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Abstract

We establish the well-posedness for a class of McKean-Vlasov SDEs driven by sym-
metric a-stable Lévy process (1/2 < a < 1), where the drift coefficient is Holder
continuous in space variable, while the noise coefficient is Lipscitz continuous in space
variable, and both of them satisfy the Lipschitz condition in distribution variable with
respect to Wasserstein distance. If the drift coefficient does not depend on distribution
variable, our methodology developed in this paper applies to the case a € (0,1]. The
main tool relies on heat kernel estimates for (distribution independent) stable SDEs
and Banach’s fixed point theorem.

AMS subject Classification: 60G52, 60H10.
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1 Introduction

It is well-known that many complex physical, biological, and other scientific phenomena can
be modeled by interacting particle systems, which attract much attention in recent years due
to their importance both in theory and in applications. When the number of particles goes
to infinity, the equation for one single particle in the mean field interacting particle system
tends to the so-called McKean-Vlasov SDE, which was first introduced by McKean in [9].
This is related to the propagation of chaos, see for instance [15]. As a fundamental issue in



the study of McKean-Vlasov SDEs, the well-posedness has been intensively investigated for
Gaussian noise case, see [1, 6, 11, 12, 16, 18] and references therein for more details.

As far as we know, however, the results concerning the well-posedness for McKean-Vlasov
SDEs with jump noises are still quite limited. The well-posedness is established in [7] for
Lévy-driven McKean-Vlasov SDEs without drift. In [17], the authors consider strong well-
posedness for density dependent SDEs with additive a-stable noise (1 < o < 2), where the
drift is assumed to be Cf with 8 € (1 —a/2,1) in space variable, and Lipschitz continuous
in distribution variable with respect to the L?-Wasserstein distance (1 < 6 < «). In [10],
the authors prove the well-posedness for stable McKean-Vlasov SDEs under the assumption
that the coefficients have bounded and Holder continuous flat derivatives (also called linear
functional derivatives); in the supercritical case, i.e. the stability index o < 1, it is necessary
to require o > 2/3 (see [10, Theorem 2.2]). In the very recent work [5], we establish the
well-posedness for McKean-Vlasov SDEs driven by a-stable noise (1 < o < 2), where the
noise coefficient depends only on time and distribution variables.

As a continuation of [5], in this paper, we consider the following stable McKean-Vlasov
SDE with stable index a € (0, 1]:

(1.1) dXy = by ( Xy, Lx,) dt + oy ( Xy, ZLx,) dLy, t€]0,T],

where 7' > 0 is a fixed constant, (L;);> is a d-dimensional rotationally invariant a-stable
Lévy process with infinitesimal generator —%(—A)Q/Q, Zx, is the law of X;, and for the
space & of all probability measures on R? equipped with the weak topology,

b:[0,T] xRix 2 - RY o0:[0,T] xR x 2 - R @R?

are measurable.
For x € (0,1], let
9@2{769: 7(|~|“)<oo},

which is a Polish space under the L"-Wasserstein distance

Wo3) = nf [ o ylte(dndy), 9.5 € 2
TEE(V,7) R4 xRd

where €'(7,7) is the set of all couplings of v and 4. By [3, Theorem 5.10], the following dual

formula

We.(v,9) = Dfi]ugl V() =3 7T € P

holds, where [f],. denotes the Holder seminorm (of exponent x) of f : R — R defined by

[fls = sup, %

To derive the well-posedness for (1.1), we make the following assumptions.

(A) There exist 8 € (0, 1) satisfying 26+« > 2, K > 1 and n € (0, ) with a+n > 1 such
that for all t € [0, 7], z,y € R? and 7,7 € £,),

(1.2) be(2,7) = be(y, )| < K (Wy(v,7) + {lz =y’ V ]z —y|}),
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and
|bt(0750)| S K7

(1.3) lov(z,7) = oy, M < K (Jz =yl + Wy (v, 7)),
K™ < (ovop) (@, ) < KT,

where [ is the d x d identity matrix.

(A") « € (0,1] and by(z,7) = by(x) does not depend on . There exist 8 € (0,1) satisfying
286+a>2, K >1andn € (0,a) such that for all t € [0,7], z,y € R? and v,5 € &,

[be() = be(y)| < K{lz —y|” V|2 —yl}
and (1.3) hold.

Denote by C([0, T]; &) the set of all continuous maps from [0, 7] to &7, under the metric
Wp. Throughout the paper the constant C' denotes a positive constant which may depend
on T,d,a, B,n, K; its value may change, without further notice, from line to line.

Our main result is the following theorem:

Theorem 1.1. Assume (A) or (A’). Then (1.1) is strongly/weakly well-posed in &, and
the solution satisfies Lx. € C([0,T]; #,) and

E | sup [X|”

te[0,7)

< C(1+E[|Xo|"]).

Remark 1.2. If a < 1, to ensure the well-posedness, it is required in [10, Theorem 2.2] that
o > 2/3. Noting that n € (0,a) and o +n > 1 in (A) imply that o € (3, 1], we can handle
the case o € (1/2,1). Moreover, when by(z,7) does not depend on v, o can take all values
in (0,1] of 5 is close enough to 1.

Remark 1.3. With respect to assumption o +n > 1 in (A), in the proof of Lemma 2.3, it
15 essential to derive a nice estimate for J;. Moreover, by Example 4.2 in the Appendiz, the
condition ac+mn > 1 in (A) is necessary in the sense that if a+mn = 1, then we cannot expect
the uniqueness for the solution to (1.1).

The remainder of the paper is organized as follows: In Section 2, we make some prepara-
tions and the proof of Theorem 1.1 is presented in Section 3. A counterexample is provided
in the Appendix for non-uniqueness of solutions to stable McKean-Vlasov SDEs

2 Some preparations

Let v € &, and p € C([0,T]; &,), where n € (0,a). Consider the following (distribution
independent) SDE with initial distribution Lxyur =1

(21) dXz’tM = bt(X;:;iM, ,Ut) dt + Ut(X;%li,Mt) st, 0 S S S t S T.
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By [4, Theorem 1.1] and a standard localization argument, (2.1) has a unique strong solution
under (A) or (A’). For simplicity, we denote X,"* = X", Moreover, if 7 = 0, is the Dirac
measure concentrated at € R?, we write X7 = X fﬁ’“ :

By [8], ZLxep 1s absolutely continuous with respect to the Lebesgue measure, and we
denote by pg’t(f, ) the corresponding density function. Denote by Pj; the inhomogeneous
Markov semigroup associated with X, i.e. for f € %,(R?),

s,t

PLIG) = BIXEE) = [ plotan) fl) do

Here and in the sequel, %,(R?) denotes the set of all bounded measurable functions on R?.
As before, write pi'(z,-) = py,(z,-) and Pf' = Py, for t € [0,T] and p € C([0,T]; #,). We
will use the following notation for € C'([0,77; &)

(2.2) a2 f(-) = /Rd\{o} [f(+ oo pm)y) = F() = (ou(es )y, V() L gy<1y] T(dy),

where <d+ )
al'(4T< dy
H(dy) = 2—ard/2 : [¢] d+a
22=omd2T(1 — §) |y|d*

is the Lévy measure of L.

Lemma 2.1. Assume (A) or (A'). For any 0 < r <t < T, u,pu* € C([0,T]; &,), and
[ € B(RY) with [f], <1,

(2.3) VP f| <Ot —r) s,

(2.4) (" — ") PLf < Ot =) aW, () g2?).

Proof. (i) Denote by p¢ the density function of L, (with respect to the Lebesgue measure).
Note that (1.2) implies that

‘bt(ma’}/) - bt(y77)‘ < K(‘:L’ - y‘ﬂ N ‘l‘ - y‘)a te [O7T]7x>y < Rdafy € ‘@Tl'
Hence, it follows from [8, Theorem 1.1 (iii) and (i)] that for any 0 <r <t < T,
VoL ) (@) < O =)o, (0ru(2) — ),

where {6, }r>i>,>0 s a flow with

t
Os1(z) =2 +/ b, (97«7,5(3:),,117%) dr, 0<s<t<T.



One can refer to [2, 14] for more applications of 6,; on investigating the properties of the
solution associated to drifted fractional diffusion. Noting that

Vx/ Pz, y) dy =0,
\Rd 7 J

-~

=1

we obtain for all f € %,(R?) with [f], <1,

vrs )= | [ vy
=| [ vt a@lio) - 1)
< [ 1@ < £0) = FOrate)] dy
<ot -1 1/“/de L (Oral2) = ) 0ra) — " dy

-1/

—

pt r |Z‘ndy
R4

=C(t—r) VE[|Li|"]
= C(t —r)"VR[|L|"].

This implies (2.3) since E[|L;|7] < oc.
(ii) By (1.3), it is not hard to get

|det(o; (- p))| |det(ay (- 1))

o7 (o pylte oy (e, pd ) yld+e

_ o Gyl det (o (- )| — |<T§1(',#%)yld”ldet(ﬁt_l(nM?))l‘

o7t (s )yl arelo (- p)yldte

o7 ' (-, )yl det (o, ' (-, )| = Idet(ay ' (-, 1)) ]
o7 (s )yl dtelog (- pg)yldte

n ‘ |det (o (i Do G )yl ™ = log G, )yl
o 1, )yl o, pd)yldte

<C
|y| @+

Since we can rewrite (2.2) as a principal value (p.v.) integral:

10 = 5o [ FC+ o) + £ = oulmhy) = 24 ()] )

2
ol (552) [det(oy (-, )]

T2 ard/2T(1 - %) p-v. /Rd [f(' +y)+f(—y) - 2f('ﬂ o771 (-, vy )y|d+e dy,
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it holds that
(" — /) PLY f|
. : : det(o; L(-, )| |det(a; (-, 12))
=Cp-V-/ P f(-+vy)+ P f(-—y) — 2P f(- { — - — y
| Rd[ OO B 2B O St it (o gl

|det(ay ()| |det(oy (-, 1))
o (-, u%)y\d+” oy (-, pud)yldte

< CW, (Mtaut) / ‘Pﬂt +y)+P1f,Ltf(' 2P# ‘| |d+a

= CWU(M%?“t)"@aP#tf”

SCP-V/ |PLF(+y) + P (- —y) — 2P8 £(9)]

where 2 is a fractional derivative operator of order a (cf. [8, (1.23)]) with

d
2°f|(a / @ +3)+ @ =) =2 ()]

By [8, Theorem 1.1 (ii)], for any 0 <r <t < T,
2Pty 2)|(x) < C(t =) 7'pf, (Ora(x) — 2).
Then we get for all f € %,(R?) with [f], <1,

_dy
|d+a

7P fl) = [

e+ )+ i = 2) = 20k, 2)) )

2 2 dy
= [prt(w +y,2) + (e =y, 2) = 200w, 2) | [£(2) = f(Or4(2))] d2 Ty
/ UL NN~ FON
<c(t-n / B Or) = 2By () — 27
R

=C(t —r) 'E[|Le,|"]

= C(t —r) " eE[|L|"].
This together with the above estimate implies (2.4). O
Lemma 2.2. Let 0 < s <t < T, p',p? € C([0,T]; 2,) forn € (0,a) and f € By(R?).
Then

t
PEF = PR / P (b, (2P [ PR P par

If furthermore b does not depend on distribution variable, then

t
PR —pryy / PE (et — )PP .



Proof. By a standard approximation argument, it suffices to prove the desired assertion for
f € CER?). By the backward Kolmogorov equation, see [8, Theorem 1.1], it holds that

0Pl f _
or

— (b 12), VP ) = (Pl f), 0<r<t<T,
where 27" f is given by (2.2). By It6’s formula, we have the forward Kolmogorov equation

OPY,

5o = PLbe (i) V) + e f, 0<s<r<T.

Hence, we have
Phyf— Pl = /a@ﬂmd

t
/ 2 (b (. u»v%ﬁw+/3m¢%ﬂwmﬁﬁm

which implies the first assertion. Clearly, the second assertion follows immediately from the
first one. O

Lemma 2.3. If (A) holds, then for all v € £, u* € C([0,T]; Z,), i =1,2, and § > 0,

sup e "W, (L 1, &L <C (6 al464) sup e W (i, 1i2).
U n\Hi s Hi

t€[0,T] Xprmrmxp e te[0,T)]
If (A') holds, then for all v € 2, u* € C([0,T); Z,), i =1,2, and 6 > 0,

sup e_étWW(XW ”1’$X“"‘ 2) < Co~« sup e W, (ub, 12).
te[0,T7] t€[0,T

Proof. Assume (A). It follows form the definition of W, and Lemma 2.2 that

W(.Z 1, .7 )7 sup

AR NS
X X FeR(RD) (], <1

Aﬁ%m%wmmwm

< sup
FeB(RY),[fln<1

/R(ﬂ(dx)/ Pétr<b — b, (, M?)avpﬁfﬁ(x)dr

+ sup
feB,(RY),[fln<1

2
=: Z sup J;.
i1 JEZ(RD),[fIn<1

/wm/%thm%%ﬁmw
R4 0

By (1.2) and (2.3), we derive that for all f € %,(R?) with [f], <1,

(b, (-, 2 VP FOM s < 1]0rCo i) = b )| L[V P2 £ O]



<Ot —r) o SW, (ul, ).
Observing o +1n > 1, we get for all ¢ € [0,T], 6 > 0 and f € %,(R?) with [f], < 1,

t
32 C [ B ) ar
0
t
= 0 [T ) (6= )
0

t
< Ce® sup e_‘SSWn(,ui,,ug) X / (t—r)—é+£e—5(t—7’) dr
s€[0,7T 0

< CoomaTle sup e W, (ul, pid),
s€[0,7T

where in the last inequality we have used the fact that for any e € (0,1),
t [ee]
(2.5) sup / (t —r)~ce %" dr < / r e dr =T (1 —€) 0.
t€[0,7] J 0 0

By (2.4) and (2.5), for all t € [0,77], 6 > 0 and f € %,(R?) with [f], < 1,
t
<€ [ (= r)y W ) ar
0
t
— Ceét/ e—drwn(ui’ ME) . (t _ T)_1+56_5(t_r) dr
0

< e sup e W, (1}, p?) x/ e ) gy
s€lo,7) 0

< C6we’ sup e W, (ud, pd).
s€[0,T7]
Combining the bounds for J;, i = 1, 2, we obtain that for all § > 0

2
sup e "W, (L 1, L ) < Z sup sup e %y,

Vout Vi =
X" X,

te[0,7] ¢ i=1 te[0,T] feB,(RY),[f]n<1
<C ((ﬁ_g_l + 5_£> sup e W, (ul, p?).
s€[0,7T

This yields the first assertion. One can prove the second assertion by repeating the argument
above (with J; = 0). O

3 Proof of Theorem 1.1

Proof of Theorem 1.1. 1t follows from Lemma 2.3 that for 6 > 0 large enough, the map

= Lxon
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is strictly contractive in C([0,T]; £2,) under the complete metric

sup e~ "W, (uy, 1)
t€[0,T]
for pt, pu? € C([0,T7; &,). Then it has a unique fixed point u* = p*(v) € C([0,T7]; &,) such
that " = Zyue, and X; = X" is the unique solution to (1.1) with Ly, = v € 2,
To prove the moment estimate, we will use a (random) time-change argument. Let S; be

an g-stable subordinator with the following Laplace transform:
E [e_’”s’f} — e 2 S > 0,

and let W; be a d-dimensional standard Brownian motion, which is independent of S;. The
time-changed process L; := Wg, is a d-dimensional rotationally symmetric a-stable Lévy
process such that Eel&lt) = e7tl%/2 for ¢ € R? see e.g. [13]. Using the subordination
representation, (1.1) can be written in the following form

t t
Xt = Xo —{—/ bT(XT,XXT)dT —|—/ O'T(Xr,,gxr) dWSM
0 0

where Ly, € Z,. 1t is easy to see that (A) or (4’) implies for z € R and v € 2,

sup_[be(2,7)] < C(1+ |z +7(]- ")
t€[0,T]

Since o is bounded due to (1.3), we obtain for all s € [0, 77,

E | sup | X;|"| < CE[|Xo|"] + CE {/ \bT(X,n,fXT)Wdr}
te(0,s] 0
¢ n
+ CE | sup / o (X, ZLx,) dWs,
tefo,1] |Jo

< CE[|Xo|" + C/Os 1+ E[X,]"])dr + CE [52/2]

sup |X;|"| dr,

te[0,r]

SC’(1+E[|X0|’7])+C/S]E

which together with the Gronwall inequality yields that

E | sup [X,|”

te(0,s]

< CA+E[Xo) e < C(1+E[ X)), sel0,T].

This completes the proof. O



4 Appendix

Lemma 4.1. Let o € (1/2,1) and L, be a (stable) random variable with Eel¢ir = e~l€*,
Then there exist ¢ > 0 and o > 0 such that

(4.1) ¢ = oF [sgn(c+ oLi)|c+ oL ']

Proof. Let
g(c,0) :=c—aE [sgn(c + oLy)|c+ gL1|1_a} , ¢>0,0>0.

It follows from the dominated convergence theorem that for ¢ > 0 and ¢ > 0,

lim 09(C+ €1,0+ €2)

Elﬁo,egﬁ

=c—q«a lim OIE [sgn(c +oLi + e+ e2Ly)Lyeion, 20y |c + 0Ly + €1 + 62L1|1_0‘}

€1—0,e0—
=c—akE [sgn(c + 0L1)L{eyor, 20} | + QLl\l""}
=g(c,0),

which means that g(c, o) is continuous for ¢ > 0 and ¢ > 0. Using the dominated convergence
theorem again, we know that for ¢ > 0,

limg(c,0) = c — ac'™* = *(c* — a).
0l0

Pick 0 < ¢; < ¢ such that ¢ < «a and ¢§ > a. Then we get
lim g(c1, 0) = ¢; (e} — ) <0,
0l0
lim g(c2, 0) = 5 *(cy — a) > 0.
0}0

Now we conclude that there exist ¢ € (¢1,¢2) and ¢ > 0 such that g(c,0) = 0, and this
completes the proof. O

Example 4.2. Let d = 1 and L; be a symetric a-stable process on R with E ekt = ¢~ Hel"
(1/2<a<1). Let

o) i= [ seu(o)lal = (da), ve 2.
R
It is easy to see that
|b<7) - b(ﬁ/” S QQWI—(X(’Y?’?) S 2W1—o¢(77§/)7 ’Ya’? S L@1—04-

By Lemma 4.1, we can pick two constants ¢ > 0 and o > 0 such that (4.1) holds. Consider
the McKean-Viasov SDE on R:

Since

b(Z1,) =E [Sgn(Lt)|Lt|1_a} =0,
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we know that Xy = Ly is a solution to (4.2) with Xo = 0. Next, we will show that X; =
ctt/* + oL, also solves (4.2). To this aim, we use the scaling property of Ly to get that for
all s € (0,77,
b(Zogr/ar,n,) = E [sgn(csl/a + 0sY°Ly)|est /™ + Qsl/aL1|1_a]
= s 'E [sgn(c+ oLq)|c+ oLi '],

which, together with (4.1), implies that

t t
/ (L g1/ay,r,)ds = / so~'ds x E [sgn(c + oLy)|c + QLlll_a]
0 0

= at'/°E [sgn(c + oLy)|c+ QL1|1’O‘}
= ct'/e,

This means that X; = ct'/* + oL, is a solution to (4.2) with Xo = 0. Thus, the SDE (4.2)
with initial value Xo = 0 has at least two strong solutions: L, and ct'/® 4+ oL, where ¢ > 0
and o > 0 are two constants satisfying (4.1).

Acknowledgement. C.-S. Deng is supported by National Natural Science Foundation of
China (12371149) and Natural Science Foundation of Hubei Province of China (2022CF-
B129). X. Huang is supported by National Key R&D Program of China (No. 2022Y-
FA1006000) and National Natural Science Foundation of China (12271398).

References

[1] P.-E. Chaudru de Raynal, N. Frikha, Well-posedness for some non-linear SDEs and
related PDE on the Wasserstein space, J. Math. Pures Appl. 159 (2022), 1-167.

[2] P.-E. Chaudru de Raynal, S. Menozzi, E. Priola, Schauder estimates for drifted frac-
tional operators in the supercritical case, J. Funct. Anal. 278(2020), no.8, 108425, 57

bp.

[3] M.-F. Chen, From Markov Chains to Non-Equilibrium Particle Systems. Word Scientific,
Singapore 2004 (2nd edn).

[4] Z.-Q. Chen, X. Zhang, G. Zhao, Supercritical SDEs driven by multiplicative stable-like
Lévy processes, Trans. Amer. Math. Soc. 374 (2021), 7621-7655.

[5] C.-S. Deng, X. Huang, Well-posedness for McKean-Vlasov SDEs with distribution de-
pendent stable noises, arXiv:2306.10970.

[6] X. Huang, F.-Y. Wang, Singular McKean-Viasov (reflecting) SDEs with distribution
dependent noise, J. Math. Anal. Appl. 514 (2022), no. 1, Paper No. 126301, 21 pp.

11



[7]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

B. Jourdain, S. Méléard, W. A. Woyczynski, Nonlinear SDEs driven by Lévy processes
and related PDEs, ALEA Lat. Am. J. Probab. Math. Stat. 4 (2008), 1-29.

S. Menozz/i, X. Zhang, Heat kernel of supercritical nonlocal operators with unbounded
drifts, J. Ec. polytech. Math. 9 (2022), 537-579.

H.P. McKean Jr., A class of Markov processes associated with nonlinear parabolic equa-
tions, Proc. Nat. Acad. Sci. U.S.A. 56 (1966), 1907-1911.

N. Frikha, V. Konakov, S. Menozzi, Well-posedness of some non-linear stable driven
SDEs, Discrete Contin. Dyn. Syst. 41 (2021), 849-898.

P. Ren, Singular McKean-Vlasov SDEs: Well-posedness, reqularities and Wang’s Har-
nack inequality, Stochastic Process. Appl. 156 (2023), 291-311.

M. Rockner, X. Zhang, Well-posedness of distribution dependent SDFEs with singular
drifts, Bernoulli 27 (2021), 1131-1158.

K. Sato, Lévy processes and Infinitely Divisible Distributions. Cambridge University
Press, Cambridge 1999.

L. Silvestre, On the differentiability of the solution to an equation with drift and frac-
tional diffusion, Indiana Univ. Math. J. 61(2012), 557-584.

A.-S. Sznitman, Topics in propagation of chaos, in: Lect. Notes in Math., vol. 1464,
Springer-Verlag, Berlin 1991.

F.-Y. Wang, Distribution dependent reflecting stochastic differential equations, Sci. Chi-
na Math. 66 (2023), 2411-2456.

M. Wu, Z. Hao, Well-posedness of density dependent SDE driven by «-stable process
with Hélder drifts. Stochastic Process. Appl. 164 (2023) 416-442.

G. Zhao, On distribution dependent SDEs with singular drifts, arXiv:2003.04829v3.

12



