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Abstract

In this paper, we propose and analyze a second-order time-stepping numerical scheme
for the inhomogeneous backward fractional Feynman-Kac equation with nonsmooth ini-
tial data. The complex parameters and time-space coupled Riemann-Liouville fractional
substantial integral and derivative in the equation bring challenges on numerical analysis
and computations. The nonlocal operators are approximated by using the weighted and
shifted Griinwald difference (WSGD) formula. Then a second-order WSGD scheme is
obtained after making some initial corrections. Moreover, the error estimates of the pro-
posed time-stepping scheme are rigorously established without the regularity requirement
on the exact solution. Finally, some numerical experiments are performed to validate the
efficiency and accuracy of the proposed numerical scheme.
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1 Introduction

In anomalous diffusion process, the distribution of the particles’ path functionals is defined
as A = fO )]dT with x(t) being a trajectory of a particle and U(x) a prescribed function
associated Wlth spemﬁc applications [5]. Let G(z,A,t) denote the joint probability density
function of finding the particle’s path functional on A at the time ¢ with the initial position
of the particle at x, and i the imaginary unit. For particles with power—law waiting time
and positive functional A, the governing equation of G(z, p,t) fo (z,A,t)e PAdA is the
backward fractional Feynman-Kac equation [1, 5] as follows

IG(z, p,1 —ae
@21 _ Do aG(.p.1)
—pU(z)G(z, p,t) + f(x,p,t), (z,t) € Qx(0,T], (1.1)
G(Hﬁ',p,O):Go(l'), ZCeQa
G(z,p,t) =0, (x,t) € 02 x (0,7,

where o € (0,1), A represents the Laplace operator, €2 is a bounded convex polygonal domain
in R"(n = 1,2,3) with boundary 92, the function U(x) is bounded in Q, and f(z, p,t) is the
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source term. oD;"" refers to the Riemann-Liouville fractional substantial derivative [16], which
is defined by

0

1 t
— | = _ &)V~ (t=8pU(z)
T(1—v) [81& +pU(x)} /0 (t =€) e OPNG (2, p, €)dE

_ etV py (etpU(w)G(x,p7 t)) . ve(0,1), (1.2)

OD;;’QUG(.%, 12 t) =

and oD} denotes the Riemann-Liouville fractional derivative [23] by

0

oDy G(z,p,t) = T(1—v) ot

t
/0 (t— &)V Gla.p.O)de, v e (0,1), (1.3)

where T'(s) = fooo t*~le~tdt denotes the Euler gamma function. When the function U(z) in-

duces that the functional A is not necessarily positive, then G(x, p,t) = fjoooo G(z, A, t)e PAA
and its governing equation is a variant version of (1.1) with p replaced by —ip [1].

The fractional Feynman-Kac equations describe the distribution of the particles’ path
functionals A = fot Ulz(7)]dr in the anomalous diffusion process, where x(t) is the trajectory
of the particle and U(z) has different choices depending on practical applications [5]. There
are two kinds of Feynman-Kac equations: the forward equation and the backward one, and
the latter just focuses on the distribution of the functionals. The governing equations for the
distribution of the functionals refer to the fractional Feynman-Kac equations if the particles
have jump length distributions and/or power-law waiting time, which were derived by Carmi,
Turgeman and Barkai [1, 28].

A number of efficient numerical algorithms have been designed for solving time-fractional
partial differential equations, such as finite difference method [8, 12, 19, 21, 24, 30, 31, 33, 34],
discontinuous Galerkin method [15, 22], spectral method [4, 17, 18, 32], and the references
therein. However, the numerical investigations of the fractional Feynman-Kac equations are
relatively limited. The challenges on theoretical and numerical issues come from the time-
space coupled non-local derivative (fractional substantial derivative) and the complex param-
eters in the equations. Chen and Deng [3] established high-order finite difference approxi-
mations for fractional substantial derivatives based on the Lubich method [20], which were
further applied to numerically solving the forward and backward fractional Feynman-Kac
equation [6]. For the time fractional substantial diffusion equation, the authors in [11] de-
signed a compact finite difference scheme with second-order in time and fourth-order in space.
The stability and convergence of the scheme are proved for smooth solutions. High order dif-
ference schemes were proposed in [2] for the fractional substantial diffusion equation with
truncated Lévy flights and smooth solutions. In [7], a first-order time-stepping method was
provided to solve a forward and tempered fractional Feynman-Kac equation with error anal-
ysis in the measure norm. Recently, the first-order and second-order time-stepping schemes
were introduced in [25] for the homogeneous backward fractional Feynman-Kac equation with
nonsmooth initial data by using the convolution quadrature approximations of the fractional
substantial derivative in [3]. Moreover, [26] developed high-order fully discrete schemes with
some correction terms for the backward fractional Feynman-Kac equation by combining back-
ward difference formulas (BDF') convolution quadrature in time and finite element method in
space.

In this work, we dedicate to designing new time-stepping scheme for the backward frac-
tional Feynman-Kac equation (1.1) based on the weighted and shifted Griinwald difference
(WSGD) formula proposed in [27], and discuss the corresponding corrected scheme for the
inhomogeneous source term and nonsmooth initial data. Our main contributions in this paper
are as follows. (i) A new corrected second-order time discretization method based on a WSGD



formula is proposed for equation (1.1) with inhomogeneous source term and nonsmooth initial
data. (ii) The error estimates of the proposed discrete scheme are also rigorously analyzed.

The structure of the rest of this paper is as follows. Some preliminaries and essential
lemmas are introduced and proved in Section 2. In Section 3, we derive a new second order
time-stepping scheme for equation (1.1) by using the WSGD formula to approximate the
Riemann-Liouville fractional substantial derivative in time with some correction terms. In
Section 4, we establish the error estimates of the proposed discrete scheme for the homogeneous
and inhomogeneous problem with the nonsmooth initial data. The numerical experiments are
provided in order to evaluate the effectiveness and the convergence rates of our proposed
numerical scheme in Section 5. We conclude this paper with some discussions in the final
section.

2 Preliminaries

By using the relationship between the Caputo and Riemann-Liouville fractional derivatives
[23], the backward fractional Feynman-Kac equation (1.1) can be reformulated as an equivalent
form [6, 26], that is

§DYG(x,p,t) — AG(, p,t) = oly " f(z,p,t),  (w,t) € Qx (0,T],
G(z,p,0) = Go(x) x e Q, (2.1)
G(z,p,t) =0 (x,t) € 00 x (0, T,

where oI} ~®" denotes Riemann-Liouville fractional substantial integral [16], which is defined
by
1

ok = Fr g /Ot@ =) e O f(s)ds, o€ (0,1).

The notation §'D;"* represents the Caputo fractional substantial derivative [16] defined by
§DE*Gla,p.1) = WO DE(OGrp.1), 0 € (0,1),

and § D¢ stands for the Caputo fractional derivative [23]

t
OCD?G (IE,,O, t) = F(ll—a) /0 (t - g)_aaafG (:Ea P,E) d£7 ES (O’ 1)

It is mentioned in [26] that the separation of the operators ¢D; ** and A in (2.1) compared
with (1.1) can reduce the influences of the regularity of U(x) on convergence rate in space.
Hence we consider to establish the numerical scheme based on (2.1) instead of (1.1) in the
following. The notations G(t), Gy, f(t) refer to the abbreviations of G(z, p,t), Go(z), f(z, p,t)
respectively, and || - | denotes the L? norm and the operator norm from L2(Q) to L?(€).
Throughout this paper, the generic constant C' > 0 may be different at different occurrences
but it is always independent of the time step size 7, and € > 0 is arbitrary small.

We briefly review the Laplace transform of the fractional substantial integral and deriva-
tive.

Lemma 2.1 ([16]). The Laplace transform of the Riemann-Liowville fractional substantial
integral with o € (0,1) is

of;"G(2) = (B(2)) "G(2),
the Laplace transform of the Riemann-Liouville fractional substantial derivative with o € (0,1)
18

P

0DfFG(2) = (B(2))"G(2) = oI}~ (V' G(1) i,



and the Laplace transform of the Caputo fractional substantial derivative with « € (0,1) is

CDITG(2) = (B(2)°G(2) — (B()* ' G(0),

where
B(z) = B(z,z) ==z + pU(x), (2.2)

and ‘~’ means taking the Laplace transform.

Next we define sectors ¥y and g, with £ > 0 and § € (7/2, 7) in the complex plane C as
S ={z€C\{0}: |argz| <0}, Tg,.={z€C:|z| >k, |argz| <6}, (2.3)
b= {2 € C:larg(2) <6,]2 > k. [Im(2)| < =, Re(2) < i+ 1}, (2.4)
The contour I'g ,; oriented with an increasing imaginary part is defined by
Togr={z€C:|z| =k, |argz| <O} U{z € C:|z| >k, |argz| =06} (2.5)

In addition, I . is given by

he={2€C:|z| =k, |argz] <O} U{z€C:r < |2| < u , |argz| = 6}. (2.6)
; Tsinf
Now we define A = —A with a homogeneous Dirichlet boundary condition. According to

Lemma 2.1, the Laplace transform of (2.1) with respect to time follows

G(2) = (B(2)* + A) 7 B(2)*"Go + (B(2)™ + A) ' B(2)* f(2), (2.7)

where [(z) is given by (2.2). Then taking the inverse Laplace transform on both sides of (2.7)
implies that the solution to (2.1) can be formulated as

Gt =5 [ (BC)"+ )8 (Go+ F(2)) i 2.8)

27

Next we introduce the following lemma about (z), which is important in the error esti-
mates in Section 4.

Lemma 2.2 ([7]). Let B(z) be defined in (2.2) and U(x) be bounded in . By choos-

ing 0 € (5,m) sufficiently close to 5 and k > 0 sufficiently large (depending on the value
PIIU(@)| oo (02)): then we have the following results:

(1) For all x € Q and z € ¥y, we have B(z) € 2%7% and
2| < [B(2)] < Cal2,

where C1,Co are positive constants. So B(2)1=% and B(2)*~1 are both analytic function of
A Eg’n.
(2) The operator (B(2)* + A)~1 : L2(Q) — L%*(Q) is well-defined, bounded, and analytic for
z € X, satisfying

JAB(2)* +A)7H| < C, V2 €Sy,

H(ﬁ(z)a + A)*lu <Clz|™%, Vze€Xyy,
where Xg . is defined by (2.3), and C is a positive constant.

The regularity estimate on the solution of (2.1) has been derived in [26], the result is
stated in the following theorem.



Theorem 2.1 ([26]). Assume that G(t) is the solution of (2.1) and U(z) is bounded in Q. If
Go € L*(Q) and fg(t — s)*qa/2Hf(s)HLz(Q)ds < 00, then we have

t
IG@) oy < CE 2 [Gol gy +C / (t = )72 £(5) | 2(pds, q € [0,2),

where ||GHHq(Q) = (Z‘;‘;l )\?(G, cpj)Q)l/z with {(Aj, ¢;)}32, being the eigenvalues and the
normalized eigenfunctions of operator A = —/A with a zero Dirichlet condition.

In the following, we derive some lemmas, which play crucial roles in the analysis of the
error estimates in Section 4.

Lemma 2.3. Let a-(() = (1-¢)(1+§ -5 )i/T and (z) be defined in (3.2) and (2.2),
respectively. Under the conditions in Lemma 2.2, then we have

Cilz| < lar(e PN < Cyl2|, V2 €Ty,
where I‘g’n is given by (2.6), and Cy,Cy denote two positive constants.

Proof. Let w := (z), then the first estimate in Lemma 2.2 shows that w € ¥3. » and

4

[N

C
Chlz|r < |wr| < O 2| T < ﬁ VeTy,,

then it suffices to prove that Ci|w| < |a-(e™*7)| < Cz|w| holds for any z € I'y . Let v(() =
(1= Q)L+ § — 5(), we first prove that ; wl __— 7l s bounded for any z € T

oI yemenya|

by the similar approach in [29, Lemma 2].

(i) For the case 0 < |wT| < dp with some 0 < dy < Sciig, we have that
. x ) x
lim —— = lim i
x—0 7(6—90); z—0 (a:.a + d1$2+a + d2$3+a 4. )E
1
= lim =1,

20 (1 4 dya? +---)a

which implies the boundedness of —""— when 0 < |w7| < §y and z € '],

[y(emm)@|
(ii) For the case dp < |wT| < gﬁg, we note that the zeros of y(e™“7) being wr = 0 and
In 5% < 0 are located outside of X3~ . Then o |m|) o is continuous in Ysx «, which leads
472 y(e=wT) ™ 42
to the boundedness of Wiﬂl for §p < |wr| < X z € I/

[y(e=m)=|
Combining (i) and (ii), we obtain that |

|l
ar(e=7)|

jor]
1
(emem)a|
Jar(e=7)]
]

all z € I'y . which leads to |a;(e™*7)| < Ca|w|. This completes the proof. O

is bounded for all z € L% o

el

which implies C1|w| < |a,(e . Similarly, we can derive that is also bounded for

The following lemma is a refined result of [33, Lemma B.4], which is useful for deriving
Lemma 2.5.

Lemma 2.4. If z € X5, then (% —2e 7 + %efzz) € Xr2. Otherwise if z € Xg \ Xr )9 and
Imz| < 57 /4 for 6 € (/2,3 /4], then there corresponds ¢ = m — arctan(0.4) € (7w/2, ) such
that (3 —2e™% + Je=2%) € 5y,



Proof. Let z =z + iy and r(x,y) = Re(% —2e %+ %6_22) = % —2e Fcosy + %e_h cos(2y).
(1) For the case z € ¥ /2, the result is proved in [33, Lemma B.4] as the real part of
(% —2e7 % + %e*k) is positive, i.e.,

r(z,y) = %(1 —e ) 4 (1—e%cosy)? >0, z>0.

(2) For the case z € Xy \ ¥ /5 and 0 < |y| < 7, the proof of Lemma B.4 in [33] indicates
that the function 2 — e “cosy > §(6) := 2 — e~ 0=7/2)/ta00gin g for any 2z € Yy and 0 €
(w/2,m). Moreover, the function () is monotonically decreasing in (7/2, 7) since -£5(6) =
e~ (0=m/2)/tand . % < 0 when 6 € (m/2,7), and it has only one zero § within (7/2,7) and
0 =~ 0.791063797 > 37 /4. Then we have that 2 — e *cosy > 0 for any 0 € (7/2,3m/4].

Next it suffices to consider y € (0, 7] and the real part Re(% —2e %+ %6722) < 0. We

define
Im(3 — 2e7% + £e72%) e (2 —e "cosy)siny

fe.y) = -

Re(% —2e %+ %6*22) —% +2e T cosy — %6*21 cos(2y)

[\

Since 1 — 3e” cosy + 3e2® > 1 — 3e® + 32 = 3(e” — %)2 + % > 0, then the function f(z,y) is

. . . * si 1-3e” +3e%® .
monotonically increasing due to of gi’y) = i sin y(1-3e Cojy < )2 > 0. Thus, together with
(5621—261 cosy+3 cos(2y))

tan® < —1 for 0 € (7/2,3n/4], it follows that f(z,y) > f(y/tan6,y) > f(—y,y). The real
part r(—y,y) < 0 if y € (0,6p), where r(—6p,0y) = 0 and 6§y =~ 0.70187657. Additionally, it
holds that f(—y,y) > 0.4 for y € (0,6p). Hence, ¢ = m — arctan(0.4) ~ 0.87897.

0f 1l |
3 I |
_5 [ |

2 [ .

—10| 1o |
04 -

0 6o 0 to
r(_ya y)7 ye (07 90) f(_y7 y)> ye (07 00)

(3) For the case z € ¥ \ ¥r/p and 7 < [y| < 57/4, we have %r(az,y) = 2e " cos(y) —
e 2 cos(2y) < 0 as cosy < 0 and cos(2y) > 0 for 7 < |y| < 57/4. This gives r(x,y) >
r(0,y) = 3—2cosy+3 cos(2y) = (cosy—1)2 > 0, therefore (3—2e7*+5e72%) € £, /5 C By [

Lemma 2.5. Leta,(¢) = (1-¢)(1+§ — %C)é/T be defined in (3.2), B(z) be defined in (2.2)
and a € (0,1). We have that

a-(e PO e Dy, VzeXy,,

or some ¢ € (w/2,7), where 7 < T with 7 being a positive constant and X} _ is given in
f ¢ € (7/2, gap b 05 g

(2.4). Moreover, the operator (aT(efﬁ(Z)T)a + A)fl s analytic with respect to z in the region
25 .. and satisfies

[ (ar (e PD7) 1+ A) 7Y < Clar (e PET)| 7> < Cl2| %, V 2z € TF,..



Proof. Let w := f(z), it yields from Lemma 2.2 that w = ((z) € 2
Firstly, for sufficiently small step 7 <

for any z € 2.

Exs
4

[SIE

)

¥
——1——, we have
4pllUl poo ()

)
0 < 7lm(w)| < 7(lIm(2)[ + [pl|Ull (@) < 7+ 7(1AlIUl Lo () < 7m0 V2 € B
Setting s := 7Im(w) and r = e""Re() then s € [-2F,0) U (0, 2F] and e™7 = re~ 1.

For s € [—2X, —m]U(0, 7], it follows that Im(1—e~*7) = rsins > 0 and Im(1+%—%e™*7) =
%r sins > 0. Further, we have

0 a o« 0 Srsins
= 1402 Zemwry = 2 oot ( 2 )
6aarg( +2 2° ) da N 1+ § —grcoss
2rsins
= - > 0.
(24 a—arcoss)?+ (arsins)? —
Then it implies that arg (1 + 35— %e*‘”) < arg (% — %ef“”) and
0 < arg (a,;(e7“7)%)
_ « (07
=aarg(l —e 7)) +arg (1+ 3 5°¢ “7)
—wT 3 1 —wT
<arg(l—e )+arg(§—§e )
3 1 )
= arg (5 —2e 9T + 56_2"”), s € [—Zﬂ, —m] U (0, ].
Similarly, we can derive
o7

0 > arg (a-(e"“7)%) > arg (g —2e 9T + %

Therefore, together with above arguments, the result is directly obtained by Lemmas 2.4, 2.2
and 2.3. O

Lemma 2.6. Let

HQ) = (145 = 5071 - (56 + 12): (29)

and B(z) be defined in (2.2). Then we have
(e HOn) 1| < C P 72, 2 e Ty,

Proof. Let w := B(z). By Lemma 2.2, it yields that 0 < |wr| < Clz|7 < Oy for z € I'y
Let v(¢) = (1 = Q)*(1 + § — $(), then we have

pQ) = 1=(0" (5

= (1+50-0
=0((1 —C)Q) as ¢ — 1,

+ c)
1—a

which implies that pu(e™7)—1 = O((1 — e_“”)Q) = O((wr)?) with wr — 0. Then, there exists
0o > 0 with 0 < &g < s?:re such that |u(e™“7) — 1| < Clwr|* < C|z7|* holds for 0 < |wr| < &

by using Lemma 2.2.




For the case 0y < |wr| < siCTW’ the function p(¢) — 1 is continuous at any ¢ # 1, which
implies that u( ~wT) — 1 is continuous at any wr # 0. Hence, u(e ") — 1 is bounded for
60<|w7'|< singr 2 €15 ., and

|u(e™T) — 1] < O=C6;26¢ < O3y 2 |w|*r? < C2|*72
Therefore, we obtain
lu(e™7) — 1] < Clz]*r%, Vze IV
O

Lemma 2.7. Let a-(¢() = (1-¢)(1+ 5 — %C)é/T be defined in (3.2), and B(z) be defined in
(2.2). Then for real number o, we have

jar(e™ 97y — B(2)7] < CT|B(2)**7, V2 €T,
Proof. Let v(¢) = (1 = ¢()*(1 + § — §¢) and w := B(2), we can derive that
aT(e—wr)a W = T—a(,y(e—um—)% _ (WT)O')

(wr)? (14 dy(wr)2 + ) — (wr)°
(wr)? (1 + 24 (wr)2 - ) — (wr)?

7-0'
=770 ((LUT)2+U) , as wt — 0.

This implies that there exists 0 < dg < S?TW(J such that
|a.r(ef°”)” —w7| < Crw)*t?, 0<|wr| <d, z€ Ip -

For the case dp < |wT| < C g with z € I'y _, the results in Lemmas 2.2 and 2.3 follow that

1
|ar(e77)7 — w?| < |ar(e7¥7)7| + |w7| < C'|w|” < O(|w|* 72)| o
w|*T
1
240 240
< Olf*7 ) g < Ol 772
Thus, the result is obtained. O

3 A second-order WSGD scheme

In this section, we propose a second-order WSGD scheme in time for solving the backward frac-
tional Feynman-Kac equation (2.1) by using the WSGD formula to approximate the Riemann-
Liouville fractional substantial derivative in time with some initial corrections.

We first recall the WSGD formula proposed in [27] for approximating the Riemann-
Liouville fractional derivative (1.3), and then discuss its extension to the approximation of
the Riemann-Liouville fractional substantial derivative (1.2) in time.

Let 0 =ty < t; < --- <ty =T be a temporal partition of [0, 7] and 7 be the step size with
grid points ¢, = nT, n =0,1,--- , N. By choosing the shift index (p,q) = (0,—1) in [27], the
Riemann-Liouville fractional derivative (Df*G(t) at t = t,, with n > 1 can be approximated
by

0DEG(t,) ~ Zwa (3.1)



with second-order of accuracy, where

a a+2 (q a a+2 (4 «
o =, =2 S,

and the coefficients {g](-a),j =0,1,2,---} satisfy

n@r= (129 = Ly

The explicit expression of gj(a) is

(a) _ TEANE j la+1)
9; = (-1) <]> = (‘UJF(]' + 1) (a—j+1)

(a) is

and the recursive formula for the coefficients 9;

@ « a—j+1 .
) = (o) S
The weights {w]('a)vj:O;l,Q,"'}Satisfy
L3S e Lak2ss wy Lot wg (1-0(1L+5-50)
Tajzowj C T a9 jzo C TO‘QCJZ:;gj C = -y ,

then the corresponding generating function of the weights {w](a), j=0,1,2---}is a;(Q)*
with a,(¢) denoted by
1/a
1-Q(+5-5¢
aT(C) — ( 7_2 2 ) )
From the definition of the Riemann-Liouville fractional substantial derivative in (1.2), its
approximation by the formula (3.1) can be extended as follows

(3.2)

Dava t _tnpU 37) w tn JPU Gn_]
0 (tn) ~ To Z

2
Q

Similarly, the approximation of the Riemann-Liouville fractional substantial integral in (2.1)
is

OItl_aw(b(tn) ~

1 — 1) . »
D uf e
j=0

where the coefficients wéa—l) satisfy (aT(Q))a_l = =t PRy w](.“‘l)gj.

Using the relationship § Df""G(t) = oDy (G(t) — e~V (*)Gy) and the above approximate
formulae, we can obtain a temporal discrete scheme of the backward fractional Feynman-Kac
equation (2.1) as follows

n—1 n—1
1 @) —t. i1 a) —
7—7& w]( )e thU(x)Gn Jj_ ;Zw§ )6 tnpU(x)GO + AG™
=0 =0 (3.3)

1

n

= I Z wﬁa_l)e_tij(x) fn_j7

T
J=0




where f = f(t,). As indicated in literatures [13, 25, 26, 29], the direct application of BDFs
and the formula (3.1) for time-fractional equations can not achieves their optimal convergence
orders, some corrections should be meticulously designed, and this also happens to (3.3).

In order to capture the weak singularity of the solution of (2.1) at ¢ = 0 and preserve the
optimal second-order convergence rate, similar as in [25, 26], we correct the scheme (3.3) as
follows

n—1 n—1
1 w'® e—tirlU(@) gn—j _ 1 Z w(ﬂ)e—tnpU(w)GO + AG"
TO £ J TO £ J
Jj=0 7=0
n—1
_ 1 (@) —tnpU(x) 1 (a=1) —t;pU(z) pn—j (34)
= 5atne G+ —— ;wa’ e T

¥ gyl Dem ) g0,
T

form=1,2,---, N.

4 Error estimates

In this section, we analyze the temporal error estimates for the WSGD scheme (3.4) for the
homogeneous (f = 0) and inhomogeneous (f # 0) problems. The results depend only on the
regularity assumptions on the data, without any regularity requirements on the solution of
the equation.

4.1 Homogeneous case

We first analyze the homogeneous case for the scheme (3.4), i.e., f = 0. Multiplying ¢" on
both sides of (3.4) and summing n from 1 to co lead to

0o
w§a)e—tij(x)Gn—j<n_|_ZAGnCn

n=1 j=0 n=1
1 oo n—1 () 1 e’} ()
—tnpU —tnpU
- e Z Z wja e’ (x)Gogn T 2T Z wnoile P (z)CnGU
n=1 j=0 n=1

Recall that a,(¢) = (1 —¢)(1+ % — ¢¢) /7 in (3.2). Then it follows that

eprU(:v)C 1

(aT(e_TpU(m)C)a + A) Zl G"¢" = ar(e7TPUE ) (m + §€_TpU(I)C> Go,

and we obtain
e—TpU(x)C 1

- n  n —T x « -1 —T xr « —T x
nz::lG ¢ :(aT(e PU( )C) "‘A) ar(e PU )C) (TTPU(I)C-FE@ PU( )C>G0.

By Cauchy’s integral formula and the definition of x(¢) in (2.9), it holds that

Q" = % Cfnfl (aT (efﬂ'pU(a:)C)a + A)*laT(efer(x)<>afllul(ef‘er(x)<)7_71G0d<’
0 I¢l=¢~

where & = e~ 7"t Let ¢ = e *7 and f(z) be defined in (2.2), we arrive at

Q" = 1/ GZt" (CIJ7_(€—,6’(,Z)7->oz_i_A)*1aT(e—,B(z)v-)oa—llu(e—ﬁ(z)‘r)GYOdz7

27
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where " = {z =k +1+4+iy: y € Rand |y| < 7/7}. By deforming the contour I'" to I'y _, it
implies

1 _
G" = I e*ln (aT(e_B(Z)T)a + A) 1a7-(e_ﬂ(z)T)a_l,u(e_ﬁ(z)T)ngz. (4.1)
Ly

Before analyzing the error estimate, we provide the following lemma.

Lemma 4.1. Let §(z2), u(¢) and a-(¢) be defined in (2.2), (2.9) and (3.2), respectively, then
it holds that
[(B)* +4) 7 B(2)7 7 = (ar(e M)+ A) (eI (e PO
<Criz|, Vz€ [f -

Proof. First, by the triangle inequality, it follows that

(8" +4)~

1/8(Z)a71 _ (aT(efﬁ(z)T)a + A)*laT(e—/j(z)T)afllul(ef,B(z)‘r)H <I+1II,

where
I=[((B()" + A)™" = (ar(e P72+ 4)71) (=),

and
1T = || (ar (e P&y 4 A) T (B(2)2 71 = ap(e POT) (e FET)) .

For I, by Lemmas 2.2, 2.5 and 2.7, we have

1< (B +4) 7" ((ar(e P97 + 4) = (B(2)" + 4)
. (aT(e—ﬂ(z)T)a + A)—1H ] ’ﬁ(z)a_1’
<[[(B)* + 4) 7 lar (e~ B(2)
e (e @y 4+ A) |- 18()
< C7%2].
Similarly, for 11, we can get the following inequality by Lemma 2.5,

11 < C|Z‘7a(lfl +II2),

where I} = ||8(2)*! — a (e P71 and I, = ||a7(e_5(z)T)°‘_1(1 - M(e_ﬁ(z)T))H. Addi-
tionally, Lemmas 2.3, 2.6 and 2.7 imply that

I < Cr3z|*T, I < Or?|z|*T.

Consequently, it yields that 1T < C72|z|. In summary, we obtain I + IT < C72|z|, which
completes the proof of the lemma. O

By using Lemma 4.1, we can derive the error estimate of the WSGD scheme (3.4) for the
homogeneous problem in the following theorem.

Theorem 4.1. Let U(x) be bounded in 2, G(t,) and G™ be the solutions of (2.1) and (3.4)
respectively, and T < T, with T, being a positive constant. For f = 0 and Gy € L*(Q), we
have

|G (t,) — G"|| < Ot 2||Goll, n=1,2,---,N.

11



Proof. Subtracting (4.1) from (2.8) implies
G () — 6|

<c / e (B(2)® + A) "1 B(2)° " Godz
To,x

‘/ e ((ar (™))% 4 4) ar (PO (e PO Gods |
FT
<c| [ eniaer+ s e il

FG,&\F;K

- CH /T e ((B(z)* + A) ' B(z)* !

_ (GT<6_B(Z)T)O‘ + A)—1a7_(e—ﬁ(z)T)a—llu(e—ﬁ(Z)T))dzH HGOH
< C(I + )| Gol|,

where
FQ,H\Fgﬁ:{ZG(C:z:rei‘G, — <r<oo}, € (n/2,m).
' Tsin @
For I, we have from Lemma 2.2 that
1 oo
I< / ‘eZt" |z| 7 |dz| < eltncostp=1 g,
Lo \I'g Sin0
oo
< Tf2ertn cosGTdr < CT2t;2,
7 sin 6

where 72 < # <Cr?asr> T;Tﬁ For II, combining with Lemma 4.1, it holds that

1< [ et |G+ 47 e

0,k

—(ar(e7 PO + A)lar (e PET) T (e M|z

in rtn cos @ o
e'n rdr +

3072/ e |2] |dz| < c#(/T
ry —0

entn cos goKPd(,D)
0,k K

< Ot 2

This completes the proof of the theorem.

4.2 Inhomogeneous case

Now we turn to the inhomogeneous problem with f # 0 and zero initial data Gy = 0. In such
case, we have from (2.7) that

G(2) = (B(2)™ + 4) ' B(2)" ' F(2). (4.2)
Inspired by [14, 26], we consider the Taylor expansion f(t) = f(0) 4+ tf(0) + (¢t * f"(¢))(t),

and estimate the error by two steps.
We first consider the case of f(t) = f(0) + ¢f’(0), then the equation (4.2) becomes

G(z) = (B(2)* + A) ' B(=)* " (=71 £(0) + 272£1(0))

12



Taking the inverse Laplace transform on both sides derives that

1

2mri

Glty) = /F M (B(2)* + A) ' B(2)2 1 (=F(0) + 2 2f(0)) d. (4.3)

For f(t) = f(0) +tf'(0) and Gy = 0, multiplying ¢" on both sides of (3.4) and summing up
with simple calculations, we can obtain

iGnCn _ (aT(e—‘er(x)g)a + A)*laT(e—TpU(x)C)oa—l
n=1
¢ 1 7¢ /
((ﬁ + QC)f(O) + = C)Qf (0))

The solution can be represented by Cauchy’s integral formula as follows

Q" = % eztn(aT(e—B(z)T)a +A)—1aT(e—ﬂ(z)7)a—1
Tl Fg,n (4 4)
(arle™) e 10) + 2 7(0))d |
ar(e nie 1= e=r)2 2

where p(¢) is defined by (2.9).
Lemma 4.2. Let
A(z) = (B(2)* + A) 7' B(z) 2
— (ar (e PO 1 A) a (e PO g (7T T pa(e ),
B(z) = (B(2)* + A) 7' B(z)* 1272

o (aT(e—,B(z)’r)oc_|_A)—1aT(e—ﬁ(z)7-)a—1

7_267,27'

where B(z), u(¢) and a,(¢) are respectively defined in (2.2), (2.9) and (3.2). Then we have
(i) |A(z)| < C7%, VzeTy,,
(i) IB(:)) < Cr2sl 7, ¥z €Ty,
Proof. (i) It has from the formula of A(z) that
A < T+ 11,

where

1= [[((BE* + A — (arePE) + A1) B2,

and
Il — H(CLT(e—B(z)T)a +A)! (ﬁ(z)a—lz—l _ aT(e—ﬁ(z)T)a—laT(e—zT)—llu(e—zT)) H
For I, by Lemmas 2.2, 2.5 and 2.7, we have
I<Cr.
Similarly, for 11, an application of Lemma 2.5 implies

II < C|Z|_Q(Ill + 115 +Ifg),

13



where 1Ty = [|B(2)* 7! (27" = ar(e™*") )|, Iz = [[(B(2)*7" = ar(e”?&T)* Nar(e7*7) 71|
and I3 = |ja (e P*)T)*"1q, (e=*")~1(1 — p(e™7))||. Then we can obtain

I < Cr32|*, 1L < O72|2|%, II3 < CT%|2|*

by Lemmas 2.2, 2.3, 2.6 and 2.7. Hence we obtain II < C72, which further implies that
Az < C72.
(ii) It easily follows that B(z) satisfies

1B(2)|| < ITT+1V,

where

IIT = ||[((B(2)™ + A) ™" = (ar (e POy + A) 1) B(2)* 1272,

and

T2€_ZT

IV = [[ar(e 2+ )7 () 1572 — ante POt T )|

For 111, by Lemmas 2.2, 2.5 and 2.7, we have
I1T < O72|2| 7L
For IV, it yields from Lemma 2.5 that
IV < Clz[~*(IV1 + IVa),

where IV; = || (B(Z)a_l _ aT(e—ﬂ(z)T)a—l)z—QH and IV, = HaT(e—ﬁ(z)T)a—l (2—2 _ (17;2:7__::)2) H

We can also obtain
IVi < O7P2|2|*7 Y, IV < O3z,

7_26727'

by applying Lemmas 2.3, 2.7 and the estimate ‘2*2 — m‘ < C7? in [10, Lemma 3.4].

Hence, it holds IV < C72|z|7! which implies that |B(z)|| < IIT + IV < C72|2|~!. This
completes the proof. O

By the above lemma, we can obtain the error estimate for the case f(t) = f(0) + ¢f(0)
and Gy = 0 in the following theorem, its proof is analogous to the approach for Theorem 4.1.

Theorem 4.2. Let U(z) be bounded in Q, G(t,) and G™ be the solutions of (2.1) and (3.4),
respectively, and T < T, with T« being a positive constant. If f(t) = f(0)+¢f'(0) and Gy = 0,
then we have

1G(tn) = Gl < Cr* (I F O + LS ©O)), n=1,2,- N
Proof. Subtracting (4.4) from (4.3), it has
G (tn) — G™||
Zln [e7 -1 a—1_-—1 2tn
<] /Fm% e (B(2) + 4) T BNz + | /Fe e A(2)dz| ) 1£(0))

+ C(H/F - e (B(2)* + A)_lﬁ(z)aflzddzu + H /T eZt"B(z)dzH) £ (0)l
5=C(I+U)Hf(6)\|+C(III+IV)||f/(0)Ha |

where A(z) and B(z) are defined in Lemma 4.2.
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By using Lemma 2.2, we have the estimate for I and I that

o0
I< / !eZt"‘ |z|72 |dz| < r2ertncost g < Crztgl,
FO N\ 5K G

Tsind
o
II7 S/ } Zt"! |z|~ \dz] §/ r2ertncostp—1g,. < 072,
FG N\ 79—& ﬁ

For II and IV, it obtains from Lemma 4.2 that
1< / le*tn|dz| < Cr21
Thx
1V < 072/ le?tn||2|Hdz| < CT2.
L

Therefore, the estimate is derived from the above arguments. O

Next we analyze the error estimate for the case f(t) = (¢ = f”(t))(t) with f(0) = 0 and
Go = 0. From (2.7) and (2.8), the corresponding solution can be represented by

G(tn) = (E(t) * f(1)) (ta) = (E(t)  tx f7(1)) (tn) = ((E(8) %) x f7(1)) (tn), (4.5)

where .
£ =5 | )+ ) B (46)
For f(0) =0 and Go = 0, (3.4) becomes
ii (@) ~t;pU (@) n=3 4 A" — 1 gw(al) ~tjpU () .
" ra—1 par J

Then multiplying ¢™ on both sides and summing up from 1 to oo, we can obtain

56" = (arle Q) + A) ar (VR Y F(ta)C (4.7)
—1 -
By Cauchy’s iZtegral formula and Cauchy’s integral theorem, it obtains that
(aT(e’TpU(‘”)C)a + A)_la (e7TPU@) ¢y Z ENC", (4.8)
where
& = T e*tn (aT(e*Tﬁ(z))CY + A)flaT(e*T’B(z))afldz.

27Ti T
0,k

Thus (4.7) and (4.8) imply that
=D& (t) = (&) (1) (),
j=1

where
oo

Er(t) =Y EL6,(1). (4.9)

§=0
Moreover, the discrete solution of (3.4) with f(t) = (¢ f”)(t) and Gy = 0 can be formulated
by
G" = (& = f)(ta) = (& xtx ) (tn) = (& =) * [7) (tn). (4.10)
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Theorem 4.3. Let U(z) be bounded in 2, G(t,) and G™ be the solutions of (2.1) and (3.4)
respectively, and T < T, with T« being a positive constant. If f(t) = (t x f")(t) and Gy = 0,
then we have

tn
HG(tn)—GnH §C7‘2/ Hf”(S)HdSv n=12,---,N.
0

Proof. By the definition of &;(t) in (4.9), we have

(& % t) Zé"" It ;.

Then, with (4.8), we can obtain that
i & xt) ZZ@@" It;¢n = (Z gﬁgﬂ) (Ztn(”>
n=1 n=1 j=1 n=0 n=1

= (aT<6—TPU(CE)C)a + A)*laT(e—TpU(a:)C)oc—l (1 zCC)Q

By Cauchy’s integral formula and Cauchy’s integral theorem, we can derive that

1 ztn —B(z)T\« -1 —B(z)Tya—1 e T
(& *t) () = e /5 e (ar (e )+ A) ar(e ) (1_6727_)26&’.
It obtains from (4.6) that
1 - 1 -
(& *t) (tn) = 27"1/F e (B(z)* + A) lﬁ(z)o‘ 1272dz.
0,k

Hence, the proof for the term f(¢) = ¢f’(0) in Theorem 4.2 shows that
1((€ = &) =t)(t)]| < CT2.

Similarly, we can also derive that

1 —2T

./ eztn(aT(e—,B(z)T)a_i_A)*laT(e—,B(z)T)oz—l TE dz,

2ri 1—e#7

(& x 1) (tn) =

1 —
(&*1)(ty,) = / e’ (B(2)* + A) lﬁ(z)aflzfldz.
27'('1 Do,
1fe__z; — 271 < C7 holds [9, (C.1)], it leads to the following estimate

1((& = &)« 1) ()] < C.
Taking Taylor expansion of ((& — &;) * t)(t) at ¢t = t,, then it implies that
(6 = £) <O < (6 = &) = O]+ e~ 1l (6 — £) <))
+ H/t (t—s)(& — &)(s)ds|

S 07—25 v t 6 (tn—lvtn]’
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where [|&(t)]] < C and ||&](t)|| < Ct are applied. Therefore, we derive that
HG(tn) - Gn” < H (((@(5 - é[)T) * t) * f”) (tn)H

< / 1S = &) % 1)t — )] - 1£(5) s
0
2 ! " S S.
<cr /0 1 (s)1d

This completes the proof. O

Combining the Taylor expansion f(t) = f(0) + ¢f'(0) + (¢t * f”)(t) and the results in
Theorems 4.1, 4.2 and 4.3, we can easily obtain the error estimate of inhomogeneous problem
with nonsmooth initial data.

Theorem 4.4. Let U(z) be bounded in Q, G(t,) and G™ be the solutions of (2.1) and (3.4)
respectively, and T < T, with T, being a positive constant. If Gy € L*(Q), f € C1([0,T], L*(Q))
and f(f lf"(s)||ds < oo, we have

tn
1G(ta) = G| < C72 (621Goll + 4 1 O) | + 17 (O)]] + /0 17" (5)llds).

form=1,2,--- N.

5 Numerical examples

In this section, we perform some numerical experiments to verify the effectiveness of the
proposed WSGD scheme (3.4) for solving the backward fractional Feynman-Kac equation
(1.1) with piecewise linear finite element approximation in space, and illustrate the theoretical
analysis results in Section 4. Let G; be the numerical solution of G at the final time 7" with
the step size 7, we test the temporal error by

ET = ”GT - GT/2H7

as the exact solution G is unknown. Consequently, the temporal convergence rates can be
calculated by the following formula

(B, /E, )
In(2)

Rate =

5.1 One dimensional case

We first consider the one dimensional problem with 2 = (0,1). The spatial interval is equally
divided into subintervals with a mesh size h = 1/128 for the finite element discretization.

Example 5.1. We consider the homogeneous problem with nonsmooth initial data and verify
the temporal convergence rate of the WSGD scheme (3.4), and take

p=-1+1i, f(z,p,t) =0, Go(r) = x(0,05)(2), U(x) = x05,1)(z), T =1,

where X(q) denotes the characteristic function over (a,b),

1, z € (a,b),
X(a,b)(x) =

0, otherwise.
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Table 1: Temporal errors and convergence rates at 17" for Example 5.1.
a\T 1/10 1/20 1/40 1/80 Rate
0.3 4.8369E-05 1.1142E-05 2.6726E-06 6.5445E-07 ~2.07(2.00)

0.5 8.8909E-05 2.0464E-05 4.8980E-06 1.1978E-06 ~2.07(2.00)
0.7 1.3446E-04 3.1062E-05 7.4008E-06 1.8043E-06 ~2.07(2.00)

Taking a = 0.3,0.5,0.7 and 7 = 1/10,1/20,1/40,1/80, Table 1 presents the temporal L?
errors and convergence rates at 17" for Example 5.1 by the WSGD scheme (3.4). We observe
that the numerical temporal convergence rate is of second order for all three fractional orders,
which is consistent with the theoretical result in Theorem 4.1.

Example 5.2. We consider the inhomogeneous problem with zero initial data, and take
p= _17 f(l"a%t) = ZC(l - x)e_tpx<0'5’1)(x)7 GO(x) = 07 U(.CE) = X(O.B,l)(x>7 T= 17

where X(q) denotes the characteristic function over (a,b).

Table 2: Temporal errors and convergence rates at T' for Example 5.2.
a\T 1/10 1/20 1/40 1/80 Rate

0.3 4.7712E-05 1.2368E-05 3.1461E-06 7.9328E-07 ~1.97(2.00)
0.5 2.4018E-05 6.3733E-06 1.6370E-06 4.1458E-07 ~1.95(2.00)
0.7 4.7152E-06 1.2328E-06 3.2488E-07 8.3728E-08 ~1.94(2.00)

The temporal convergence of the WSGD scheme (3.4) is verified for Example 5.2 with
a = 0.3,0.5,0.7 and 7 = 1/10,1/20,1/40,1/80. The temporal errors and convergence rates
at T' are presented in Table 2. Second-order convergence rate is also observed, which verifies
the result of Theorem 4.4.

Example 5.3. The inhomogeneous problem with nonsmooth initial data is considered by
taking

p=-1, f('x:pv t) = I’(l - x)e_th(O.B,l)(w), GO(.’L‘) = X(0,0.E))(x)v
U(z) = x©0s51) (), T=1.

Table 3: Temporal errors and convergence rates at T' for Example 5.3.
a\T 1/10 1/20 1/40 1/80 Rate
0.3  9.3834E-05 2.3020E-05 5.7054E-06 1.4205E-06 ~2.01(2.00)

0.5 1.1269E-04 2.6875E-05 6.5344E-06 1.6128E-06 ~2.04(2.00)
0.7 1.4131E-04 3.3013E-05 7.9159E-06 1.9364E-06 ~2.06(2.00)

For o = 0.3,0.5,0.7 and 7 = 1/10,1/20,1/40,1/80, the temporal errors and convergence
rates at 7' by the WSGD scheme (3.4) for Example 5.3 are presented in Table 3, which shows
the second-order convergence rate and agrees well with the theoretical result in Theorem
4.4. The above numerical results illustrate that our proposed scheme (3.4) is effective for
numerically solving the backward fractional Feynman-Kac equation (1.1) in one dimensional
case.
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5.2 Two dimensional case

Next we show the numerical efficiency of the WSGD scheme (3.4) for solving the backward
fractional Feynman-Kac equation (1.1) in two dimensional case and verify the theoretical
convergence results. The spatial domain € = (0,1)? is considered and uniformly partitioned
into triangles with the mesh size h = 1/128 for the finite element discretization.

Example 5.4. WesetT =1, p=—1, z = (z1,x2),
flz,p,t) = 21 (1 — 21)z2(1 — 22)e Y@ Go(z) = X(0,0.5)x (0,0.5) (T1, T2),
and consider three cases of U(x) as follows

case (a): U(z) = X(0.5,1)x(0.5,1)(931,$2),
case (b): U(z) = x1 + x2,

case (¢): U(x) = a3 + 23,
where X (qp)x (c,d)(T1, T2) denotes the characteristic function on (a,b) x (c,d), i.e.

1, (z1,22) € (a,b) x (c,d),

0, otherwise.

X(a,b)x (c,d) (x1,22) = {

Table 4: Temporal errors and convergence rates at T' for Example 5.4.

case o\T 1/10 1/20 1/40 1/80 Rate

(a) 0.2 1.0561E-05 2.5062E-06 6.1101E-07 1.5089E-07 ~2.04(2.00)
0.8 2.6980E-05 6.2089E-06 1.4771E-06 3.5962E-07 ~2.07(2.00)

(b) 0.2 2.7957E-05 6.7950E-06 1.6771E-06 4.1676E-07 ~2.02(2.00)
0.8 5.3769E-05 1.2412E-05 2.9587E-06 7.2115E-07 ~2.07(2.00)

() 0.2 1.4831E-05 3.5516E-06 8.6835E-07 2.1475E-07 ~2.03(2.00)
0.8 3.4592E-05 7.9669E-06 1.8963E-06 4.6183E-07 ~2.07(2.00)

The temporal errors and convergence rates at 7' by the WSGD scheme (3.4) for Exam-
ple 5.4 are presented in Table 4 with @ = 0.2,0.8 and 7 = 1/10,1/20,1/40,1/80, which is
also consistent with the result of Theorem 4.4. It reveals that the proposed WSGD scheme
performs effectively and converges numerically by the theoretical convergence rate for the
backward fractional Feynman-Kac equation (1.1) in the two dimensional case.

6 Conclusion

The fractional Feynman-Kac equation (1.1) has a wide of applications for describing the
distribution of the particles’ path functionals in the anomalous diffusion process. The time-
space coupled non-local operator and complex parameters in the equation bring challenges
on numerical analysis and computations. We propose an efficient second-order time-stepping
scheme (3.4) for solving (1.1) based on the weighted and shifted Griinwald difference formula,
which also weakens the regularity requirement of the function U(z). The error estimates are
rigorously analyzed for the inhomogeneous problem with nonsmooth initial data, depending
only on the regularity assumptions on the data, without the requirement of regularity of the
exact solution. The temporal convergence rate O(72) is verified by some numerical examples.
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