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Abstract

Let H = (V, E) be an r-uniform hypergraph. For each 1 < s < r — 1, an s-path
Pr¢ of length n in H is a sequence of distinct vertices v1,v2,...,Vsqn(r—s) such that
{Vititr—s)s - -1 Vst (i41)(r—s)} € E(H) for each 0 < i < n — 1. Recently, the Ramsey
number of 1-paths in uniform hypergraphs has received a lot of attention. In this
paper, we consider the Ramsey number of r/2—paths for even r. Namely, we prove the

following exact result: R(Py"/? Py = R(Py"/?, Pym/?) = @ +1.

1 Introduction

An r-uniform hypergraph H is a pair H = (V, E), where V is a set of vertices and F is
a collection of r-subsets of V. For two r-uniform hypergraphs H; and H,, the Ramsey
number R(Hy, Hz) is the minimum value of N such that each red-blue coloring of edges in
the complete r-uniform hypergraph K}, on N vertices contains either a red H; or a blue H».
Let H be an r-uniform hypergraph. For each 1 < s <r—1, an s-path P)* of length n in H is
a sequence of distinct vertices v1, vz, ..., Vsyn(r—s) Such that {v1fir_s), - Vsy(ir1)(r—s)} I8
an edge of H for each 0 < ¢ < n—1. Similarly, an s-cycle C,,® of length n in H is a sequence
of vertices v1,va, ..., Vsyn(r—s) such that {viiip_g), .., Vsp(it1)(r—s) ) i an edge of H for
each 0 <@ <n—1,v1,...,0,— are distinct, and v,,(,_s4; = v; for each 1 < j < s. An
s-path (resp. an s-cycle) is loose if 1 < s < r/2 and an s-path (resp. an s-cycle) is tight if
r/2<s<r—1.

When r = 2 and s = 1, we get paths and cycles in graphs. A classical result from
Ramsey theory (3] says R(P,, Py,) =n+ [ | for n > m > 1; it is also known [1, 2] that
R(Py,,Cn) = R(P,, Pp) = n+ 3 for n > m and m even. One may ask what is the Ramsey
number of paths and cycles in uniform hypergraphs?

The following construction [6] was used to show a lower bound on R(P3>!,P31) for
n > 1; we can adapt it to show R(PL*, Phs) > s+n(r—s)+ 2] =2 for n > m > 1 and
1 < s <r/2. To see this, we let N = s+n(r—s)+ |2 | —2 and partition the vertex set of
K, into two subsets A and B, where |A| = s+n(r—s) — 1 and |B| = [2Z1] — 1. We color
all edges f satisfying f C A or f C B red and the remaining edges blue. Observe that the
number of vertices in an s-path with length n equals s + n(r — s), so there is no red P}*.
Since each vertex in a loose path can be in at most two edges, a blue path P;;* must have at
least || vertices from B. As the assumption on |B|, there is no blue Pr;*. We showed
that N = s+ n(r — s) + [ 21 ] — 2 is a lower bound for R(PL*, Pr*).

We have the following interesting question which asks whether the construction above
gives the true value of R(PLs Prs).

Qeustion 1 Is R(PL*, Prf) =s+n(r—s)+ 2] =1 forn>m>1and 1 < s <r/2?
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This question can be answered in the affirmative way for the case where s = 1. Haxell et al.
[6] first determined the asymptotic values of R(P31, P31) R(C31,C31), and R(P3L,C31L).
Later, Gyarfas, Sarkozy, and Szemerédi [5] extended this result to all » > 3. Namely, they
proved that R(P"t, Prl) R(PHL Crl), and R(CLY, CY) are asymptotically equal to @r—ijn

n vn 2
There are some exact results on short paths and cycles. Gyérfds and Raeisi [4] proved

R(Py Pyt) = R(Py,C31) = R(Cy.CyY) +1=3r — 1
in the same paper, they also proved
R(PY, PP = R(PYY.CPY) = R(CPH . CpY) +1=4r — 2.

For r = 3 and s = 1, Maherani et al.[8] determined the exact value of R(P31, P31) for
n > L%”j Recently, Omidi and Shahsiah [9] proved the following general result. For
n >m > 1, we have

R(PY, PhY) = R(PY,CHY) = R(CY,ChY)+1 = 2n+ | ™ | and R(P',CY) = 2n+| =5t

n *¥m m 'n

For more details on small Ramsey numbers, the reader is referred to the dynamic survey
paper [10].

To the author’s best knowledge, there is no attempt to study the Ramsey number of other
types of paths in hypergraphs. In this paper, we will show some exact results for s = r/2
and r even. As we will see, the following lemma will be important for establishing these
results.

Lemma 1 For each s > 1 and n > 2, we have
R(P2% P3®) = (n+ 1)s.

Proof: We will prove the lemma by induction on n. It is easy to see that R(P3>°, P3>%) =
3s. Now let n > 3 and ¢ be a red-blue coloring of the edges in K3, where N = (n+1)s. By
induction hypothesis we have R(P>*%, P3*%) < (n + 1)s. So there is either a red P> or
a blue 7922 ®% We need only consider the former case. Assume Aj, As,..., A, is a red Pis_i
and A, is the remaining s vertices. Consider the edges g = A1 UA,+1 and h = A, UA,+1.
If at least one of g or h is red, then we have a red P2%*. Otherwise, we have a blue 77225’5. O

We will prove the following two main theorems.

Theorem 1 For each s > 1 and n > 3, we have

R(P25 P3*®) = (n+ 1)s + 1.
Theorem 2 For each s > 1 and n > 4, we have

R(P25 P{*®) = (n+ 1)s + 1.

Notice that theorems above provide a partial positive answer to Question 1 for s = r/2 and
r even. To prove Theorem 1 and Theorem 2, we will need only prove the upper bound.
Throughout this paper, for a red-blue coloring of edges in a uniform hypergraph, we use
Frea (resp. Filue) to denote the subhypergraph induced by all red (resp. blue) edges. For
a positive integer N, we use [N] to denote the set of the first N positive integers. Since
we will work on a fixed type of path P2%% in Section 2 and in Section 3, we will drop the

superscripts and write P, for P2%° in these two sections. For m > 2, let {A;, Aa,..., Ap}
be a collection of pairwise disjoint s-sets. If A; U A;1; is an edge f; for 1 <i <m — 1, then
we will say Ai, As,..., A, form an s-path of length m — 1. In this case, we will also say

fi, f2,- .-, fim—1 induce this s-path of length m — 1. We will refer A; and A,, as the ending
s-sets of this red path.

The paper is organized as follows. Since the proof of Theorem 2 requires Theorem 1, we
will prove Theorem 1 in Section 2 and Theorem 2 in Section 3. We will give some concluding
remarks in the last section.

|



2 Proof of Theorem 1

For a fixed s, Theorem 1 will be proved by induction on n. Because the idea for proving the
base case and the inductive step are similar, we give an outline for the inductive step here.
Suppose Theorem 1 holds for all 3 < n < m — 1. Let ¢ be a red-blue coloring of edges in
K(%ZH)S“. By the inductive hypothesis, we have (m +1)s+ 1 > R(P,,—1, P3). Thus either
there is a red P,,_1, or there is a blue P3. We need only consider the former case and also
assume that there is no red P,,. Let {41, Aa, ..., Ay} be a family of pairwise disjoint s-sets
of [ms] and B be the remaining s + 1 vertices in [(m + 1)s 4+ 1]. We assume a red path is
Aq, As, ..., A,y and aim to find a blue P3. We write the edge with vertices A;UA;41 as f; for
each 1 <i <m—1. For each 0 <1 < s, we say an edge f is of type (I,s—1,s) if |f N B| =1,
|fN Al =s—1,and A, C f for some 1 < p < m with p # 2. We will couple edges of type
(s+1—1,1—-1,s) with edges of type (I,s — I, s) as well as edges of type (I,s — I, s) with
edges of type (s —[,1,s). Lemma 2 and Lemma 3 will show how the color of edges of the
first type forces the color of edges of the second type under some assumptions. We note that
m is fixed and m > 3.

Lemma 2 Assume the edge A; U A; is red for all 1 < i # j < m and there is no red P,.
For a fized 1 <1 < 5], if all edges of type (s +1—1,1—1,s) are blue and there exists a blue
edge of type (I,s — 1, s), then there is a blue Ps.

Proof: Assume that there is a blue edge g1 of type (I,s —l,s). We can assume g1 =
B'U Ay U A;, where B’ is an l-subset of B, A} is an (s — [)-subset of Ag, and ¢ # 2. Choose
Al to be an (I — 1)-subset of Ay \ AL. Let j € {1,m} \ {i}. We define

ggZ(B\B,)UA/Q/UAJ andggz(B\B')UA'Q'UAZ

We observe that both go and g3 are of type (s+ 1 —1,l —1,s). By assumption, we get both
g2 and g3 are blue. Thus edges g1, g3, and go form a blue Pj. O

Lemma 3 Assume the edge A;UA; is red for all1 <i# j < m and there is no red Py,. For
a fived 1 <1 < [5], if all edges of type (I, s —1,5) are red, then all edges of type (s — 1,1, s)
are blue.

Proof: Suppose that there is a red edge g1 of type (s —I,1,s). Without loss of generality,
we can assume g; = B’ U A, U A;, where B’ C B with |B'| = s — 1, A} C Ay with |AL| =1,
and i # 2, We pick an arbitrary l-subset B” of B\ B’.

If i = 1, then we define

g2 = B"U(A2\ A3) UA; and g3 = B" U (Az \ 45) U As.

We notice that both g, and g3 are of type (I,s — [, s) and they are red by assumption. Now
91,92, 93, f3,. .., fm—1 form a red P,,, which is a contradiction .
If 4 = 3, then we define

g2 =B"U (A2 \ A3) UA;, gs=B"U(A2\ Ay)UA, and gg = A1 U Ay

We get g2 and g3 are red as they are of type (I, s—I, s). The edge g4 is also red by assumption,.
Now, 91,92, 93, 94, fa, - - -, fm—1 is ared P,,, which is a contradiction. We notice that if m = 3,
then we do not have to define g4 as a red Ps with edges ¢1, g2, g3 is sufficient.

If i & {1,3}, then edges B” U (A3 \ A5)U A and B” U (A2 \ AL) U Az are both red as they
are of type (I,s —1,s). Now Ay, B" U (A2 \ A}), As,..., Ai—1,Apm, ..., A;, B'U A} is a red
P, here A;_1 U A,, is red because the assumption of this lemma, which is a contradiction.
O

The next lemma will tell us that the combination of two lemmas above forces a blue P3
under certain conditions.



Lemma 4 If the edge A; U A; is red for all 1 < i # j < m and there is no red Pp,, then
there must be a blue Ps3.

Proof: We have two cases depending on the parity of s.

Case 1: s is even. We first show that there is at least one blue edge of type (s/2,5/2,s).
Suppose all edges of type (s/2,s/2, s) are red. We pick two disjoint s/2-subsets B’ and
B” of B. Let A} be an s/2-subset of Ay. We define

g1 =B'UAUA;, go=B"U(Ay\ A5)UA, and g5 = B" U (4 \ Ay) U As.

We get all g1, g2, and g3 are red since each of them is of type (s/2,s/2,s). Now we
get a red P, with edges g1, 92,93, f3,- .., fm—1, which is a contradiction . Let j be the
smallest integer such that 1 < j < s/2 and there is one blue edge of type (j,s—7,s). It
is easy to see j is well-defined. We observe that all edges of type (s, 0, s) are blue as we
assume there is no red P,,. If j = 1, then a blue P53 is given by Lemma 2 with [ = 1.
If j > 2, then we get all edges of type (j — 1,5 — j + 1, s) are red by the minimality of
j. Applying Lemma 3 with | = j — 1, we get that all edges of type (s —j+ 1,5 —1,s)
are blue. Now Lemma 2 with [ = j gives us a blue Ps.

Case 2: s is odd. We first consider the case where all edges of type (j, s — j, s) are red for
each 1 < j < 551, Using Lemma 3 with [ = 551, we get all edges of type (551, 551, s)
are blue. Let B’ be a *tl-subset of B, A} and A4 be two disjoint *3-subsets of A,.

2
‘We define

g1=B UAYUA;, ¢g=(B\B)UAJUA;, and g3 = (B\ B )UAJUA,,.
Because g1, g2, and g3 are of type (8'51, %, s), all of them are blue. We get a blue Ps
with edges g1, g2, and g3. If there is a blue edge of type (j,5 — j,s) with 1 < j < *71
then we repeat the argument in Case 1 to get a blue Ps.

O

With all lemmas in hand, we are ready to prove Theorem 1.

Proof of Theorem 1: We will prove the theorem by induction on n. The base case is
n = 3. Let ¢ be a red-blue coloring of edges of K35 ;. Since 4s + 1 > R(P3,P2), either
there is some red P3, or there is some blue P;. We need only consider the latter case. We
assume a maximum blue path is Aj, Ay, A3, where |A;| = s for each 1 < i < 3. Let B be
the remaining s + 1 vertices and B’ be an arbitrary s-subset of B. Observe that the edges
B’U A; and B’ U A3 must be red as the maximum length of a blue path is two. If A7 U A;
is a blue edge, then a red P3 follows from Lemma 4 by swapping colors. If A; U A3 is red,
then B’ U Ay, Ay U A3, A3 U B’ form a red Cs3 for some B’ C B. If there is no red Ps, then
there has to be a blue P3 by Lemma 4, which is a contradiction. In either case, we are able
to find a red P3 and we completed the proof for the base case.

Assume Theorem 1 holds for all 3 < n < m —1 with m > 4. Consider a red-blue coloring
of edges in K2;+1)S+1. Since (m + 1)s +1 > R(Pp—1,P3) = ms + 1 by the inductive
hypothesis, either there is a red P,,_1 or there is a blue P3. We need only consider the case
in which the maximum length of a red path is m — 1. Let fi, fo,..., fm—1 be a red Pp,_1,
where f; = A;UA;4; for 1 < i <m—1and |A;] = s for each 1 < i < m. Let B be the
remaining s + 1 vertices. Since there is no red P,,, edges B’ U A; and B’ U A,,, must be blue
for each s-subset B’ of B. We have the following mutually disjoint cases.

Case 1: Either A; U A; is blue for some 3 < j < m — 1 or Ay U A,, is blue for some
2 <k < m — 2. Pick an arbitrary s-subset B’ of B. We observe that A,,, B’, A1, A;
form a blue Ps in the former case, and A;, B’, A,,, A form a blue P3 in the latter case.



Case 2: A1 UA,; isted for each 3 <i<m—1and 4; U A,, is red for each 2 <i <m — 2.
Moreover, there are 2 < j < k < m — 1 such that k¥ > j+ 1 and A; U Ay, is blue.
We consider a new red P,,,_, which is formed by Ay, As, ..., Ax_1,Am, Am_1,..., Ag.
Now Ay, is an ending s-set of this new path and we can find a blue P3 in the same way
as in Case 1.

Case 3: We have A; U A; is red for all 1 < i # j < m such that {i,j} # {1,m}. Now if
Ay U A, is blue, then we can find a blue P3 by the same argument as Case 2. Namely,
we find a new red P,,_1 with one of A; and A,, as an ending s-set but not the other
one. If Ay U A,, is red, then a blue Pjs is ensured by Lemma 4.

O

3 Proof of Theorem 2

For a fixed s > 1, we will also prove Theorem 2 by induction on n. Since the proof of the
base case and the inductive step are similar, we sketch the idea for proving the inductive step
here. We assume R(P,,,Ps) = (n+1)s+1 for all 4 < n < m—1. For the inductive step, let ¢
be a red-blue coloring of the edges of K(27i1+1)5+1' Since (m+1)s+1 > R(Pp—1,Ps) = ms+1
by the inductive hypothesis, either there is some red P,,_1 or there is some blue P,. There
is nothing to show if either there is some red P, or a blue P;. Thus we assume that
the maximum length of a red path is m — 1; our goal is to find a blue P, under this
condition. Let Ay, As,..., A, be a fixed red P,,—1 induced by ¢, where {A1, Aa,..., Ay} is
a collection of mutually disjoint s-sets of [ms] and f; = A; U A;4q for 1 <i < m — 1. Let
B =[(m+1)s+1]\[ms]. We will frequently replace some edges of the existing red P,,_1 to
obtain a new red P,,_1 with new ending s-sets. We will find that a blue edge f with vertices
from U™, A; will help us to obtain a blue P4. There are many possible arrangements of the
vertices of f. The simplest case is f = A; U A; for some 1 <14 # j < m. We will show that
we can always reduce the case where f = A; U A; to the case where f = A; U A, for some
3<p<m-—1.1If f = A, UA, is red, then the following lemmas tell us how can we find the
desired blue P4 under some conditions. We will repeatedly use the following fact:

Fact 1 Let Ay, As, ..., A, be a mazimum red P,,_1 induced by c. Then both A1 U B’ and
A, U B’ are blue for each s-subset B’ of B.

The fact follows from the maximality of the red path P,,_1.

For a fixed red path A;, Ay, ..., A, we say an edge f is of type (I,s —1,s) if |[fNB| =1,
|fNAs] =s—1,and A, C f for some 1 < p < m with p # 2. Lemmas 5, 6, and 7 play the
same roles as Lemmas 2, 3, and 4.

Lemma 5 Assume A1 U A, is blue for some 3 <p <m —1, Aj UA; is red for all 3 <1 #
p<m-—1, and A; UA,, is red for all 2 < j < m — 2. Furthermore, assume there is no red
P For a fived 1 <1 <[5, if all edges of type (s +1—1,1 —1,s) are blue and there is a
blue edge of type (I,s — 1, s), then there exists a blue Pjy.

Proof: We assume that there is some blue edge g1 of type (I,s—1,s), say g1 = B'UASUA;,
where B’ is an [-subset of B, A} is an (s — [)-subset of Ay, and j # 2. We define A} to be
an arbitrary (I — 1)-subset of Ay \ A5. We have two cases.

Case 1: j € {1,p}. Without loss of generality, we assume j = p. We define

ggZApUAl, 932(B\B/)U14/2,U1417 andg4:(B\B’)UA’2’UAm



As g3 and g4 are of type (s+1—1,1—1,s), both g3 and g4 are blue by assumption. The
edge go is also blue by the assumption. Now, g1, g2, g3, and g4 form a blue P,. When
j=1,weset g3 = (B\B)UAJUA,. We still get a blue Py with edges g1, g2, g3, and
94.

Case 2: j ¢ {1,p}. We define
gzZ(B\B/)UAgUA]7 ggZ(B\B/)UAIQIUAl, andg4:A1 UAP.

Both g and g3 are blue since they are of type (s+1—1,1—1,s). The assumption tells
us g4 is also blue. Now, we obtain a blue P, with edges g1, g2, g3, and g4.

g
We also have the following lemma which is similar to Lemma 3.

Lemma 6 Assume A1 U A, is blue for some 3 <p <m —1, A1 UA,; is red for all 3 < i #
p<m—1, and A; U A, is red for all 2 < j < m — 2. Furthermore, assume there is no red
Pm. For a fired 1 <1 < |5], if all edges of type (1,5 — 1,5) are red, then all edges of type
(s —1,1,) are blue.

Proof: Suppose that there is an edge g; of type (s —,1,s) which is red. We can assume
g1 =B UA,UA,, where B’ is a subset of B with size s — [, A} is a subset of Ay with size
I, and j # 2. We first assume j & {1,3}. Let B” be an arbitrary l-subset of B\ B’. We
get both B” U (A3 \ A5) U Ay and B” U (A \ A}) U A3 are red since both of them are of
type (I,s —I,s). Now, Ay, B" U (A3 \ AS), Az, ,Aj_1,Am,...,A;, B'U A}, is ared Py,
here A,, U A;j_; is red by assumption, which is a contradiction. For j € {1,3}, we can find
a red P,, similarly, see the proof of Lemma 3. Therefore, all edges of type (s —[,1, s) must
be blue. O
The next lemma shows how can we get a blue P4 under some conditions.

Lemma 7 Assume A1 U A, is blue for some 3 <p <m —1, A1 UA,; is red for all 3 < i #
p<m—1, and A; U A, is red for all 2 < j < m — 2. Furthermore, assume there is no red
Pr. Then there must be a blue Py.

Proof: Since the proof of this lemma uses the same idea as the one in the proof of Lemma
4, we outline it here.

When s is even, we define j to be the smallest integer such that 1 < j < s/2 and there
is an edge of type (j,s — j,s) which is blue. We are able to show j is well-defined. If
7 = 1 then a blue Py is given by Lemma 5 with [ = 1. If j > 2, then we get all edges of
type (j — 1,8 —j + 1,s) are red. Lemma 6 with [ = j — 1 gives us that all edges of type
(s—j—+1,j—1,s) are blue. Using Lemma 5 with [ = j, we can get a blue Pj.

When s is odd, we first show that there is a blue Py if all edges of type (j,s — 4, s) are
red forall 1 < j < 551. Next we assume that there isa 1 < j < 351 such that there is a
blue edge of type (j,s,s —j). We can get a blue P4 using Lemma 5 and Lemma 6 as we did
for proving Lemma 4. O

We have the following lemma for the special case where m = 5.

Lemma 8 Assume A1, Ao, ..., As is a red P4y and there is no red Ps. If A{UA3z and A3U As
are blue, then there is a blue Py.

Proof: We first show that we need only consider the case in which both A; UA4 and A;U A5
are red. Let B’ be an s-subset of B and recall Fact 1. We get a blue Py = Ay, Ay, A3, A5, B’
if A7 U Ay is blue. Similarly, A, As, A3, A1, B’ is a blue Py if A3 U As is blue. We have two
cases depending on the color of A; U As.



Case 1: The edge A; U A5 is red. We form a new red Py as Ay, As, As, A3, As. We note
that B’ U Ay is blue as Fact 1 and As, A3, A1, B', A4 form a blue Pj.

Case 2: The edge A; U Aj is blue. For an edge f of type (I,s — 1, s), we define the center of
f to be the unique A; such that A; C f. Fact 1 implies that all edges of type (s,0,s)
with center from {A;, A3, A5} must be blue. We have the following two claims which
are similar to Lemma 5 and Lemma 6.

Claim 1: For a fixed 1 < [ < [5], if all edges of type (s +1 — 1,1 — 1,5) with center
from {A;, Az, A5} are blue and there is a blue edge of type (I,s — I, s) with center from
{44, A3, A5}, then there exists a blue Pj.

Proof of Claim 1: By symmetry of Ay, A3, and As, we can assume B’ U A, U A; is blue,
where B’ is an [-subset of B and A} is an (s — [)-subset of Ay. Let AY be an (I — 1)-subset
of As \ A,. We get both (B\ B')U AJ U Ay and (B\ B’) U AJ U A3 are blue as they are of
type (s+1—1,1—1,s). We note that B’ U A}, A;, (B \ B') U AY, A3, A5 form a blue P;.
Claim 2: For each fixed 1 < I < |3], if all edges of type (I,s — [,s) with center from
{41, A3, A5} are red, then all edges of type (s —1,,1, s) with center from {4, A3, A5} must
be blue.

Proof the Claim 2: By symmetry of Aj, Az, and As, we can assume g3 = B’ U A, U A
is red, where B’ is an (s — [)-subset of B and A} is an l-subset of Ay. Pick an [-subset B”
of B\ B’. We define

g2 = B"U(A2\ A5) U A, and g3 = B" U (Az \ 45) U As.

We get g2 and g3 are of type (I, s—, s) and they are red by assumption. Now B'UA),, Ay, B"U
(A2 )\ A4%), A3, Ay, A5 form a red P5, which is a contradiction.

To find a blue P4, we repeat the argument in the proof of Lemma 7 as follows depending
on the parity of s. If s is even, then we first show there is one edge of type (s/2,s/2,s)
with center from {A;, A3, A5} which is blue. Suppose not. Let B’ and B” be two disjoint
s/2-subsets of B and A) be an s/2-subset of As. Now B'UA), Ay, B"U (A3 \ A}), Az, Ay, A5
form a red P5 and we get a contradiction. We define j as the smallest integer such that
1 < j < s/2 and there is a blue edge of type (j, s — j, s) with center from {A;, Az, As}. Then
j is well-defined. If j = 1, then all edges of type (s,0,s) with center from {A;, Az, A5} are
blue. A desired blue Py is given by Claim 1. If j > 2, then we get the assumption in Claim
2 for [ = j — 1. The conclusion of Claim 2 with [ = j — 1 together with the definition of j
give us the assumption in Claim 1 with [ = j. Now Claim 1 with [ = j gives us a required
blue 734.

If s is odd, then defining j similarly, we can show j < Sgl. Repeating the argument for
the case where s is even, we can get a blue Pjy. O

As we mentioned before, the existence of a blue edge f = A; U A; is helpful for finding a
blue P4. The next lemma will show the case in which f = A; U A, for some 3 <p <m —1.

Lemma 9 If A; U A, is blue for some 3 < p <m — 1, then there is a blue Py.

Proof: If there is some 2 < j # p < m — 2 such that A; U A4,, is blue, then we take
an s-subset B’ of B. Fact 1 implies that both A; U B’ and B’ U A,,, are blue. Note that
A, A1, B’ Ay, A; form a blue Py. In the remaining proof, we assume A; U A,, is red for
each 2 < j # p < m — 2. Note that the above argument gives us the assumptions in Lemma
7 for m = 4; thus a desired blue P, is ensured by Lemma 7 for m = 4.

We first consider the case where m > 6. We get that either p—1>3 or m —p > 3. We
wish to show that it suffices to consider the case where A, U A,, is red. Suppose A, U A4,,
is blue. We aim to find a blue P, directly. The idea is that we find a new red path with
length m — 1 which contains A, as an ending s-set for some ¢ ¢ {1,p,m}. Iff p—1 > 3,



then we consider a new red path Ay, Az, Ap, As, ..., Ap, ..., Ap—1. f m —p > 3, then we
look at a new red path Ay, As,..., Ap, ..., Am—2,Ap, Aru—1. Here we use the assumption
A; U A, is red for each 2 < j # p < m — 2. Fact 1 implies Ay U B’ and A,,_1 U B’ are blue
for each s-subset B" of B. Now, A,,, Ap, A1, B, A;,,—1 is a blue Py in both cases. Thus, we
can assume A, U A,, is red.

Under the assumption A; U A, is blue and A; U A, is red for each 2 < j < m — 2,
we wish to show that it is sufficient to examine the case where A; U A; is red for each
3<j#p<m-—1 Suppose A; UA; is blue for some 3 < j #p <m—-1. If j < p,
then we consider a new red path Ay,..., A;,..., Ap_1,Am,..., Ap. If 7 > p, then we form
a new red Pp_q as Ay,...,Ap, ..., Aj_1,An, ..., A;. Take an s-subset B’ of B. Then
A, B’ Ay, A1, Aj will be a blue Py in the first case and A,,, B', A;, A1, A, is a blue P, in
the second case. We get the assumptions stated in Lemma 7 and a desired blue Py is given
by Lemma 7 for m > 6.

Lastly, we prove the result for m = 5. If p = 4, then we first show that we can assume
Ao U As and A3 U As are red. Based on this assumption, we can assume further A; U As is
red. Since the argument here is exactly the same as the case m > 6, it is omitted. If p = 3
and Az U As is red, then we can show that we need only consider the case where Ay U A5
and A; U Ay are red by the same argument as the one for m > 6. We get the assumptions
in Lemma 7 for these two cases. A blue Py is given by Lemma 7. If p = 3 and A3 U Aj is
blue, then a blue P4 is given by Lemma 8. (]

The next lemma will tell us that we can reduce the general case where f = A; U A; to
the case where f = A; U A,,.

Lemma 10 If there is some blue edge f = A; U A; for some 1 < i # j < m, then there is a
blue Py.

Proof: We have the following mutually disjoint cases.

Case 1: |{i,j} N{1,m}| = 1. Note that the case where f = A;UA,, is the same as the case
where f = A; U A, by symmetry, so this case is proved by Lemma 9.

Case 2: 2 <i < j<mand A, UA, is red for all |{p,q} N {1,m}| = 1. We observe that
Aj, oA Ay, Ay, .o, Ay is anew red P,,—1 and we can reduce it to Case 1.

Case 3: {i,j} = {1,m} and A,UA, is red for all {p, ¢} # {1, m}. We form a new red P,,,_1
as A1, Ao, A, ..., A3 and we reduce it to Case 1.

U
We already showed how a blue edge f = A;UA; helped us to get a blue Py. In general, f
could intersect more than two A;’s. The next lemma will give us a blue P, for other possible
intersections between f and A;’s. We first introduce some related notation. Given a red
path P,,_1 = Ay, Ay, ..., Ay, and an edge f with f C U™ A, let S(Pp_1,f) ={i:1<
i <mand fNA; #0}. We say a fixed coloring ¢ has Property(i) if the existence of some
edges f and a red path P,,_ satisfying S(P,,—1, f) = ¢ implies the existence of a blue P;.
We have the following lemma.

Lemma 11 For a fized red-blue coloring c of edges of K(an_i_l)s_H without a red P,,, then
the coloring ¢ has Property (i) for each 2 < i < min{m, s}.

Proof: We proceed by induction on i¢. The base case where ¢ = 2 is given by Lemma 10.
We assume ¢ has Property (i) for all 2 <i < k — 1. For the inductive step, let us fix a red
Ppm—1 and a blue edge f satisfying |S(Pp,—1, f)| = k. Without loss of generality, we assume
S(Pm—-1,f)={1,...,k}. Let A, =fnNA, foreach 1 <i<k.



If k£ > 4 then we can assume |A}| < |45 < --- < |4)|. Clearly, |[A] U A5| < s by the
pigeonhole principle. Let C be a subset of A3 U Ay such that A} U A, C C and |C| = s.
If the edge A3 U C is blue, then a blue Py is give by the inductive hypothesis by noticing
|S(Pm—1,A3UC)| = 3. Thus we can assume Az UC is red. Let C' = (41 U Az) \ C and we
consider a new red path P/, _; = A, ..., A3, C,C’, here CUC’ = A; U As. We get a blue
P4 by the inductive hypothesis as |S(P/,_1, f)| =k — 1.

If & = 3, then additional arguments are needed. We can assume A; U A; is red for all
1 < # j < m; otherwise the base case gives us a blue Pj.

We first consider that there is some 1 < i < 3 such that A; C f. Without loss of
generality, we assume A; C f. Let C = A, U A} and €' = (A3 U A3) \ C. We define
go = C'"UA,,. If go is blue, then let g3 = A,, UB’ and g4 = B’ U Ay, here B’ C B and
|B’| = s. Fact 1 implies g3 and g4 are blue. Now, go, g3, g4, f form a blue Py. If gy is red,
then we form a new red path P/, = C,C", A, App—1, ..., As, A1. Note |fNP, 1] =2
and the base case gives us a blue Pjy.

If |A; N f] < s for each 1 < ¢ < 3, then we observe | A] UA;-| > s for some 1 <i#j<3
by the pigeonhole principle. We assume |A}, U A5| > s and pick a subset A of A} such that
|[AJ U A = s. Let C = AJ U Aj and C7 = (A3 U A3) \ C. We need only consider the case
where €/ U Ay and A; U C are red. If g = C’' U Ay is blue, then a blue Py is given by the
previous case by observing |g N P,,—1] = 3 and A4 C g. We have a similar argument for
A1 UC. When both C'U A4 and A; U C are red, we observe C’, Ay, ..., A,,, A1,C is a new
red P, _,, |S(P,._1,f)| =3, and C C f. We reduce this case to the previous case. O

We already know how to find a blue Py if there is some blue f such that f C U™, A;.
Next, we assume f is red for all f C U*; A; and show how can we find a blue P4 under this
assumption. We need one more definition. Fix a red path A;, A, -, A, and let B be the
remaining s+ 1 vertices. For each 1 <1 <'s, we say f is of type (s —1,s+1) if |[fNB| =s—1
and |f N (UM Ap)|=s+1.

Lemma 12 Let Ay, Ag,..., Ay, be a red Pp,—1. Assume all edges f with f C U™ A; are
red and there is no red Pp,. For each 1 <1 < | 3], if all edges of type (s =1+ 1,5 +1—1)
are blue and there is a red edge of type (s — 1, s+ 1), then there exists a blue Pjy.

Proof: Suppose that there is a red edge f of type (s — I, s +1). Without loss of generality,
we can assume f = B’ U A; U AL, here A, C Ay with |44 =1 and B’ C B with |B/| = s —1.
Let B” be an [-subset of B\ B’. We define

g1 =B"U(A2\ A3) U Az and go = B U (Az \ 45) U Ay.

We get both g1 and go are blue. Otherwise, if g; isred, then B"U(A2\A%), As, ..., A, A1, B'U
A} is a red P,,, which is a contradiction. If go is red, then we can find a contradiction simi-
larly. Let AY be an (I — 1)-subset of A}. We define

ggZ(B\BN)UAgUAl andg4:A'2’U(B\B”)UA3.

We observe that both g3 and g4 are of type (s — 1+ 1,5+ 1 —1). Thus both g3 and g4 are
blue by assumption. Now, g3, g4, g1, g2 is a blue Pjy. O
The next lemma will show how Lemma 12 guarantees a blue Py.

Lemma 13 Let Ay, As,..., Ay, be a red Pp—1. Assume all edges f satisfying f C U™, A;
are red and there is no red P,,. Then we have a blue Py.

Proof: Let j be the smallest integer such that 1 < j < [5] and there is a red edge of type
(s —j,s +j). If there is such a j then we get all edges of type (s —j+ 1,s +j — 1) are
blue by the choice of j. In the case where j = 1, all edges of type (s, s) are blue by Fact 1.



Applying Lemma 12 with | = j, we get a blue Py. If there is no such a j then all edges of
type (s — [£],s+ [£]) are blue.

When s is odd, let B’ be a subset of B with size . Let A] and A{ be two disjoint
subsets of A; with size % We define

g1 = AUAUB', g = AJUB'UA3, g3 = A3UAYU(B\B’), and g4 = A]U(B\B')UA,.

We observe g1, g2, g3, g4 form a blue P, as each g; is of type (3517 332_1) foreach 1 <1i¢ < 4.
When s is even, let B’ and B” be two disjoint subsets B with size 5 and Aj be a subset

of Ay with size 5. We define

g1 = A UALUB', gy = ASUB'UA3, g3 = A3U(A2\A3)UB”, and g4 = (A2\A5)UB"UA,.

We notice that g1, g2, g3, g4 form a blue Py as each g; is of type (s/2,3s/2) for 1 <i < 4. In
either case, we are able to find a blue Pj. O
We are now ready to prove Theorem 2.
Proof of Theorem 2: We prove the theorem by induction on n. For the base case, let ¢
be a red-blue coloring of edges in K2, ;. As 5s+ 1 > R(P4,P3) by Theorem 1, either we
have a red P, or we have a blue P3. There is nothing to show for the former case. Thus
we assume Ap, As, Az, Ay is a maximum blue path. If there is a red edge with vertices from
U}, A;, then we have a red P, by Lemma 11 with colors swapped. Otherwise, we switch
colors in Lemma 13 to get a red Py.
The inductive step is given by Lemma 11 and Lemma 13. (]

4 Concluding remarks

In this paper, we give a partial affirmative answer to Question 1 for s = r/2, r even, and
m € {3,4}. However, unlike in [5], we are not able to determine the Ramsey number of
small r/2-cycles for even r. A possible reason is following. The authors in [5] proved the
following statement. Let ¢ be a red-blue coloring of edges in K, here N = (r—1)n+ [ |.
If C' C Freq, then either Prt C Froq or Pit C Foe. Also, if C7' C Freq, then either
Pt C Fred or C1t C Fijue. The statement above is a very important fact for s = 1; it helps
to determine the values of R(P>t, Prl), R(PHY ChY), and R(Cht,Cr1). We can not prove
a similar lemma for s = r/2 and r even since after we fix a red crr/ ?. no vertices remain. It
would be helpful to prove a lemma which connects R( ﬁ’r/z, ;{r/z) to R(C;’Tﬂ,C:ﬁT/z).

To answer Question 1, we need to determine the exact value of the Ramsey number of
each type of path; it is very possible that we need different techniques to deal with different
types of paths. There are many other interesting questions on Ramsey number of paths and
cycles in hypergraphs. The only known results addressing tight cycles is due to Haxell et al.
[7] who examined the asymptotic value of R(C32,C32). A natural question is to determine
the exact value of the Ramsey number of tight paths and cycles.
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