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ABSTRACT. We estimate the rate of convergence for the Kantorovich (or
Wasserstein) distance between empirical measures of i.i.d. random variables
associated with the Laguerre model of order a on (0, 00)" and their common
law, which is not compactly supported and has no rotational symmetry. Com-
pared with the Gaussian case, our result is sharp provided the parameter o
and the dimension N are chosen in a specified regime.

1. INTRODUCTION

Let M be a Polish space and let (Z,,),en be a sequence of i.i.d. M-valued random
variables with common distribution m. Define the empirical measures associated
with (Zn)nen as

1 n
mn:chhk, n €N,
k=1

where 0. stands for the Dirac measure. It is well known that, by the Glivenko—
Cantelli theorem (see e.g. Theorem 7.1 on page 53 of [20]), almost surely, the
sequence of random probability measures (m,, ), ey converges weakly to m as n — oo.
So, what about the rate of convergence and in what sense?

Let d be the metric on M inducing the given topology of M and let P(M) be
the class of all Borel probability measures on M. For every p € [1,00), define the
(pseudo) Kantorovich (or Wasserstein) distance W, : P(M) x P(M) — [0, 00] as
the infimum

1/p
P : p
W)= ot ([ dwaratasan) s wre P,
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where II(u, v) is the class of all Borel probability measures on the product space
M x M with marginals p and v, respectively. For p € [1, 00), let

Pott) = {ne P |

Md(x,o)p pu(dz) < oo},

where o is an arbitrary point in M. It is well known that, for each p € [1,c0), con-
vergence in the Kantorovich distance W, implies the weak convergence of sequences
from P,(M) in general, and if M is compact, then W,, metrizes the weak topology;
see e.g. [24] Theorem 6.9 and Corollary 6.13]. See also [24] for more details on the
Kantorovich distance and its connection to the optimal transport theory.

So, it is natural to consider the (often challenging) problem of quantifying the
rate of convergence of W,(m,, m) as n — oo.

It is reasonable to see that a solution to this problem involves the distribution m
and also the geometry and topology of the space (M, d). Being a classic subject with
numerous applications, this kind of problem has attracted intensive investigation;
see e.g. [IL2M4L[7R] for the i.i.d. case, [8,22] for the Markov chain case, also [I3HI5,
2511261 28.[29] for the case of continuous-time (subordinated) diffusion processes on
compact or noncompact Riemannian manifolds with or without boundary and [27]
for the non-symmetric case, and even [9] for the case of (non-Markovian) fractional
Brownian motions on the flat torus and [16] for the subordinated case.

The aim of the present work is to quantify the Kantorovich distance between
empirical measures of i.i.d. random variables associated with the Laguerre model
and their common distribution. The motivation comes from recent studies on the
i.id. case associated with the Ornstein—Uhlenbeck (abbrev. OU) or Hermite model
[T112] and the Jacobi model [30], respectively. The OU case corresponding to the
standard Gaussian distribution which is rotationally symmetric and the Jacobi case
corresponding to the Beta distribution which has compact support. However, the
Laguerre case corresponding to the exponential distribution which has neither the
compact support nor the rotational symmetry.

We should mention that, the Laguerre model is naturally associated with the
Laguerre polynomial, which is one of the four classes of classical orthogonal poly-
nomials and plays an important role in physics and mathematics; see [10]. More-
over, being a typical example of the Sturm—Liouville operator, the Laguerre model
has been studied intensively in analysis and probability; see e.g. [B,A8,I921] and
references therein.

In Section Pl we recall the Laguerre model and introduce the main results, and
in Section B we present proofs of our main results.

2. PRELIMINARIES AND MAIN RESULTS

We begin with the introduction of the Laguerre model; see [3[I819] for more

details.
Let N € N and Ry = (0,00). Let & = (o, - ,an) be a multi-index from
(—1,00)N. For each z € RY, we always write * = (21, -+ ,zy). Consider the

probability measure given by

Aq ,—T;
X, e

ﬂoc(d,r) = lill m dx,
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where I'(+) stands for the Gamma function and dz denotes the Lebesgue measure
on RY. The Laguerre (differential) operator of type a, denoted by

N
L= Z [2:02 + (0 + 1 — 2;)0y, ],

i=1

is non-positive and symmetric in LQ(RQ] , %), and L has a self-adjoint extension
in L2(RY, u®) which is denoted by the same notation.
Let Ng = {0} UN. Consider the N-dimensional Laguerre polynomials of type «,

i.e.,
N
Ly (x) = [] Ly (@),
i=1
for every n = (n1,--- ,ny) € NY and every x = (21, ,xn) € RY, where for each
i=1,---,N, Lyi(x;) is a one-dimensional Laguerre polynomial with degree n; of

type a; given by

uzs

ng(xl) = n_zlxl a,ewlw( Zn,+a,e :CL)'
For every n € N}’ withn = (ny,--- ,ny), set n! := Hfil nil and |n| := ny+- - +ny.
Let
N )
Ly (wi)
1%(z) = Vn! | —222 = (21, , cRY,
R grﬂ-#m—km) v=(@ zy) € R

be the normalized Laguerre polynomials. It is well known that the family {I% :
n € N’} is an orthonormal basis of L%(RY, u®), and each [% is an eigenfunction of
— L% with corresponding eigenvalue |n|, i.e.,

—L%% = |nl12, neNY.

The Laguerre semigroup generated by £¢ is denoted by {Pf };>0, which is known
to be a symmetric diffusion semigroup in the sense of Stein [23] page 65] (see .e.g.
[18]) and can be represented by

Pef@) = [ aren ) @), Je @Y., >0

>

for all p € [1, 00], where {p$};~0 is the Laguerre kernel given by

P, y) = > p@ip@e M, 2y eRY t>0.
keN}Y
Indeed, p%(x,y) is strictly positive and infinitely differentiable w.r.t. (¢,z,y) in
(0,00) x RY x RY, and more precisely (see e.g. [10, page 78]),

p [— 13—;—t($k + yk)] 2/ e trLyp
— et (e tapy)or /2T L —et

N ex
i) = TIT0+ o)
k=1

N
= H p?k (:Eknyk?)u (t7$,y) € R1>+2N7
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where for each A € R, I is the modified Bessel function of the first kind (also called
Bessel function of imaginary argument) with order A, defined as

> 1 2\ A2
I’\(x)_jzz(:)l“(j+1)1“(>\+j+1)(§) , TER;

see e.g. [10, Section 5.7]. Moreover, by [17, (4.5) and (4.6)], for each k =1,--- | N,
there exists constants Cy, ¢y > 0 depending only on ay, such that

(2.1) kb (T, yp) < Pt (wr, ur) < Cud(@r, yr), (6 ok, yr) € R2,
where
(2.2)

. W exp ( — e_lt_(—:fty) , 0<azy< (115;‘)2’
PO G o (- ) gy
Indeed, [22]) comes from standard estimates on the modified Bessel function of the

first kind.
Now consider the case when N = 1. Let a € (—1,00). It is easy to see that, for
every f € C?(Rs), the carré du champ associated with £ is given as follows, i.e.,

G (1)) 1= 5 [L(%) 2L f] () = [/ ()], 2R

Then (Rs, u®, G%) is a Markov Triple; see [3] for more details. It is easy to see that
the intrinsic metric induced by the Markov Triple (R, %, G%) is given by

Q('Tay) =

(|
—dt| =2|v/z — , x,y € Rs.
[ | =2va-vil, awer.
Let p € [1,00) and let P(RY) be the class of all Borel probability measures on RY.
On the product space Rg , we endow the metric

N

1/2
QN(x7y):(ZQ(‘/EJ7y])2> ) m:(xlaaxN)ERJ;’ay:(yh;yN)ERJ;’
j=1

We use on(0,-) to denote the distance to the boundary {0} of RY. Obviously,
on = ¢ when N = 1. For every pu,v € P(RY), recall the (pseudo) Kantorovich
distance of order p between p and v, i.e.,

1

Won) = (it [ axtrrataan) " e poc)
e (p,v) JRY xRY

where II(u, v) is the set of all couplings of  and v, i.e., the set of Borel probability

measures 7 on RY x RY with marginals v(A x RY) = u(A) and y(RY x B) = v(B)

for all Borel subsets A, B of RY. In what follows, we concentrate on the quadratic

Kantorovich distance Ws.

The main result is presented in the next theorem. In what follows, we employ
the notation a < b, which means that a < ¢b for some positive constant ¢ > 0, and
¢ may be either numerical or depend only on the parameters N, «a but never on n.
And we write a < bif both @ < band b < a hold. For every a = (ay,--- ,ay) € RV,
set ay := a1 +---+ ay.
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Theorem 2.1. Letn € N, a € [~1/2,00)" and X1, -, X,, be independent random
variables on R]>V with common distribution p®. Set

1 n
Hn = ﬁ ZCSXj-
j=1

Then, for every large enough n,

ey a, € (1= N, o),
%7 o, =1-N,

(2.3) E[WQ(Mm Na)ﬂ = (1ogn)2(;*+N>*17 o€ (1/2-N.1-N).
loglogn| a, =1/2—N.

Some remarks are in order.

Remark 2.2. Compared with the main result in [II], for the case when N = 1
and o = —1/2, the rate (loglogn)/n in ([23) coincides with the one-dimensional
OU case, and for the case when N = 2 and «a = (a1, a2) = (—1/2,—1/2), the rate
(logn)?/n in ([23)) coincides with the two-dimensional OU case. We should mention
that the rate (logn)?/n is sharp for the OU case in the critical two-dimension
situation which is obtained recently in [6]; refer also to the aforementioned paper
for the precise renormalized limit. However, when N > 3, the result in (23]
contains an extra factor logn which is worse than the OU case in [12, Theorem
1.1).

Remark 2.3. The ultra-contractivity, which plays an important role in [212628-30],
fails for {Pf*}+>0. Indeed, for every ¢ > 0,

||Pta||L1(R1>V,ua)—>Loo(Rf>V,Mu) = sup ||Ptaf||L°°(R1;’,ua)
1121 gy ey <1

= sup py(w,y) = oo.
(z,y)€RZN

Consider the N =1 case. Applying (22), we have for any = > ;;—‘i;,

Jo—ty2)—a/2—1/4 2e—t/2p(1 — ¢~ t/2
gzﬁt(:c,x):(e x?) . ( e Yzx(l—e ))’
e(l —et)1/2 l—et
and hence
sup  ¢i(z,y) > sup @ (x,x) = oo,
(x7y)€R2> > 1—e_?

=2e—t/2
which together with ([21)) clearly implies that SUD( y)cR2 Py (z,y) = oo.
Due to technical issues, we are not able to obtain reasonable upper bound esti-

mates on E[W,(py,, u*)P] for other p’s at the moment. The problem seems much
more complicated than the OU case. So we leave it for future study.

3. PROOFS OF THE MAIN RESULT

In this section, we present the proof of the main theorem. The proof is based on
the standard truncation argument and the PDE approach introduced in [5L[11] and
[2], respectively.
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3624 HUAIQIAN LI AND BINGYAO WU

Proof of Theorem 211 Let R > 0 and let B = Bk x --- x BY, where for each
k=1,---,N, B :={y e R.: 0(0,y) < R}, i.e,, B = {y e R. : y < R?/4}.

Set 1
Br @
MR ju
R e (Bp)
Let Yi,---,Y, be independent random variables with common distribution % and

be also independent of X,---,X,. For each j =1,--- ,n, define
Xj, Xj € BR,
Xjr= N
Y;, X; € RY \ Bg.

Then X1 g, - ,Xn g are independent with common distribution p%. Set

1 n
,LLYL,R = E Z5vaR'
j=1
Let

fnRt Zpt jRa'7

and denote fi, gt = frn Rt
In order to estimate E[Wg (L, ua)z], the idea is simply to write

(3.1)

E[Wa(pn, 1*)?] LE[Wa(pn, bin,r)?] +E[Walbin,r, tin,1,0)°] + E[Wa (i, res 1)),
by applying the triangular inequality, and then estimate each term in the right
hand side of (Bl which is presented respectively in PART (1)—(3).

Part (1). Estimate E[Wy(pn, tin,r)?]. By the convexity of W3 (see e.g. [24]
Theorem 4.8]) or by noticing that }LZ?ZI Ox;(dz)ox; o (dy) € (g, pin,r), We
have

1 n
W ny Hn 2<_ X
2 (s fin,R) ’HZQN(

1 n
= Z on (X5, Y5)  1py g, (X5)

IN

2 n
" Z [on (0, X;)* + on (0, Y;)?] Igy\ g, (X5)-
Then

B[Waliinsinn] <4 [ on(0,2 57(do)

RY\Bg

Qg —_
zJe i

N
16/ 1+ -+ aN) —  _dzy---dzy
Rg\BR( H I'(1+ )

j=1

=: f(R), R>0.
Let

Licensed to Seoul National University. Prepared on Fri Nov 21 02:07:59 EST 2025 for download from IP 147.46.181.172.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ASYMPTOTICS OF LAGUERRE MODEL 3625
Noting that B = Bj X -+ X Bg, we may easily check that, as R — oo, both

functions R — f(R) and R — h(R) have the same order. For each j € {1,--- N},
it is easy to see that the integral

() +1
(e %] —.
/ xz.7 " e dw;
J
R2/4

has the order of R as R2(@iTDe=R*/4 when R tends to oco. Hence, as a function
of R, E[W2(Nnaﬂn,R)2] has at most the order R2(@~+N)e=R*/4 35 R 00, where
ay = a1 + --- + ay as before.

Now choosing R = 2(C'logn)'/? for some large enough constant C' > 0, we derive
that there exists a constant ¢ > 1 such that

1
(32) E[WZ(,un;,un,R)2] j E,

for every large enough n.

Part (2). Estimate E[Wa(fin, g, tin,r,¢)?]. Let
#(de,dy) = Zéx (d2)pf (X r, y)u® (dy), > 0.

It is easy to check that @ € II(pn R, fin,r,¢) for every ¢ > 0. Then

1 - « « 2
W (i, R fin,m,t)° < - > Wi (0x, o0 0 (XjRs 1)
P

1 n
s Z/RN on (X, r, )P (X5 r, y) p (dy).
j=1 >

Hence

E [WQ (///n,R7 /,Ln)R,t)2:|

< %;/Rg /Rg on (z,9)*pf (z,y) pR(da)u® (dy)
= m /R;V /R;V on (2, y)?pf (2, y) p(dz)u® (dy)

N
Ma(4BR) Z/}R /]R Va7 = VPP (o) () (dy;)

4 N
= () 2

For convenience, we omit the subscript j in the expression of I; and write

:/ / IV — y*pf (,y) p(dz)pu®(dy).
Rs JR>
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3626 HUAIQIAN LI AND BINGYAO WU

Let ¢(z) = \/z, z € Rs. Then, for every ¢t > 0,
/ / ) Ppf (z,y) p (dz)u (dy)
Rs JRs
”A R& 66| (. ) 1° (da)u (dy)
o [ pretan = [ (R0 an]
o [ raw— [ (P02 ane]

— 9 /Ot/2 (% /R>(Pf¢)2dua> ds

t/2
=4AL&@@£@@M®

t/2
= 2/ GY(Pl¢)du“ds
0o Jr.

t/2
< 2/ / e PG (¢) dp*ds
0o JRs

t/2
= 2/ e *® ds/ G*(¢)du
0 R
t

<l-e'2< -

where in the second equality we used the symmetry p%(z,y) = p®(y,x), in the
third equality we used the semigroup property of (P%):~g, in the fourth equality
we used the invariance of P w.r.t. 1, and in the ﬁrst inequality we employed the
Bakry-Ledoux gradient estimate, i.e.,

GY(P&g) < e °PXG%(¢), s>0,
since £ satisfies the curvature-dimension condition CD(1/2,00) when o €
[—1/2,00) (see e.g. [3]).

Thus, for every ¢ > 0 and for all large enough R > 0 such that u*(Bgr) > 1/2,

2Nt
p*(Br)

(33) E [WQ (,U/n,R7 ,U/n,R,t)Q] < < 4Nt.

Part (3). Estimate ]E[Wg (tn, Rt MO‘)Q]. This part is more technical. By [I1}, The-
orem 2] (see also [2] and [26]), i.e

Wo(hu®, u®)? < 4/ GH((=£*) "M (h=1))du®, h >0, p*(h) =1,
RY
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we have

B4)  B[Wal e n®)?] <4E[ [ 6 (L") [furs = 1)) i (@)

5] [ e =) [ P =1 o]

_4IE// P&y(fure — 1)]" du ds
- //RN *(fuma — 1] du® ds.

Let y € ]Rév. Set

Z X;ry) — Epf(X5r,9)]), by) :=E[pf(X;r,y)] — 1.

Jj=1

SI'—‘

Recalling that

fn,R,t E pt j R 7

we have
(3.5) frri(y) —1=g(y) + by).

Since
(36) o) = [ oo i) -1
(37) = g L e~ (Bl o) i )
(3.8) - @P L5 — 1 (Br)](y).
we have

Pob(y) = ﬁaﬁswm 1 (Br)l(y).

By the invariance of (P®)¢~o w.r.t. p®, it is immediate to see

1
a/pap) _ a _,a a _
1Y (Ps b) - MQ(BR) Ag PtJrS[]]'BR M (BR)] d/J' 0.

Hence, by this and ([B.0]), we have

(39) WPt aa) = [ (B4 P2V
(3.10) = 1®(Br) (1+ /R g(PS"b) du").
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3628 HUAIQIAN LI AND BINGYAO WU

Since X1, .-, X, are independent and have the common distribution p®, we derive
(o7 1 < (0% (0% 2
E[(Pgw)?] = E{ (= 2 [phs Xirey) — B (Gimw)] )}
j=1

1
= EE(LP?Jrs(Xl,RJ/) - Epd, . (X1,r,9)]?)

- [/Rg Pis (2, y)? pg(de) — (/Rg P (2, y) u%(dx)ﬂ

n

1 1

= n [/RN p?+s($,y)2 M?{(dx) — W(Ptis]lm(y))ﬂ-

Hence, by 39), the symmetry and the semigroup property, we deduce that
(3.11)

| BLP2o)] new)
(3.12)
= Ly Lriteorionean (e [ eonra)a

(3.13)
< o f s )~ e [ (oo ape,
Combining (35) and BII), we obtain
(3.14) /R . E[P&(fore — D (®)]° 17 (dy)
gy = BP0 + (PO 0
o) <o y O () = 1)) + (1~ O/ REDRTS

Since b has mean zero, by the Poincaré inequality implied by the curvature-
dimension condition CD(1/2, 00), we have

/RN (Pob)?du® < 6*5/ b2du®, s>0.
>

RS

Note that, by (34),

2 a 1 [e _ @ 2 @
/Rgb dp® = B /Rg (PAAp, — p*(Br)])” du
1 o
= 4o (Br)? /Rg (U = 7 (Br))" dy
1 p°(Bg)
n*(Br)

Hence (Ba)
—s1—pu*(Br
Pf‘bzduo‘ge S———— . 5>0.
/]RN( ) 1 (Br)
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As above, letting R = 2/C'log n, we have some constant ¢ > 1 such that

—p*(Br) 2 —
for every large enough n. Hence, together with (3I4]), there exists a constant ¢ > 1
such that
(o7 2 «@
g [ PN Gun = D)) #* )
>
1 <1 3 1) p(da) + e
(3 8) — E ]RJ;’ (p2(t+s)(x’x) - )/J’R( $) + Ee ) t75 > 07

for every large enough n.
Thus, combining with (34) and (BI7), we have some constants C' > 0, ¢ > 1
such that

1 [ 1
E[Wa(ttn,r,e, n*)?] < E/o /RN (PS(11 ) (2, 2) = 1) pR(da) ds + —
(3.19) >

1 /°°/ 1
— pe(z,z) — 1) pp(dx)ds + —, t>0,
nJa R;V( ) ne

for R = 24/C'logn and every large enough n.
Now we shall estimate

/2:0 /Rg (pS (2, 2) — 1) pf(da) ds.

Let z = (21, ,zny) € RY. By &) and ([Z32), it is easy to see that, for each

.j = 17 e 5N7
(3.20)
2e~tw. -t
a Wexp(— iefi s 0<$j§ﬁ,
P (xj,x5) =2 (deta?)=o5/2-1/8 D¢ty —2(et2?)1/? —t
il €XP ( — P ), x5 > 26_”2.
Recalling that
N
x) = [ v (xj,2)),
j=1
we have, for any large enough R > 0,
[ s
Br
j/ (Hpt (xj,z))x _’”7>dx1---de
BLx.-xBYN
(3.21) N
= H/ Py (xj,xj)xe " da;
BJ
j=1 R
N r2
7t/2
= H (/ 2z, x® e day + / Py (g, )z e mﬂd@)
Jj=1 0 7z/2
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3630 HUAIQIAN LI AND BINGYAO WU

We need to estimate the two terms in the parentheses of ([B.2I)), and, for sim-

plicity, we omit the subscript j here. According to ([B:20)), on the one hand, it is
easy to get that

1—e”?t
—t/2
/2 pg(z, x)x%e " dx
0
1 et 2e "tz
.22 - - _ 4 YN o=
(3.22) = (1_6715)0(“/0 exp( 1_6715)&5 e *dx

and on the other hand, when o € [—%, o0), we have

(3.23)

/RT2 (4e~tg?)—/2-1/4 2etr — 2(eta?)/?
< exp ( _
1

et el - e—t)1/2 1—et
2e~t

)xo‘e_” dx

. el(a/241/4) | _ o—t\ —a—1/2 RTZ N (1 Lt = 26715/2)% q
T (1—et)l/2 < e~t/2 ) et © exp( 1—et ) v
2e—t/2
RrR2
1 £ (1+et =2tz
2¢—t/2

Combining ([3:22) and B.23) with ZI), for o € [~1/2,00)", we have the following

estimate, i.e.,

N &2
1 T (1+et—2e7t2)g;
= H A= e et /0 z;7 exp ( - ) dz;

1—et

1+Eft_2eft/2 R2

_ - 1 1—e™t 4 1—e? g+l %5 o=75
- H (I—et)ostt ( ) Tje L

1+et —2et/2

IA

o J
I =g (Bin)

<
I

1 a
(1 — e—t)a*+N92(a*+N)'u (BGR)v
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where 0 := % and it obviously belongs to (0, 1) for every ¢ > 0. Thus,
o (o7 1 (o7 o
[pi (z,2) — 1] pp(dr) = o (Bn) pi (z, o) p*(dz) — 1
(3.24) RY p*(Br) Br
| ) 1 #*(Bor)

o (1 _e—t)a*+N92(o¢*+N) ’ //La(BR) - L

If R <1, then t < 210g(%) < 5 for large enough R > 0. Then

! W (Bor) L (ORPCY)
(3.25) (1 —e~t)atNGAatN) po(Bp) ~ (1= ety tNG2(an+N)
R2(ax+N)

where we used the fact that u®(Bpr) > 1/2 for large enough R > 0 and

o N (GR)2/4 1‘?1 e i
Bor) = / S R iy
1 (Bor) | o D1+ ay)

=

== 1

(QR)Q(QJ'+1) _ (QR)Q(Q*—i-N).

1

J

If R > 1, then e~*/? < =L € (0,1), t > 0. Hence

p*(Bor) — (1 — e~ /2)2 @+ 2 (Bp)

= [1*(Bor) — p*(Br)] + [1 = (1 — e”/%)X+V] 2 (Bp)
< u®(Br) [l — (1 — e 1/2)2 4]

< 2(ay + N),ua(BR)e*t/Q.

Then
1 1 (Bor)
(1 _ eft)oz*+N92(o¢*+N) /J/a(BR)
_ 1 1*(Bor) 1
0 (1= 7220 o(B)

p®(Bor) — (1 — e~ /2)2(tN) o (Bg)
(1 — e—t/2)2(@+N) ya(Bp)
2(aty + N)e /2
(1= c 22N
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Combining ([24)), (3:25) and 28] with T = 2log( gzi) < 25 for large enough
R > 0 and T > t, we obtain that, when a, + N > 1,

J = /2:0 " [ps(x,x) — 1] dp%(x)ds

-/ T [ )= )+ / N / [ps(e ) = 1) ()

T p2(as+N) 00 —s/2
</ R—ds+/ c ds
2

— . gaxt+N T (1 _ e—s/2)2(a*+N)
2(ax+N

= ]: (i;—l) + RN,

> A —

when a, + N =1,
1
J < R%log <¥> + R?;
when o, + N € (1/2,1),
J= RQ(a*JrN)Tlfa*fN+R4(oc*+N)72 < R4(oc*+N)72;

when a, + N =1/2,
1
J < RVT +log <?> <1+ log R%.

Thus, together with ([B.19), we deduce that

E[Wa(pn, e b)) < 13+
Lo LR L RMetN)-2] g e (1 N, o0),
(3.27) #—I— %[RQ log (%) —I—RZ}, o, =1—-N,
= L 4 LRaenm)—2, a. € (1/2— N,1—N),
L+ 1(1+1log R?), a,=1/2—N,

which finishes the proof of PART (3).
Finally, combining I with the estimates in (32), B3) and B27)) together,

we arrive at

(3.28)
Lo L[ | RAetN)=2) g € (1-N, ),
1 1[p2 1 2 _

E[Wz(u HO‘)Q]< F-i—t—l-ﬁ[R log (;)—i—R ], a,=1—N,

w - #_HH_%R‘“O@JFN)*Q’ a,€(1/2—N,1-N),

L +t+1(1+log R?), a,=1/2—N,

for any R =< /logn and large n. Optimizing [B.28) in ¢ > 0, we complete the proof

of ([Z3) for every large enough n. O
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