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Abstract

In this paper, the well-posedness for one-dimensional path dependent McKean-
Vlasov SDEs with a(a > %)-Hélder continuous diffusion is investigated. Moreover, the
associated quantitative propagation of chaos in the sense of Wasserstein distance, total
variation distance as well as relative entropy is studied.
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1 Introduction

Distribution dependent SDEs can be used to characterize the nonlinear Fokker-Planck-
Kolmogorov equations. They are also called McKean-Vlasov SDEs due to the pioneer work in
[18]. On the other hand, McKean-Vlasov SDE can be viewed as the limit equation of a single
particle in the mean field interacting particle system, which is related to the propagation of
chaos [24], so it is also called mean field SDE. Recently, there are plentiful results on McKean-
Vlasov SDEs. With respect to the well-posedness, one can refer to [1, 4, 5, 12, 13, 19, 23, 25|
and references therein, see also [14] for the path dependent case with singular drifts. In
[4, 5, 12, 13, 23], the diffusion is assumed to be uniformly elliptic. For the propagation of
chaos, see [2, 3, 6, 8,9, 11, 15, 17, 24, 27]. One can also refer to [10, 22, 26| for the long time
behavior of mean field interacting particle system and McKean-Vlasov SDEs.
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The aim of this paper is to investigate the well-posedness and propagation of chaos of
one-dimensional path dependent McKean-Vlasov SDEs with a(a > %)—Hélder continuous
diffusion. With respect to the well-posedness, we do not assume that the diffusion is elliptic.

Throughout the paper, fix a constant > 0. Let ¢ = C([—r, 0]; R), the continuous map
from [—r,0] to R. For any f € C([—r,00);R), t > 0, define f, € € as fi(s) = f(t+s),s €
[—7, 0], which is called the segment process. Let Z(R) be the set of all probability measures

in R equipped with the weak topology. Define
P(R) = (i€ PR : (] -|) < oo}.

It is well known that £2;(R) is a Polish space under the L'-Wasserstein distance

Wy (p,v):= inf </ |z — y|7r(dx,dy)>, u,v e Z1(R),
RxR

neC(u,v)

where C(pu, v) is the set of all couplings of u and v. By the adjoint formula, it holds

Wi(p,v) = sup |u(f) —v(f)l

I fllLip<1
where
HfHL = sup |f((L‘) - f<y>| )
’ Ty \x - y‘

Recall that for two probability measures p, v on some measurable space (E, &), the entropy
and total variation distance are defined as follows:

[(log g—:)dy, if v is absolutely continuous with respect to u,

00, otherwise,

Ent(v|p) = {

and

HM_VHvaT = sup |N(f) _V(f)|
{f:lf(x)|<1,2z€E}

By Pinsker’s inequality (see [20]),

(L1) ln— vl < 2Ent(vlp), pve P(E),

var

here Z(FE) denotes all probability measures on (E,&).
Let W = (W(t))i>0 be a one-dimensional standard Brownian motion on a complete

filtration probability space (§2,.%#, (%#)i>0, P). Consider the following one-dimensional path
dependent McKean-Vlasov SDE:

(1.2) dX(t) = b(t, X (), L)t + B(t, X,, Lx)dt + o(t, X (£))dW (1),

where b : [0,00) x R x Z(R) - R, B : [0,00) Xx ¥ x Z(R) - R, 0 : [0,00) x R - R
are measurable and X is an .%#y-measurable %-valued random variable. Define the uniform
norm [|¢]lec 1= Supep_rg [£(s)],€ € €.



Definition 1.1. A continuous process (X (f)):>—, on R is called a strong solution of (1.2)
in 2;(R), if for any ¢ > 0, X (¢) is .F-measurable, E|| X;||o < 0o, and P-a.s.

X(t):X(0)+/O (b(s,X(s),.ZX(s))+B(s,X5,.$X(S)))ds—I—/O (s, X (s))dW(s), > 0.

Throughout the paper, we fix T" > 0, and consider the solution on [0, 7.

The remainder of this paper is organized as follows: In Section 2, the strong well-
posedness of path dependent classical SDEs is addressed by Yamada-Watanabe’s approx-
imation; In Section 3, the well-posedness and quantitative propagation of chaos for path
dependent McKean-Vlasov SDEs are investigated.

2 Multi-dimensional Path Dependent Classical SDEs
with Holder Continuous Diffusion

For any n > 1, let €™ = C([—r, 0];R™), the continuous map from [—r, 0] to R", equipped with
the uniform norm. In this section, we study the well-posedness of multi-dimensional path
dependent classical SDEs with Holder continuous diffusion. The main tool is the Yamada-
Watanabe approximation, see [16]. Before going on, we state a time nonhomogeneous version
of [21, Theorem 2.3]. More precisely, consider path dependent SDE on R™:

(2.1) dX(t) = f(t, Xp)dt + g(t, X )dW (1), Xo=¢(€ 6™,

here f: [0, T]x €™ — R™, ¢g:[0,T] x €™ — R"@R? and W(jf) is a d-dimensional standard
Brownian motion on a complete filtration probability space (€2, .%,{.% }icio,r), P).

Proposition 2.1. Assume that f and g are bounded on bounded sets. Suppose that for any
t€[0,T], f(t,-) and g(t,-) are continuous in (€™, | - ||) and there exists a constant K € R
such that

Then (2.1) has a unique non-explosive strong solution on [0,T].

Since the proof of Proposition 2.1 is completely the same with that of [21, Theorem 2.3],
we omit it here.

The following stochastic Gronwall lemma comes from [21, Lemma 5.2], which is crucial
in the proof of the main result of this section.

Lemma 2.2. Let Z be a continuous adapted non-negative stochastic process which satisfies

the inequality
t

Zt)< K | sup Z(u)ds+ M(t)+C, t>0,

0 u€l0,s]



where C' >0, K > 0 and M is a continuous local martingale with M (0) = 0. Then for any

p € (0,1), there ezist finite constants c1(p), ca(p) (not depending on K,C, T and M) such
that
E(sup |Z(s)|P) < CPey(p)e2PEt > 0.
s€0,t]

For x € R? we denote x; as the i-th component of x, that is z = (z1,29, -, 74).
Consider

(22)  dX() = F(t, X(8)dt + H(t, X,)dt + G(t, X)W (1), X, = ¢ € 69,

where F' = (Fy, Fy, -+ ,Fy) : [0,T] x RY - RY H = (Hy, Hy, -+, Hy) : [0,T] x €% — R,
G :[0,T] x R? — R? @ RY. We make the following assumptions.

(A1) F is locally bounded in [0,7] x R%. For any ¢ € [0,T], F(t,-) is continuous, and there
exists a constant K; > 0 such that

(Fi(t,x) — Fi(t,y))sgn(z; —y;) < Ky|lz —y|, t€[0,T], 2,y € R%1<i<d,
where sgn(-) means the sign function.
(A2) There exist m real valued functions (G;)1<;<q on [0,7] x R such that
G(t,z) = diag(G1(t, x1), Go(t, xa), -+, G1(t,xq)), = = (z1,29, -+ ,24) € Rt €[0,T].
Moreover, there exist constants (a;)1<i<a C [%, 1] and K3 > 0 such that

Y Gi(t,0)| < Ko, 2z,2€ Rt €([0,T],1 <1 <d.
(A3) There exists a constant K3 > 0 such that

|H(t7£> - H(tﬂ?)‘ S K3H€ - 77”007 ’H(t,())l S K3> 5777 € ngat € [O7T]

Now, we provide the main result in this section.

Theorem 2.3. Assume (A1)-(A3). Then for any £ € €%, (2.2) has a unique strong solution
(XE(8))tej—r with initial value Xg = & and for any q € (0,2], there exists a constant
C(T,q) > 0 such that

(2:3) E sup [X(1)|" < C(T,q)(1 + [[€]1%)-

te[—rT]
Moreover, for any p € (0,1),

(2.4) E sup | XE(t) = X)) < Clp, T)[E —nll%
te|—r,

for some constant C(p,T) > 0.



Proof. Step 1. Existence of the strong solution.
For ¢ € (0,1), note fj/e% Sdxr = 1, so there exists a continuous function 1. : [0,00) —

[0, 00) with support [¢/e?,e] such that

2 €
0 < (x) < ;E x € [e/ex ¢,  e(u)du = 1.
e/es
Let
lz|  ry
V() ::/ / Ve (z)dzdy, x € R.
o Jo
Then V. € C?,
(2.5) 2| —e < Vi(z) <|z|, 0<sgn(z)V!(z)<1, z€R,
and
. 2e
(2.6) 0<V'(x) < ml[g/e% E](|x|), x € R.

Let p € C3°(R) with p > 0 and [, p(z)dz = 1 be supported in [—1,1]. For any n > 1, define
p"(x) =np(nz),r € R and let

Gt ") = Gy(t,)*xp", 1<i<d,tel0,T]
and
G"(t,r) = diag(GT(t, v1), Gy (t,za), - ,Gh(t, xa)), T = (21,79, -+ ,24) € R% € [0,T).
(A2) implies that

N0 ¢c[0,T],z€R

< lim  sup /p”(y)\Gi(t,x—y)—Gi(t,x)!dy
R

00 ¢¢[0,T),2€R

< K, lim / ly|“p" (y)dy
n—oo R

n—oo [p ni

|z|%p(x)de =0, 1<i<d

and for any n > 1, there exists a constant L,, > 0 such that
(2.8) IG™(t,2) — G™(t,y)| < Lo|z —y|, |G"(t,0)| < 2VdK,, te[0,T],z,yecRY
where for the second inequality, it is sufficient to note that

|G (t,0)] < / Gi(t, —y)|Inp(ny)dy < Kz/ ly[*np(ny)dy + Ky < 2K, 1 <i<d.
R R
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According to Proposition 2.1, it follows from (A1), (A3) and (2.8) that for any n > 1, the
SDE

(2.9) AX"™(t) = F(t, X"(£))dt + H(t, XP)dt + G (t, X"()dW (1), X0 =¢

has a unique non-explosive strong solution. Moreover, in view of the second inequality of
(2.8) and

(2.10) |G (t,2) — G (t,2)] < Ksl|z—z|%, t€[0,T],2,ze R, 1<i<d,n>1,
this together with (A1) and (A3) implies that there exists a constant C'(7") > 0 such that

(2.11) supE sup | X"(t)]* < C(T)(1+ [|€]|%).

n>1  te[—r,T]
In fact, by (A1), (A3), (2.10) and the second inequality in (2.8), it holds

(F(t,z),2) <CTM)A+[al), [HtE)] < D)L+ [€ll).

(2.12) y ;
G*(t, )| < C(T)(A + |z]), veR%te[0,T],§€% n>1

For each integer N > 1, define 73y = inf {¢t € [0,7] : |[X"(¢)] > N} and inf() = oo by
convention. By Itd’s formula, we derive from (2.12) that

t/\TN
X"t ATE)? <02 +C + C’/ sup | X"(u)|*ds
0

u€[—r,s]
+2/0 U (s), G (s, X7(3)) ATV (5))

for some constant C' > 0. Applying BDG’s inequality, (2.12) and Gronwall’s ineuqality, it is
standard to derive (2.11). For any 1 <1i < d, let X™ be the i-th component of X™. For any
m,n > 1, it follows from [t6’s formula that

V(X (1) — Xt / VA(X™(5) = X"(8)) (Fi(s, X™(s)) — Fils, X"(5)))ds
/0 V(X (s) = X7 (5)) (Hi(s, X2") — Hi(s, X2))ds
5 [ VOO = XSG 6, X(5) = G, X0 5) s
[ VOCM) = XG5 X)) = G, XA S),

This combined with (2.5) implies that for any 1 <i <d,

d
STIX™(E) — X ()] - de
=1



< /0 ; VI(X™(s) = X™(s))(Fi(s, X™(s)) — Fi(s, X"(s)))ds
. d
(2.13) —i—/o Z VI(X™(s) — X™(s))(H;(s, X™) — Hy(s, X))ds
w5 [ SO - X G X)) — G X ()

[ VI = X ) G 5. X7 (9) = G5, X))V ()

= J T 4 I I, e [0,T7.
By (2.5) and (A1), we conclude that

=[50 [V - X s (s) - x4 (s)
< (Fis, X)) = (s, X7 (6))sg(X™(5) = X7(5) |

< Kid / | X™(s) — X"(s)|ds, t€0,T].
(2.5) and (A3) yield that
¢
I < Kad [ X - Xluds, t€ 0.T)
0

Note that (2.6) and (2.10) derive
t d
J3" < KQ/ ZsQaids—i—/ Zeé(GZm(s,X”’i(s)) — G?(s, X™(s)))*ds
=1 0 =1

d
< tK; 252’1" + tex Z sup |G (s,2) — G (s, 2)[?

i=1 i—1 s€l0,t],z€R
d d
1
SHRG) 2t Y sup  |GP(s,2) — Gils, )P

i=1 i—1 S€l0,t],zeR

d

1
+2ter > sup [GI(s,2) — Gils, 2)[?
i—1 s€l0,t],zeR

= H™™5(t), t€[0,7).

So, (2.13) and Lemma 2.2 imply that for any p € (0, 1), there exist constants ¢;(p), ca(p) > 0
such that

E sup [X™(t) = X"($)]P < e (p)e@FIHKIIT (ppmane (T) 4 ey,
te[0,7



Thanks to (2.7), we derive

d
limsup |[H™"™*(T)| < TK} Z g2,

m,n— 00 i—1

So, for p € (0,1), it holds
d
limsupE sup [X™(t) — X" ()7 < ¢ (p)e @ (T RN " 2 4 de)r)
mmn—oo  t€[0,T) i=1

Letting ¢ — 0, we conclude that for any p € (0, 1),

limsupE sup |[X™(t) — X"(¢)|P = 0.

myn—oo  te[0,7]
So, there exists a continuous stochastic process {X (¢)}iej—r 1] satisfying Xy = £ and

(2.14) limsupE sup |X"(t) — X (¢)|” = 0.

n—00 t€[0,T)
This yields that there exists a subsequence {ny}r>1 such that P-a.s.

(2.15) lim sup |[X™(t) — X(t)| =0, sup sup (|X™ ()] +|X(t)]) < oo.

k—o0 t€[0,T] k>1 te[—r,T)
Moreover, (2.11) and Fatou’s Lemma imply

E sup |[X(t)]* <CT)(1+||€]%)

te[—r,T]
So, by the local boundedness of F, H, the second inequality in (2.15), we conclude that P-a.s.

sup sup (|F(s, X" (s))| + [H(s, X*)| + |F(s, X (s))] + [H(s, X;)|) < o0.
k>1 se[0,T]

which together with the continuity of F(s,-), H(s,-), the first equality in (2.15) and the

dominated convergence theorem implies that P-a.s.

/O(F(s,xnk<s))+H(s,xgk))ds—/0 (F(s, X(s)) + H(s, X.))ds| = 0.

lim sup
k=00 tejo,T]

Moreover, by Markov’s inequality, BDG’s inequality, (2.7), (2.10) and (2.14), for any ¢ > 0
and p € (0,1), we have

lim sup P ( sup /0 [G™ (s, X" (s)) — G(s, X (s))]dW (s)| >

N te[0,T]

1
< limsup —E sup
k—oo €Y tel0,1]

/0 (G™ (5, X" (3)) — G(s, X (s))]dTT(s)
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[NI4S)

< ¢(p) lliris;}p p ]E (/ Z[G?k(s,X”’“i(s)) — Gi(s,)_(i(g))PdS)

< e(p)T* 1 lim sup (Z sup  |G*(s,x) — Gy(s, x)]2>

2 SNSS i—1 S€l0,T],zeR

[S14S)

+c(p)T> Kp—hmsup]E(sup z:|X"’“Z X'(s )|2ai> =0.

k—o0 s€[0,1] %

Therefore, replacing n by ny in (2.9) and letting £ — oo, it holds P-a.s.
- ¢ B ¢ ~ ¢ - -
X(t) = / F(s,X(s))ds +/ H(s, Xs)ds +/ G(s, X (s))dW(s), te€[0,T].
0 0 0

This means that {X (¢)}e(—r7 is a strong solution to (2.2).
Step 2. Uniqueness of the strong solution.
Let X¢(t) be the solution to (2.2) with initial value £ € €?. By the same argument to

derive (2.11), we obtain
E sup |[X*(t)] < C(T)(1+ J¢]I3)-
te[—r,T)
So, Jensen’s inequality implies (2.3). For any 1 < i < d, let X% be the i-th component of
X¢. Applying Ito’s formula, for any 1 < i < d, we have

Vo(XH(8) = X7(1)) = Ve(£'(0) — '(0))

+/0 V(XS (s) — XM () { Fi(s, X5(s)) — Fi(s, X"(s)) }ds
[ V() = X)) { i XE) — His, XD s

+ %/0 VE”(Xé’i(S) - Xn’i(S)){Gi(s,X“(s)) _ Gi(S,Xn’i(S))}2ds
—|—/ Va/(Xﬁ’i(S) — Xn’i(s)){Gi(S,Xg’i(S)) _ Gi(S,XU’i(S))}dWi(s)

0

By (A1)-(A3), (2.5) and (2.6), it holds

d
[XE(8) = X"(0)| S de + KGT Y &+ C(T)|I€ — 1ll
i=1
t
+C sup |X¢(u) — X"(u)|ds + M,, t€[0,T]

0 u€l0,s]



for a martingale M; and some constants C,C(T) > 0. Then for any p € (0,1), applying
Lemma 2.2, we get

te[0,T] =1

d p
E sup [X4(t) = X" < ea(p)e=®” (df + KT Y &+ C(T)|¢ ~ nHoo) :

Letting e — 0, we derive (2.4), which yields the uniqueness of the strong solution of (2.2). [

3 Path Dependent McKean-Vlasov SDEs with Holder
Continuous Diffusion

Throughout this section, we make the following assumption.

(H) Assume that the following conditions hold.

(Hb) b is locally bounded in [0,7] x R x (£?1(R),W;). For any t € [0,T], b(t,-,-) is
continuous in R x (£ (R), W;), and there exists a constant K} > 0 such that for
z,y € Rand u,v € 2;(R),

[b(t,x,,u) o b(tayal/)]sgn(x - y) < Kb(wl(:uv V) + ‘513' - yDv te [OaT]
(Ho) There exist constants K, > 0 and o € [1, 1] such that
o(t,z) — ot y)| < Kolz —yl|®, |o(t,0)] < Ko, z,y €R,t€[0,T].

(HB) There exists a constant Kp > 0 and a probability measure m on [—r, 0] such that
for any £,n € €, v € Z1(R),t € [0,T],

|B(tvf>#) - B(t7777y)| < KB{HS - 77||L1(m) +W1(:uv V)}v |B(t’0760)| < KB:

here dq is the Dirac measure at the point 0.

3.1 Well-posedness

Theorem 3.1. Assume (H). Then for any Xy € L'(Q — (€, - [|l«); %0, P), (1.2) has a
unique strong solution (X (t))ic[—r) with initial value Xy and there exists a constant C(T) >
0 such that

(3.1) E sup [ X[ < C(T)(1 + E[| Xol[oo)-
te[0,7

Moreover, for two solutions X (t) and X (t),

sup E[X(t) — X (¢)]
te[0,T

< C(T)E {|X(0) ~X(0)] + KB/

-Tr

(3.2) 0

m([—r, u))| X (u) — X(u)|du} .

10



Proof. For € C([0,T]; Z1(R)), x € R and £ € €, let b (t,x) = b(t,z, 1), B*(t,§) =
B(t, &, put). Consider

(3.3)  dXM(t) = bU(t, XP(8))dt + B (t, XI)dt + o(t, XM(E)dW (1), te [0,T].

By (H) and Theorem 2.3, (3.3) is strongly well-posed and let ®(1) = ZLxnq),t € [0,77,
where (X*(t))se(—r1 solves (3.3) with X} € L'(Q — (%] - |ls); %0, P). In view of (Hb),

(3.4) b(t, x, p)sgn(z) < Co(T)(L + ||+ p(l - 1), t€[0,T]

holds for some constant Cy(7") > 0. So, by the similar argument to derive (2.11), we get

(35)  E(sup |XM(s)P| %) < O(T)? (1+HX5‘H§O+ / us<\-|>2ds), re0.7],

se[—rt]

which yields

(3.6) E( sup [X*(s)]) < C(T) (1 +E[Xg o + (/0 ps( - !)2d8)2> , te[0,7]

s€l—rt]
for some constant C'(7T") > 0. By It0’s formula, it follows that
Ve(XH(t) — X¥(t)) = Ve(X*(0) — X*¥(0))
+ /Ot VI(XH(s) — XV (s)){b(s, X*(s), pts) — b(s, X" (s), vs) }ds

+ [ VI = X DB, X2 ) = Bl X ) s

(3.7) 1

+ 5/0 V(X" (s) — X¥(s)){o(s, X"(s)) — (s, X" (s)) }'ds

[ VA0 = X760 ol XP(5) = ol X)) IV )
=L+ Lo (t) + LI3:(t) + Ly (t) + I5.(2).
Using (2.5), we get
I\ < [X4(0) — X*(0)].
Moreover, it follows from (2.5) and (Hb) that
elt) < K [ {1X0(6) = X0+ Wil s, € 0.7

By (2.5), (HB), Fubini’s theorem and t + 6 < t,0 € [—r, 0], we arrive at
t
Blt) < K [ {12 = X1y + Wil ) s
0

11



—-Tr

Furthermore, by (Ho), (2.6) and using « € [1/2, 1], we deduce
L.(t) < K2T*, t€10,T).

In addition, by (2.5), (Ho) and (3.6), we have El; .(t) = 0. Taking expectation in (3.7),
using (2.5) and letting ¢ | 0, there exists a constant C' > 0 such that

E[X*(t) — X"(t)| < E[X*(0) — X"(0)| + KB/ m([—r, u])E[ X" (u) — X (u)|du
(3.8) t - t
+c/0 E| X" (s) —X”(s)|ds+(Kb+KB)/0 Wi (1, v,)ds.

It follows from Gronwall’s inequality that

E|XH(t) — XV (t)| < e {E|X“(O) — XY(0)| + Kp /0

-

m([—r, u))E|X*(u) — X”(u)|du}

¢
+ C(T)/ W1 (ps, vs)ds.
0
So, when X}/ = XY, for A = 2C(T), we get

_ 1 _
sup e MWy (), @1(v)) < 5 sup e MW (g, 1)
te[0,T] te[0,T]

Set
Ey = {n € C([0,T]; P1(R)) : po = Lxuo)}

and equip it with the complete metric

plp,v) == sup e MW, (uy,11), p,v € E).
te[0,7)

Then @ is strictly contractive in E). Consequently, the Banach fixed point theorem together
with the definition of ® implies that there exists a unique p € E) such that

(IDt(,u) = Ut = gX“(t)y t e [O,T]

12



Finally, taking p; = Zxuq) in (3.6), (3.1) follows from Grénwall’s inequality. Similarly, tak-
ing pu = Lxy i = Ly, X*(t) = X(t), X¥(t) = X(t) in (3.8), (3.2) holds by Gronwall’s
inequality.

[

3.2 Propagation of Chaos

Let N > 1 be an integer and (X}, Wi(t))1<;<y be i.i.d.copies of (Xo, W (t)) with -
measurable %-valued random variable X,. Consider

dX*(t) = b(t, X' (t), Lxiw)dt + B(t, X;, Lxi)dt + o(t, X' (t))dW'(t), 1<i < N.
Let

N
1
N
(3.9) b = ;1 Oxi(t)-

Consider the stochastic N-interacting particle system:
(3.10) dXN(t) = b(t, XPN(t), aN)dt + B(t, X!, pM)dt + o(t, XN () dWi (1), XN = X,

where fi¥ is the empirical distribution corresponding to XN (t), -+, XNV (3) ie.

1 N
— N Z(SXj,N(t)-
j=1

Applying Theorem 2.3, the well-posedness of the stochastic N-interacting particle system
(3.10) can be proved in the following lemma.

Lemma 3.2. Assume (H) and X} € L'(Q2 — (¢, ]| - H ); F0,P),1 <i < N. Then, for each
N >1, (3.10) admits a unique strong solution {(X*N(t))tel—r1 }1<i<n and

N

‘ 1

(3.11) E sup |X*N(t)|<C(T § (14| X312), 1<i<N
te[—r,T] i1

holds for some constant C(T") > 0.
Proof. For z := (z1,@2,- ,on)* € RN, € := (£,&,-++ ,&n)* € €N, set i) = %Zf\; O

and
B(t,.ﬁE) = (b(t7$1>ﬂiv)7 o ’b(t’x]\ﬁﬁi\[))*a B<t7£) = (B(tagla/lé\é()))’ e >B(t> €N>[Lé\£0)))*a
o(t,x) = diag(o(t, 1), -+ ,o(t,zN)), W(t) == (W'@), -, WN(¢)", te[0,T].

Then it is clear that (W(t))te[o,T] is an N-dimensional Brownian motion and (3.10) can be
reformulated as

~

(3.12)  dX(t) = b(t, X (t))dt + B(t, X;)dt 4+ 6(t, X ())dW (), Xo = (XL, X2, X"

13



Note that

1 & 1 & 1 &
1 Wi =D o= 0 )| <= D |oi—al, 2,3 €eR1<i<N.
(3 3) 1 (N : 5117 N a (5:101) = N - ‘xz $Z|, Liy T € L1

It is not difficult to see from (Hb), (HB) and (3.13) that b is locally bounded in [0, 7] x RV,
for any ¢ € [0, 7], b(t,-) is continuous,

(bi(t, @) — bi(t,y))sgn(@: — yi) = (b(t, 4, 1)) — b(t, ys, fil) ) )sgn(z; — y;)
< Ky(lwi — yil + W (i), 1))

(3.14) 1 &
< Ky(jzi — il + >z —uil)

=1
<E(1+N73)z—y|, 2yeRY1<i<N,

and
N
1B(t,€) = B(t,n)* <> [B(t, & figo) — Blt,mi, i)
=1 N
<2 Z(H& nill% + Wi (figo) fido)?)
(3.15) =

z I

< 283 Y16 — il +16(0) = (O

N

<AKEY |6 —mill%, &mee™.
=1

So, (3.14), (3.15) and (Ho) yield that (A1)-(A3) hold for b, B, &, N replacing F, H,G,d
respectively. Therefore, according to Theorem 2.3, for each N > 1, (3.12) and consequently
(3.10) admits a unique strong solution {(X*"(t))icj—r7}1<i<n. Finally, by Itd’s formula,
(3.4), (HB) and (Ho), there exists a constant C' > 0 such that

L X
LX) 4 1 SO X ()2 ds

i=1

¢ t
+ C/o HX;’NH%I(m)dS + /0 2X N (s)o (s, X4V (5))dW'(s).

t
XN P < IXO)P + C /
0

Using the same argument to derive (3.5), we arrive at

N
Z]E( sup Xi’N(t)IQ\yo) < Co(T Z +1X511%)

te[—r,T]
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for some constant Cy(7') > 0. This together with Jensen’s inequality with respect to condi-
tional expectation implies that
E sup [X"(t)]

te[—r,T]

N
E<JE Z sup | XN ()] %
i—1 t€l-nT]

=i

1
i N 2
1
< B E(NY swp (X025
N i ( ;te[ r,T]
_ 1
1 2
<—E (14 x0)2)
|
= — (1+ || X2
N DRI
So, we complete the proof. n

Finally, we give the quantitative propagation of chaos.
Theorem 3.3. Assume that E||X{|2, < oo for some p > 1 and p # 2. Let py = Ly
(1) Then there exists a constant C(p,T) > 0 depending only on p, T such that
. . . 1 p—1
(3.16)  sup E|X(t) - XN ()| < Op, T)(1 + (B X)) (N2 + N=7),
te[0,7)
and consequently,

(3.17) sup EW, (i, 1) < C(p, T)(1 + (E[| XE[[2) ") (N2 4+ N~5),

t€[0,T7]
(2) If in addition, 0® > & for some § > 0 and there exists a constant K > 0 such that

|b(t>xaﬂ) - b(t,I,V” + |B(tjf>l$) - B(t7€7V)|

3.18
(3.18) < KAAW(p,v)), p,ve Z1(R),te[0,T],z€RE€F.

then there exists a constant C'(p,T) > 0 depending only on p,T such that for any
1<k<N,

sup ||$X1 N(t),X2N (t), XFN () — Mg k”var

t€[0,T]

S 2 sup Ent ([j,?k|c%(X1,N(t)7x2,N(t),...7xk,N(t)))
te[0,7)

i 1 1 (p—1)
< KC(p, T)(1 + (B[ Xp%) ") (N~ 7

),

where pP* = Hle e, the k-independent product of pi.
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Proof. Applying [t6’s formula, it holds
Vo(X'(t) = XN (1))

= /O VZ<XZ(S) - Xi7N<S))(b(S’ XZ(S)’ﬂéV) - b(‘S? XZ"N(S%MS))dS
" / VI(Xi(s) — XV (8)) (B(s, X7 i) — B(s, XV, ) ds

+ %/0 V/(X'(s) = XN () (a(s, X'(s)) — (s, X"V (s))) ds

+ / VI(Xi(s) — XV (5)) (05, X7 (5)) — o(s, XV (s))) dIVi(s).

By the same argument to derive (3.8) and adopting the triangle inequality for W, we arrive
at

B0 = X0 < O [ {BIX(6) = XV6)] + BV 1) + BV 12 s,
where iV was introduced in (3.9). By [7, Theorem 1], there exists a constant C(p,T) > 0
such that
(3.19) EW, (1, i) < C(p, T)(1+ (BJ[XG[2)7) (N2 + N7,

As a result, it follows from (3.13) and (3.19) that
E[X'(t) — X"¥(1)]

<G / {EIX(5) = XN (s)| + O, T) (1 + (B XGI) (N2 4+ N75) Lds

for some constant C; > 0. Consequently, we derive (3.16) by (3.1), (3.11) and Grénwall’s
inequality. Finally, note that

N
~ ~ ~ ~ 1 i i ~
Wi (il ) < Wil i) + Wi (Al ) < 5 D 1XWV(s) = XU (s)| + Wa (A1, na),

i=1
which together with (3.16) and (3.19) yields (3.17).
(2) Rewrite (3.10) as
AXN(8) = b(t, XON (1), pe)dt + B(t, XN, ) dt 4+ o (t, XN () dWi(t), 1<i<k
with o N A
dW'(t) =T"(t)dt + dW'(t), 1<i<k

and

Fi (t) = J(tv Xi’N(t))_l[b(tv Xi’N(t)’ laiN) - b(t’ Xi7N(t)7 “t) + B(t> X?N? [Liv) - B(t’ X?Nv :ut)]'
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It follows from (3.18) and o2 > § that there exists a constant C' > 0 such that
(3.20) ITi(t)] < CW (N, ) A1), t€]0,T),1<i<Ek.
Let

Rf:exp{—z/o<fi(s),dwi(s)>—%z/o |fi(s)|2ds}, te 0,7

(3.20) and Girsanov’s theorem imply that { RF}iepo7) is a martingale and ((W(£))1<i<k)ic(o.r]
is a k-dimensional Brownian motion under Q% = RAP and

(321) D%X1,N(t)7X2,N( L XkN( ’QT = ,u;@k, t € [0, T]

This implies that

e (f) = B[RRF (XN (), X2V (1), -, X5Y())]
= E[Rff(XLN(t)vXQVN(t)’ e 7Xk7N(t))]7 f € f%b(Rk)vt € [O’T]

So, there exists a constant C' > 0 such that

Ent( |$X1N £),X2N (8, XFN (¢ )))
— E(RFlog RF) = Z/ E% [ (s)|2ds < C%k / E% (W, (i, pus) A1)%ds, ¢ € [0,T).

This together with Pinsker’s inequality (1.1) yields

1™ = Lixrm @, x28 0,0 308 0)

< 2Ent(:u?k|°$(X1»N(t),X27N(t),~-,X’“vN(t)))
t

<207 [ B ) ds.
0

The proof is finished by (3.21) and (3.19). O

Remark 3.4. For quantitative propagation of chaos, one can refer to [11] and references
therein for the convolution type distribution dependent SDFEs. Since we only assume that the
drift is Lipschitz continuous under L'-Wasserstein distance and the estimate in [7, Theorem
1] for the convergence rate of empirical distribution of i.i.d. random variables plays crucial
role, the order of the quantitative propagation of chaos may be not optimal.
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