respectively, which are also referred to as Poincaré inequalities in [20]. Assumption (Hy4) is concerned
with the boundedness of auxiliary operators.

(iii) Obviously, (H;) coincides with [20, (H1)] when %] is self-adjoint. Assumption (H4) with A = 1 in the present
paper is a little bit weaker than [16, Assumption (H4)] and [20, (H3)]. Moreover, the identity operator I
involved in the operator B in [16, 20] has been replaced by the operator AI, which plays a tuneable role
for our purpose. In addition, we want to demonstrate that parts of [20, (H4)] are unnecessary and that there
is no a similar version of [20, (H4)] imposed in the present work. Indeed, to prove [20, Theorem 2.1], the
authors first showed that for any f € ©,

IPAI < EOAF +P(@H), t=0, 2.17)

where &(t) is a decreasing function on (0,00), and ¥ : H — [0, c0] is a functional such that the set
{f e H: ¥(f) < 0o} is dense in H. Apparently, via the contractive property of (Pt):o, it holds that for
any f € D(Z) and (f")n>1 € D,

IPAIZ = IPe(f — % + 2(Pe(f — f™), Pef™ i + 1P 1
< If = "1 + 20F = M el e + EQOUME + P ™).
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Next, since D is a core of (.Z, D(.¥)), we can choose particularly a sequence (f™);>1 ¢ © such that
: n 1 n _ _
lim " = Al = lim L2f" - Zfl = 0.

This, besides an additional assumption lim sup,_,., ¥(f") < ¥(f), implies that (2.17) is still valid for any
f € D(Z). Based on the previous analysis, the hypothesis lim sup,,_, .. (—Zfn, fn) i < (—ZF, /Y u, which was
set in [20, (H4)], can be dropped. Similarly, during the course of the proof for Theorem 2.1, we adopt a dif-
ferent approximation strategy (see in particular (2.10)) to bypass Assumption [20, (H4)].

3 Proof of Theorem 1.2

With the preceding general framework at hand, in this section we aim at implementing the proof of Theorem 1.2.
Since it is a little bit cumbersome to finish the proof of Theorem 1.2, we split the associated details and prepare
respectively Propositions 3.2, 3.4 and 3.10 below so that the whole proof is much more readable. To this end,
several auxiliary lemmas need to be provided simultaneously. We begin with the warm-up statement that the
measure u defined by (1.5) is indeed an IPM of the stochastic system (1.11) with bg therein being given in (1.10).

Lemma 3.1. Suppose that ([, .. "W dxdv < co. Then u defined by (15) is an IPM of the stochastic
system (1.11).

Proof. To show that the probability measure u defined by (1.5) is an IPM of the system (1.11), it is sufficient to

verify
(e WMD) (x v) = 0. 3.1

Herein, . stands for the L?(dx, dv)-adjoint of the generator .# associated with the system (1.11). According
to (1.13), it is easy to see that

(= divy (VO W)f(x, v)) + div, (fix, v)VU(X))) + (- divy (fix, V)b (V) - (—AV)%f(x, V)
(P + (LN ),

(" H(x,v)

where divy and div, denote the divergence operators with respect to the x-variable and the v-variable, respec-
tively.
Via the chain rule, we find that

(L e WD) (x, ) = e~V div, (e UPVO(v)) + eV divy (e *VVU(x))
= e" WM (v U(x), VO (1)) — e” T+ M (v (x), VO(1)) = 0,

and that

(Le WD) (x vy = e~V (div(e ®Vbg (v)) + (-A)Ze~®M)
= —e U (div(V((-4) @ D/2e=2W)) 4 (—p)Te W) = 0,
where in the last equality we took the definition of bg into account and used the basic fact that
~(=0)7e™®V) = div(V((-A)" 7 e ®W)), (3.2)
Putting both equalities together, we conclude that the desired assertion (3.1) follows. O

In the following, from beginning to end, we assume that

Cy = J e U™ dx e (0,00), Cop:= J e~V dv € (0, 00),
R4 R4

and write g = 1 X [z, where

p1(dx) = ie‘U(X) dx and py(dv):= ie‘q’(") dv.
CU C(IJ
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In order to apply Theorem 2.1 to the stochastic system (1.11) with the coefficient bg being given in (1.10), the
principal procedure is to confirm all Assumptions (H;)-(Hy), step by step. For this purpose, one needs to specify
explicitly the Hilbert space H, the closed subspace Hy, the core © of . defined in (1.13), as well as the projection
operator 7. In detail, for the IPM u given by (1.5), define

H=Li(u) = {f e L*(u) : pu(f) = 0},

1
which is a Hilbert space endowed with the scalar product (f, g)» := u(fg) and the induced norm ||fll, := {f, ),
forf,g e L(Z)(u). Define the mapping

(TN = w2, ), f € L)
i.e, the velocity is drawn afresh from the marginal invariant distribution, while the position is left unchanged.
A direct calculation shows that 77 = 7* and 7% = 77, S0 7T : Lg(y) — Hpy is an orthogonal projector, where the
subspace
Hy:={fe Lg(y) : fix, v) is independent of v}.
Let C‘,;O(IRM) be the set of bounded functions on R2? with bounded derivatives of any order. Set
C;’jf’c(RZd) = {f € C(R™) : (Vf, V,f) has compact support}

and
D = Li(u) n (R = {f € C°,(R*) : u(f) = 0},
which obviously is a core of .Z.

In the following, the operators ., %, and .#] are given as in (1.13). Let .£*, %" and .#7" be the respective
L%(u)-adjoint operators of .%, % and 4. Let (£, D(.Z)), (L, D(A)), (L4, D(L)) and (L, D(LY)) be the
closures in L(z)(y) of (Z,9), (A, D), (A,D),and (£, D), separately.

With the aid of all the previous preliminaries, we present the following several propositions to complete
the proof of Theorem 1.2.

Proposition 3.2. Suppose that ®(v) = Y(|v|?) for some Y € C3(Ry;R,). If Cy, Co € (0, 00) and uz(|V®|) < oo,
then Assumptions (H1) and (Hy) hold true.

Proof. We divide the proof into two parts.

(1) Examination of (H1). By virtue of Cy, Co € (0, 00), both yq and u; are probability measures so u = p1 X [z is
also a probability measure. Recall that .} and #}" are the L?(u)-adjoint operators of .y and .#3, respectively.
Then .£* = % +.%;. Note that .4 = -4 so .%, is an L*(u)-antisymmetric operator. By the integration by
parts formula, it follows that for f € ©,

(L Px,v) = - div,, (f(x, VV((-8)~ 2 e ™)) = e®V) (A )% (f(x, v)e D). (3.3)
Obviously,® c D(¥) n D(L*). Whence, to validate Assumption (H;), it remains to show that for any f € L(z)(y),
af e D(A)ND(L") and (Anf)x,v) = (L mf)(x,v) =0. 3.9

In retrospect, (%1, D(£1)) and (£, D(.Z")) are closed operators. Then, according to the closed graph
theorem (see [25, Theorem 4.13 (3), p. 293]), (3.4) follows as long as there exists a sequence (gn)n>1 C D satisfying

Aim lign —7flz =0 and  (Z1gn)(X, V) = (L7 gn)(x,v) =0 foralln > 1. (3.5

Indeed, for any f € Lg(y) (so ui(mtf) = 0), there exists a sequence (gn)n>1 C Cgf’C(IRd) such that p1(g,) = 0 and
limp, 00 t1(18n — 7f1%) = 0. For any n > 1, set gn(x, v) := g,(x), which is independent of the velocity compo-
nent. It is easy to see that (gn)n>1 C C;?C(]RZd), since (gn)n>1 € © with y1(g,) = 0and u = yg x yz. On the other
hand, by making use of limp_,co t1(|gn — nﬂz) = 0, taking the structure of (gn)n>1 into account, and noticing
that u = yq x uy again, one can easily see that lim,_, [lgn — 77fll2 = 0 holds true. Furthermore, because the
designed (gn)n=1 has nothing to do with the velocity component, it follows from the definitions of .#; and .#}*
that, (£18n)(x,v) = 0 and

.

2

(L gn)(x, V) = -2V g, () (div(V((-8)" 2 e ®M)) + (-A) 2 (e"®™)) = 0,

where the second identity is due to (3.2). Consequently, the requirement (3.5) is verified.
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(2) Examination of (H;). It is obvious to see that 70 ¢ D(%). Furthermore, in accordance with the definitions
of % and m, for any f € D,

(T Lnf)(x) = j (omp)(x, V) ta(dv) = j (VO(), V(X)) z(dv)
R4 R4

=2 [ $ D, V) (),
R4
where the second identity is valid in view of ®(v) = ¥(Jv|?). Then, making use of u,(|V®|) < co and the rotation-
ally invariant property of the probability measure yu; yields (7.4 7f)(x) = 0. Therefore, the confirmation of (Hy)
is complete. O

Now we proceed to check Assumption (Hs). Before performing this task, we provide the explicit expression of
the energy form corresponding to the symmetric operator .27 + .%}*, where the non-local operator .#; is defined
in (1.14).

Lemma 3.3. Foranyf ¢ Ci,C(IRd), it holds that
_HZ(f(ﬂ + ﬁ*)f) = Cq,abu,0(f),

where g
20 (&) V) — fO))2 -
Ca= 2" and Epolf) = ” YOI JOW 4, 1y av). (3.6)
n2|T(-9)| v —v|®a
RIxRY
Proof. By invoking the definitions of .7 and .#}", and making use of the chain rule, it follows that for all

fec (RY,

(L + 40)f) = Ci@ j<f( V((~0)" 7 e M), Vi) dv - — jf(v div(f(v)V((-4)" 7" e ®™)) dv
R? JR"
o j (e (8)Ef(v) + (-A) % (f(v)e ™)) dv
]Rd

I fP)(-b)te ™ dv - j F) (M (=0)Ef(v) + (-8)E (fv)e M) dv
]Rd ]R
This, together with the two facts that

—0(v) _ @=2(V)

: e e

(-A)2e™®M = ¢4 4 p.v. J -
d

= §|d+a
and
—CIJ(\))( A) f(V) +( A) (f(V)e D(v) ) = Cgq€ ‘D(V) J f(V) f( dv + CaaPV J f(V)e_CD(V) —f(v)e_‘b@)
lv— v|d+a a - [v — v|d+a ’
]R d

where cq,, was defined in (3.6), yields

sy Cda fOFW) = fV)  _o@) 4=  Cda fOFW) ~f0) o)
w(fla + 40f) = - ” vy Ve - ﬂ v pjdra dvdv.
RIxR? RIxR4

Subsequently, by exchanging the variables v and v in the second integral above, we deduce that
FYy (fv) - fv)) -
w2 (fa + 25)f) = —Caa ” T T dv uy(dv).
RIxR4
Therefore, the desired assertion is provable. O

With Lemma 3.3 hand, Assumption (Hs) is verifiable provided that both the marginal u; and the marginal u,
fulfil the Poincaré inequalities. This statement is detailed in the following proposition.
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Proposition 3.4. Assume Cy, Co € (0, co) and ®(v) = p(|v|?) with uz(|[V®|?) € (0, co) for some i € C2(R;; R,).
If uq1 and p satisfy respectively the following Poincaré inequalities: for some constants c1 and ¢; > 0,

Vary, () < cin (IVA?),  f € C3(RY) 3.7)

and
Vary, () < c26a0(f),  f € CARY), (3.8)
where &4, was defined in (3.6), then Assumption (Hs) holds true.

So far, there are plenty of sufficient conditions to verify the Poincaré inequality (3.7); see, for instance, [5, Theo-
rem 4.6.2, p. 202] and [4, Theorem 1.4], which are concerned with Lyapunov’s criterion. In particular, the genera-
tor under consideration therein is .%op = A — (VU, V). Explicit conditions on the potential term U are, e.g., that
there exist constants a > 0 and R > 0 such that (x, VU) > a|x| for all |x| > R (see e.g. [4, Corollary 1.6]) or that U
is a convex function (see e.g. [4, Corollary 1.9]). On the other hand, according to [36, Theorem 1.1 (1) and (2)] (see
also [15, 37] for more details), the Poincaré inequality (3.8) is available as well in case of lim inf}y|—c0 e S 0.

|v|d+r1

Proof of Proposition 3.4. Via the standard density argument, it is sufficient to show that (2.1) and (2.2) hold
respectively for all f € ©. For any f € ©, it is easy to see that nf € Cgf’c(]Rd). Let fx(v) = fix, v) — (f)(x) for
(x,v) € R* It is ready to see that

I = A = wa(af.12)
Next, by virtue of the Poincaré inequality (3.8) and Lemma 3.3, as well as ,uz(fx) =0 for any x € RY, we derive
that for each fixed x € RY,

wo(If [2) = Vary, (f,) < c26u0(f)) < —C2c3 2 ((L1 + L) o f i)
Then, integrating with respect to u1(dx) on both sides and utilizing ¢ = p1 x us yields that

I = I = ua(Vary, (F)) < —cacg,u(((£ + L) - 7f), f = 7f)).
This, together with the fact that (Z17f)(x) = (£} 7f)(x) = 0, leads to

I = fI3 = 1 (Vary, () < -2¢c2¢7u((ALf)).-

Hence, we conclude that (2.1) holds true with a; = 2czc;’1a.
In the sequel, we still fix f € ©. According to the definition of .4 and the fact that rf is independent of the
velocity variable, as well as that ®(v) = lp(lv|2) and u = ug x Uy,

| Lo = H (VOW), V() ()2 u(dx, dv)

RIXRY

d
—4 Y | aiapooo oo (@) [ 9 (v wa(av)
Lj=1Ra RY
where v; means the i-th component of v and 9; := dixi. In view of the radial property of h(v) = h(|v]) := ¥'(Jv|?)
and the assumption that u,(|JV®|?) < co,

j W (V22 (V) = 0, 1 %],
IRd

This, along with the symmetric property, further results in

d
1 Zomfl; =4 j(ai(nf)(xnz 1 (dx) j ' (Iv*)*v} pa(dv)

i=1 34 Rd
1
= S (VEN)(VOL).

Then, by invoking the precondition y2(|VCD|2) € (0, 00), it follows from the Poincaré inequality (3.7) that for

allf e D,
4C]d

— %A 3.9
yz(|V¢>|2)" 07tfll5 (3.9

Vary, (1) < ey (V) =
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Furthermore, the fact that u; (77f) = u(f) = 0 for f € © implies that for f € D,

Vary, (nf) = i ((TH?) - pa(f)? = m((f)?) = p((mhH)?) (3.10)
by noticing that r7f is not related to the velocity component and combining y = yq x 3. As a consequence, (2.2)
is verified by combining (3.10) with (3.9). O

Before starting to examine Assumption (Hy), some additional work needs to be implemented. The first one is to
provide an explicit expression on the operator 7'[.,2”02 71, which is involved in the auxiliary operator B,. To achieve
this, we recall some facts arising from Assumption (Ay). For any h € C;O(]Rd), consider the Poisson equation

(I - Zop)f = h, (311

where
(Zonf)(X) = Af(X) - (VUX), VX)), f € CARY). (3.12)

Under Assumption (Ay), in terms of [11, Proposition 4], (3.11) has a unique classical solution f € Cg"(le), which
can be expressed explicitly via Green’s formula as below:

F00) = Je’tIEh(Xf)dt.
0

Herein, (X})sso is the solution to the overdamped Langevin dynamics
dX} = -vU(XY)dt + V2dB, t>0, XX=x,

where (B¢)¢s0 is a standard d-dimensional Brownian motion. Throughout the paper, to emphasize the depen-
dence on h, we shall write the solution f; in lieu of f. The regularity estimates (see e.g. [11, Lemma 2 and
Proposition 5]) on the solution fj to the Poisson equation (3.11) play a crucial role in the subsequent analysis.

Lemma 3.5. Assume that Cy, Co € (0, 00), and suppose that ®(v) = x/)(|v|2)for some Y € C3(R,; Ry) satisfying
L2(IV®I% + [V2®]) < oo and

|1|1m Ve~ ®M)| = 0. (3.13)
Then, for any f € C4(R%?),
(nLEmf)(x,v) = c* ((ZLop)f ) (X, V). (3.14)

Herein, the operator £op was defined in (3.12), and
J u?y (wle VW du, (3.15)
0

* u_ de
c” = Co

where wg denotes the volume of the unit ball in R

Proof. According to the definition of the operator %, we have

(nLEn(x) = J((V(D(v), VA(f) OVO(V)) — (VU(X), VEB(W)V(7f)(x))) u2(dv).
IRd

Note from ®(v) = y(|v|?) that

Vo) =29 (v[)v and  VZOW) = 2(¢'(Iv[*) 1 axa + 28" (V) vev). (3.16)
Thus, we deduce that

d d
(Linfix) =4y j Y (VP)*viv; pa(dv) (VA(f) ;00 -4 ) j Y (VP viv; pa(@v) (VU),00(V (), (0
1j=1pa 1j=1pa

-2 j ¥ (VD) 2(dv) (VU), V() ().

R4
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Furthermore, taking the radial property of h1(v) = h1(Jv|) := ¢'([v|*) and hy(v) = hy(Jv]) := "' (|v|?) into account,
and utilizing the rotationally invariant property of the measure u, as well as u,(|[V®|? + [V2®|)) < oo further
yields that

d d
LI =4 Y, [ 9V (@) (VEN), 00~ 4 Y. [ 9" (D ) (VO),00(V ), 00

= =
=2 [ (V) o) VU, T nf) )
R4
[ 01222 2 2 2V IZ + b (vl
= 5 | ORIV o) 800 -2 [ (G4 AWBIE + 9 VD)) @) VU0, V(o).
R4 R4

Therefore, to achieve (3.14), it is sufficient to verify

2 j (%w”uwz)wﬂ + PV @) = 5 j P!V IV pa(dv) = ¢* < oo, (3.17)

R4 R4

where ¢* > 0 was introduced in (3.15).
By invoking Jacobi’s transformation formula, we obtain from u(|V®|?) < oo that

00
% J’ w'(|V|2)2|\;|2 Uo(dv) = 4& J rd+1¢’(rz)2e_w(r2) ar
R D 5
00
- 2 J rd2y (r2e ¥ dr < co.
o
0

Hence, the second equality in (3.17) is verifiable. On the other hand, by the integration by parts formula, it follows
from (3.13) that

1
4 [ OBV ia(@v) = o [(TpavR), ve ) av
R¢ ° R4
_ 1 J e VP trace(V2y(|v[?)) dv
Co
R4
2
- = | e it + 29 VR av,
@
where the last display holds true due to (3.16). Consequently, the first identity in (3.17) is available. Thus, the

proof is complete. O
Lemma 3.6. Assume that (Ay) and Assumptions in Lemma 3.5 hold, and suppose further that
u2(IVO[* + [V2@?) < co. (3.18)
Then there exists a constant ¢ > 0 such that for all f € ®,
I(Bex LI = 1)) 7ifll2 < clIntfll2, (3.19)
where c* > 0 was defined in (3.15).

Proof. According to the definition of B, and by virtue of the L?(u)-antisymmetric property of %, it follows
readily from Lemma 3.5 that for all f € ©,

(Be» LI - 1)) 7if(x, v) = ~(I - ) LEn(c* ] - n L) mf(x, v)
1 1 (3.20)
= —C—*(I - 1) LEru(x, v) = —C—*(I - 1) Lux, v),
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where u(x, v) := (I - Zopm) '1f(x, v). Note that u(x, v) depends merely on the x-variable so we can write
u(x) = u(x, v) in the subsequent analysis. Under Assumption (Ay), one has u € C;O(le) by taking advantage
of [11, Proposition 4]. Via examining the procedure to derive (3.14), we find that

J(th(v), V2u(x)vae(v)) Uz(dv) = c*Au(x) (3.21)
R4
and
J (VU(x), V*®(V)Vu(x)) Uz(dv) = c*(VU(x), Vu(x)).
]Rd
Then, along with the definition of .4, we infer from (3.20) that

(Bes Lo(I- 1)) * 1tf(x, v) = —Cl—*<(V<I>(v), VZu(x)vow)) - (VU(x), V2O (W)Vu(x))

- J((V*D(V), VEu(x)Va(v)) - (VU(x), V2O(v)Vu(x))) uz(dV))

R4
= —Cl—*((th(v), V2u(X)VO(v)) — c* Au(x) + c*(VU(X), Vu(x)) — (VU(x), Vztb(v)Vu(x))).

Subsequently, in addition to (3.18) and the basic inequality 2ab < a? + b? for all a, b > 0, we deduce that for
some constants Cq, Cy > 0,
(B 501 =) nfl < *)Zul(w 41+ - *)2H2(||V2¢’|| ) )i (VUPIVuP)

< C1p1(9) + Cour (VU Vul?),

(3.22)

where for all x € R4,
o(x) = J((V(D(v), VZu(x)ve)) - c“Au(x))2 U (dv).
Rd
Recall that ®(v) = ¢(|v|?) and pz(dv) = e~®® dv. Thus, (3.18) and (3.21) yield that
P00 = [ (VW) VUV a(@) - (" u()

R4

d
4 ) jw’<|v|2)4viv,~vkveuz<dv)aiju(x)akeu(x)—(c*Au(x))Z
i,j,k,e=1

d
= 4( Z J ¢'(|v|2)4v§v} L2 (dv) (95 u(x)dj5u(x) + 2(d5u(x))*)

ij=1 R4

d
-2) j P (VI pa(dv) (aﬁu(xnz) — (¢"Bu(x)?

d
Z jw (VA + V) a(dv)(9iiu(x)dju(x) + 2(05u(x)*),

where 9;; := . The previous estimate, in addition to (3.18), implies that for some constant C3 > 0,
y 6x ax p p
o) < Zuzuvqn‘*)((Au(x))Z + 2V u()lfs) < CalVull,

where || - [|[gs means the Hilbert—Schmidt norm. Accordingly, by applying [11, Proposition 5], there exists a con-
stant C4 > 0 such that
11(9) < Callmfl. (3.23)
To handle the term u1 (|VU|?|Vul?), note from [11, p. 1027; line -7] that there exist constants Cs, Cg > 0 satis-
fying
i (IVUPIVUP) < Cspa (IV2ul?) + Coun(IVul?).
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Thus, by invoking [11, Proposition 5] and taking advantage of [2, Corollary 30], there exists a constant C7 > 0
such that
w1 (IVUPAIVu?) < Gollmfl3. (3.24)

At length, the assertion (3.19) is reachable by plugging (3.23) and (3.24) back into (3.22). O

Remark 3.7. In order to guarantee that the Poisson equation (3.11) under consideration is well-posed and the
associated solution enjoys desired regularity estimates, the compactness of U and |V U], along with the integrabil-
ity of R? 5 x — e~U® and the growth bound on V2U, need to be in force; see e.g. [11, Proposition 4]. Accordingly,
Assumption (Ay,1) has been imposed. Apparently, to implement the proof of Lemma 3.6, we have made full use
of plenty of important assertions in [11]. Nevertheless, all assertions applied in the aforementioned proof are
taken directly from [11, Proposition 4] without any modification or improvement. So the price we need to pay is
to necessitate U € C®°(RY, R,,). By examining the proof of Lemma 3.6, the requirement u ¢ Cgo(IRd ) involved is
unnecessary. In fact, u € Ci(]Rd) is adequate for our purpose. In this case, the smooth assumption on U can be
weakened correspondingly. Whereas, this topic is outside the scope of the present article, and is left to purse in
our future work.

In order to verify Assumption (Hy), we further need to prepare two additional lemmas.

Lemma 3.8. Assume that (Ay) and assumptions in Lemma 3.5 hold. Then, for any f € ® andd > 2 - a,

-V, V2O(v)V —om
(v-v (V)Vugzr(x))e v

2 BLaif(x,v) = Cl*Cd,z_a(d +a-2)e®Vpy. J

: |V — v|d+a

. = = (3.25)

1. o J (VO(V) - VB(V), Vitz(x))e®®

— —Cdq€ PV il av,

c* ' |V — v|d+a
]Rd
where ) d
INC— 2ar(dta

Cd ( 2 ) C = # (326)

a= Q7 > d,a 1 .
24:T(§) m2|T(=9)
Proof. Inview of 7* = 1, £ = -4y as well as 7B+ = B+, we deduce from Lemma 3.5 that for any f, g € ©,

(Berf, 8)2 = (MLy f, (¢*] - nim) i ng),
1 . 3.27)
= C—*(o%*f, (I - Zop)~ " 18)2,

where in the second identity we also used the fact that (¢*I — n.,%zﬂ)‘lﬂg is independent of the v-variable. For
g € ®, in terms of [11, Proposition 4], the Poisson equation

(I - Zop)Ung = g

has a unique classical solution uzg € C‘lj"(IRd). Whereafter, we infer from (3.27) that
(Berf,8)2 = 5 ¢ Lotz
This, combining with the definition of .%, leads to
BLfx,v) = cl—*(VQ(v),Vunf(x)), fed.
Next, employing (3.2) and (3.3), in addition to the chain rule, yields that
Ly Braf(x,v) = —Ci*e‘m) divy ((VO(V), Vizs (X)) V((-A) 2 ~1e™M))
- Cl*e‘””’(—Av)% ((VO(v), Vizp(x))e M)
- —Ci*e‘“v) (VEOW)ViLry(x), V(1) E 1)) (3.28)
+ C%e“’“’(wcb(v), Vi (0) (~8) e~V - (=A,) 2 ((VO(v), Vit (x))e*))

= 0106, V) + da(x, V).



DE GRUYTER J. Bao and J. Wang, Stochastic Hamiltonian systems with a-stable Lévy noises == 19

Owing to d > 2 — a, it follows from [26, Theorem 1.1] that

V=V, V2O Vit ())e ™V
lv— g|d+a

1
o1(x,v) = C—*Cd,z,a(d +a-2)e®Vpy. j
R4

and that

(VO(V), Vitry () (e ) — e=0D)

|V _v|d+a dv

1
da(x, V) = C—*Cd,ae‘b(v) pv. J
IRd

(VOW), Vi (0)e” ) — (VOW), Vitry (0)e*®

1
o(v) j
- —Cq.q® V. —
c* a p |V _ v|d+a

]Rd
(VO(v) = VO(V), Virs (X))
|V _ §|d+a

>

1 (O]
= - Caqe W pw. J
R4

where Cg2-4 and cq o were defined in (3.26). Thus, substituting the explicit expressions above on ¢1 and ¢, into
(3.28) yields the desired assertion (3.25). O

Lemma 3.9. Assume that ¥ € C3(R%; R,) such that Cy := f]Rd e W du < 0o and |V¥||e < co. For B,y > 0 and
v,y € R, set

(u, V2P (v)y)e - (VE(v) - VIV - u), y)e -0
Wy(v,y) = Be*V p.v. J |u|‘ia du - yeVp.v. J [T Y du. (3.29)

R4 R4

Then Wg (v, y) is well defined so that for any v,y € RY, [Wg,y(v,¥)| < B(V)|yl, where v — B(v) is positive and
locally bounded on RY. Assume further that ¥ € C3(R% R,) is a radial function so that |v| — P(v) = P(|v]) is
non-decreasing and there exist constants c*, v* > 0 such that for all v € RY with |v| > v*,

sup V@] < c* VPV, i=1,2,3. (3.30)

ueB(v)

Then there exists a constant ¢ > 0 such that for all v € R? with |v| > v* and y € RY,
[Wpy(v, ¥l < COf‘Ijﬁ,y(V)l)’L (3.31)
where

Tp,p (V) = IVEEW)1e?V [e YOI v@ )] + V™D 4 (14ge1,2)) + Tia=ty 10g [V] + VI T qgeqo,)e™ (2]
+ IVEW) IVPEW)]| + V3R )] + ¥V (Ju[- @@ 4 e ¥(D)),

In particular, if

sup (IV2EW)[I[v]) < 0o,  [[V*®lleo < 00,  sup [¥(v) - ¥(3)] < oo, (3.32)
veR? veRd
and the integrability
e‘P(v)
R

hold respectively, then u,(©?) < co.
Proof. The proof is split into three parts.

(i) For Wg , introduced in (3.29), via change of variables, it holds that

(u’ qu’(\)) )e—‘l’(\)ﬂl)
s, (v,y) = -Be*V p.y. I |u|(ia du - ye*™ pv. I

R4 R4

(VE(v) = VE( + u), y)e Y +1)
|u|d+a

du.
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Thus, we derive that

(u, V¥ (v)y)

|u|d+a (e—‘I—'(v—u) _ e—‘{’(v+u)) du

1
Wy 0,3) = 5B |
R4

- lyeq’(") J ! (VEW) - VP - u), y)e 'V=0 L (VU(v) - V(v + u), y)e V) du

2 |u|d+a
]Rd
. 1 W(v) 1 W(v)
= 5B L(v,y) - 5ye T L, y). (3.34)
Notice that
1) S IR | g (70 4 ¥0)
{lul=1}
+ ||V2‘I"(V)|||_y| J |d+a - |e—‘}’(v—u) _ e—‘{’(v+u)| du (335)
uldra-
{lul<1}

=: 111(\),))) + Ilz(V;)’)-

It is easy to see that
Li(v,y) < 2 Cy [VRW)] 1|

via change of variables, and that

1
10 <2 | e A ITYOIT b
{lul<1}

by the mean value theorem and ¥ > 0.
On the other hand, it is obvious that

1 1
I(v,y) = J. W‘P1(V,u,y)du+ J. W‘pz(\/,u;)’)du

flul<1} flul<1}
1
ujd
{lul=1}

(3.36)
(P1(v, u,y) + ¥2(v, u,y)) du,

where
Wi(v,u,y) = (VEW) - VE( - u), y)(e Y01 — g v+,

Wy (v,u,y) = 2VP(W) - V(v — u) - VE(V + u), y)e T0+W,
Applying the mean value theorem, besides ¥ > 0, yields that

1 1
j Wlpl(\h u,y)du < 2||le||<2>o( J Wdu>ly|-
{lul<1} {lul<1}

Furthermore, via change of variables again, it is ready to see that

1
| i Y10 1,) 8 < 2CoIV ol

{lul>1}

With the aid of the facts that
1s
VY + u) = VEW) + V2EW)u + J J V(VE®(v + Ou)u)udd ds
00

and

1
VP —u) = Vip(v) - V2 (v)u + j V(V2W(v - Qu)u)u dods,
0

Clt——
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we obtain that
1s
VE(V) - VIV + u) - VIV — u) = — I J(V(VZW(V + 0uu)u + V(VEW(v - Qu)u)u) do ds. (3.37)
00

This obviously implies that

1 1
J |u|mlpz(v,u,y)dus2( sup ||V31P(z)||)( J Wdu>m'

{lui<1} 2BV {lui<1}

Furthermore, it is obvious that
1
WWZ(V, u,y)du < 4Cy||V¥|lso Yl
{lul>1}

Putting all the estimates above into (3.34) and taking [|[V¥| < co into consideration, we conclude that
Wgy(v,y) is well defined so that [Wg (v, y)| < @(v)|y| forany v,y € R% where v — 0(v) is positive and locally
bounded on R¥.

(i) In this part, we shall fix v € R? with |v| > v* andy e RY. Let I11(v,y) and I12(v, y) be those defined in (3.35).
Taking the non-decreasing property of ¥ into account, we derive that

1
Iu(v,y) < 2||v21P(v)||ty|( j Tz e P du

{lul>13n{(u,vy=0tn{lv-ul< ] v]}

+ 1 e—‘P(v+u) du
|u|d+a—1

{Jul>1In{{u,v)<o}n{lv+ul<vi}
1
|u|d+a—1
{Jul>13n{{u,v)>0}n{lv-ul> 1 v}n{jul>|v]}

- L evwmo gy
|u|d+a—1

+ e~ Y0 qy

{lul>1}n{(u,v)<0pn{lv+ul= ] viin{lul>|v]}

+ L vo-w gy
|u|d+a—1

{Jul>13n{{u,v)>0}n{lv-ul> 1 vi}n{lul<|v]}

+ 1 e~ Y+ gy
|u|d+a—1

{lul=1n{(u,v)<opnflv-+ul=§ [vlin{lul<|v]}

C 1 1 v

2 v -Y(¥)

< 8|V IP(V)"D)I[—(IVI)(HO(—I + (]1{1<a<2} j @t du + 1p<q<ty J @t du) e 'z ],
Z {luf1} {1<lul<lvl}

where the last display is valid due to |u| > |[v] - [v £ u| > %|v| incaseof |[v + u| < %|v|.
In view of [|[V?P] s < 0o and (3.30), we obviously have for some constant Cy > 0,

(elp(v)_lp(u) |le(u)|)S S

sup sup VP

|v|>v* ueBq(v)

With the help of this estimate, we arrive at

1
Ilz(v,y)szco< J Wdu)IIVZ‘P(V)IIIV‘P(v)Ie‘q’(V)LyI.
{luis1)

Subsequently, by invoking the estimates for I11(v, y) and I12(v, y), we infer that there exists a constant C; > 0so
that for all v, y € R¢ with |v| > v*,

1L (v, )| < CLIVREOI[IVE W)™ 4 v D 4 (Tpeqr oy + Tig=ty 10g V] + [V T iaeqo,)e" 2]yl (3.38)
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In the sequel, let I1(v, y), I2(v, y) and I»3(v, y) be the those terms on the right-hand side of (3.36). Below,
we aim to treat them, separately. By virtue of [V¥|«, < co and (3.30), we obtain that for some constant C, > 0,

11
I21(v,y)| = J I J’ Iul?““ (VIO -su)u,y)(e PV VW - Qu), uy - e YUV (VE (v + Ou), uy) ds do du
{lul<1} 0 0

1 _
SCz( | P du)e YOTY )| VR W) [yl-
{lul<1}

Next, by utilizing (3.37), [V¥|« < oo and (3.30), we reach that for some constant Cs > 0,

S
Ly (v,y)| = ‘ J e (V(VEP® (v + Bu)u + V2P (v - Bu)u)u, y)e YW dg ds du
0

SC3<

In accordance with the definitions of ¥y and ¥, along with the non-decreasing property of the mapping
[v| = P(v) = P(|v]), we deduce readily that

1 -¥(v-u)
i du + 6]Vl
{lul>1}n{(u,v)>0} {Jul>13n{(u,v)<0}
1 -¥(v-u) 1
< 6”lel|ooly|< J |u|d+(le du+ J W
{lul>13n{lv-ul<i|vl} {lul>13n{|v+ul<vl}

) OB )|yl

| |d+a 2

S
!

1

_e—‘P(v+u) du
u|d+a

23(v, )| < 61V¥lcoyl

e—‘{’(v+u) du)

1 -¥(v-u) 1 -W(v+u)
+6]VEcoly] J Th du + J @ du ).

{lul=1)n{jv-ul>1 v} {lul=1}n{lv+ul= 3]}

Consequently, by utilizing the fact that |u| > [v| - |[v + u| > %|v| aslongas|v+u| < %|v|, we derive from Cy < 0o
and ||[V¥|, that there exists a constant C4 > 0 such that

Ia3(v, )] < Ca(v] @ + D)y,
This, in addition to the estimates regarding I51 (v, y) and Iy, (v, y), leads to
(v, y)| < Cse™ O (VR W) VR W) + IV EW)I)Ly| + Co(Jv]7 D + e P @)y| (3.39)

for some constants Cs, Cg > 0. Correspondingly, the desired assertion (3.31) follows by combining (3.38) with
(3.39).

(iii) Since ©(v) is locally bounded, the last assertion follows from (3.31) (in particular, the estimate for ‘?ﬁ,y(v)),
(3.32) and (3.33). O

Proposition 3.10. Assume that (Ay) and (A¢) are satisfied. Then Assumption (H4) holds true.

Proof. To validate Assumption (Hy), it is sufficient to prove respectively that there exist constants ¢y, ¢; > 0 such
thatforall f € D,

[{Bex oI = m)f, fal < calltflal(T = 1fll2 (3.40)
and
[(Bex A1 = m)f, fal < c2llflal(T = 1)fll2. 3.41)
Due to B¢+ = B¢ and (I - m)? = I — 7, it is easy to see that
[(Bex LI = m)f, fal = KU = m)f, (Be- LI — )" 1tf)al
< I = A2l (Bes Lo = 7)) 7ifll2.
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Whence, (3.40) follows from Lemma 3.6. Again, by means of 7B+ = B¢+, we infer that for all f € D,
(B« ZA(I = f, 2 = (I - mf, £ Beemtf)2 < (I = m)fl211 47" Be7iflla.
Next, taking Lemma 3.8 into consideration gives that

1 (U, V2D (V) Vitzs(x))e 200

£k _ 4 — 922
fl Bc*ﬂ'f(X, V) = P Cd,Z—a(d +a 2)e pv. J |u|d+a du
R4
1 Vo) ~ VOV - ), Vit (x))e 00
MERI p'V'J (Vo (v) ( 3 nf (X)) du.
c |u| +a

R4
Subsequently, applying Lemma 3.9 with 8 = Cl Caz—a(d+a-2),y= C%cd,a andy = Vugs(x) yields that for some
constant ¢g > 0,
|27 B mtf(x, v)| < co®()|Vurr (X)],

where (v) is given in Lemma 3.9. As a consequence, (3.41) is examinable by combining (%) < co with [2, Corol-
lary 30]. O

Remark 3.11. To examine Assumption (Hy), we turn to verify the inequalities (3.40) and (3.41) based similarly
on the approach in [16, 20]. As for (3.40), we make use of the regularity properties of the Poisson equation
(3.11) associated with the Hamiltonian operator (i.e., the anti-symmetric part) .4 given in (1.13). The approach
is inspired by the previous work in the Brownian motion setting; see, for example, [11]. However, to obtain
(3.41) it is extremely non-trivial. Note that, since the operator .# is not only non-local but also non-symmetric,
the expression (3.25) for the dual operator .#}" B;. is a little bit complex, and, in particular, .#;"B;. does not
enjoy the chain rule property. On the other hand, in order to establish the bound for |.Z}" B;.[l2—2, we need
some explicit estimates as stated in Lemma 3.9, which in turn require the boundedness condition (3.32) and the
integrability condition (3.33). Indeed, by checking carefully the proof of Lemma 3.9, one can see that almost all
the calculations here are neat. This partly explains the reason that why we impose f < 2a in Corollary 1.3, and
that the requirement § < 2a is sharp by our approach.

With the previous preparations at hand, we are in position to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. Since x — U™ and v - e®™ are integrable, we have Cy, Co € (0, c0). Due to the uni-

form boundedness of V® and V2® (see (Ag ), we have uz(|[V®|* + [V2®|?) < co and uz(|VP|?) € (0, c0). On
the other hand, according to the function that @ is radial and the boundedness of [V®| as well as the fact that
RY 5 v - e7®™ s integrable, limy| ., [Ve~®")| = 0. In particular, (3.13) holds. Under Assumption (Ay 2), u1 sat-
isfies the Poincaré inequality (3.7) (see e.g. [4, Corollary 1.6]); under Assumption (Ag 4), Uz satisfies the Poincaré
inequality (3.8) (see e.g. [36, Theorem 1.1]). Therefore, all the assumptions imposed on Propositions 3.2 and 3.4
are fulfilled. Furthermore, under Assumptions (Ay)—(Ae), all preconditions in Lemmas 3.5-3.8 are satisfied so
that Proposition 3.10 is available. Thus, the proof of Theorem 1.2 is finished by applying Theorem 2.1 and taking
Propositions 3.2, 3.4 and 3.10 into account. O

In the end, we finish the proof of Corollary 1.3.

Proof of Corollary 1.3. According to the expression of ®, we have ® € C3(R%; R,), ¥(r) = %(d + B)log(1 + ),
r > 0, which is non-decreasing, and v — e~ W) jg integrable. Hence, Assumption (Ag,1) is verified. Again, in
terms of the form of ®, we find that

1 2
o(v) - q><;) - S+ ﬁ)(log(l ) - log<l N %)) < (d+P)log2.
Next, note that 4
1 2
V() = (1 :lﬁfz" and V20(v) = (d +ﬁ)(m1dxd - %) (3.42)

Thus, all assumptions in (Ag ) are satisfied. Due to 8 < 2a, we deduce that

d(v)
e
j —  __dv<oo.

(1 + |v|)2(d+a) v
]Rd
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This, together with (3.42), leads to the fulfillment of Assumption (Ag 3). At last, thanks to f > a, we conclude that
Assumption (Ag 4) is available. Therefore, the proof is complete. O

At the end of this paper, we present one more remark.

*

Remark 3.12. As mentioned in Remark 3.11, in order to verify the boundedness of .#" B..., the integrability con-
dition (Ag,3) is required, which subsequently implies that f < 2a concerning the explicit example provided in
Corollary 1.3. Though such kind assumption looks a little bit strict, it is usually imposed to investigate the analytic
properties of non-local operators related to fractional Laplacian operator; see e.g. [3, 9, 10]. On the other hand,
the main purpose of this paper is to address the L2-exponential ergodicity of the SDE (1.11), where the driven
noise (L¢)>0 1S @ symmetric a-stable process. Based on the recent developments on functional inequalities for
symmetric Lévy-type Dirichlet forms (see e.g. [15, 36, 37]), one can extend the approach adopted in the present
paper to a much more general setting, where the driven noise (L) in the SDE (1.11) is a general symmetric
Lévy process. With this extension (in particular with more general choices of Lévy-driven noise) there will be
more explicit examples beyond that in Corollary 1.3.
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