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ABSTRACT. We prove that the moduli space of all noncongruent linearly full
totally real flat minimal immersions from the complex plane C into HP? that do not
lie in CP? consists of three components, each of which is a manifold of real dimension
6. As an application, we give a description of the moduli space of all noncongruent
linearly full totally real flat minimal tori in HP® that do not lie in CP3.
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1 Introduction

In the language of theoretical physics, we study two-dimensional sigma models with target
in symmetric spaces. Din-Zakrzewski gave all solutions in the CPY~! model and found
the complexity of solutions in Grassmannian sigma models (cf. [10],[11]). In mathematics,
we look for harmonic maps from Riemann surface into symmetric spaces. Eells-Wood in
[12] described all harmonic two-spheres and harmonic two-tori of nonzero degree in CP".
Chern-Wolfson in [6] gave a moving frames interpretation, then in [7] studied harmonic
two-spheres in complex Grassmannians and proposed harmonic sequence by “crossing”
construction. Burstall-Wood in [3] developed a technique of analyzing harmonic maps
from a Riemann surface into a complex Grassmannian by using “diagrams” to improve
harmonic sequence theory. More generally, Uhlenbeck in [27] found that any harmonic
two-spheres to the unitary group or a complex Grassmannian can be obtained from a
constant map by adding unitons, and showed that the moduli space of solutions is an
algebraic variety, but did not give parametric description of this moduli space. Based
on Uhlenbeck’s work, Bahy-El-Dien and Wood in [2] constructed explicitly all harmonic
two-spheres in the quaternionic projective space HP" by using twistor theory. Through
understanding harmonic map theories and studying its geometry, we obtained a series
of classification and construction results about minimal two-spheres of constant Gauss
curvature in HP™ (cf. [16],[17],[18],[13],[5],[14],[21],[28],[22]). These results are important
for studying minimal surfaces in symmetric spaces.

In order to further study the moduli space of minimal surfaces, we need some non-
linear techniques. Based on Penrose’s idea in his twistor theory, Atiyah-Hitchin-Singer in
[1] used Atiyah-Singer index theorem to compute the dimension of the moduli space of
self-dual irreducible connections. In addition, twistor theory can be applied to study the
space of harmonic two-spheres in compact symmetric spaces. It is well known that the
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complex projective space CP?"*! is the twistor space of HP". Loo in [25] used twistor
theory to show that the space of all harmonic maps of S? to S of degree d is known to
be a connected complex algebraic variety of pure dimension 2d + 4. Later, Kobak-Loo
in [23] proved that the moduli space of quaternionic superminimal two-spheres in HP™
of degree d is a connected quasi-projective variety of dimension 2nd + 2n + 2. However,
the twistor space of spheres S?" (n > 2) is not biholomorphic to the complex projective
spaces. Fernandez in [15] overcome this difficulty and showed that the space of harmonic
maps is locally isomorphic to the space of holomorphic maps to cprntl)/2, consequently
proved that the dimension of the space of harmonic two-spheres in S?" of degree d is
2d + n?. Recently, Chi-Xie-Xu in [9] used the singular-value decomposition theory to
study the moduli space of noncongruent constantly curved minimal two-spheres in the
complex hyperquadric Q,,_1 which are also minimal in CP".

It is natural to consider conformal minimal surfaces of higher genus in HP". Chi in [§]
applied deformation theory to study the dimension of the moduli space of superminimal
surfaces of a fixed degree and conformal structure in S*. Generally, the method of inte-
grable systems has been developed to find harmonic tori. Burstall in [4] used such methods
to construct all harmonic tori in spheres and complex projective spaces and showed that
they are covered by primitive harmonic map of finite type. Udagawa in [26] combined
the criterion that harmonic two-torus in a complex Grassmannian is of finite type with
harmonic sequence theory to give a classification of all harmonic tori in HP? and HP?,
but didn’t give the parameterization of the moduli space.

From the viewpoint of twistor theory, the existence of twistor lift is very important.
Fortunately, given a totally real isometric minimal immersion from a simply connected
domain into HP™, there exists a totally real isometric horizontal minimal lift into CP2"+!
(cf. [19],]20]). He-Wang in [19] proved that the Veronese sequences in RP?™ (2 < 2m < n)
are the only totally real minimal two-spheres with constant Gauss curvature in HP™.
Recently, He-Zhou in [20] considered totally real flat minimal surfaces in HP™ and find
that the linearly full totally real flat minimal surfaces of isotropy order n in HP™ lie in
CP"™, up to symplectic congruence. In contrast to the two-sphere case, we ask whether
other flat minimal surfaces with smaller isotropy order always lie in CP™. The answer is
no. We can get many examples that do not lie in CP". Here we hope to study the space
of all noncongruent linearly full totally real flat minimal surfaces in HP"™ that do not lie in
CP™. Of course it is well known that the space of all noncongruent linearly full totally real
flat minimal immersions from the complex plane C into CP" is of real dimension 2(n — 2)
(cf. [24]).

In this paper, we describe the moduli space of all noncongruent linearly full totally real
flat minimal immersions from C into HP3 that do not lie in CP? as follows (see Theorem
3.5).

Theorem 1.1 Let M3(C) denote the moduli space of all noncongruent linearly full totally
real flat minimal immersions from C into HLP? that do not lie in CP3, then M3(C) consists
of three components, each of which is a manifold of real dimension 6 and intersects with
two real hypersurfaces at
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As a direct application of Theorem 1.1, we can characterize the moduli space of all



noncongruent linearly full totally real flat minimal tori in HP? that do not lie in CP? as
follows (see Theorem 4.2).

Theorem 1.2 Let M3(T) denote the moduli space of all noncongruent linearly full to-
tally real flat minimal tori in HP? that do not lie in CP3, then M3(T) consists of three
components, each of which is a manifold of real dimension 4 and intersects with two real
hypersurfaces at

I'3(T) = { 0,r) € R?

™ s 1
<<, 0<r< —s— .
3 2 4sin29}

Remark 1.3 In a sense, Theorem 1.2 gives an elegant description of the moduli space
of harmonic two-tori in HP? in the case of totally real flat. A natural problem is how to
extend this result to general target HP™ and general conformal harmonic two-tori. We are
optimistic about the former by promoting current methods.

The paper is organized as follows. In Sec.2, we give some preliminaries. In Sec.3,
we characterize all linearly full totally real flat minimal surfaces (local) in HP? that do
not lie in CP3 by discussing different isotropy orders (see Proposition 3.4), and give a
description of the moduli space of all noncongruent linearly full totally real flat minimal
immersions from C into HP? that do not lie in CP? (see Theorem 3.5). In Sec.4, we give
the torus criterion (see Theorem 4.1) and characterization of all linearly full totally real
flat minimal tori in HIP? that do not lie in CP? (see Theorem 4.2). At last, we discuss the
case of isotropy order 2 by the harmonic sequence (see Theorem 4.3).
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2 Preliminaries

Let C?"*2 be a (2n + 2)-dimensional complex linear space with standard Hermitian inner
2n+2

product (,) defined by (z,w) = > zw;, where z = (21, - , 2on42)’,w = (w1, -+, wani2)’,
i=1

and ~ denotes complex conjugation. Let H be the division ring of quaternions, i.e.

H={a+bi+cj+dk|abcdeR, i*=3j*=k*=1ijk=—1}.

We find that H*"*" = {(q1, -+ ,qn41)” | qr €H,k =1,--- ;n+ 1} is a quaternion linear
space under the following operations:
(1, o)+ (@ tnr1)t = (1A an,  Pat + 1)’
(@1, @) 0 = (@4 an10)"

Since a 4 bi + ¢j + dk = (a + bi) + (¢ + di)j, then we have a natural identification of
H with C2?, and thus H"*! with C?"*2. Notice that j(z; + 22j) = —Z2 + z1]j, then left
multiplication by j induce a conjugate linear map on C?*"*2, also denoted by j, i.e.

. T s = = = T
J (217 22y 722n+17 22n+2) = (_227 21yt _22n+27 22n+1) .

Let HP" be the set of all 1-dimensional subspaces of H"*! with Fubini-Study metric. Let
G(2,2n+2) be the Grassmann manifold of all complex 2-dimensional subspaces of C2"+2,
then we can regard HP" as the totally geodesic submanifold of G(2,2n + 2) as follows:

HP" = {V € G(2,2n+2) | jV = V}.



If ¢ is a harmonic map from Riemann surface M into HP™, then we can get its
harmonic sequence {fj}jeN in G(2,2n + 2) as follows (cf. [2] and [3]):

A A Al A’ A’ A

[ ] A:& Azp ] Pm— Ym Pm
=g P TR, Py — —>1£m—> i S (2.1)

1 Em +1 ’

where ¢ | = jp, are 2-dimensional harmonic subbundles of the trivial bundle M x C?"+2,
Here

AZPO (v) = T o (9:v)> Ago (v) = T (02v)

for v € C*(g,), where T4 and O (¢,) denote the orthogonal projection and the vector
space of smooth sections of ¢, respectively. We say that the isotropy order of ¢ is r if
Yo Lo, fori=1,---,r and Pt is not perpendicular to Lo In particular, if r = oo, then
 is said to be strongly isotropic.
Applying the globally defined, non-degenerated four-form on HP™, we can define the
quaternionic Kdhler angle oo with respect to ¢ (cf. [20]). It gives a measure of the failure
s

of ¢ to be a totally complex map or a totally real map. If a is identically equal to § on
M, then ¢ is said to be totally real.

3 Totally real flat minimal surfaces

Suppose that (M, ds%\/[) is a simply connected domain in the complex plane C with the flat
metric ds3; = 2dzdz. We consider the linearly full totally real isometric minimal immersion
from M into HP". The complex projective space CP?"*+1 is the twistor space of HP".

The twistor map ¢t : CP?"*! — HP", is given by t ([21,22, " , 22011, 22n42]) = [21 +
293,y Zan+1 + 22n+2j]- Then t is a Riemann submersion and the horizontal distribution
n+1

is given by > (22;—1dz2; — 22;dz2;—1) = 0. Fortunately, we have the following result (cf.
i=1
Theorem 3.4 in [20]).

Lemma 3.1 Letyp : M — HP" be a linearly full totally real isometric minimal immersion,
then there exists a totally real isometric horizontal minimal lift [s] : M — CP* L,

In Lemma 3.1, [s] may not be linearly full in CP?*"*! then it lies in CP™ C CP?***! for
n < m < 2n + 1, where m > n by using that ¢ is linearly full in HP™. In terms of the
complex projective space, we have the following result (cf. Theorem 3.1 in [24]).

Lemma 3.2 If f: M — CP"™ is a linearly full totally real isometric minimal immersion,
then up to unitary equivalence, f = [Vo(n)}, where
VO(”)(Z) — (eaozfﬁ(ﬁgo’ 6alz7613§17 cee eanzfanzfn)T’ (3_1)

and ay, = ek, fk:\/ﬁc(rk>0)fo7“k20,1,---,n, satisfying0 =0y < 01 < --- <0, <
2, ro+r14+ -+ 1 =1.

Using Lemma 3.2, we know that s is given by (3.1), up to U(2n+2). But the isometry
group of HP™ is Sp(n + 1), which is a subgroup of U(2n + 2). In order to give the explicit



expression of ¢, we need to characterize s, up to Sp(n+1). Now we discuss totally real flat
minimal surfaces in HP?3 by different isotropy orders r. For r = 3, we have the following
result (cf. Theorem 4.2 in [20]).

Proposition 3.3 Let ¢ : M — HP? be a linearly full totally real isometric minimal
immersion of isotropy order 3, then up to Sp(4), ¢ lies in CP3 (C HP3) given by

_ _ _ AT
apz—apz aljz—ai1z az2z—axz azz—asz
0 0Z  em 12 g2 2% 37 a3 ] ; (32)

p=le

km

where ay, = eiQT
0,1,2,3).

(k = 0,1,2,3) (the Clifford solution in CP3), or a;, = e*1 (k =

For r =1 and r = 2, we give the characterization of minimal surfaces as follows.

Proposition 3.4 Let ¢ : M — HP? be a linearly full totally real isometric minimal
immersion that does not lie in CP3, then ¢ only have three types, and the isotropy order
of ¢ can be 1 or 2. If the isotropy order is at least 1, then up to Sp(4), ¢ of each type is
uniquely determined by five parameters, including four real and one complex, which satisfy
certain constraints; if the isotropy order is 2, then up to Sp(4), ¢ of each type is uniquely
determined by only three parameters 0,7, w in R? x C, which satisfy

T T
— <0< -, 0<r< e C.

o
3 2 4sin? g’

Proof: We will prove this proposition in three steps. Firstly, we will find all ¢ that lie in

HP3 but do not lie in CP? based on whether a; are paired; next, we will study ¢ with
isotropy order at least 1; finally, we will study ¢ with isotropy order 2.

Step 1. Let ¢ : M — HP? be a linearly full totally real isometric minimal immersion.

Applying Lemma 3.1, we know that there exists a totally real isometric horizontal minimal

lift f = [s]: M — CP7 such that ¢ = f @ jf. Then it follows from Lemma 3.2 that there

exists a unitary matrix U € U(8) such that s = U Vo(m), where Vo(m) is a vector in C® as
follows,

‘/O(m)(z) — (eaoz—aozgo’ ea12—515£1’ e eamz—amEEm, O, e O)T.

Since ¢ is linearly full in HP3, we know that 3 <m < 7. Let W = UL JU = (w;;), where
J is a block diagonal matrix of order 8 as follows,

. 0 -1 0 -1 0 -1 0 -1
r=om{()600)0 )G )
then W is an anti-symmetric unitary matrix. By Proposition 3.5 in [20], we have <8§5, js> =
(0ks, js) =0 (k =1,2), then for k = 1,2,

Z (wijgié-ja;:e(ai+aj)z—(ari-ﬁj)f) _ Z (wijgifj(_aj)ke(ai+%)z—(m+aj)z) —0. (3.3)
ij=0 i,j=0

For a given W, we can define a set

Gw ={UeU®) |UTJU =W},



then it is easy to check that Sp(4) - Gw = Gw, which means that we will obtain ¢ up to
Sp(4) as long as we determine W and find some U € Gy .
Next, we discuss W in three cases based on whether the a; are paired.
CaseI:Vi,j=0,1,--- ,m, a;+a; # 0. In this case, we have w;; = 0 by (3.3), which

shows that
w— (Qm+nxm+n) *
* )

Since W is an anti-symmetric unitary matrix, then m = 3. We can choose U € Gy as
follows:

1 0 0 O 0 0 0 0

0 0 0 0 —wos —wos —wos —Wor

01 0 0 0 0 0 0
U — 0 0 0 0 —wiy —wis —wig —wir

0 0 1 0 0 0 0 0

0 0 0 O —W24 — W25 — W26 —wWa7

00 0 1 0 0 0 0

0 0 0 O —W34 —W35 —W3ep —Ws7

Then we get the horizontal lift of ¢

S(Z) — UVO(?’) (Z) — (6‘102_&0250, 0’ ealz—alié-o, 0’ eagz—&22507 07 ea3z—a32§0’ O)T,
which implies
o= [eagz—z_zOZgO ealz—ﬁlzgo eagz—622§0 eagz—d32£0]T .
This lies in CP3.
Case II: Vi, 3 j s.t. a; + a; = 0. In this case, m must be odd. Since 3 <m <7, we

only have three possibilitiess m =3, m =5, m =7.
If m = 3, then the same argument as the first case shows that

W = <O4><4 *) 7
* *
which implies that ¢ lies in CP3.
If m =5, then ag + a3 = a1 + a4 = a2 + a5 = 0. From (3.3) it follows that w;; = 0 for
0<i,j7 <5 and |i — j| # 3. Moreover we have

{ wo3E € ag + wia€'tar + wos2€%ay = 0,

w3 Eag + wis€ a1 + wes3%as = 0.

By solving this linear system, we obtain

€3 sinf,
= W . .
P08 T Sin(6, — 6y)
0g3 sin91
w2

5 = Wo3 * 5255 . Sin(92791).



So

0 0 0 wo3 0 0 Woe wor

0 0 0 0 W14 0 W16 w17

0 0 0 0 0 W25 wWae wa7

W = —Wo3 0 0 0 0 0 (RT ws7
0 —W14 0 0 0 0 Wae war

0 0 — W25 0 0 0 Ws6 Ws7

—Wee —Wie —W26 —W36 —W4e —Wse We6 We7

—Wo7 —Wir —W27 —W37 —W47r —Ws7 —We7 W77

Since W is an anti-symmetric unitary matrix, we only have four possibilities:

| [wos wis w2 w3s Wi Wse Tﬁ A 00 -B 0O g
" \wor w1z war wsr war wsy)  \B 0 0 A 0 0) 7
T T
o (Wos wig Wy wsg wig wse) _ (0 A 00 -B O
’ Wwoyr Wiy W27 W37 W47 Ws7 “\0 B 0O A 0 ’
T — T
3 (Wos wie wa wse wie wsg) _ (0 0 A 00 —-B
" \wor wir wyr wsr wsr wsr)  \0 0 B 00 A)
T T
4 [Wos wie W2 W3s Wie Wse) _ 00 0O0O0O
" \wor wir wr wiy war wsy)  \0 0 0 0 0 0/’

where A, B € C such that W € U(8). In the last situation, it is easy to find that ¢ is not
linearly full in HIP3. In the first situation, we can choose U as follows:

100 0 0 0 0 0
0 0 O —Wo3 0 0 -A -B
010 0 0 0 0 0
000 0 £ _singy 0 0 0
U — W03 ETET T Sin(6:-62)
001 0 0 0 o o0 |
0¢3 sin 6
000 0 0 —wo3 - s s 00
0 0 O a 0 0 * *
0 0 O b 0 0 * *

where |a|? + |b]2 + |wo3|? = |w14]? = |wzs|? = 1. Then we obtain

[ (foggvozs'fsﬂ')'ez_g |
— (51 — Wo3 - £f§ ’ sins(lf)nlefé)z) ’ J) etmETams
Y= 2 ev¢? sin 6, . agz—asZz (34)
(&% — wos ‘53525 EWI) J)) e
i e~ (q 4 bj ]
By applying similar arguments to the second and third situations, we obtain
r 0 __ Waa - 3. 4). e? =% T
1 (5 5053 o sinQQJ) . a1z—a1z
_ (€ — wo3 - €1 " 5in(61—62) 3) e 3
¥ 2 £0¢3 sin 6, . asz—asZz |’ ( 5)
(€% — wos - Ez_;md)'e
_ £5em =={a + bj)




where |a|? + |b]? + |w14]? = |wo3|?* = |was]? = 1, and

(€2 —wog - €% - ) -e*7

1_ A £0¢® X sin 02 L3) L pa12—a1Z
(é- w03 1 sin(01702) J) €

2 _ €% singy L 5) . pa2z—asZ
(é- w03 {'2 sin(02701) J) €

5561’1227@2(& 4 bJ)

, (3.6)

where |a]? + [b]? + |was|? = |wos|* = |w1a]* = 1 respectively. When b # 0, none of these
three types of mappings lie in CP? up to Sp(4). They all truly lie in HP3,
If m =7, then ag + a4 = a1 + a5 = az + ag = ag + a7 = 0. From (3.3) it follows that
w;ij = 0 for 0 <4,j <7 and |i — j| # 4. Moreover we have

{ woa€2&*ag + w151 ar + woe?E%ag + w3r€*¢"az = 0,

woa€%& a0 + w15€" 9 + waeE%as + w3rE3¢Tag = 0.
By solving this linear system, we obtain

w04§O§4 sin 03 + U)15£1§5 Sin(93 — 6‘1)

W26 = 5256 sin(92 - 93) ’
war = U}O4§0£4 sin 92 + w15§1§5 sin(02 — 91)
5367 sin(93 — 92)
So
0 0 0 0 wog O 0 0
0 0 0 0 0 ws O 0
0 0 0 0 0 0 we O
W= 0 0 0 0 0 0 0 wsy
—Wo4 0 0 0 0 0 0 0o |’

0 —wWis 0 0 0 0 0 0
0 0 —Wag 0 0 0 0 0
0 0 0 —w37 0 0 0 0

where |wag|? = |ws7|? = 1. One of the elements U in Gy is given as follows:

10 00 0 0 0 0
0 0 0 0 —wo 0 0 0
01 00 0 0 0 0
U— 0 0 0O 0 —wWis 0 0
0 01O 0 0 0 0
0 0 0 O 0 0 —Wae 0
00 01 0 0 0 0
0 0 0 O 0 0 0 —wsy

Then we can easily compute the horizontal lift s and finally get ¢ as follows:

(€% —wosalt - )7
(é‘l _ w15£5 . j)ealz—éli
= 2 woa€%¢? sin O3t wis€ % sin(03—01) s
¥ (&° - €2 5in(02 05 - j)etzrTass
(53 _ wosg¢? Singg2s-i%n1€;§i§;)5in(92—91) . j)eangasz

This lies in CP? up to Sp(4).



Case III: 3i s.t. V j, a;+a; # 0 and 3 k,1 s.t. a4+ a; = 0. In this case, we have the
following possibilities:

m = 3 = 2 unpaired, 2 paired,;

m =4 = 3 unpaired, 2 paired; 1 unpaired, 4 paired;

m =5 = 4 unpaired, 2 paired; 2 unpaired, 4 paired;

m = 6 = 5 unpaired, 2 paired; 3 unpaired, 4 paired; 1 unpaired, 6 paired;
m =7 = 6 unpaired, 2 paired; 4 unpaired,4 paired;2 unpaired,6 paired.

If m = 3 and 2 paired 2 unpaired, then without loss of generality, we may assume that
as+az3 =0, Vj, ap+a; #0, a; +a; # 0. From (3.3) we obtain

W= <04><4 *) 7
* *

which implies that ¢ lies in CP3. Applying the same method as described above, we can
analyze other possibilities and obtain that either W degenerates or ¢ lies in CP3 up to
Sp(4).
Now, we have found all linearly full totally real flat minimal surfaces in HP? that do
not lie in CP3. They only have three types, namely those belonging to (3.4), (3.5) or (3.6).
Step 2. We Wlll study (3.4), (3.5) and (3.6) with isotropy order at least 1. Then we have

Z rj =1 and Z a;r; = 0. Moreover we have m = 5 and ap+a3 = a1 +a4 = ag +as = 0.
J=1 J=1

If we put a; = ¢;j + isj, ¢; = cosb;, s; = sinb;, (j = 0,1,--- ,m), then we have the
following system of equations

ro+r3+ri+rg+re+1r5 =1,
(ro —7r3) +ci1(rn —ra) + ca(re —r5) =0, (3.7)

81(T1 — T4) -+ 52(7’2 — 7’5) = 0
Let O = s1cg — c152, then (3.7) is equivalent to the following system of equations

ri+ra+ro+ry=1—(r2+7s),
ro—r3 =—2 - (ry —13), (3:8)
r —Trq4 = —% (7“2—7’5).
From (3.8), we can express 7g,71,73 by 2,74, 75,01,02. For (3.4) we have |a|? + |b|? +
"U}(]3’2 ]w14\2 \w25]2 = 1 i.e.

2

¢ sinby =1 (3.9

wos - 6154 ) sin(91 — 92)

2 B ‘ £0g3 sin 01

2 2 2
b ) £
o 7+ aaf? = N Rl (o

Then we can get s%rlm = S%Tz’l“g) from the above. After expressing ro,r1, 73 by 19,74, 75, 01, 02,
we obtain a quadratic equation in r4 with parameters as follows:

52

2 2

51'4.<4 (2 15)) 82275.
S1



Since r4 > 0, then a straightforward calculation shows ry = % By virtue of this,

together with (3.8) we can express 7o, 3, 71,74 by 72,735,071, 02 as follows:

S2T2

Ty = 51 0

— S2T5
= )

S1

_ 1 so+0 so—[] (310)
ro=g|\l—ra—rs — =ry — 2=r5 ),

1 so+0 so—[
T3 =35 1*7”2*7"5*28717’5*25717"2

Next, we determine the constrains on our parameters ro, 75, 61, #2. Since they satisfy the
following conditions:
0<la*>+b]? <1,
ro, 71, 15 € (0,1), (3.11)
0=0y <6, <--- <05 <2m,

then for (3.4) of isotropy order at least 1, we have 0 < 6; < 6 < 7 and ro,75 > 0.
Thus we naturally have ri,74 > 0. From r1 +7r4 + 72 + 75 < 1 and rg,r3 > 0, we obtain
(1+ %)rz +(1+ %)rg, < land (1+ %)rg, + (1+ %)m < 1. Moreover we get

r2rs 2 < 1. In all, we have the following constraints:
ToT3 s1

0< b1 <y <m,ro,mrs >0,

S0+ so — 0
00422 <1, g e (2.9,6.2),

(1+
D2T2T5 < s?ror;;.
For a +bj in (3.4), we can put w = § and up to Sp(4) the forth component of (3.4) will
" bl 75 - €50 w + 5).
From (3.9) it is easy to see that |b| can be expressed by ra, 75, 61,02 and w. If the isotropy
order of (3.4) is at least 1, then up to Sp(4), ¢ depends on five parameters, including four

real and one complex.
For (3.5), we employ a similar approach to derive the following equations

rg = — 0
Ts = 8‘1]7‘3’
r _ 1 1— _ 51+52 S1—S82 82 <3'12)
1=5(1—ro—73+ ro + r3) s
T4 = %(1—T0—T‘3+51+527" 4 5152 827'0)
subject to the following constraints
0< (91 < 92 < Tm,Tro,T3 > 07
S1 + S9 S1 — S92
(1 - )TP =+ (1 - )Tq < 17 (pa Q) € {(0a3)7 (370)}7
357’01"3 < O%riry.
For (3.6), we obtain
T4 = _82|:|ro7
T.l — 2 3
3.13
T = % (1—7“0—7“3— o2y 4 StE2rg) (3.13)
5 =5 (1 =70 — 13 — =525 + =f2r)

10



subject to

0<6; <6y < m,rg,r3 > 0,

S1 — S2 S1 + S2

(1 + )Tp + (1 - )Tq <1, (p7 Q) € {(073)7 (3’0)}a

3%7‘01"3 < OPrors.

From the derivation process of ¢ we know that these surfaces are noncongruent for different
parameters, each type is noncongruent too. Then up to Sp(4), ¢ of each type can always
be uniquely determined by five parameters, including four real and one complex.
m
Step 3. If the isotropy order of (3.4) is 2, then we have 2) ajzrj = 0. Next, we compute
J:
m

> a?rj for (3.4):

J=0

5
Z a?rj = (ro +73) + a3(r1 +r4) +ai(ro +175)
7=0

SoT SaT SoT SaT
:(1—“—“—r2—r5)+a§( 22 4 25)+a§(r2+r5)

S1 S1 S1 S1
1 S 2¢2 — 1)s9 + (2¢3 — 1)s 251¢182 + 259¢28
—(r2+r5)-[( _j+1>+(1 )s2 + (2¢; )1+i112 20251 |
T2 + 715 81 S1 $1
So
5 5
Re() airj) =Im()_ajr;) =0,
§=0 =0
i.e. , ,
1 s 2c7 —1)s9 + (2¢5 — 1)s 2510182 + 289¢98
_(£+1)+( 1 )s2 + (2¢3 )1: 1€152 20251 _
ro + 15 81 51 S1

Easy computation shows that the above equation is equivalent to that 81 + 8, = 7w and
r9 + 15 = -5, then we can express 0o, 79,73,71, 74,75 by 01,792, i.€.

2
4s7”
92:’/T701,
— S2T2 __
T4 = s1 =Tz,
1
T5:48277ﬂ27
, (3.14)
T = s1 —7“5—45% T2,
— 1 (1 e —s2t0, 520 —1_ 1 _
To = 3 1 ) Ts 51 ) P rs) =3 157 4S§+2017‘2,
— 1l g e st sp=0 11 4 a
T3 =35 1—r9—r;y o 75 — T2) =3 48§+ P 2¢iTs.

Since 01 < 02, then 0 < 6 < 5. Because rg,r5 > 0, then 0 <7y < ﬁ. From rg,r3 > 0,
1

: 2c1—1 2¢1+1 : . : rors | 02 :
we can obtain St < "2 < g (it Next, solving inequality 727 2 < 1 yields
2 : PRTPRNR # 2c;—1 1 2¢;+1
4s7 > 3, i.e., § < ) < 7, which implies that m < 0 and 157 < W‘iq). So our

constraint region reduces to

™ T 1
— <40 —.,0 — C ;.
{3< 1<2, <T’2<4S%,ZUE }

11



Moreover up to Sp(4), (3.4) can be simplified into

(€ — Wos &3 §) et F
0 (51 — Wo3 - §g§3 ’ sin?@rig_zez) ’ J) cemETmE
(52 — Wo3 - §§§ ’ sin?@r;g_lel) ! J) - et2ET s

I e (a + bj)

c1 L pZ—Z
4S§ + 2017”2 €
. ealz—alE

—ai1ztai1z
. e~ a1ztar

— 2179 - €T (w + )

Applying similar computation to (3.5) and (3.6) gives us

1 . ,z—z T
281 €
defrolz,z o) 1 ¢ . La1z—@%
— 1l L _ 1 _ £, pa1z—ay
%_ —201To+ <l + 9? 2617"() T 45% ¢
¥

_ €, ,a1z—aiz :
> € (w+3)

255 €
4c§r0(%—m) ) )
- %% + 11
%—7 2627‘0-‘1— 2 48%

_ |b|~¢;

and

asz—asz
. 22 2 ’

— C2_
2627’0 —+ 433

C2

a2zZ—a2z .
Q+2027’0—45§ e? 2(w+3)

\/To + \w03|2r3 .e*TF
m' e(IlZfElZ
\/m_ 6—612+a12
V3 -e 1 (a+bj)

(3.15)
T T
Z <9 z
3 <th < 5
0<ro < —, (3.16)
51
w € C,
T 2T
Z <0 2%
g 23
1
0 <ro <L (317)
2

respectively. In order to unify the constraint regions, we put = 61, = ry for (3.15), put
0 =01, =ry for (3.16) and put § = 7w — 0,7 = ro for (3.17). Then (3.17) will become

282 :

— 4c2r ( 5 —70) _

SD == 270 1 [ ===z )
> R N S _ €2 . pag ag
%———1-2027"0—— + 4s32 + 2car 4s2 €

1 [ Tz —?2 .
|b|'\/§*4sg*202r0+433'62 2 (w+3)

It is obvious that (3.15), (3.16) and (3.17) (i

i Y
- <0 < —,
3 2

0<r< (3.18)

4sin%6’
w € C.

, (3.18)) are noncongruent for different
values of the parameters, but these expressions have similar form, i.e

noeagz—a()z
1, a1z—a1z
ne
o(2)

,’726112,2 a2z

(k=0, 1, 2),
7]36akz agz (U) + J)

(3.19)

where /. € Rt (=0, 1, 2, 3), w € C. Then up to Sp(4), ¢ of each type is uniquely

4),
determined by only three parameters 6,7, w in R? x C, which satisfy

™ m
—<0< -, 0<r<——5—, weC.
3 2 4sin? 6

12



Summing up, we complete our proofs. a

Now we describe the moduli space of the totally real flat minimal immersions from C
into HP? that do not lie in CP3. Applying Proposition 3.4, we can obtain the following
theorem.

Theorem 3.5 Let M3(C) denote the moduli space of all noncongruent linearly full totally
real flat minimal immersions from C into HLP? that do not lie in CP3, then M3(C) consists
of three components, each of which is a manifold of real dimension 6 and intersects with
two real hypersurfaces at

2 ™ m 1
F3((C)_{ 0,r,w) e R* x C §<6<§, 0<r<m }
Proof: Taking M = C in Proposition 3.4, we know that all linearly full totally real flat
minimal immersions from C into HP? that do not lie in CP?3 only have three types, and
if the isotropy order is 2 then the parameter spaces of these surfaces are all I's(C). Since
I's(C) # @, then we have (I's(C) C)M3(C) # @. Notice that these three types are
noncongruent for different parameters, so M3(C) have three components. From (3.11) we
know that each component is an open subset of the Euclidean space, and thus a manifold.
From Proposition 3.4, we know that ¢ of each type can be uniquely determined by five
parameters, including four real and one complex. So each component of M3(C) is a
manifold of real dimension 6. When the isotropy order is 2, two equations have been
added to the parameter spaces of these three types. It makes each one reduce to I's(C).
Hence each component of M3(C) intersects with two real hypersurfaces at I's(C). Thus
we have finished our proof. a

Remark 3.6 Figure 5.1 gives the constraint region of (6,r) in I's(C). Here the minimal
surfaces corresponding to the points on the boundary lie in CP3.

r=—7p5-"0
4sin?6 "~ o

™
=3

I
|
I
|
I
I
I
I
I
I
I
[N
|
|
|
|
|
|
I
I
I
I
I
I

Figure 3.1: § <0< 5,0<r < 7=+,

Remark 3.7 For totally real flat minimal surfaces in HP3, a unit increase in the isotropy
order decreases the dimension of the moduli space by 2 real parameters. Is this phenomenon
universal in HP™?
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4 Tori

Next, we will consider when ¢ can descend to the torus. Notice that although the isotropy
order of (3.4), (3.5) and (3.6) may be 1 or 2, their expressions have similar form, i.e.,
(3.19). Therefore we discuss the corresponding torus criterion for (3.19) when £ =0, 1, 2.
For points z, 2’ € C, ¢(z) = ¢(#) if and only if

nOeaoz—EOZ nOeaoz'—EOE'
nlealz—ﬁlf nlealz'—ﬁlzl
n2€a2z7622 = 7]280’22,_62? - q,
3 arz—arz . .7 — / .
n-e (w+ 3) n3erE —UE (y + §)

where ¢ € H and |g| = 1. But it is easy to find that ¢ € C. Since the corresponding
components are equal, we know that if w = 0, then

6&027602 6a1z761§ ea227623
q= eaoz’fﬁof’ = ealz’fﬁl? = eagz’fﬁzz’ .
Let
Ap={z=2+1iyeC|sjz+(¢;—1)y=0 (modm) (j =1,2)}, (4.1)

then ¢(z) = p(2') if and only if z — 2’ € A,. The same argument as in [24] shows that
¢ descends to the torus if and only if rank(A,) = 2, which is equivalent to

dimgspang{(s1,c1 — 1), (s2,c2 —1)} = 2. (4.2)

Notice that 01, 62 € (0,7) and 6; # 62, then (4.2) holds and ¢ always descends to the
torus now.

If w # 0, then
eaoz—EOE ealz—61§ e(LgZ—EQE eakz—EkE eakz—EkE
9= eaoz’fﬁof’ - ealz/fﬁlf’ - 6&22’7622/ - eakz’fﬁk? - eakz’fﬁk? ’

which implies ¢ € R, but we also have |¢| = 1, so we obtain that

apgz—apz a1z—a1z a2z—a2z
eU (0] 61 1 62 2

= = =q==l1. (4.3)

ea()z,*agzl ealz’fﬁlf’ eagz/7622’

If ¢ = 1in (4.3), then e%*~%* = ¢%*~%% which implies that Im[a;(z — 2/)] = 0
(mod 7) (j =0,1,2). We put z — 2’ =z + iy, then we have Im[a;(z — 2’)] = sjz + ¢cjy =
k;m (kﬁj € 7). Let

A,={z=2+iyeClsz+(c;—1)y=0 (modn) (j=1,2),y=0 (mod )}, (4.4)

then p(z) = ¢(2) if and only if z — 2’ € Af,. Similarly, if ¢ = —1 in (4.3), we can let
Aj={z=2+iyeClsjz+(c;—1)y=0 (mod ) (j=1,2),y— g =0 (modm)}, (4.5)

then ¢(z) = p(2') if and only if z — 2’ € Af. We can easily find that Al,, A, C A, and
AL = A, + 51, 50 0 < rank(Aj,) = rank(A7) < rank(A,) = 2. In the following we only
compute rank(A},). Since y = 0 (mod 7) in (4.4), then we put y = kr (k € Z), which
implies sjz = —(¢; — 1)km (mod 7). Put sjz = mn — (¢; — 1)kn (m € Z,j = 1,2), then
wm — (c1 — k]  7w[m — (ca — 1)k]

xr = = s
S1 52
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which shows that for given 61 and 602, integers m and k must satisfy the following equation:
m—(ct— 1k m—(ca—1)k

S1 52

This is equivalent to
(s1 — s2)m = [s1(ca — 1) — s2(c1 — 1)]k. (4. 6)
Since x = and y = k7, then from (4.6) it is easy to find that rank(A{,) <
From rank(A}) = rcmk(A’ ) we quickly obtain rank(Af) < 1. The same argument as in

[24] shows that if w # 0, then ¢ never descends to the torus. The above discussion gives
us the torus criterion as follows.

Theorem 4.1 (3.4), (3.5) and (3.6) descend to the torus if and only if w = 0.

w[m— (01 1k]

When ¢ descends to the torus, we immediately obtain the following theorem from
Theorem 3.5 and Theorem 4.1.

Theorem 4.2 Let M3(T) denote the moduli space of all noncongruent linearly full to-
tally real flat minimal tori in HP? that do not lie in CP3, then M3(T) consists of three
components, each of which is a manifold of real dimension 4 and intersects with two real
hypersurfaces at

['3(T) = { (0,7) € R?

1
—<9< ,0<r< —— ;.
3 " 4sin” 0 }

Next, we will compute det(A/IifR) when the isotropy order is 2. For this, we shall

introduce some background knowledge (cf. [26]). If ¢ : T — HP? is a harmonic map, then
it generates a harmonic sequence in G(2,8), i.e

! ’
L0012 L8y PoiPa P3Py Porn—1"%Pm Lo P41

e N e R (4.7)

’ ’ ’ /

Moreover we can define a map called the d'-first return map for ¢ as follows:

A}ffR:A/ oA’£17£20A/ 1 C%(g,) = C™(py),

fo’fl

where

A, , 1C(p) — C™(¢)

P ;80 4 j

v T (O5v).

It is clear that the &'-first return map A%, for ¢ is a linear transformation on C> (@y)-

In the following we will compute det(Ay) for (3.15), (3.16) and (3.17). First of all, it
is easy to check that if [s] : C — CP7 is a horizontal lift of ¢, then for all A € Sp(4),

[As] is also horizontal. Hence, sometimes when we compute the harmonic sequence of ¢,
we only need to take the partial derivative with respect to z without applying orthogonal
projection. So
Afp(s,3s) = Ay, 0 AL , 0 AL, (5,35)
_ 2 202
= Alfyfo(a $,05(3s))

0 () (80993

<8 S Js> <8§(js)7js>

_ (S,JS)( N Z 0 ?7”] o Z?fj:owij‘fif;a“ie’iﬂi*zj)z(ai+aj)z>7
Zi,jzowijglfja elaitas)z(@ta;)z (=1)° 2= ajrs
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where s = UV, m). Thus

m m i 7 a;taj)z—(a;+aj)z
det(A’2) = AZJV:O a?rj o E'i,j:O w;j€¢Ta 3 el J) (a;+aj)
R =0 wijfléja?e("’i+“J)z_("'i+aj)z (-1)3 ZJ oajr;
m 2 m o o m
= - Za?rj - > wij§l§-7a?e(ai+aj)z_(ai+aj)z ST wiye £7a36(a +apz—(@+a;)F | |y g
Jj=0 i,J=0 i,j=0

So when (3.15) descends to the torus, by using (3.14) and 6; 4+ 02 = m we can compute

det(A r)

(Z ) ( wijgigja?e(iiﬁj)}(aﬁaj)z) . ( ) wijgigja?e(ai+aj)2*(ii,+ij)3>
=0 1,j=0 i

,j=0

(ro —r3) + af(r1 — r4) + ad(ra — T5))

sin 09 3 sin 01 3>2

2 3
(ro —r3) +af(r1 — r4) + a3 (ra — Ts)) — 4|wos|“rors <a0 + aj aj

sin(61 — 602)

( 2w03¢°¢%af — 201467 €% a] — 2w2567€%a3) - (—2w036”¢%a] — 2w14€'€%ad - 2w5¢7¢"a3)
( sin(f2 — 01)

1 5 1 _3\2
(rof'rg) +4\w03\ rorg| - (1 — —aj] — —ay . (4.9)

Notice that the first factor of (4.9) does not equal to 0, and easy computation shows that
the second factor of (4.9) does not equal to 0 too. This implies that the isotropy order of
(3.15) is just 2. By performing similar computations on (3.16) and (3.17), we obtain

2
det(A¥n) = —[(ro —r3)® + 4wos|*rors] - (1 — 2cya? + af) (4.10)
and
2
det(A¥n) = —[(ro —r3)?® + 4lwoes|*rors] - (1 — 2coa3 + af) (4.11)
respectively. Then we consider the following equation
a® —2ca® +1=0, (4.12)

where a = e = ¢+ is, ¢ = cosf, s = sin6, g<f<Fori<O< %” Put t = a?,
then (4.12) becomes t? — 2ct +1 = 0, and the complex roots of this equation given by the
quadratic formula are as follows:

2¢ + \/—4s2 :
tlzzic 5 i =c+is=ett?,

s

Since t = a® = €%3% together with the range of 6, if the above equation has roots, then
we must have 36 = 27 — 6, so 0 = § that does not lie in the range of §. Therefore (4.12)
has no roots. As a result, det(A'f ) # 0 for (3. 16) and (3.17). When (3.15), (3.16) and
(3.17) descend to the torus, we always have det(A'¥y) # 0, by [26] we quickly obtain the

following theorem.

Theorem 4.3 When (3.15), (3.16) and (3.17) descend to the torus, each is covered by a
primitive harmonic map of finite type into SU(8)/S(2U(2) x U(4)).

Proof: Since det(A}%s) # 0, then by the last theorem of [26] we know that each ¢ of
type (3.15), (3.16) or (3.17) is covered by a primitive harmonic map of finite type into
U(8)/S(2U(2) x U(4)). 0

16



Remark 4.4 If ¢ is a linearly full totally real flat minimal surface of isotropy order 2 in
HP? that lies in CP3 up to Sp(4), then we can denote ¢ by [s] and compute det(AYy) as
follows:

Afp(s) = (s)- (925, 5).

Since the isotropy order of ¢ is 2, we have det(AllfR) = <8§s,3> # 0. Thus for all
linearly full totally real flat minimal surfaces of isotropy order 2 in HP?, we always have
det(A/}aR) % 0. For the gener;al target HP™, if the isotropy order r is odd, then it follows
from Sec.3 in [26] that det(A}fR) # 0. Is it true in the case of even isotropy order?
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