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Abstract

We establish the well-posedness for a class of McKean-Vlasov SDEs driven by sym-
metric α-stable Lévy process (1/2 < α ≤ 1), where the drift coefficient is Hölder
continuous in space variable, while the noise coefficient is Lipscitz continuous in space
variable, and both of them satisfy the Lipschitz condition in distribution variable with
respect to Wasserstein distance. If the drift coefficient does not depend on distribution
variable, our methodology developed in this paper applies to the case α ∈ (0, 1]. The
main tool relies on heat kernel estimates for (distribution independent) stable SDEs
and Banach’s fixed point theorem.

AMS subject Classification: 60G52, 60H10.
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1 Introduction

It is well-known that many complex physical, biological, and other scientific phenomena can
be modeled by interacting particle systems, which attract much attention in recent years due
to their importance both in theory and in applications. When the number of particles goes
to infinity, the equation for one single particle in the mean field interacting particle system
tends to the so-called McKean-Vlasov SDE, which was first introduced by McKean in [9].
This is related to the propagation of chaos, see for instance [15]. As a fundamental issue in

1



the study of McKean-Vlasov SDEs, the well-posedness has been intensively investigated for
Gaussian noise case, see [1, 6, 11, 12, 16, 18] and references therein for more details.

As far as we know, however, the results concerning the well-posedness for McKean-Vlasov
SDEs with jump noises are still quite limited. The well-posedness is established in [7] for
Lévy-driven McKean-Vlasov SDEs without drift. In [17], the authors consider strong well-
posedness for density dependent SDEs with additive α-stable noise (1 < α < 2), where the
drift is assumed to be Cβ

b with β ∈ (1− α/2, 1) in space variable, and Lipschitz continuous
in distribution variable with respect to the Lθ-Wasserstein distance (1 < θ < α). In [10],
the authors prove the well-posedness for stable McKean-Vlasov SDEs under the assumption
that the coefficients have bounded and Hölder continuous flat derivatives (also called linear
functional derivatives); in the supercritical case, i.e. the stability index α < 1, it is necessary
to require α > 2/3 (see [10, Theorem 2.2]). In the very recent work [5], we establish the
well-posedness for McKean-Vlasov SDEs driven by α-stable noise (1 < α < 2), where the
noise coefficient depends only on time and distribution variables.

As a continuation of [5], in this paper, we consider the following stable McKean-Vlasov
SDE with stable index α ∈ (0, 1]:

dXt = bt(Xt,LXt) dt+ σt(Xt−,LXt) dLt, t ∈ [0, T ],(1.1)

where T > 0 is a fixed constant, (Lt)t≥0 is a d-dimensional rotationally invariant α-stable
Lévy process with infinitesimal generator −1

2
(−4)α/2, LXt is the law of Xt, and for the

space P of all probability measures on Rd equipped with the weak topology,

b : [0, T ]× Rd ×P → Rd, σ : [0, T ]× Rd ×P → Rd ⊗ Rd

are measurable.
For κ ∈ (0, 1], let

Pκ :=
{
γ ∈P : γ(| · |κ) <∞

}
,

which is a Polish space under the Lκ-Wasserstein distance

Wκ(γ, γ̃) := inf
π∈C (γ,γ̃)

∫
Rd×Rd

|x− y|κ π(dx, dy), γ, γ̃ ∈Pκ,

where C (γ, γ̃) is the set of all couplings of γ and γ̃. By [3, Theorem 5.10], the following dual
formula

Wκ(γ, γ̃) = sup
[f ]κ≤1

|γ(f)− γ̃(f)|, γ, γ̃ ∈Pκ

holds, where [f ]κ denotes the Hölder seminorm (of exponent κ) of f : Rd → R defined by

[f ]κ := supx 6=y
|f(x)−f(y)|
|x−y|κ .

To derive the well-posedness for (1.1), we make the following assumptions.

(A) There exist β ∈ (0, 1) satisfying 2β +α > 2, K > 1 and η ∈ (0, α) with α+ η > 1 such
that for all t ∈ [0, T ], x, y ∈ Rd and γ, γ̃ ∈Pη,

|bt(x, γ)− bt(y, γ̃)| ≤ K
(
Wη(γ, γ̃) +

{
|x− y|β ∨ |x− y|

})
,(1.2)
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and

(1.3)


|bt(0, δ0)| ≤ K,

‖σt(x, γ)− σt(y, γ̃)‖ ≤ K
(
|x− y|+ Wη(γ, γ̃)

)
,

K−1I ≤ (σtσ
∗
t )(x, γ) ≤ KI,

where I is the d× d identity matrix.

(A′) α ∈ (0, 1] and bt(x, γ) = bt(x) does not depend on γ. There exist β ∈ (0, 1) satisfying
2β + α > 2, K > 1 and η ∈ (0, α) such that for all t ∈ [0, T ], x, y ∈ Rd and γ, γ̃ ∈Pη,

|bt(x)− bt(y)| ≤ K
{
|x− y|β ∨ |x− y|

}
and (1.3) hold.

Denote by C([0, T ]; Pk) the set of all continuous maps from [0, T ] to Pk under the metric
Wk. Throughout the paper the constant C denotes a positive constant which may depend
on T, d, α, β, η,K; its value may change, without further notice, from line to line.

Our main result is the following theorem:

Theorem 1.1. Assume (A) or (A′). Then (1.1) is strongly/weakly well-posed in Pη, and
the solution satisfies LX· ∈ C([0, T ]; Pη) and

E

[
sup
t∈[0,T ]

|Xt|η
]
< C

(
1 + E

[
|X0|η

])
.

Remark 1.2. If α < 1, to ensure the well-posedness, it is required in [10, Theorem 2.2] that
α > 2/3. Noting that η ∈ (0, α) and α + η > 1 in (A) imply that α ∈ (1

2
, 1], we can handle

the case α ∈ (1/2, 1). Moreover, when bt(x, γ) does not depend on γ, α can take all values
in (0, 1] if β is close enough to 1.

Remark 1.3. With respect to assumption α + η > 1 in (A), in the proof of Lemma 2.3, it
is essential to derive a nice estimate for J1. Moreover, by Example 4.2 in the Appendix, the
condition α+ η > 1 in (A) is necessary in the sense that if α+ η = 1, then we cannot expect
the uniqueness for the solution to (1.1).

The remainder of the paper is organized as follows: In Section 2, we make some prepara-
tions and the proof of Theorem 1.1 is presented in Section 3. A counterexample is provided
in the Appendix for non-uniqueness of solutions to stable McKean-Vlasov SDEs

2 Some preparations

Let γ ∈ Pη and µ ∈ C([0, T ]; Pη), where η ∈ (0, α). Consider the following (distribution
independent) SDE with initial distribution LXγ,µ

s,s
= γ:

(2.1) dXγ,µ
s,t = bt(X

γ,µ
s,t , µt) dt+ σt(X

γ,µ
s,t−, µt) dLt, 0 ≤ s ≤ t ≤ T.
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By [4, Theorem 1.1] and a standard localization argument, (2.1) has a unique strong solution
under (A) or (A′). For simplicity, we denote Xγ,µ

t = Xγ,µ
0,t . Moreover, if γ = δx is the Dirac

measure concentrated at x ∈ Rd, we write Xx,µ
s,t = Xδx,µ

s,t .
By [8], LXx,µ

s,t
is absolutely continuous with respect to the Lebesgue measure, and we

denote by pµs,t(x, ·) the corresponding density function. Denote by P µ
s,t the inhomogeneous

Markov semigroup associated with Xx,µ
s,t , i.e. for f ∈ Bb(Rd),

P µ
s,tf(x) = Ef(Xx,µ

s,t ) =

∫
Rd
pµs,t(x, y)f(y) dy.

Here and in the sequel, Bb(Rd) denotes the set of all bounded measurable functions on Rd.
As before, write pµt (x, ·) = pµ0,t(x, ·) and P µ

t = P µ
0,t for t ∈ [0, T ] and µ ∈ C([0, T ]; Pη). We

will use the following notation for µ ∈ C([0, T ]; Pη)

(2.2) A µ
t f(·) :=

∫
Rd\{0}

[
f(·+ σt(·, µt)y)− f(·)− 〈σt(·, µt)y,∇f(·)〉1{|y|≤1}

]
Π(dy),

where

Π(dy) :=
αΓ(d+α

2
)

22−απd/2Γ(1− α
2
)

dy

|y|d+α

is the Lévy measure of Lt.

Lemma 2.1. Assume (A) or (A′). For any 0 ≤ r < t ≤ T , µ1, µ2 ∈ C([0, T ]; Pη), and
f ∈ Bb(Rd) with [f ]η ≤ 1,

(2.3) |∇P µ2

r,t f | ≤ C(t− r)−
1
α
+ η
α ,

(2.4) |(A µ1

r −A µ2

r )P µ2

r,t f | ≤ C(t− r)−1+
η
αWη(µ

1
r, µ

2
r).

Proof. (i) Denote by pαt the density function of Lt (with respect to the Lebesgue measure).
Note that (1.2) implies that

|bt(x, γ)− bt(y, γ)| ≤ K(|x− y|β ∨ |x− y|), t ∈ [0, T ], x, y ∈ Rd, γ ∈Pη.

Hence, it follows from [8, Theorem 1.1 (iii) and (i)] that for any 0 ≤ r < t ≤ T ,

|∇pµ
2

r,t(·, y)(x)| ≤ C(t− r)−1/αpαt−r (θr,t(x)− y) ,

where {θr,t}T≥t≥r≥0 is a flow with

θs,t(x) = x+

∫ t

s

br
(
θr,t(x), µ2

r

)
dr, 0 ≤ s ≤ t ≤ T.
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One can refer to [2, 14] for more applications of θr,t on investigating the properties of the
solution associated to drifted fractional diffusion. Noting that

∇x

∫
Rd
pµ

2

r,t(x, y) dy︸ ︷︷ ︸
=1

= 0,

we obtain for all f ∈ Bb(Rd) with [f ]η ≤ 1,

|∇P µ2

r,t f(x)| =
∣∣∣∣∫

Rd
∇pµ

2

r,t(·, y)(x)f(y) dy

∣∣∣∣
=

∣∣∣∣∫
Rd
∇pµ

2

r,t(·, y)(x)[f(y)− f(θr,t(x))] dy

∣∣∣∣
≤
∫
Rd
|∇pµ

2

r,t(·, y)(x)| × |f(y)− f(θr,t(x))| dy

≤ C(t− r)−1/α
∫
Rd
pαt−r (θr,t(x)− y) |θr,t(x)− y|η dy

= C(t− r)−1/α
∫
Rd
pαt−r(z)|z|η dy

= C(t− r)−1/αE
[
|Lt−r|η

]
= C(t− r)(η−1)/αE

[
|L1|η

]
.

This implies (2.3) since E
[
|L1|η

]
<∞.

(ii) By (1.3), it is not hard to get∣∣∣∣ |det(σ−1t (·, µ1
t ))|

|σ−1t (·, µ1
t )y|d+α

− |det(σ−1t (·, µ2
t ))|

|σ−1t (·, µ2
t )y|d+α

∣∣∣∣
=

∣∣∣∣ |σ−1t (·, µ2
t )y|d+α|det(σ−1t (·, µ1

t ))| − |σ−1t (·, µ1
t )y|d+α|det(σ−1t (·, µ2

t ))|
|σ−1t (·, µ1

t )y|d+α|σ−1t (·, µ2
t )y|d+α

∣∣∣∣
≤
∣∣∣∣ |σ−1t (·, µ2

t )y|d+α[|det(σ−1t (·, µ1
t ))| − |det(σ−1t (·, µ2

t ))|]
|σ−1t (·, µ1

t )y|d+α|σ−1t (·, µ2
t )y|d+α

∣∣∣∣
+

∣∣∣∣ |det(σ−1t (·, µ2
t ))|[|σ−1t (·, µ2

t )y|d+α − |σ−1t (·, µ1
t )y|d+α]

|σ−1t (·, µ1
t )y|d+α|σ−1t (·, µ2

t )y|d+α

∣∣∣∣
≤ C

Wη(µ
1
t , µ

2
t )

|y|d+α
.

Since we can rewrite (2.2) as a principal value (p.v.) integral:

A ν
t f(·) =

1

2
p.v.

∫
Rd

[
f(·+ σt(·, νt)y) + f(· − σt(·, νt)y)− 2f(·)

]
Π(dy)

=
αΓ(d+α

2
)

23−απd/2Γ(1− α
2
)

p.v.

∫
Rd

[
f(·+ y) + f(· − y)− 2f(·)

] |det(σ−1t (·, νt))|
|σ−1t (·, νt)y|d+α

dy,
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it holds that

|(A µ1

r −A µ2

r )P µ2

r,t f |

= C

∣∣∣∣p.v.∫
Rd

[
P µ2

r,t f(·+ y) + P µ2

r,t f(· − y)− 2P µ2

r,t f(·)
] [ |det(σ−1t (·, µ1

t ))|
|σ−1t (·, µ1

t )y|d+α
− |det(σ−1t (·, µ2

t ))|
|σ−1t (·, µ2

t )y|d+α

]
dy

∣∣∣∣
≤ C p.v.

∫
Rd

∣∣P µ2

r,t f(·+ y) + P µ2

r,t f(· − y)− 2P µ2

r,t f(·)
∣∣ ∣∣∣∣ |det(σ−1t (·, µ1

t ))|
|σ−1t (·, µ1

t )y|d+α
− |det(σ−1t (·, µ2

t ))|
|σ−1t (·, µ2

t )y|d+α

∣∣∣∣ dy
≤ CWη(µ

1
t , µ

2
t ) p.v.

∫
Rd

∣∣P µ2

r,t f(·+ y) + P µ2

r,t f(· − y)− 2P µ2

r,t f(·)
∣∣ dy

|y|d+α

= CWη(µ
1
t , µ

2
t )|DαP µ2

r,t f |,

where Dα is a fractional derivative operator of order α (cf. [8, (1.23)]) with

|Dαf |(x) :=

∫
Rd
|f(x+ y) + f(x− y)− 2f(x)| dy

|y|d+α
.

By [8, Theorem 1.1 (ii)], for any 0 ≤ r < t ≤ T ,

|Dαpµ
2

r,t(·, z)|(x) ≤ C(t− r)−1pαt−r (θr,t(x)− z) .

Then we get for all f ∈ Bb(Rd) with [f ]η ≤ 1,

|DαP µ2

r,t f |(x) =

∫
Rd

∣∣∣∣∫
Rd

[
pµ

2

r,t(x+ y, z) + pµ
2

r,t(x− y, z)− 2pµ
2

r,t(x, z)
]
f(z) dz

∣∣∣∣ dy

|y|d+α

=

∫
Rd

∣∣∣∣∫
Rd

[
pµ

2

r,t(x+ y, z) + pµ
2

r,t(x− y, z)− 2pµ
2

r,t(x, z)
]
[f(z)− f(θr,t(x))] dz

∣∣∣∣ dy

|y|d+α

≤
∫
Rd
|Dαpµ

2

r,t(·, z)|(x)|f(θr,t(x))− f(z)| dz

≤ C(t− r)−1
∫
Rd
pαt−r(θr,t(x)− z)|θr,t(x)− z|η dz

= C(t− r)−1E
[
|Lt−r|η

]
= C(t− r)−1+

η
αE
[
|L1|η

]
.

This together with the above estimate implies (2.4).

Lemma 2.2. Let 0 ≤ s < t ≤ T , µ1, µ2 ∈ C([0, T ]; Pη) for η ∈ (0, α) and f ∈ Bb(Rd).
Then

P µ1

s,t f = P µ2

s,t f +

∫ t

s

P µ1

s,r

〈
br(·, µ1

r)− br(·, µ2
r),∇P

µ2

r,t f
〉

dr +

∫ t

s

P µ1

s,r(A
µ1r
r −A µ2r

r )P µ2

r,t f dr.

If furthermore b does not depend on distribution variable, then

P µ1

s,t f = P µ2

s,t f +

∫ t

s

P µ1

s,r(A
µ1r
r −A µ2r

r )P µ2

r,t f dr.
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Proof. By a standard approximation argument, it suffices to prove the desired assertion for
f ∈ C2

b (Rd). By the backward Kolmogorov equation, see [8, Theorem 1.1], it holds that

∂P µ2

r,t f

∂r
= −〈br(·, µ2

r),∇P
µ2

r,t f〉 −A µ2

r (P µ2

r,t f), 0 ≤ r < t ≤ T,

where A ν
r f is given by (2.2). By Itô’s formula, we have the forward Kolmogorov equation

∂P µ1

s,rf

∂r
= P µ1

s,r [〈br(·, µ1
r),∇f〉+ A µ1

r f ], 0 ≤ s < r ≤ T.

Hence, we have

P µ1

s,t f − P
µ2

s,t f =

∫ t

s

∂

∂r
[P µ1

s,rP
µ2

r,t f ] dr

=

∫ t

s

P µ1

s,r

〈
br(·, µ1

r)− br(·, µ2
r),∇P

µ2

r,t f
〉
dr +

∫ t

s

P µ1

s,r(A
µ1r
r −A µ2r

r )P µ2

r,t f dr,

which implies the first assertion. Clearly, the second assertion follows immediately from the
first one.

Lemma 2.3. If (A) holds, then for all γ ∈Pη, µ
i ∈ C([0, T ]; Pη), i = 1, 2, and δ > 0,

sup
t∈[0,T ]

e−δtWη

(
L
Xγ,µ1

t

,L
Xγ,µ2

t

)
≤ C

(
δ

1
α
− η
α
−1 + δ−

η
α

)
sup
t∈[0,T ]

e−δtWη(µ
1
t , µ

2
t ).

If (A′) holds, then for all γ ∈Pη, µ
i ∈ C([0, T ]; Pη), i = 1, 2, and δ > 0,

sup
t∈[0,T ]

e−δtWη

(
L
Xγ,µ1

t

,L
Xγ,µ2

t

)
≤ Cδ−

η
α sup
t∈[0,T ]

e−δtWη(µ
1
t , µ

2
t ).

Proof. Assume (A). It follows form the definition of Wη and Lemma 2.2 that

Wη

(
L
Xγ,µ1

t

,L
Xγ,µ2

t

)
= sup

f∈Bb(Rd),[f ]η≤1

∣∣∣∣∫
Rd

[
P µ1

t f(x)− P µ2

t f(x)
]
γ(dx)

∣∣∣∣
≤ sup

f∈Bb(Rd),[f ]η≤1

∣∣∣∣∫
Rd
γ(dx)

∫ t

0

P µ1

0,r

〈
br(·, µ1

r)− br(·, µ2
r),∇P

µ2

r,t f
〉
(x) dr

∣∣∣∣
+ sup

f∈Bb(Rd),[f ]η≤1

∣∣∣∣∫
Rd
γ(dx)

∫ t

0

P µ1

0,r{(A µ1r
r −A µ2r

r )P µ2

r,t f}(x) dr

∣∣∣∣
=:

2∑
i=1

sup
f∈Bb(Rd),[f ]η≤1

Ji.

By (1.2) and (2.3), we derive that for all f ∈ Bb(Rd) with [f ]η ≤ 1,∥∥〈br(·, µ1
r)− br(·, µ2

r),∇P
µ2

r,t f(·)
〉∥∥
∞ ≤

∥∥br(·, µ1
r)− br(·, µ2

r)
∥∥
∞

∥∥∇P µ2

r,t f(·)
∥∥
∞
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≤ C(t− r)−
1
α
+ η
αWη(µ

1
r, µ

2
r).

Observing α + η > 1, we get for all t ∈ [0, T ], δ > 0 and f ∈ Bb(Rd) with [f ]η ≤ 1,

J1 ≤ C

∫ t

0

(t− r)−
1
α
+ η
αWη(µ

1
r, µ

2
r) dr

= Ceδt
∫ t

0

e−δrWη(µ
1
r, µ

2
r) · (t− r)−

1
α
+ η
α e−δ(t−r) dr

≤ Ceδt sup
s∈[0,T ]

e−δsWη(µ
1
s, µ

2
s)×

∫ t

0

(t− r)−
1
α
+ η
α e−δ(t−r) dr

≤ Cδ
1
α
− η
α
−1eδt sup

s∈[0,T ]
e−δsWη(µ

1
s, µ

2
s),

where in the last inequality we have used the fact that for any ε ∈ (0, 1),

(2.5) sup
t∈[0,T ]

∫ t

0

(t− r)−εe−δ(t−r) dr ≤
∫ ∞
0

r−εe−δr dr = Γ (1− ε) δε−1.

By (2.4) and (2.5), for all t ∈ [0, T ], δ > 0 and f ∈ Bb(Rd) with [f ]η ≤ 1,

J2 ≤ C

∫ t

0

(t− r)−1+
η
αWη(µ

1
r, µ

2
r) dr

= Ceδt
∫ t

0

e−δrWη(µ
1
r, µ

2
r) · (t− r)−1+

η
α e−δ(t−r) dr

≤ Ceδt sup
s∈[0,T ]

e−δsWη(µ
1
s, µ

2
s)×

∫ t

0

(t− r)−1+
η
α e−δ(t−r) dr

≤ Cδ−
η
α eδt sup

s∈[0,T ]
e−δsWη(µ

1
s, µ

2
s).

Combining the bounds for Ji, i = 1, 2, we obtain that for all δ > 0

sup
t∈[0,T ]

e−δtWη

(
L
Xγ,µ1

t

,L
Xγ,µ2

t

)
≤

2∑
i=1

sup
t∈[0,T ]

sup
f∈Bb(Rd),[f ]η≤1

e−δtJi

≤ C
(
δ

1
α
− η
α
−1 + δ−

η
α

)
sup
s∈[0,T ]

e−δsWη(µ
1
s, µ

2
s).

This yields the first assertion. One can prove the second assertion by repeating the argument
above (with J1 = 0).

3 Proof of Theorem 1.1

Proof of Theorem 1.1. It follows from Lemma 2.3 that for δ > 0 large enough, the map

µ 7→ LXγ,µ
·
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is strictly contractive in C([0, T ]; Pη) under the complete metric

sup
t∈[0,T ]

e−δtWη(µ
1
t , µ

2
t )

for µ1, µ2 ∈ C([0, T ]; Pη). Then it has a unique fixed point µ∗ = µ∗(γ) ∈ C([0, T ]; Pη) such

that µ∗ = L
Xγ,µ∗

·
, and Xt = Xγ,µ∗

t is the unique solution to (1.1) with LX0 = γ ∈Pη.

To prove the moment estimate, we will use a (random) time-change argument. Let St be
an α

2
-stable subordinator with the following Laplace transform:

E
[
e−rSt

]
= e−2

−1t(2r)α/2 , r > 0, t ≥ 0,

and let Wt be a d-dimensional standard Brownian motion, which is independent of St. The
time-changed process Lt := WSt is a d-dimensional rotationally symmetric α-stable Lévy
process such that E ei〈ξ,Lt〉 = e−t|ξ|

α/2 for ξ ∈ Rd, see e.g. [13]. Using the subordination
representation, (1.1) can be written in the following form

Xt = X0 +

∫ t

0

br(Xr,LXr) dr +

∫ t

0

σr(Xr−,LXr) dWSr ,

where LX0 ∈Pη. It is easy to see that (A) or (A′) implies for x ∈ Rd and γ ∈Pη,

sup
t∈[0,T ]

|bt(x, γ)| ≤ C
(
1 + |x|+ γ(| · |η)

)
.

Since σ is bounded due to (1.3), we obtain for all s ∈ [0, T ],

E

[
sup
t∈[0,s]

|Xt|η
]
≤ CE [|X0|η] + CE

[∫ s

0

|br(Xr,LXr)|η dr

]

+ CE

[
sup
t∈[0,T ]

∣∣∣∣∫ t

0

σr(Xr,LXr) dWSr

∣∣∣∣η
]

≤ CE [|X0|η] + C

∫ s

0

(1 + E [|Xr|η]) dr + CE
[
S
η/2
T

]
≤ C (1 + E [|X0|η]) + C

∫ s

0

E

[
sup
t∈[0,r]

|Xt|η
]

dr,

which together with the Gronwall inequality yields that

E

[
sup
t∈[0,s]

|Xt|η
]
≤ C (1 + E [|X0|η]) eCs ≤ C (1 + E [|X0|η]) , s ∈ [0, T ].

This completes the proof.

9



4 Appendix

Lemma 4.1. Let α ∈ (1/2, 1) and L1 be a (stable) random variable with E eiξL1 = e−|ξ|
α
.

Then there exist c > 0 and % > 0 such that

(4.1) c = αE
[
sgn(c+ %L1)|c+ %L1|1−α

]
.

Proof. Let
g(c, %) := c− αE

[
sgn(c+ %L1)|c+ %L1|1−α

]
, c > 0, % ≥ 0.

It follows from the dominated convergence theorem that for c > 0 and % ≥ 0,

lim
ε1→0,ε2→0

g(c+ ε1, %+ ε2)

= c− α lim
ε1→0,ε2→0

E
[
sgn(c+ %L1 + ε1 + ε2L1)1{c+%L1 6=0}|c+ %L1 + ε1 + ε2L1|1−α

]
= c− αE

[
sgn(c+ %L1)1{c+%L1 6=0}|c+ %L1|1−α

]
= g(c, %),

which means that g(c, %) is continuous for c > 0 and % ≥ 0. Using the dominated convergence
theorem again, we know that for c > 0,

lim
%↓0

g(c, %) = c− αc1−α = c1−α(cα − α).

Pick 0 < c1 < c2 such that cα1 < α and cα2 > α. Then we get

lim
%↓0

g(c1, %) = c1−α1 (cα1 − α) < 0,

lim
%↓0

g(c2, %) = c1−α2 (cα2 − α) > 0.

Now we conclude that there exist c ∈ (c1, c2) and % > 0 such that g(c, %) = 0, and this
completes the proof.

Example 4.2. Let d = 1 and Lt be a symetric α-stable process on R with E eiξLt = e−t|ξ|
α

(1/2 < α < 1). Let

b(γ) :=

∫
R

sgn(x)|x|1−α γ(dx), γ ∈P.

It is easy to see that

|b(γ)− b(γ̃)| ≤ 2αW1−α(γ, γ̃) ≤ 2W1−α(γ, γ̃), γ, γ̃ ∈P1−α.

By Lemma 4.1, we can pick two constants c > 0 and % > 0 such that (4.1) holds. Consider
the McKean-Vlasov SDE on R:

(4.2) dXt = b(LXt) dt+ % dLt.

Since
b(LLt) = E

[
sgn(Lt)|Lt|1−α

]
= 0,
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we know that Xt = Lt is a solution to (4.2) with X0 = 0. Next, we will show that Xt =
ct1/α + %Lt also solves (4.2). To this aim, we use the scaling property of Lt to get that for
all s ∈ (0, T ],

b(Lcs1/α+%Ls) = E
[
sgn(cs1/α + %s1/αL1)|cs1/α + %s1/αL1|1−α

]
= s

1
α
−1E

[
sgn(c+ %L1)|c+ %L1|1−α

]
,

which, together with (4.1), implies that∫ t

0

b(Lcs1/α+%Ls) ds =

∫ t

0

s
1
α
−1 ds× E

[
sgn(c+ %L1)|c+ %L1|1−α

]
= αt1/αE

[
sgn(c+ %L1)|c+ %L1|1−α

]
= ct1/α.

This means that Xt = ct1/α + %Lt is a solution to (4.2) with X0 = 0. Thus, the SDE (4.2)
with initial value X0 = 0 has at least two strong solutions: Lt and ct1/α + %Lt, where c > 0
and % > 0 are two constants satisfying (4.1).
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[7] B. Jourdain, S. Méléard, W. A. Woyczynski, Nonlinear SDEs driven by Lévy processes
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[13] K. Sato, Lévy processes and Infinitely Divisible Distributions. Cambridge University
Press, Cambridge 1999.

[14] L. Silvestre, On the differentiability of the solution to an equation with drift and frac-
tional diffusion, Indiana Univ. Math. J. 61(2012), 557-584.

[15] A.-S. Sznitman, Topics in propagation of chaos, in: Lect. Notes in Math., vol. 1464,
Springer-Verlag, Berlin 1991.

[16] F.-Y. Wang, Distribution dependent reflecting stochastic differential equations, Sci. Chi-
na Math. 66 (2023), 2411–2456.

[17] M. Wu, Z. Hao, Well-posedness of density dependent SDE driven by α-stable process
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