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Abstract

In this note, under weak monotonicity and weak coercivity, we address strong well-
posedness of McKean—Vlasov stochastic differential equations (SDEs) driven by Lévy
jump processes, where the coefficients are Lipschitz continuous (with respect to the
measure variable) under the L#-Wasserstein distance for B € [1,2]. Moreover, the
issues of on the weak propagation of chaos (i.e., convergence in distribution via con-
vergence of the empirical measure) and strong propagation of chaos (i.e., at the level
paths by coupling) are explored simultaneously. To treat the strong well-posedness of
McKean—Vlasov SDEs we are interested in, we investigate strong well-posedness of
classical time-inhomogeneous SDEs with jumps under a local weak monotonicity and
a global weak coercivity. Such a result is of independent interest, and, most impor-
tantly, can provide an available reference on strong well-posedness of Lévy-driven
SDEs under the monotonicity condition, which has been is missing for a long time.
Based on the theory derived, along with the interlacing technique and the Banach
fixed point theorem, the strong well-posedness of McKean—Vlasov SDEs driven by
Lévy jump processes can be established. Additionally, as a potential extension, strong
well-posedness and conditional propagation of chaos are treated for Lévy-driven
McKean—Vlasov SDEs with common noise under a weak monotonicity.
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1 Introduction and Main Results
1.1 Background

The treatment of strong/weak well-posedness is a starter to explore qualita-
tive/quantitative studies of SDEs under consideration. In the past few decades, strong
well-posedness of SDEs with Brownian motion noises has been investigated under
various scenarios; see, for instance, [23, 29] for the Lipschitz continuity and the linear
growth; [29, Theorem 3.4] concerning the local Lipschitz condition plus the linear
growth; [29, Theorem 3.5] regarding the local Lipschitz continuity along with the
Lyapunov condition, and [33, Theorem 3.1.1] with regard to the local weak monotonic-
ity besides the global weak coercivity. Moreover, under the local L7 (L?)-condition,
strong well-posedness of singular SDEs has also advanced greatly via Zvonkin’s trans-
formation; see, e.g., [37, 38] and references therein.

At the same time, there is a considerable amount of literature concerned with
strong well-posedness of SDEs driven by Lévy jump process. As we know, under
the standard assumption that coefficients are globally Lipschitz and of linear growth,
SDEs with pure jumps are strongly well-posed; see, for example, [3, 23]. In case drifts
and Brownian diffusions are locally Lipschitz and the jump coefficient is globally
Lipschitz, in addition to a weak coercivity, strong well-posedness of SDEs with jumps
was explored in [2]. With contrast to SDEs with Brownian motion noises, strong well-
posedness of SDEs driven by pure jump processes is rare under the weak monotonicity
(which is also termed as the one-sided Lipschitz condition) and the weak coercivity. As
stated in [28], many authors quote strong well-posedness of SDEs with jumps under
the one-sided Lipschitz condition by claiming that it is totally well known nevertheless
without providing any reference or referring to references which do not contain it at all.
This phenomenon is further stressed in [31] as follows: “However, we could not find
a reference in the literature that covers our setting completely.” Based on the point of
view above, via a truncation approach, [28] addressed strong well-posedness of SDEs
driven by Brownian motions and compensated Poisson random measures, where alocal
weak monotonicity and a global weak coercivity were imposed. Unsatisfactorily, due
to the limitation of the method adopted, the local weak monotonicity and the global
weak coercivity put in [28] cannot go back to the classical one (see, e.g., [33, (3.1.3)
and (3.1.4)] for more details) when the pure jump term involved vanishes. Additionally,
we would like to mention [17] for a much more general setup, where the driven noise
is a square-integrable semimartingale.

In recent years, there is great progresses as well on strong well-posedness of
McKean—Vlasov SDEs driven by Brownian motions; see, €.g., monographs [5, 32, 36].
We also would like to mention that [10] explored strong well-posedness of McKean—
Vlasov SDEs, which allow drifts and diffusions to be of super-linear growth in measure
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and state variables. Meanwhile, strong well-posedness of regular McKean—Vlasov
SDEs with jumps has also attracted a lot of interest; see, e.g., [11, 14, 27, 31]. In
detail, [11, 27] is concerned with the additive noise and the drift involved in [14] is of
linear growth with respect to the state variable. Furthermore, strong well-posedness
of McKean—Vlasov SDEs with singular interaction kernels and symmetric a-stable
noises has been tackled in [12, 13] and [16, 18] by the aid of the (two-step) fixed
point theorem and the nonlinear martingale problem, respectively. Additionally, via
a Fourier-based Picard iteration approach, [1] considered strong well-posedness of a
class of McKean—Vlasov SDEs with Lévy jumps, where the underlying drift coeffi-
cient is affine in the state variable. When the coefficients are Lipschitz continuous with
respect to the measure variable under the L?-Wasserstein distance and non-globally
Lipschitz continuous with respect to the state variable, strong well-posedness of Lévy-
driven McKean—Vlasov SDEs has been treated in [31, 35]. In case that the associated
coefficients are LB-Wasserstein continuous (for 1 < B < 2) as far as the measure
variable is concerned, and Lipschitz continuous in the state variable, the paper [7]
probed into well-posedness of Lévy-driven McKean—Vlasov SDEs.

Inspired by the aforementioned literature, in this note we aim to investigate the
strong well-posedness for a class of Lévy-driven McKean—Vlasov SDEs under a weak
monotonicity and a weak coercivity, which will weaken the associated conditions and
improve the corresponding results in, e.g., [1, 7, 11, 31, 35] in various aspects.

1.2 Well-Posedness of McKean-Vlasov SDEs

More precisely, in this note we focus on the following McKean—Vlasov SDE on R?:

X, = b(X,, L) dr + / F(Xoes Zx,2) Ndr, d2)
U

+/ g(Xi—, Zx,,z) N(dt, dz). (1.1)
\%4

Herein, %y, stands for the law of X;; X, := limyy, X;; b : R x 2R —
RY, and f,g : RY x ZZ(RY) x R? — R are measurable maps, where 2 (R%)
means the family of probability measures on R?; U,V C Rg := R?\{0} so that
U NV =0; N is a Poisson random measure, carried on a complete probability space
(~§2, Z, P), with the intensity measure d¢ x v(dz) for a o-finite measure v(dz), and
N(dt,dz) := N(dt,dz) — drv(dz) represents the associated compensated Poisson
measure. Furthermore, we shall assume that for some g € [1, 2] and any fixed x € R4
and u € Z(RY),

V(| £ PLy )+ oAV - 1P v g, m, )Ty () <00, (1.2)
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where v(f) := ]Rd f(x)v(dx) for a v-integrable function f : R? — R. For p > 0,
denote by W, the L”-Wasserstein distance:

1

5

Wp(1, p2) == inf (/ |x —yl"’n(dx,dy)) . Wi, 2 € Zy(RY),
TE€E (u1,102) \JRI xRI

where ,@p(Rd) ={u e ZRY : nu(|-|?) < oo} and € (1, p2) is the set of
couplings for w and w;.

To guarantee the well-posedness of the SDE (1.1), the following assumptions are
in force.

(A)) for fixed p € Zg(R?) and z € RY, RY 5 x + b(x,pu) and R? 5 x
B
f(x, u, z) are continuous and locally bounded, and there exists aconstant L; > 0
such that for any x, y, z € R?, and 1, o € @ﬁ(Rd),

2(b(x, 1) = b(y, p2), x — ) + v(| £, 1, ) = s 2, )P Ly ()

) ) (1.3)
< Li(lx =y +Wg (i, n2)9),

and
lg(x, n1,2) — gy, u2, )| < Li(1 + 1z (x — y| +Wg (1, n2)); (1.4

(A) there exists a constant Ly > 0 such that for any x € R? and u € Pp (RY),

200, b0x, 10)) +v(f G, ) PIp ) < Lo(l + P+ (|- 1P)P):

(A3) forany T, R > Oand n € C([0, T]; Wﬂ(Rd)),

T
/0 ( sup |b(x,,u,)|+/ sup If(x,Mt,z)IZV(dZ))dt<00-

{lxI<R} U {|x|<R}
The first main result in this paper is stated as follows.
Theorem 1.1 Assume that Assumptions (A1)—(A3) hold, and suppose further X, €
LA(Q — R4, Zy, P). Then, the McKean—Vlasov SDE (1.1) admits a unique strong

solution (X;);>0 satisfying that, for any fixed T > 0, there exists a constant Ct > 0
such that

EIX|? < Cr(1 +E|Xof), 0<t<T. (1.5)

In addition, if Assumption (Ay) is replaced by the following stronger one: for some
L3y >0,

(o, b0, ) V(£ G, )Py () < La(1+ [x* + (] - |ﬂ)%), (1.6)
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then, for any T > 0, there exists a constant C ’T > 0 such that

E( sup |X,|/3) < CL(1+E|Xo/P). (1.7)

0<t<T

Below, we make some comments on Theorem 1.1 and assumptions mentioned
above.

Remark 1.2 (i) (1.3) shows that b, f satisfy the so-called one-sided Lipschitz con-

(i)

(iii)

dition so they are allowed to be non-globally Lipschitz with respect to the state
variable as the following example reveals. For x, z € R? and o € Py (RY), let

bx, i) = Crx — Cox|x > + u(lh(x — )F)71,
F ) = Caz(l+ Calx 2 + u(h(x — 1B P),
g 2) = A+ 2)(1 + [x] + u(lh(x — )P,

where C1,C2,C3,Cs > 0,1 := (1,---, DT € RY and h : RY — RY is
Lipschitz. Then, Assumptions (Aj), (A) and (A3) are valid, respectively, pro-
vided v(] - [*1y(-)) < oo and C; > 12C3C3v(| - [P1y ().

For the case B € (0, 1), there is no uniqueness of the McKean—Vlasov SDE
(1.1) as [7, Remark 2] shown. See also Remark 3.1(i) for additional comments.
So, in this work we focus only on the setting 8 € [I,2]. As for the case
U={zeR:0<|z|<1},V={zeR:|z| > 1}, f(x, 1, 2) = o(x, )z,
and g(x, i, 2) = o (x, )z witho : R? x Z(R%) — R? @ R?, the strong well-
posedness of (1.1) was addressed in [7, Theorem 1] when b, ¢ are Lipschitz and
LP-Wasserstein Lipschitz with respect to the spatial variable and the measure
variable, respectively. (In particular, in this special case, by (1.2) the jump process
under consideration is allowed to be an «-stable process with « € (1, 8).) How-
ever, in Theorem 1.1, b and f might be non-globally Lipschitz with respect to the
state variables as the previous example demonstrates. In addition, [11] addressed
the strong well-posedness of the McKean—Vlasov SDE (1.1) with additive noise
under the following condition: there is some Lo > 0 such that for all x, y € R¢
and 11, o € Zp(RY)

(x —y,b(x, u1) —b(y, u2)) < Lo(|x — y| + Wg (1, u2)lx — yl.

Apparently, the preceding condition is rigorous than the one imposed in (1.3).
In addition to the fixed point theorem used in the proof of Theorem 1.1, Yamada—
Watanabe’s principle is another approach that is applied widely to prove strong
well-posedness, e.g., see [19-21] concerning McKean—Vlasov diffusions and
[11, 22] for McKean—Vlasov SDEs with additive Lévy noise. In particular, under
the following local Lipschitz continuity: for some L; > 0, and any x,y €
RY, pu1, ua € 21 (RY),

1b(x, 1) —b(y, p2)| + v f(x, w1, 2) = f(y, 2, DLy (- 1)
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= Li(I+Ixl+ Iyl 4w (- DA+ pad - D)Ax = yI+ Winr, 12)),

strong well-posedness of a kind of McKean—Vlasov equations with jumps was
investigated in [14] by Yamada—Watanabe’s principle. On the other hand, the
strong existence is implied by weak existence of McKean—Vlasov SDEs and
strong well-posedness of the corresponding decoupled SDEs. In literature, the
statement above is called the modified Yamada—Watanabe principle [20, Lemma
3.4]. In general, some kind of growth condition needs to be imposed to verify
the tightness of the sequence of Euler-type approximation equations in order to
prove the weak existence. For example, the growth condition: for some L, > 0,
and any x € R?, u € 21 (RY),

1bCe, )|+ 1f (e, 2| < Lo+ 2D+ |x| 4+ (] - D)

was set in [14]. Clearly, such condition is stronger than Assumption (Aj) in our
paper. See Remark 2.3 for comments on the setting of classical SDEs with jumps.

1.3 Propagation of Chaos

The McKean—Vlasov SDE (1.1) arises naturally in the framework of the limit for the
mean-field interacting particle system in the form:

X" = p(XI™ ) dr + / FOX @2y NiGdr, d2)
U

+/ g(X!" @t z) N'(dr,dz), (1.8)
. JV
X" =X, i=1,2--,n,

where 1} = % Z?:l SX;',n ,and {N(dt, dz)}1<i<, are independent Poisson measures
with the intensity measure df x v(dz). The link between (1.1) and (1.8) lies in that
the dynamics of the particle system (1.8) are expected to be described by (1.1) when
the number of particles n goes to infinity. This property is the so-called propagation
of chaos, which was originally studied by Kac [25] for the Boltzmann equation and
was further developed by Sznitman [34]. The propagation of chaos can be interpreted
in the weak sense (i.e., in the distribution through the convergence of the empirical
measure ji} ) and in the strong sense (i.e., from the point of view of paths via coupling);
see [7-9] and references within.

In this subsection, our purpose is to prove quantitative propagation of chaos both in
the weak sense and the strong sense, respectively, concerning the mean-field interacting
particle system (1.8) with f(x,z) = f(x, u,z) (i.e., f is unrelated to the measure
variable). For this, we need to replace (1.3) in Assumption (A;) by the following
stronger version:

(A]) assume that B € (1, 2]; for fixed u € Zg(RY) and z € RY, R? 5 x > b(x, p)
and R? 5 x > f(x, z) are continuous and locally bounded, and for some
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p € [1, B), there exists a constant L4 > 0 such that for any x, y, z € R4, and
Mls MZ € '@p(Rd)’

2(b(x, w1) — b(y, p2), x — ¥) +v(1f(x, ) — f(, )Ly ()

(1.9)
< La(lx =y + Wy (pr, 2)lx — yl,

and

lg(x, w1, 2) — gy, 2, )| < La(1 + 1z (Ix — y[ + W, (1, n2)).  (1.10)

Under (A}), (A2) and (A3), besides (1.2), SDEs (1.1) and (1.8) have unique strong
solutions for Xo € LA (Q — R?, %, P) by taking Theorem 1.1 into consideration.

Let {(X i)tz()}lfifn be n-independent versions of the unique solution to the SDE
(1.1) with f(x,z) = f(x, u, z). In particular, each (X;),zo, 1 < i < n, shares the
same distribution. The following theorem provides quantitative characterizations of
strong/weak propagation of chaos in finite time.

Theorem 1.3 Assume that Assumptions (A}), (A2) and (A3) hold, and suppose further
Xf) e LB(Q - RY, %, P)forany 1 <i < n. Let (j4;):>0 be the common distribution
of (X)soforall 1 <i <n, and it = L R

n Xi’"’
solution to the mean-filed interacting particle systen; (1.8) with f(x,z) = f(x, 1, 2).
Then, for any fixed T > 0, there is a constant Ct > 0 such that

where {(Xi’”),zo}lfifn is the

EW) (i, ) < Croppan), te€l0,T], (1.11)

where the quantity ¢p g 4 (n) is defined as below:

d=1,2;
—(1-5) 3. 3 3p .
n /3,d=3and1§p<§,d=3and§§p<ﬁandﬂ<ﬁ,
¢p,ﬁ,d(n) = dp
d24andﬂ<ﬁ;
nTd, d=31<p<3adp>£Lid>4andp> f2

(1.12)

Furthermore, for any 0 < q1 < q» < 1, there exists a constant Cr > 0 such that

. . qz A
E( sup X" — X;|"q‘) < (Croppan(m)”. (1.13)
0<t<T q2 — 41

To proceed, concerning Theorem 1.3, we make a remark on the structure of f and
the prerequisite (1.9).

Remark 1.4 Recall that the well-posedness of (1.1) is explored under (A) via the
interlacing trick. So, it is quite natural to investigate the issue on propagation of chaos
under (A1). While the empirical measure involved in (1.8) is random, so the above
technique does not work any more. In turn, we reinforce Assumption (1.3) as (1.9).

@ Springer



10 Page80f39 Journal of Theoretical Probability (2026) 39:10

Once f is dependent on the measure variable (as given in (1.8)), the assumption (1.9)
can be formulated as below: for any x, y € RY, and 1, s € Z, (RY),

2(b(x, 1) — b(y, pa), x — y) +v(I £ (x, w1, ) — fO, w2, )Ly ()
< La(lx — y1 + Wy (ur, m2)|x — yl.

In the preceding inequality, in case of b = 0, one has v(| f(x, 1, ) — f(x, ua, -)|2
1y (-)) = 0 for arbitrary p1, u2 € &, (RY). Accordingly, we can conclude that f is
irrelevant to the measure variable (at least when b = 0). Let b be defined as in Remark
1.2(i) and f(x,z) = C3z(1 + C4|x|?) for some C3, C4 > 0. For this case, (1.9) is
valid when the assumptions in Remark 1.2(i) are satisfied by examining the proof of
Remark 1.2(i); see the end of Sect. 3 for more details.

The content of this paper is organized as follows. In Sect. 2, via a Picard itera-
tion approach, we investigate strong well-posedness of classical time-inhomogeneous
SDEs with Lévy noises under a local weak monotonicity and a weak coercivity, which
is quite interesting in its own right. Also, by invoking the interlacing technique, a
uniform moment estimate in a finite horizon is established in Sect. 2. Based on the
theory derived in Sect. 2, along with the Banach fixed point theorem and the interlacing
technique, the proof of Theorem 1.1 is complete in Sect. 3. In addition, the remaining
part of Sect. 3 is devoted to the proof of Theorem 1.3, which is concerned with the
weak propagation of chaos and the associated strong version. In the last section, we
extend accordingly Theorems 1.1 and 1.3 to Lévy-driven McKean—Vlasov SDEs with
common noise.

2 Well-Posedness of Classical SDEs with Lévy Noises

The fixed point theorem is one of the powerful tools to investigate well-posedness
of McKean—Vlasov SDEs under variant settings. For this purpose, the corresponding
distribution-frozen SDE (which, in literature, is also named as a decoupled SDE ) needs
to be considered. In other words, by the aid of the decoupled SDE (which definitely is
a time-inhomogeneous SDE), along with the fixed point theorem, the well-posedness
of McKean—Vlasov SDEs can be treated. Inspired by the aforementioned routine, in
this section, we focus on the following time-inhomogeneous SDE: for any ¢ > 0,

dthbt(X,)dt+/ f,(x,,,z)ﬁ(dz,dz)Jrf g (Xi—,2) N(dr,dz), (2.1)
U |4

where b : [0, 00) X RY — RY, and f,g :[0,00) x RY x RY — R:’ are jointly
measurable; the subsets U, V, and the random measures N (dz, dz), N(d¢, dz) are
untouched as those in (1.1). In this section, we assume that for all 7 > 0 and x € R,

V(| £ G, )Py () + (g (x, )P v DIy () < oo,
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where B € (0, 2]. Herein, we emphasize that the results to be derived in this section
hold true for all 8 € (0, 2] instead of 8 € [1, 2]. In general, the second stochastic
integral and the third one on the right hand side of (2.1) are concerned with small
jumps and big jumps, respectively.

2.1 Main Results

Inspired by the diffusive setting (e.g., [33, Theorem 3.1.1]), to address the well-
posedness of (2.1), we impose the following local weak monotonicity, weak coercivity,
and local integrability on the coefficients. In detail, we shall assume that

(H;) for each fixedr > O and z € R4, R? 5 x — b,(x), R? 5 x — fi(x,z) and
R? 5 x > g(x, z) are continuous and locally bounded; for any fixed R > 0,
there exists an increasing and locally integrable function [0, c0) > t — K, (R)
such that for any x, y € RY with x| V]y] < Randt >0,

2(x — v, by (x) — b(»)) +v(| fr(x, ) — £, )PLu () < K(R)|x — yI*;
(2.2)

(H») there exists an increasing and locally integrable function ¢ : [0, c0) — (0, c0)
such that for x € R? any t > 0,

20x, by (x)) + v(| fi (x, )1y ()
+ A28+ ) (g e P LY () < ()1 + [x )

(H3) forany R, T > 0,

T
/ ( sup b (x)] +/ sup If,(x,z)lzv(dz)) dr < oo.
0 { U

|x|<R} {lx|<R}
Under assumptions above, (2.1) is strongly well-posed as the theorem below states.

Theorem 2.1 Assume that (H1)—-(H3) hold true, and suppose further Xy € LA(Q —
R, Z0, P). Then, (2.1) has a unique strong solution (X,);>0 satisfying that, for any
T > 0, there exists a constant Ct > 0 such that

sup E|X,|? < Cr(1 +E|[XolP). (23)
0<t<T

To achieve a uniform moment estimate in a finite horizon, we strengthen (H;) as
follows:

(H’z) there exists an increasing and locally integrable function ¢ : [0, co) — (0, c0)
such that for any x € R andt > 0,

(x, b (X)) V(| f (x, )Ly (D) v (v(1ge (x, ')Iﬂﬂv(')))% < (O + |x]?).
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With Assumption (H}) at hand, a stronger version of (2.3) can be obtained.

Theorem 2.2 Assume that (Hy), (H}) and (H3) hold true, and suppose further X, €
Lﬂ(Q — RY, Z0, P). Then, for any fixed T > 0, there is a constant C/T > 0 such
that

IE( sup |X,|ﬂ) < (1 +E|Xo/f). (2.4)

0<t<T

Before we move to the next subsection, we make the following remark.

Remark 2.3 In literature, there are several ways to show strong well-posedness of
SDEs under consideration. In particular, as long as the weak existence and the pathwise
uniqueness are available, the strong well-posedness can be derived by leveraging on the
Yamada—Watanabe theorem; see [24] for classical SDEs driven by semimartingales.
Concerning the aforementioned method, one needs to examine tightness of the solution
processes associated with the approximated SDEs. To this end, in general, some growth
conditions (with respect to the state variable) related to coefficients are imposed to
show the equicontinuity in probability. Nevertheless, by adopting the procedure in the
present work, the growth condition on each coefficient can be neglected.

2.2 Well-Posedness of SDEs with Small Jumps

In this subsection, we adopt a two-step strategy to explore the well-posedness of (2.1).
Firstly, we establish the well-posedness of the SDE (without big jumps): forany ¢ > 0,

dY; = b;(Yy) dt + / fitYi—, 2) ﬁ(dt, dz), Yo = Xo. (2.5)
U

Afterward, the well-posedness of (2.1) can be tackled by splicing together big jumps
via the so-called interlacing technique (see, e.g., [3, p. 236] and [23, p. 244-246]).

Proposition 2.4 Under Assumptions of Theorem 2.1 with g = 0, (2.5) has a unique

strong solution (Y;),>¢ satisfying that, for any T > 0, there exists a constant Ct > 0
such that

sup E|Y,|f < Cr(1+E[Y)P). (2.6)
0<t<T

To address the well-posedness of (2.5), we appeal to the Picard iteration approach.
So, in the sequel, we work with the following iterated SDE: for any ¢ > 0 and integer
n>1,

ar™ = b(v"y dr + / LW N, do), v =Y, 2.7
U
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where t,, := [tn]/n with | -] being the floor function. Below, for the notation brevity,
we set

Pt(n) = Ytin) - Yt(n) and Pt(n—) = Ytg,n) - Yt(z)‘
Additionally, for any R > 0, we define the stopping time rl(en) by
o —inf{t > 0: |v"| > R/2}.
To accomplish the proof of Proposition 2.4, we prepare several preliminary lemmas,
where the following one shows that, for fixed R > 0, 1 © r(y,)](t)l pt(")| — 0 in
TR

probability as n — oo.

Lemma 2.5 Under (H3), for any R, e > 0,

lim P(Ip" >0 <r<te")=0. 2.8)

n—o0

Proof From (2.7), we obviously have for any ¢ > 0,

t t
i = _/ bS(YS(:'))ds—/ / f (¥, 2) N(ds, dz).
tn tn U

This thus implies that for any ¢ > 0,

(n)
R £
Ibs (V) 1y, () ds > 5)

INT

P(lp”) = e.0 <1 <1y)) < JP(/
0

(n)
ok @) -
+P '/(; /U fs (Y D1y, 1(s) N(ds, dz)

=T, n R, &)+ T, n R, o).

&
> _
=)

On the one hand, via Chebyshev’s inequality and the definition of II(Q"), we deduce
that

(n)

R 2 [t
|bs<Y;:))|11[,,1,,](s)ds) <= f sup |bs(x)] ds.
tn {|x|<R/2}

INT

I'i(t,n, R, ¢) S%E</
& 0
2.9

@ Springer



10 Page 120f39 Journal of Theoretical Probability (2026) 39:10

On the other hand, using Chebyshev’s inequality once more followed by 1t6’s isometry
and the notion of t I(e") yields that

4 2

F2(l7n1 R9 8) S _ZE
&

4 t/\tl({') )
=?E< /0 f | (Y, 2)) n[tn,tﬂs)v(dz)ds) (2.10)
U

4 ! )
;/fU sup | £s(x, 2)|” v(dz)ds.
In

{lx|=R/2}

tAr[(en) -
‘/0 / fS(YS(:L)a Z)]l[tu,[](s) N(ds9 dZ)
U

IA

Therefore, (2.8) is valid by combining (2.9) with (2.10), and taking (H3) into account.
O

Roughly speaking, the next lemma indicates that the life time of (Y, ,(")) >0 goes to
infinity.

Lemma 2.6 Assume that (Hy) with g = 0 and (H3) holds true, and suppose Yy €
LB(Q — RY, Zy, P). Then, for any fixed T > 0,

lim lim P(z{” < T)=0. @2.11)

R—oon—00

Proof Apparently, we have

[t <1} = {z}{” <7, sup [r"|> R/4} + {f,(.‘,") <T. sup || < R/4}.
1e10,7(" re[0,75"1

(2.12)

In terms of the definition of rl(:), it is obvious that the second event on the right hand
side of (2.12) is empty. Hence, the following implication and equivalence

[t <1} < { sup Y| = R/4} = {|Y<”)

OB
1€[0,T AT R

> R/4}

are available, where
=T Aty Ainf{r = 0: Y™ = R/4).

By means of Chebyshev’s inequality, one has

<T)< ! y® ),

P(z — =KV
(" = 1) = e e
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where Vg(x) := (1 + 1x|%)/2 for all x € R?. Next, we define a function below:
W (z1,22) = (¢®lz1] + b)) |z1], ¢ >0,21,22 € RY. (2.13)

As long as there exists a constant C7 > 0 such that

(n),%

T
Evﬂ(yfﬁ})’*) <Cr (Evﬂ(yo) +IE</O ! v (p?, Ysﬁj”)ds)) (2.14)
R
and
W ()
lim B( fo U (p, Y)Y ds) =0, (2.15)

the statement (2.11) is verifiable by approaching firstly n — oo, followed by sending
R — o0. Based on the preceding analysis, it amounts to verifying, respectively, (2.14)
and (2.15) for the establishment of (2.11).

Applying the 1t6 formula, we deduce from (2.7) that

a(e P I eOB vy (1)) =e P I 008 (= gV (1) + (L2Vp (v, ¥ 1)) dr
+dm™F

where (Mt(")”g)tzo is a local martingale, and for # € C2(R%), x,y e R¢ and t > 0,

(ZLPh)(x, y) ==(Vh(x), by (y)) 216
+u((h(x + fi(y, ) — h(x) — (VAE), fi(y, Ny ().

For Fg(r) := (1 + r)g on [0, 0o0), note readily that F/é(r) = g(l + r)g*] and
F f’}/ (r) < O0for B € (0, 2]. Thus, an application of Taylor’s expansion yields that for
any x,y € RY and ¢ > 0,
0 ! N 2
(L7 Vp)(x, y) < FBU A+ 1x19)2 (20, b () + V(L fi (v, ) 1y))
1 b
=SB+ 1D 20, b)) + (U fi ()P Tw))
1 B_ 2.17
+3B0 + DA = v by () 17

1
= Be@( + A+ [P+ = v - b))
< B Vg(x) + (200 |x — y| + [b:(M])Ix — yl,
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where in the second inequality we used (H,) with g = 0 and B € (0, 2], and in the
last display we utilized B € (0, 2] and |y|? < 2|x|> 4+ 2|x — y|?. Subsequently, (2.17),
besides ¢ > 0, implies that

(n),
T T
e_.Bf() (s)ds Evﬁ (Y(Z,)),*) < E(e—ﬂ fOR (s)ds Vﬁ(Y(n) ))

(n),*
TR TR

(2.18)

(n),*

T
sEVﬁ(Yo)+2E</O ! \IJs(p@,YS(:'))ds>,

where W was defined in (2.13). As a result, (2.14) is attainable by making use of the
locally integrable property of ¢.
We proceed to verify (2.15). Due to the definition of rl(e"), we infer that for any

t e 0,1,

W (p™, ¥ ") < A, R)Ip™| < RAG, R),

where A(z, R) := Rg() 4 sup,<g /> |b;(x)|. Hence, by virtue of rl(e")’* <TA f1(en)7

it is easy to see that for any integer m > 1,

(), OB

TR R
f W (p™ Y™ ds < f AG, BIp®| ds
0 0 (2.19)

Q)

T
R
< m/o |P§’1_)|dS+R/O A(s, R)L{A(s,Ry>m) ds.

Next, Lemma 2.5, Fubini’s theorem as well as the dominated convergence theorem
yield that
o
lim ]E(/ 1p™ ds) —0.
n—0oo 0

Consequently, (2.15) is achievable by exploiting the locally integrable property of
t — A(t, R), thanks to (H3), and sending n — oo, followed by m — oo. |

With Lemmas 2.5 and 2.6 at hand, we move forward to show that (Y,(")),Zo isa
Cauchy sequence in the sense of uniform convergence in probability, which is stated

precisely as follows.

Lemma 2.7 Assume that (Hy), (Hp) with g = 0 and (H3) are satisfied, and suppose
that Yo € LP(Q — R?, %y, P). Then, forany T, & > 0,

lim ]P’( sup ¥ —y™| > s) —0. (2.20)

n,m— 00 1€[0,T]
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Proof Below, we set Q™" := v —y™,

that

t > 0, for notation brevity. It is obvious
IP’( sup |QF"| = 8) < IF’( sup Q"] = 5) +]P(r1(en) <T) +]P’(1:1(2m) <T),
1€[0,T] ref0,7)™

where T =T A rl(e") A rl(em) Note that the following equivalence

{ sup |Q""| >S} = {|Q e | >8}

1€[0,7p™]
holds true, where
" =" Ainf {r > 0: |07 = e}
Thus, (2.20) can be obtained from the fact that

lim lim P(zy” < T)+ lim lim P(cy" < T) =0,

R—oon—0o0 R—o00 m—00

which is attainable by invoking Lemma 2.6, and provided that

lim lim IP(|Qnm

R—o0on,m—00

¢) =0. (2.21)
From (2.7), one obviously has for any ¢ > 0,
do;"™ = b de +/ £ (2) N(dt, d2),
U
in which
nnm ., __ (n)y (m) n,m o (n) (m)
by i=b(Y, ) — b (Y,) and  f7(2) = fi(Y, . 2) — fi(Y,, 7,

tm

Applying 1t6’s formula followed by using (2.2) and K.(R) > 0 yields that for 0 <

f < n,m,e
'L’R 5

d(e—zfo’ K, (R)ds ’Q;;,m |2)
< e 2B R (o (R 0F P2y — ¥, b1 + / A" @ v(d2) ) dr
U

2o 2o KsRods (0 p0m [ (p Dy (v ™)) dr 4 dMP

< Kz(R)e_zf(; KRy ds (— 2|Q?’mi + |thln) - Ytgn)|2> dr
+2|p = p™| - b (V) = b(¥,)| dr + dM"

< 2K, (R)e 2o KB )y 2 a2 pf" — pi™| - [y (V")
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— b(Y\"™)| dr + dM"
<T@, R(Ip™ )+ [p™1) dr +dM",

where (M;""™);>¢ is alocal martingale and I' (¢, R) := 4RK,(R)+4 SUP|y|<g/2 16 (X)].

Subsequently, with the aid of Y(;") = Yém) = Ypand 1" < r;?n) A rl(em) AT, we
arrive at
) r rg’)AT
E|Q"n [f < &2 Ko <]E(/ r(s,R)|p§”3|ds)
¥ 0 (2.22)

(m)
® AT
+E(/ I'Gs, R>|p‘§@|ds)>.
0

Thus, (2.21) follows from Chebyshev’s inequality and by noting

] r[(:) AT - ) rl(em) AT )
lim E(/ (s, R)|px_|ds) + lim ]E(/ r(s, R p™ |ds> -0,
O n—-oo 0

n—oo

which can indeed be established by repeating exactly the procedure to derive (2.15)
(in particular, see the argument for (2.19)). O

Now we turn to complete the proof of Proposition 2.4.

Proof of Proposition 2.4 Strong existence. Since Lemma 2.7 is available, the proof on
strong well-posedness of (2.5) is more or less standard; see, e.g., [33, Theorem 3.1.1]
and [31, Theorem 1.5] for more details. Nevertheless, we herein provide a sketch to
make the content self-contained.

Note that the space LA(Q, 2(0, T, RY )) is complete w.r.t. locally uniform con-
vergence in probability, where Z([0, T]; R?) stands for the set of cadlag functions
f:10,T] — R“. Then, Lemma 2.7 implies that there is a cadlag, (.%;);>0-adapted
process (¥;):>o such that

sup |¥™ —¥,| — 0 in probability as n — oc.
1€[0.T]

Therefore, a subsequence, still written as (Y,(")) 1€[0,T], can be extracted so P-a.s.,

sup Y —Y,| >0 asn— occ.

t€[0,T]
This thus implies that
sup §; < oo P-as. withS; == sup Y. (2.23)
t€[0,T] n>1
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Define the following stopping time: for any R > 0,
=T ninf{r €[0,T]: S > R}.

The continuity of x +— b;(x), Assumption (H3) and the dominated convergence
theorem yield that for t < g,

t t
lim [ b(Y")ds = / bs(Ys)ds, P-as.
0 0

n— oo

Furthermore, applying It6’s isometry and combining the dominated convergence the-
orem with (H3) and the continuity of x — f;(x, z) enable us to derive that

n— oo

TR ~ 2
lim E(/ / O, 2) = f(¥, N (s, o)
0 U

n—oo

R
= Jim B( [ [ n040.0 - £ Puaads) <o
0 U
Then, for a subsequence, still written as (Yl(n))of,ir, we have for any ¢ < tp,

t t
lim //fS(YAf:‘),z)ﬁ(ds,dz)zf/fS(YS_,z)]V(ds,dz), P-a.s.
0 JU 0 JU

n—oo

Based on the preceding analysis, we conclude that (¥;);c[0,7] is a strong solution to
(2.5) once we note limg_, -, Tg = T by taking advantage of (2.23).

Uniqueness. For any R, T > 0, define r};’T =TA T}g with r}g = inf{t > 0:
|Y:| > R}, where (Y;);>0 is a strong solution to (2.5). By taking x = y in (2.17), we
obviously obtain from (Hj) that

1
(LPVp)(x, x) < SB0+ 612 212, b)) + v( fi (x, ) PIy ()
(2.24)

IA

1
Eﬂw(t)Vﬁ(X),

where .i”to was defined as in (2.16). Subsequently, by the aid of the locally integrable
property of ¢, we can deduce that for some constant C(T) > 0,

E|leg,r|ﬁ < C(T)(1 + E|Yo|P). (2.25)
This further implies that
RFP(ry < T) < B(|Yy|" 1y _p) = C(DA +EIYol?).
As a consequence, r}{’r — T, P-as.,as R — oo.
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Below, let (Y;);e[0,77 and (?,),e[o,T] be two solutions to (2.5) with the same initial

value, and set 75 := r}; T A r}g T By following the line to derive (2.22), we deduce
that for any ¢ > O and ¢ € [0, T,
)=0

[Sh=3

—lﬁf’”;5 K (R)ds > 2
E(e 2770 (5+|1mrl’g_)mrl’g| )
and so

1 Mr;
E<ezﬁk Ks®ds |y, .

ﬁ):o

This, combining K.(R) > 0 with ‘L'Ig’T — T and r};’T — T,P-as.,as R — oo, and
utilizing Fatou’s lemma, give that for any ¢ € (0, T,

.
t/\TR

" . . ~ ﬂ
EIY, — Y|P < liminf B|Y,xq — Yingg|” =0.

Whence, the uniqueness of strong solution follows.
Moment estimate. The establishment of (2.6) can be done by examining the proce-
dure to derive (2.25), so we herein omit the corresponding details. O
With the help of Proposition 2.4, we move to apply the so-called interlacing tech-
nique (see, e.g., [3, p. 112—113]) to construct the unique solution to the SDE (2.1) and
thus verify Theorem 2.1.

Proof of Theorem 2.1 Let for any t > 0,
v _ ! vV _ .SV 1%
Z _f / zN(ds,dz) and D, = {t=0:2Z #Z;, ,AZ; €V}, (226)
0o Jv

where AZ; .= Z; — Z;_, the increment of Z. at time ¢. Note that Dl‘,/ is a countable set
so that it can be rewritten as Dl‘,/ ={o1,--+, 04, -}, Where, n — o, is increasing,
and, for each fixed n > 1, oy, is a finite stopping time satisfying lim,,_,», 0,, = 00
a.s. by taking v(ly) < oo into consideration. Let p, = AZ, ,n > 1, ie., the
jump amplitude at the jumping time o,,. Then, (p,),>1 is an i.i.d sequence of random
variables with the common distribution v|y /v(1y) and independent of (0;,),>1. Now,
we set

xO _ Y, 0<t <o,
! YO‘1 +g0'1—(Y<71—7 pl)s t=oy,

where (Y;);>0 solves (2.5). Obviously, the process (Xt(l))[e[o,a,] is the unique solution
to (2.1) on [0, o1]. Next, we set

) xV, 0<t<ol,
Xz( ) = Yi + 86— (Yo, -, P1), o1 <t <oy,

Y02—+Z[2:] ga,‘—(YU,'—a pi)a 1 = o0y,
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which is the unique solution to (2.1) on [0, 02]. Continuing successively the previ-
ous procedure, the global solution (X;);>0 to (2.1) can be determined uniquely. In
particular, (X;);>0 can be written as follows:

et t
X, =Y+ Z (ggl._(Yg,._, pi)]l{aift}) =Y +/ / gs(Ys—, z N(ds, dz).
0o JV

i=1

Below, we proceed to prove the statement (2.3). In retrospect, Vg(x) = (1 +|x |2)§
for all x € RY. Applying It6’s formula yields that

B (e .
d( e JoGe)+v(y))ds Vg (X,))

= e VORI ( (8024 v(1)) Vp(XD) + (L V) (X)) di +dMy,

where (M;);>¢ is a martingale, and for /& € CZ(R%)
(L) (x) == (LPh)(x, x) + v((h(x + g (x, ) — h(x)Ly ("))

with .i’jo being given by (2.16). Furthermore, by invoking the inequality: (a + b)? <
a’ +b%,a,b> 0and @ € (0, 1], it follows that for any x, y € R?,

B
2

Ve(x 4 y) — Va(x) < |Iy1? +2(x, )| 2 < 2P2|y1f 4 |x/P. (2.27)

This, together with (2.24) and (Hj), leads to

(L Vp)(x) < ga + |x|2>f‘/2—1(2<x, b)) + (| fi (6, )P Ly ()

2B/2+1
_|_

A+ )P 2u(lg 0 1Py () + 1P o(ty)

< (Be(®)/2+v(y))Vg(x).

Consequently, the desired assertion (2.3) follows. O

Before the end of this section, we finish the proof of Theorem 2.2, which is con-
cerned with a stronger moment estimate.

Proof of Theorem 2.2 The proof is inspired essentially by that of [7, Theorem 1] but
with some essential modifications. According to Theorem 2.1, under Assumptions
Hy), (H’z) and (H3), the SDE (2.1) has a unique strong solution.

Recall that DI‘)/ = {01, ,04,--}, and (pn)n>1 is the Poisson point process

associated with the Lévy process (ZtV )i>0 given in (2.26). More details on (6,,),>1
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and (p,),>1 are presented in the beginning part of the proof of Theorem 2.1. Obviously,
for any T > 0, we have

n—1

E( e 1%i1”) < E(Tosr <o) sup |x,\ﬂ)+iﬂz(nmg<%”2 sup ;17

0<t<T <t<T n=1 k=0 Ck=1<Ok+1

o0
+Z]E<1{on§T<a,l+l} sup |Xt|ﬂ)

on<t<T

=T+ +TI3.
Therefore, to achieve (2.4), it is sufficient to show that for some constant C ; > 0,
[ < Ci(1+E|Xolf), i=1,2,3. (2.28)

For the validity of (2.28), we firstly verify that there exists a constant C;* > 0 such
that forany0 <k < (n — )T ando, < T,

E( sup |Xs|ﬁ|%,k)gc;*(1+|xok|ﬁ), (2.29)

O} <5 <041
where oy = 0, and
Gox =00, 1 <i<n+1)V Frpg., nk=>0.
By It6’s formula, it follows from (H/Z) that for any ¢ € [0, ox+1) With 0 < k <

(n— 17,

t
B( sup (XPl9) = 1Xal +3 [ 96)(1+E1X,P14,0) ds
Ok == ok
(2.30)
+]E< sup |Mk,s||gn,k>’

Op=S=I

where
1
Moo= [, [ @ A )+ 1 9P R, 02,
%k

Next, by applying BDG’s inequality (see, e.g., [30, Theorem 1]), in addition to (H}),
there exist constants ¢y, co > 0 such that for any for any ¢ € [0}, ox41) With0 < k <
(n - 1)+a

1/2
E( sup |Mel[%i) = (( f|xs| Ifs (Xs— 2| v(dz)dv) \fm)

o) <s<t

/ / |fs(X9 , 2| |(4nk v(dz) ds
Ok
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1 t
= 3B( s IXsP|%i) +e2 / 9()(1+EQXs121%, 1) ds.
O}

Op<s=t k

Subsequently, plugging the estimate above back into (2.30) followed by Gronwall’s
inequality yields that there exists a constant c3 > 0 such that forany 0 < k < (n—1)"
ando, <T,

T
E( Sup |Xs|2’gn,k) E 3 CCS’/O ¢ (u)du (1 + |X0k|2)~

Ok =S <O0k+1]

This, combining with Jensen’s inequality, implies (2.29).

Let Ny = ti{s € [0, 1] : ZSV #* ZSV_}, which is a Poisson process with the intensity
v(Ly)t (so ENy = v(Ly)T). Making use of the definition of ¢, x and (2.29) gives
us that

00 n—1
I = ZE(ﬂ{an5T<an+1}ZE( sup IXz|ﬁ|%,k))
n=1 k=0

Ok = <Of+1

00 n—1
=Cr ZE(]l{ansT<crn+|} Z (1+1X0, |ﬁ))
k=0

n=1

o0
< C;*(l + sup ]E|Xt|ﬁ> S BNy = nyn

0<t<T =1

gv(ﬂv)Tc;*<1+ sup E|x,|ﬂ),

0<t<T

where in the second identity we exploited the fact that 15, <7 <o, ,} is independent of
ZZ;&(I + | X, |#). Hence, (2.28) with i = 2 is available by the aid of (2.3).

On the other hand, by following exactly the strategy to derive (2.29), we can obtain
that for T € [0}, op+1),

B( sup 1% |9n) = CFF (1 + X, IF).

on<t<T

In particular, it is ready to see that

= E(E( swp 1X1°|%.0)) < CF (1L +EIXol?)

0<t<T
so that (2.28) holds true for i = 1. Furthermore, we can obtain that

oo
Fs= Y E(Lig,<r<on 0B sup 1X:1°|%0) )
n=1

o, <t<T

o
S C;* Z]E<]1'{O'H§T<Un+l}(l + |X0n|ﬂ))

n=1
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o0
<205 " (BP(WNr = n)(1 + ElX1 o, 1P + Elgrr0,~ (XTr0,— p)I?))
n=1
o

<205 (1+ (D7) Y (BN = m)(1 4+ EIX7 00, 1))

n=1

52c;*(1+¢(T)7)(1+ sup E|X,|ﬂ),
0<t<T

where in the second inequality we employed that X, = X, — + g5,— (Xs,—, pn) and
the strong Markov property, and in the third inequality we took advantage of (H5,) and
the nondecreasing property of ¢ as well as the fact that (a + b)#/2 < aP/?> + bP/2 for

all @, b > 0. Finally, (2.28) with i = 3 is verifiable on the basis of (2.3). Therefore,
the proof is finished. O

3 Proofs of Theorems 1.1, 1.3 and Remark 1.2 (ii)
3.1 Proof of Theorem 1.1

Based on the warm-up Theorem 2.1, along with the fixed point theorem, in the fol-
lowing part we aim to complete the proof of Theorem 1.1.

Proof of Theorem 1.1 For a fixed horizon T > 0, define the following path space:

60 = e Cao. T Z5@®N) : sup (|- 1) < 00, o = i, .
te[0,T]
where Xo € LP(Q — R?, %, P) is the initial value of (X,),>0, and

c((o0, 7], @ﬂ(Rd)) ={u:[0,T] - P (RY) is weakly continuous}.
For y > 0, (%;( ?, Wg, ) is a complete metric space, where

~ _ ~ ~ X,
Wey (. 1) == sup (e Wy, ), 1. L€ 6p°.
0<t<T

In the sequel, we work with the decoupled SDE associated with (1.1): for any
Xo
wET

X! = b(X", ) dr +/ FOX g, 2) N(dr, d2) +f o(X" 1y, 2) N(dr, d2)
3.1

with the initial value Xg = Xo. By setting forany t > 0, x,z € R4 and n e %XO,

by (x) :=b(x, w), fl'(x,2):= fx,mz) and g (x,2) = g(x, ts, 2),
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the SDE (3.1) can be reformulated so it fits into the framework (2.1). From (1.3), it is
easy to see that forany 7 > 0, x, y € R4 and JTRS %XO,

208 (x) = B (), x — y) F (I, — O, )Py () < Lilx — yI?

so that (2.2) holds true with b; and f; being replaced by bf and f,“ , respectively. In
addition, by virtue of (1.4) and (A»,), it follows that for some constants cy, ¢z, c¢3 > 0,

206, B 0) + (£ G P () + 25 71+ 6 E (gl (o, )Py ()
< Ly(1+ 5 + (- 1) F)
er (1 DT 0+ 1 YTy )t + (1= 1B) + v(1g(0, 89, )P Ty ()
<o+ P + () 1P)F)
<es(14 swp gl P4, 0=r =T,

0<s<t

(3.2)

where we used (1.2) in the first inequality, and the second inequality is valid due to
Young’s inequality. Therefore, (H,) holds true thanks to u € ‘f;( 9, Furthermore, (A3)
implies (H3) directly. Consequently, according to Theorem 2.1, (3.1) has the unique
strong solution (Xf‘),zo under (A1)—(A3), along with (1.2).

Now, we define a mapping %TXO > pu > d(u) by

(®(w): = fx;‘v tel0,T] 3.3)

In the sequel, we shall claim, respectively, that (i) & : %;( L (f;f 0 and (ii) @ is
contractive under Wg ,, for some y > 0 large enough. Once (i) and (ii) are available,
the classical Banach fixed point theorem yields that the map & defined in (3.3) has a
unique fixed point, still writtenas u, so (®(u)); = u;, = ZLyr foranyt € [0, T']. Thus,
the measure variable (u;);¢[0,7]1n (3.1) can be replaced by (:?X;L )iefo,7]- Accordingly,
(1.1) has a unique strong solution.

For the validity of (i), we need to show that there is a constant C7 ;, > 0 such that

sup EIXM)P < Cr (1 +E|Xol?), nesX. T>o. (3.4)
0<t<T

and that

Lyp —> Lyp ast — 0, (3.5)

Indeed, (3.4) follows from (2.3) and (3.2). Forany R > O and h € Lipb(Rd) (i.e., the
set of bounded Lipschitz functions on R?), one obviously has for any ¢ € [0, T

Elh(X}) = h(X))| < IAILipEIXfAr
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— X§ |+ 2llhllocP(xr < T) =: Ii(t, R) + (T, R),

where g == {t > 0 : |X§‘| > R} and ”h”Lip is the Lipschitz constant of /. Based
on this, to verify (3.5), it suffices to show that lim;_o I1(¢, R) = 0 for fixed R
and limg_. o (T, R) = 0, respectively. By 1t6’s formula, in addition to the local
boundedness (see (A1) and (A3z) for more details), it follows that for any u € %”XO,
e>0,andr €[0,T],

B
E(e + [ Xihe, = X017
5 ek N2
<& +E</ 3B +1XE = X5
0
x (20X = XbbOC 1)) + 001 X s, ) PLo ()

+ 25 B e X8 — XED (g (X s P () )] ds)

INTR
+ v(V)E(/O XY . — X51P ds)

B
<e&2

+ CS,Rta

where C; g is a positive constant depending on the parameters ¢, R. See the arguments
in the end of the proof for Theorem 2.1. The preceding estimate, besides Jensen’s
inequality for 8 € [1, 2], implies that for any ¢, R > 0,

1 B 1
EIX/\ep — Xo1 <E(e + [X/ne, — X0 192 < (€2 4+ Cort)?.

This apparently leads to lim;—.¢ 71 (¢, R) = 0. Furthermore, limg_~c [2(T, R) = 0
can be handled by following the argument to derive (2.25) and using (3.2). Indeed, we
have

E(1 +[x% .. )P

TATR

(1+ R2)P2

PGz <T) <

Then, limg_ o I2(T, R) = 0 is available by taking (3.4) into consideration.

We turn to show (ii). Recall that (Z,V),Z() is defined as in (2.26). Furthermore,
(pn)n=>1 (i.e., the sequence concerning jumping amplitude of (Z,V )i>0)arei.i.drandom
variables with the common distribution v|y /v(V) and independent of (oy,),>1 (i.e.,
the sequence of jumping time of (Z)),>0); see the first paragraph of the proof of
Theorem 2.1 for further details. Note obviously that

Wy (@G0, 2@ < sup (&P E(Lpzcop B/ |%)))

0<r<T
00
+ Sup (e_ﬁytZ]E(]]'{Unft<0'n+l}]E(|TfM,u|ﬁ|%n))>
0<t<T n=1
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=Ti(u, ) + Tape, @),

where : y
YAt =X - XV and 9, :=oloi, 1 <i<n+ 1}V .Z,,.

Thus, to obtain (ii), it remains to show that there are constants C1(T), Co(T) > 0
such that

Ty, i) < CL(T) )y T Wy (. 1) (3.6)

and

o fi) < Co(T)(1/y + 1y )Wy (., ). 3.7)

Let 09 = 09— = 0. For the establishments of (3.6) and (3.7), we start to verify that
foranyn > 0 and t € [0y, Op+1),

- ~ B t 23
JE(IT[""I’SI%)S(ITZ,‘"”‘I’BJrLf( / Wﬁ(us,ﬁs)zds)z)e““—"“. (3.8)
0;

n

Indeed, applying Itd’s formula, in addition to (1.3), we obtain that for any ¢ €
[Gn ’ Gn+1)’

dirf R < Ly 12 + Wg (e, i)?) de + d M,

where M. is a martingale. Thus, Gronwall’s inequality yields that for any ¢ €
[on, out1),

_ : '
BT PI4) < (147 P+ L [ Waus ?ds) e,
On

Whence, (3.8) follows from Jensen’s inequality.
By virtue of (3.8), in addition to Xg = Xg, we have

B
2

B t
Fi(u, ) < L e"'T sup (67’3”(/ Wﬁ(#s,ﬂs)zds)
0<t<T 0

< (L1/@y) T el T Wy, (. )P

)

Hence, (3.6) follows right now. Again, by virtue of (3.8), we find that

(SN

)

o0
) ; g )
ettt s, (e o ZE(ﬂ[an,anH)(f)lTé‘n‘“'ﬁ)) + (L1 /@) T T Wy (o, )P
<t

00 . B '
Do =BT sup (€PN (g, 0, (5P + L (| Welus, i) ds)
n=1

0<t<T on

n=1
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. B -
= el Py, ) + (L1/@y) 2 H1 T Wy (., )P

Next, because of

ITEH < YR+ 1g(XE . oy pn) — 8(XY . gy, Pa)l. 3.9)

it follows from (1.4) that

Y < 20 LT (1T P + W (o, o)) (1 + 1 pal?)

- i (3.10)
<& (TEMP + Waie,. fia,)P),

where &, := 2 + SL’f(l + |pul?)), and 69 = op— = 0. Due to the stationarity of

(pn)i=0,onehasc, := 2+ 8Lf (1+E|p, |’3) (which is independent of n). Furthermore,
applying (3.8) and (3.10) repeatedly yields that

E( 5" P gy 00 ) = BT PR, 6,1 ()
- B on B
<eh? IE((|T::,;£‘1 Ex (/o W (s, fis)?ds ) 2)]1[(,,1,(,”1)(,))
n—1

=et! E((Eh_lﬂ’r(}:’fl—lﬁ +Wg (o, » ﬁ’o"*l)ﬂ)

n

B op B
+L{ (/a W,swx,;mzds)2)1[6,,.0,,+1>(z>)
n—1
=elT E(<c*(wg‘,;ﬁ‘l,|f’ + Wg (Lo floy_)P)

B on 2 g
+ le ( Wg (s, fis) dS) )H[Un:UnJrl)(t))

On—1

<elt” E[(c* el1? (c*(w;:g,w + W (o _s - flo,_y)P)

[of

+L1§(/ "
0,

B

1 23
W (s, fis)*ds ) *

n—2 ) )

+ cxWg(lhoy,_1» loy,_ )ﬁ

2 on

2
+L1(

(=Y

Wiy, fis)?ds ) )n[an,anﬂ)(r)]

In—1
n—1
=BT (e b TS (B(Wy (o fio )P Loy 01 D)
i=0
B
2

+ L?IE(/O[ WGy, f25)%ds) " POV =),

where in the first identity we used the independence of |Tffn o |/3 and 1o, 0,,,)(?); the
first inequality is valid by invoking (3.8) and the independence between |T(’;n " |’3
and 15, o,,)(t) as well as the independence between | ;’1”71 W (s, fis)*ds and
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16,0, (#); the second inequality holds true from (3.10); in the second identity

we employed that &,_; is independent of |T§n o _|’3 116,,0,.1)(t) and that (0y,),>1 is

—1
independent of (p,),>1; in the last inequality we used ¢, > 1 and T(’f * = 0 due to
X4 = X{ = Xo. Note that P(N;, = n) = e *(A1)"/n! for A := v(1y) and recall
from [7, p. 8] that

n t

~ n -
S E(Wp (g, fi) 1N = ) = ;/O W (i, fiy)? ds.
k=1

Subsequently, we find that there exists a constant C3(7") > 0 such that

Py i) < C3(TY(1/y + 1/ D)Wy (. i

This thus implies (3.7). Based on the preceding analysis, we conclude that & is con-
tractive by choosing y > 0 large enough so the statement (ii) follows.
Furthermore, according to (1.4) and (1.2),

(v(Ig(x, 1, -)|/’11v(->>)% < co(l + |x2 + (| - 1)),

This along with (1.6) yields that Assumption (H}) is satisfied for the decoupled SDE
(3.1). Therefore, in terms of Theorem 2.2, there exists a constant ¢z > 0 such that

B( sup 1X/17) < er(1+BIXol + sup (1),
t€l0,7T] 0<t<T

Thus, the assertion (1.4) follows by noting that (X;);>0 and (X f )r>0 with the alter-
native i, = %%, share the same law on the path space C ([0, T'; R4), and by making
use of (1.5). O

Before the end of this section, we make some comments.

Remark 3.1 (i) It is quite natural to directly derive, via an approximate argument
and It6’s formula, that @ constructed in the proof of Theorem 1.1 is contractive.
Nevertheless, some issues might be encountered when such a direct approach is
adopted. To demonstrate the underlying difficulty, we set f(x, u, z) = f(z) and
g(x, i, z) = 0 for simplicity. Thus, the chain rule, together with (1.3), shows
formally that for 8 € [1, 2],

dIrfr B = gt P2 e b(XE ) — b(XE, i) dr
< (LiBIY 1P 4+ LiBIYH P2 W g (1, i)?).) dt
(L1 1+ i)™,
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Obviously, the second term in the inequality above cannot be dominated by the
linear combination of | Y}** |# and We (s, fi;)? when, in particular, the quantity

hes A | approaches to zero.
Additionally, if (1.3) is replaced by the following stronger one:

24b(x, 1) = b(y, p2), x — ¥) + v £ (x, 1, ) — F, w2, )Py ()
< Li(lx =yl + Wa(ur, po)lx — yl, x,y € RY, 1, ua € Zg(RY),

then the proof concerning the contraction of ® will become much more straight-
forward by the aid of an approximate argument and It6’s formula. For the case
mentioned previously, (1.4) can be weakened in the form: for any x, y € R? and
R, w2 € PpRY),

v(lg@, p1, ) — (v, 2. PV ()) < Lillx — yIP + Wi, 12)).

One can see the proof of Theorem 4.1 in the next subsection for details.

(ii) For the case B € (0, 1), the proof above no longer works due to the definition
of the L#-Wasserstein distance Wpg. In particular, the contractivity of ® under
Wpg,,, is unavailable even for y > 0 large enough. Nonetheless, concerning the
case B € (0, 1), it is possible to demonstrate existence of the strong solution via
the Schauder fixed point theorem; see [7, Proposition 1] for related details.

(iii) Under Assumptions (A)—(A3), we can also derive that, for fixed 7 > 0 and any
p € [1, B) with B € (1, 2], there exists a constant C’T > ( such that

E( sup 1X17) < Cp(+EXolf).

0<t<T

This can be achieved via the stochastic Gronwall inequality; see the derivation
of (4.5) in Theorem 4.1 for more details.

3.2 Proof of Theorem 1.3

In this part, we move to finish the proof of Theorem 1.3.

Proof of Theorem ].3 Below, to shorten the notation, forall t € [0, T]and 1 <i <,

we set Q) = X! — X;" and 4l := %Z?:] 8, for ¢ € [0, T]. By invoking the
t

triangle inequality and the basic inequality: (a + b)? < 2P~ (a? + bP) fora, b > 0,
it follows that for any ¢ € [0, T],

W (e, 1) < 2P H(WH (e, @) + Wh(uy, i)
I Ry B 5 (3.11)
< 2P 101 + 2T W G, ),

J=1
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where in the second inequality we exploited the fact that W5 (2, i) < % Z;l: o7 1P
since % 27:1 8 ! xm is a coupling of i} and . Consequently, the asser-
tion (1.11) follows from Gronwall’s inequality, provided that there exist constants
Ci(T),C2(T) > Osuchthatforany t € [0, T]and 1 < j <n,

) t
E|Q} [P ECI(T)/(; EW (15, i) ds 3.12)
and

EW} (i, 1) < Co(T)bp p.a(n), (3.13)

where ¢, g(n, d) was defined as in (1.12), and the number C>(T) depends on the
initial moment E| Xo|?.
Setfore > 0,7 € Rand x € RY,

Ue,r(x) := (e + |x)2. (3.14)
Itis easy to see that fore > 0,r e Rand x € RY,
VUer(x) =rxUgr—2(x). (3.15)

Thus, we obtain from Itd’s formula and (A’l) that there exist constants ¢y, ¢co > 0 such
that for any ¢ € [0, T] and ¢ > O,

. P s
Us,p(Q;) <e? 4+ M|

t
U _ l l l W . -n P WP ‘
+61/(; ( e, p—2(0D1051(105 | + W (1, MS))—I—IQAI + W5 (u M*(g )
<etre [ (Ueph+ LS 10117 4 W] s 72) 0 +
] 1

where (A;I,i )r>0 is a local martingale. In particular, the first inequality in (3.16) follows
exactly the line to derive (4.10) and we also took advantage of X I=X 6’" herein, and
we made use of Young’s inequality and (3.11) in the second inequality. Then, taking
expectations on both sides of (3.16) followed by sending ¢ — 0, the estimate (3.16)
enables us to deduce that for any ¢ € [0, T],

t t
max E|Q!P < ZCQ max E|Q!7df +cy | EWDH(uy, i?)ds.
1<i<N : 0 :

1<i<N
Whence, (3.12) follows from Gronwall’s inequality.

In terms of [15, Theorem 1], forall 1 < p < B, there exists a constant ¢3 > 0 such
that

EWE (u,. i) < c3(E|X[|F)# 0.T
[)(/"le M[) _63( | [| ) ¢p,ﬂ,d(n)’ te[ ) ]
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As aresult, (3.13) is available by taking (1.5) into account.
Next, by applying the stochastic Gronwall inequality (see, e.g., [38, Lemma 3.7])
and then approaching ¢ — 0, we derive from (3.16) that forany 0 < g1 < g2 < 1,

L

1 t n
(e( swp 1041r))™ < ca( Yool [C(2 S BIOI + EWR s i) b
0<s<t q2 — 41 0 \n i=

This, together with (3.12) and (3.13), implies that there exists a constant C3(7") > 0
such that forany 0 < ¢ < g2 < landt € [0, T],

B( sup 1017) = (O pa)"

0<s<t

Thus, (1.13) follows immediately. O
To proceed, we make a comment on the method proving Theorem 1.3.

Remark 3.2 By applying Itd’s formula and BDG’s inequality, along with [15, Theorem
1], we can also prove (1.13) with pq; therein being replaced by f as soon as the order
of the initial moment is greater than $. In this regard, the methods based, respectively,
on the stochastic Gronwall inequality and BDG’s inequality share the same feature.
Regarding the latter approach, one further needs to handle the term E(supy<; <7 Mti ),
where

. t . . . . , ) ~
M= [ =X 00 = F oI = X = X 10) s, )

To this end, some additional assumptions associated with f (e.g., f is Lipschitz in the
state variable) have to be exerted, provided that mere (1.9) is imposed.

At the end of this part, we present the proof of the statement in Remark 1.2(ii).

Proof of Remark 1.2 (ii) Below, we stipulate x, y € R4 and Wi, h2 € Pg (Rd). It is
easy to see that

2(b(x, 1) — b(y, p2), x — y) +v( £ (x, 1, ) — O, w2, )Py ()
<2(x —y,C1(x —y) — Cax|x|* — y|y*))s

+2d71x — yl| (A — YT — wa(lh(x — )7 |
+C20(| - PLy ) (Calx? = Caly? + pa(hx — HP)F — pa(lhix — )[P)7)?

and that for 7 € RY,

lgCx, m1.2) — g(v, w2, 2| = 1+ zl|Ix] — [y| 4+ pi (| (x — -)Iﬂ)%
— allhx = ).
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Via the Minkowski inequality, one obviously has
|1 (lhGe =P = pa(lh(xe = 1P 7|

1 1
=|([f, o= znpaazgz)” = ([ e - i, az)’
R4 xRY R4 x R4

% (3.17)
< (/ b — 21— hx — 2Pz d2o))
R4 xR

< IIhIILip(/RI 2 lz1 — zzlﬂﬂ(dm,dzz))ﬂ,
4x

where ||A||Lip means the Lipschitz constant of /, and 7 € € (11, n2). Thus, taking
infimum with respect to 7 on both sides of (3.17) yields that

1 1

[ (h(x = 91P)F = pa(th(x = 1) F| < IhlLipWp (i, pa). (3.18)

Next, a direct calculation (see [4, (2.3)] for more details) shows that
—(x =y, x[x]? = ylyPP) < (= (x* + [y /6)lx — yI,
and it is easy to see that
(x> = 1y < 20x1 + [y1P)lx — yI%.

Consequently, (1.3) follows from the basic inequality: 2ab < a®> + b%,a, b € R, and
making use of v(| - [*1y(-)) < oo and C> > 12C3C7v(| - [*1y (). Apparently, (1.4)
is verifiable based on (3.18). Therefore, Assumption (A1) is examinable. In terms of

definitions of b and f , itis easy to see that (A7) is satisfied in case of v (|- 121y(1) < 0o

and C; > 12C2C3v(| - [*1y(-)), and that (A3) holds true readily. The proof is thus
complete. O

4 Extension to McKean-Vlasov SDEs with Common Noise
In this section, we consider the following McKean—Vlasov SDE with common noise:
dX, =b(X;, .ZX 7,\,0) dr + f f(Xi—, 2) ]V(dt, dz)
t|" t U
+ / gXi—, L, w0, 2) N(di, dz) + / FOX—, ) NO(dt, dz) (4.1)
v 7 U

0, 2) NO(dt, dz),

0
+/;/g (Xl_’gxtlf}[

where b : R4 x Z(RY) — RY, f, fO: R4 x R4 — R, and g, g° : R? x 2(R?) x
RY — R are measurable maps; U,V C ]Rd\{O} sothat UNV = ¢J; Poisson measures
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N(dz,dz) and N 0 (dt, dz) correspond to the idiosyl}gratic noise an(i the common noise
with Lévy measure v and v°, respectively, while N (dz, dz) and N°(dz, dz) are their
associated compensated Poisson measures.

To distinguish between the underlying sources of randomness, we introduce com-
plete probability spaces (Q!,.Z!, P!) and (Q°, .70, P?), whose respective filtrations
(F D=0 and (F?0),=¢ satisfy the usual conditions. In (4.1), N (dt, dz) and N°(dt, dz)
shall be supported, respectively, on Q' x Ry x R? and Q° x R, x R¥. Through-
out this section, we shall work on the product probability space (2, %, F, ), where
Q = Q% x Q, (#,P) is the completion of (F° @ Z!,P’ ® P') and F is the
complete and right-continuous argumentation of (3@0 ® 54;1) 1>0. Moreover, we write
EY, E! and E as the expectations on (0, 20, P, (!, #!, P! and (Q, .Z,F, P),

respectively. Note that XX | FNO represents the conditional distribution with respect
117t

to the o-algebra ﬁ,’vo = {Z%: s <1}, in which

t t
70 :=/ /ZNO(ds,dz)—I-/ /zNo(ds,dz).
0 JU 0 JV

Furthermore, in the subsequent analysis, we shall assume that the initial value X is
an 3’4’01 -measurable random variable, so (Z?) +>0 is the solely common source of noise.

4.1 Well-Posedness of McKean-Vlasov SDEs with Common Noise

To carry out the study on the well-posedness of the SDE (4.1), we impose the following
assumptions.

(Bog) thereis B € [1, 2] so that

(I £, )Py () 00 £00, )Py () + v v |- 1P v g0, 89, )P Ly ()
00V 1B v 1820, 8, )P Ly () < oo

(B)) forfixed p € Zg(RY) and z € R4, RY 5 x > b(x, ), RY 3 x > f(x,1,2)
andR? 5 x > f 0 (x, u, z) are continuous and locally bounded, and there exists
a constant K| > 0 such that for any x, y, z € R4, and ni, U € @ﬂ(Rd),

2(b(x, 1) — b(y, w2), x — ¥y +v(| £, ) — F(, )Ly () 12
000, ) — 2, )Py () < Kilx — yl(1x — vl + We(ur, 1))

and

v(lg(x, 1, ) — g 2, NP1y () +0°(1g%x, 1, ) — &%, w2, )Py ()

< Ki(lx — yI# + Wg (1, 12)?);
(4.3)
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(B2) there exists a constant K> > 0 such that for any x € R? and u € Pp (RY),
206, b(x, 1)) + v(| £ (x, )P Lo ) + v 00, )Py ()
1
< Ko (14 |x? + |xlu(] - 1P)P);

(B3) forany T, R > Oand n € C([0, T]; @ﬂ(Rd)),

T
fo ( sup |b<x,m)|+/ sup |f<x,z>|2v(dz>+/ sup |f°(x,z>\2v°<dz>>dz<oo.
U U {

{lx|=R} {lx|=R} |x|<R}

The main result in this part is stated as follows.

Theorem 4.1 Assume that Assumptions (Bo)—(B3) hold, and suppose further Xy €
LA(Q! — RA, 901, PY. Then, the McKean—Vlasov SDE with common noise (4.1)
admits a unique strong solution (X;);>o satisfying that, for any fixed T > 0, there
exists a constant Ct > 0 such that

EIX, | < Cr( +E[Xolf), 0<t<T. (4.4)

Furthermore, if B € (1, 2], then for all p € [1, B) and T > 0, there exists a constant
C’. > 0 such that

E( sup |xt|P) < Ch(1+E[Xo/P). (4.5)

0<t<T
Proof To begin with, we introduce some notations. Let
LY (25 RY) == {n: Q¥ > ZpRD|E%(u(] - 1P)) < o0}

Then (Lo*ﬂ(@ﬁ (Rd)), Wﬁ) is a complete metric space (see, e.g., [26, Lemma 1.2])
endowed with the metric:

1
Wp (1. ) = (EWh (1. 1) P, . pa € LYP (25 (®R)),

o) C([O, Tl Lo’ﬂ(ﬂﬁ (Rd))) is also a complete metric space for any fixed 7 > 0. In
addition, we set for a fixed horizon 7" > 0,

750 = {1 e CO. T3 L (@) : o = L, sup BGur(| - 1)) < ol

te[0,T]
in which Xo € LF(Q! — R?, 9}} P1) is the initial value of (X1)s>0, and

C (0, T1; L*F (25(RY))) := {10, T] x QY — Zg(R?) is weakly continuous }.
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For n > 0, (@X", We.n) is a complete metric space equipped with the metric

Wen(, ) = sup (e We(us, i), . Ji € 75°.
0<t<T

For 1 € @Xo, we focus on the following SDE with random coefficients:

t t
Xk =Xo+/ b(Xg,Ms)dtJrf / f(Xﬁ,,z)ﬁ(ds,dz)
0 0 JU
t t
+ f / g(X!, s, 2) N(ds, dz) + [ f FOxE . 2) NOds, dz) (4.6)
0 \%4 0 U

t
+/ /gO(Xf_,Ms,Z)NO(dS,dz).
o Jv

Under (Bo)—(B3), foreach u > 97{( 0, (4.6) has a unique solution (X*"),~( with the aid
of Theorem 2.1 (which is still available to the SDE (2.1) with random coefficients).
Accordingly, we can define a map @;( %> pu+> () by

C(w): = XXIM%NO, t€l0,T]. 4.7)
By It6’s formula, it follows from (By), (4.3) and (B;) that for some C1, C2 > 0,

s KB B_ 1
d(1+ |XI'H7? < —-a XD IX P+ X (- 1P P ) dr

+ O (1 + XM+ (|- 1P)) de + dmrt 48)
ﬁ A
< Co((1+ XD T+ pe(| - 1P)) de + dm},

where (M t” )¢>0 1s a martingale. Then, via Gronwall’s inequality, we have
5 T
BX 7 < (B0 41X + G [ Bl har) T, reo.Tl
0
This, together with the fact that
0
E' (T ()l 1P) = E°Y(E'(x11P1.7))) = BIX[ )P,
implies that for u € 7248

sup EX((C(u))i (| - 1)) < oc.

0<t<T
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Next, note that for any /& € Lip, (Rd) andr € [0, T],

[EQ((D (1)) (h(-))) — EO (T () (h(-))| =E°|E! ((h(X1) — h(x!)|.ZN)|
<E|h(X}) — h(X})I.

Thus, we can conclude I'(1) € C([0, T1; L%#(25(R?))) by following the line to

derive (3.5) so that we arrive at ' (i) € @7{( 0
In the sequel, we shall claim that I' is contractive under Wg ,, for some appropriate

n > 0. According to (4.6), for R“" := X" — X" with yt, ji € ZX°, we have

dRI =B, dt+/ FI(Z)ﬁ(dt’dZ)+/ Gi(2) N(ds, dz)
U \%4

+ f F2(z) N°(dr, dz) + / G%(z) N(ds, dz),
U v

where B, := b(X", 1) — b(X", ji;) and
Fi(2) = f(X" ) — F(XP2), FO) = fOx™, ) — fOx™ 2,

Gi(2) == g(X;", e, 2)— g(X, i), GY() =g (XM, 2)—g (X s s 2).

Recall that U, g is defined as in (3.14). Then, applying 1td’s formula and making
use of (B1) and (3.15) yield that

U, g (R < gUs,ﬁ_xRi"f‘)(z(R;"’l, B +v(IF ()P () + v FOO) Py () de

+22 (0(1G OBy () + 0GP Ly () de
+ IRPIP (@ y) +0(Ly)) de + A (4.9)
< ﬂi]Usﬂf (REPYARM 4+ Wy, fir)) i
t+er (REMIP + Wh e, i) de + R P wty) +00(Ly)) dr + di,,
where ¢ 1= 2§Kf(u((1 +1-DPLy () +v0((1 4+ |- DPLy (1)) < oo thanks to (By).

Whereafter, integrating from O to 7 followed by taking expectations on both sides of

(4.9), and applying Young’s inequality and the fact that X! = X! = X, we obtain
there exists a constant C7. > 0 that for any # € [0, T'],

- ¢ -
BUp(RIT) = C [ (BULpRET) 4 VW Gucs i) b5, (410)
0
This, combining with Gronwall’s inequality and approaching ¢ — 0, leads to
- " 1
BIRMP < CreSiT [ W, fods. 1 e10.7)
0
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Correspondingly, we derive that

~ _ 0 0
WE TG, T(@) < sup (7P EOE! (RII1P|ZNT))
’ 0<t<T

t
0<t<T JO

< C3TT JapWE (e, ).

As a consequence, we conclude that I' is contractive under Wy ;, for n > 0 large
enough so the strong well-posedness of (4.1) is available via the Banach fixed point
theorem.

The assertion (4.4) follows by following the procedure to derive (4.8) and applying
Gronwall’s inequality. Next, by virtue of the stochastic Gronwall inequality (see, e.g.,
[38, Lemma 3.7]), we obtain from (4.8) that forany 0 < g1 < g2 < l and € @XO,

1

ab\\ a1 L B T

(JE( sup (14 |XH2H)72 )) s (ZB)met (E‘<1+|X{;|2>z +02/ E°ut<|-|ﬁ>dz).
0<t<T q2 — 41 0

In particular, we take u € 97{( 0 as the fixed point of I'(i), defined in (4.7), such that X f = X; for any
t €0, T]and

1

a1B\\ a1 x B T

<IE< sup (141X, [%) 2 )) ! 5( 92 )"1 el <E1(1+|X0\2)2 +C2/ 1E|x,|ﬂdz).
0<t<T q2 — 41 0

As aresult, (4.5) holds true from (4.4). O

At the end of this subsection, we make a remark concerning Assumptions (B) and
(B2).

Remark 4.2 As far as the decoupled SDE associated with the McKean—Vlasov SDE
(1.1) is concerned, the frozen measure variable is deterministic so the interlacing tech-
nique is applicable and moreover the corresponding technical condition is weaker; see
(A1) and (A,) for more details. However, with regard to the SDE with random coef-
ficients corresponding to the conditional McKean—Vlasov SDE (4.1), the underlying
measure-valued process is no longer deterministic but random. Thus, the interlacing
trick adopt in the proof of Theorem 1.1 is unusable. Furthermore, once we replace the
term |X§‘|u,(| . |5)% in (4.8) by (] - |ﬁ)%, we need to estimate correspondingly the
quantity E((1 + |Xf‘|2)g_lu,(| . Iﬂ)%). In case that u, is deterministic, it is easy to
bound the term mentioned. Nevertheless, E° (e (] - L) %) might explode for u € @7{( 0
(in this case, (u;);>0 is a measure-valued stochastic process). On the basis of the
aforementioned analysis, we impose Assumptions (By) and (B;), which is a little bit
stronger than Assumptions (A1) and (A»), to offset the singularity arising from the
spatial variables.
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4.2 Conditional Propagation of Chaos for McKean-Vlasov SDEs with Common
Noise

In this subsection, we are still concerned with the Lévy-driven McKean—Vlasov SDE
with common noise (4.1), which describes the asymptotic behavior of the mean-field
interacting particle system below:

dXim = p(xin ‘”)dt+/ X 2) ﬁ"(dt,dz)+/vg(x,_",,z?_ 2) Ni(dt, dz)

/f (X,_,Z)NO’(dt,dz)+/Vgo()_(;f,ﬂ?_,z)NO'i(dt,dZ), (4.11)
X" =xi  i=12.-

where i = 1 D XI s (P = % - 8)—(;-1., and {N'(dt,dz)}1<i<n (resp.
(N9 (dt, dz)} 1<i<n) are independent Poisson measures with intensity measure dt x
v(dz) (resp. dr x v9(dz)).

Throughout this subsection, we will assume that 8 € (1,2] and work under
Assumptions (Bg)—(B3) with 8 involved in Assumption (B1) replaced by p € [1, B).
It is easy to see that (4.11) has a unique strong solution (X ;" )i=0. Denote by
{(X i)tzo}lfisn n-independent versions of the unique solution to (4.1). In particular,
((1)r>0 1s their common distribution,

It is worth noting that in the presence of common noise, all particles in the stochastic
system (4.11) are not asymptotically independent any more and the classical propaga-
tion of chaos no longer holds. However, [6, Theorem 2.12] puts forward the conditional
propagation of chaos, which reveals that, conditioned on the o -algebra associated with
common noise, all particles are asymptotically independent and the empirical measure
converges to the common conditional distribution of each particle. The specific result
upon conditional propagation of chaos in our setting is as follows.

Theorem 4.3 Assume that B € (1,2], that Assumptions (Bo)—(B3) hold with B
involved in Assumption (By) replaced by some p € [1, B), and suppose further
X € LAQ! — Rd,?é,]l”l)for any 1 < i < n. Then, for any fixed T > 0,
there exists a constant Ct > 0 such that

EW/(al, ue) < Creppan), tel0,T],

where ¢ p(n, d) was defined as in (1.12). Furthermore, for fixed T > 0 and any
0 < q1 < g2 < 1, there exists a constant éT > 0 such that

o, i q2 A q
IE( sup |Xi™" —X’I”) < Croppam)’. 412
oo t t o — a1 ( p.B ) ( )

Proof The structure of proof is largely analogous to Theorem 1.3, so we omit it here.
O
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