BOTT-CHERN HYPERCOHOMOLOGY AND BIMEROMORPHIC
INVARIANTS

SONG YANG AND XIANGDONG YANG

ABSTRACT. The aim of this article is to study the geometry of Bott—Chern hypercohomol-
ogy from the bimeromorphic point of view. We construct some new bimeromorphic invariants
involving the cohomology for the sheaf of germs of pluriharmonic functions, the truncated holo-
morphic de Rham cohomology, and the de Rham cohomology. To define these invariants, using
a sheaf-theoretic approach, we establish a blow-up formula together with a canonical morphism
for the Bott—Chern hypercohomology. In particular, we compute the invariants of some compact

complex threefolds, such as Iwasawa manifolds and quintic threefolds.
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1. INTRODUCTION

1.1. Background. In complex geometry, one fundamental problem is to classify compact com-
plex manifolds up to bimeromorphic equivalence and to find nice models in every equivalence
class (cf. [14]). In general, it is impossible to describe the bimeromorphic equivalence classes
completely for the lacking of bimeromorphic invariants. For a meaningful classification, the
first thing is to determine bimeromorphic invariants of compact complex manifolds as many as
possible, or to understand which geometric property of a compact complex manifold admits the
bimeromorphic invariance. Among these, the Kodaira dimension plays an important role in the
bimeromorphic classification of compact complex manifolds. Especially, in the sense of minimal
model program, compact complex surfaces can be divided into ten classes by the Kodaira di-
mension called the Enriques—Kodaira classification (cf. [9, § VI]). According to the celebrated
weak factorization theorem by Abramovich-Karu-Matsuki-Wiodarczyk [1], every bimeromor-
phic map between compact complex manifolds can be factored into a finite sequence of blow-ups

and blow-downs with smooth centers. For this reason, to show that an invariant of compact
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complex manifolds is a bimeromorphic invariant, it is sufficient to study the behavior of such an
invariant under blow-ups along smooth centers.

Let X be a compact complex manifold. Then we have a natural double complex, the Dol-
beault complex (A**(X),0,0). Arising from this double complex, we can construct several
cohomological invariants of X, such as Dolbeault cohomology [22], d-cohomology, Bott—Chern
cohomology [11], and Aeppli cohomology [2]. Recall that the (p, ¢)-th Hodge (resp. Bott—Chern)
number hg’q(X ) (resp. ML (X)) is defined to be the complex dimension of the (p,q)-th Dol-
beault (resp. Bott—Chern) cohomology group. In general, Hodge and Bott—Chern numbers are
not stable under blow-ups for the cohomological contributions of the blowing up centers. How-
ever, the (p,0) and (0, ¢)-th Hodge and Bott—Chern numbers are invariants under blow-ups (cf.
[28, 56]). Most recently, Stelzig [48] showed that for all compact complex manifolds a Z-linear
combination or congruence of Hodge and Chern numbers is a bimeromorphic invariant, if and
only if it is a linear combinations or congruences of the (p,0) or (0, ¢)-Hodge numbers.

Assume that the 99-lemma holds on X. By a result in [20], the Bott-Chern cohomology
canonically coincides with the Dolbeault cohomology. Each compact Kéhler manifold satisfies
the 00-lemma, and there exist many interesting classes of compact non-Kéhlerian complex man-
ifolds satisfying the d0-lemma, for example, Moishezon manifolds and compact complex mani-
folds in the Fujiki class &, see [20]. The Bott—Chern cohomology is an important holomorphic
invariant in non-Kéhler complex geometry. Using Bott—Chern cohomology, Angella—Tomassini
[6] proved a cohomological characterization theorem of the dd-lemma. Bismut [12] presented a
Riemann—Roch—Grothendieck theorem taking values in Bott—Chern cohomology which general-
izes the classical Riemann—Roch—Grothendieck theorem to complex Hermitian geometry. More
recently, for an arbitrary coherent sheaf on a compact complex manifold, Wu [55] constructed
the Chern classes valued in rational Bott—Chern cohomology and established a Riemann—Roch—
Grothendieck formula.

From the viewpoint of bimeromorphic geometry, it is natural to ask whether the 99-lemma is
stable under bimeromorphic maps or not. In [56], using a sheaf-theoretic approach, we proved
a blow-up formula for Bott—Chern cohomology and showed that the Non-Ké&hlerness degrees
introduced by Angella-Tomassini [6] are bimeromorphic invariants for compact complex three-
folds, and therefore the 90-lemma is stable under bimeromorphic transformations of threefolds.
Recently, extensive works have been done on the topics of blow-up formulae and the 99-lemma.
We refer the readers to [7], [8], [16], [46], [32], [33], [34], [35], [36], [55], [57], [51], [25], [24], [38],
[42], [31] etc., and the references therein for some recent results.

1.2. Motivation and results. Fix a bi-degree (p, q). Schweitzer [45] introduced a new hyper-
cohomology description of the Bott—Chern cohomology. To be more specific, he defined a sheaf
complex, denoted by %% (p, q), and we call it the Bott-Chern complex. The construction of Bott—
Chern complex is very similar to the Deligne complex. It contains the sheaf of locally constant
functions, the truncated holomorphic de Rham complex, and the truncated anti-holomorphic
de Rham complex of X. Moreover, the (p + ¢)-th hypercohomology of %% (p, q) is isomorphic
to the (p, ¢)-th Bott—Chern cohomology, see [45, Propositions 4.2, 4.3]. Notice that both (p,0)
and (0, ¢)-th Bott—Chern numbers admit the bimeromorphic invariance. In particular, for three-
folds, the Non-Ké&hlerness degrees are bimeromorphic invariants which are defined in terms of
Bott—Chern cohomology groups. By definition, the Bott—Chern hypercohomology includes more
information of X, both topological and holomorphic. So a natural problem that arises now is:
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Problem 1.1. For a compact complex manifold X, is it possible to construct some new bimero-
morphic invariants of X in terms of Bott—Chern hypercohomology groups?

As a continuation of the previous work [56], via comparing the Bott—Chern hypercohomology
under a blow-up, we define some new bimeromorphic invariants of an arbitrary compact complex

manifold. More precisely, we obtain the following main result.

Theorem 1.1 (=Theorem 4.2 & Theorem 4.3). Suppose X is a compact complex manifold. Let
Hx be the sheaf of germs of pluriharmonic functions on X, and Q;(Zl the truncated holomorphic
de Rham complex. Then we have:

(i) For any integer k > 1, both the kernel and cokernel of the morphism
ek HMN X, Hx) — B HX, QF

are bimeromorphic invariants, where € is the morphism induced by (4.3). In particular,

the integer
#"(X) = dime H*1(X, Q%) — dime H* (X, Hx)

is a bimeromorphic invariant of X.
(ii) The integer

&*(X) = dime H55(X;C) — dime H*1(X, Hy)

is a bimeromorphic invariant of X, where HgR(X;C) is the k-th de Rham cohomology
of X.

To accomplish this goal, we make a careful comparison between the Bott—Chern hypercoho-
mology and other cohomologies. Particularly, we study the higher direct images of the Bott—
Chern complex under the projection of the projective bundle. This enables us to derive a
blow-up formula with an explicit morphism for Bott—Chern hypercohomology (Theorem 3.7)
via a sheaf-theoretic approach originally used in [56]. It should be pointed out that each term in
the Bott—Chern complex %% (p, q) has a canonical fine resolution, i.e. the de Rham resolution
of Cx or the Dolbeault resolution of the sheaf of germs of (anti) holomorphic forms. However,
these resolutions can not make up a double complex of sheaves and hence can not give rise to a
fine resolution of A% (p, q).

For compact complex threefolds, as mentioned above, it was shown in [56] that the Non-
Kahlerness degrees are bimeromorphic invariants. It is noteworthy that, for a general bi-degree
(p,q) with 0 < p,q < 3, both the Hodge number hg’q and the Bott—Chern number h%;{, are not
stable under bimeromorphic maps. In the preprint version [39], together with Sheng Rao, we
show that the integer

e, — i
is a bimeromorphic invariant of compact complex threefolds. Observe that there exists a natural
map from the Bott—Chern cohomology to the Dolbeault cohomology defined by the identity map.
It is of importance to point out that this map is neither injective nor surjective if the 99-lemma

fails. As a by-product, we refine [39, Corollary 1.5] and get the following result.

Theorem 1.2. Let X be a compact complex threefold. Consider the natural morphism

4 HEL(X) — HE2Y(X),
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for any 0 < p,q < 3. Then both the kernel ker 379 and the cokernel coker 3P4 are bimeromorphic
mwvariants of X.

It is worthy to note that the kernel (resp. cokernel) of 3¢ may be non-trivial in general, even
if hp¢(X) — h5?(X) = 0 holds. To verify the non-triviality, we explicitly present the generators
of the kernel ker J7¢ and the cokernel coker J7¢ for some compact complex nilmanifolds.

An outline of this article is organized as follows. We devote Section 2 to review the defini-
tion of Bott—Chern hypercohomology and establish a Poincaré-Serre type duality of Bott—Chern
hypercohomology. In Section 3, we study the behavior of Bott—Chern hypercohomology un-
der proper modifications and mainly focus on the blow-up transformations. In Section 4, we
construct the bimeromorphic invariants of compact complex manifolds in terms of Bott—Chern
hypercohomology. In Section 5, we compute the bimeromorphic invariants defined in Section
4 for some compact complex threefolds. In Appendix A, we briefly review the definition and
basic properties of relative Dolbeault sheaves with respect to a closed complex submanifold. In
Appendix B, we investigate the higher direct images of the Bott—Chern complexes under the
projective bundle morphism.

Acknowledgement. We would like to express our great gratitude to Professors An-Min Li,
Guosong Zhao, Xiaojun Chen, and Bohui Chen for their constant encouragements and supports,
and sincerely thank the School of Mathematics of Sichuan University and Tianyuan Mathemtical
Center in Southwest China for hosting our research visit during the winter of 2021. We are
indebted to Sheng Rao for informing us of the paper [49], and Lingxu Meng for many helpful
suggestions. In particular, we are grateful to Jonas Stelzig for sending us the new version of
[48]. This work is partially supported by the National Nature Science Foundation of China
(Grant No. 12171351, 11701414, 12271225, and 11701051), and the Natural Science Foundation
of Tianjin (Grant No. 20JCQNJC02000).

Conventions. Let f : Y — X be a holomorphic map of complex manifolds. The following
symbols will have a fixed meaning throughout this paper.

° .,4];( the sheaf of complex differential k-forms;

o Ai&t the sheaf of differential (s,t)-forms on X, A%(X) := I'(X, A}t) the space of differ-
ential (s,t)-forms, and DY’ the sheaf of (s, t)-current on X;

o Q% (resp. Q%) the sheaf of (resp. anti-) holomorphic s-forms on X, and Ox = Q% the
structure sheaf of X;

e Q%7 the truncated holomorphic de Rham complex ended at Qg{l;

° Q;(ZP the truncated holomorphic de Rham complex started at €5, ;

Q_SXS'St the truncated holomorphic de Rham complex from Q% to QY;

e Gx the constant sheaf with value in the group G on X (G = Z, R, C), i.e, the sheaf of
locally constant sheaves with value in G;

e f* the pullback of differential forms;

e f, the direct image, and Rf, the derived direct image;

e fi the proper direct image (if f is proper, then f, = fi);

e f~! the topological inverse image.



2. BorT-CHERN HYPERCOHOMOLOGY
Throughout of this paper, we assume that X is a compact complex manifold of complex
dimension n. Recall that the sheaf Q5 has a fine resolution
0—>Q5 —= AP At & L a0,
which is called the Dolbeault resolution. Using this resolution, one obtains the Dolbeault theorem
HP(X) = HI(T(X, AY),0) = HY(X, AY") = HY(X, %),

where H?(X, A’;&') is the hypercohomology of the sheaf complex. For all 0 < p,q < n, the
(p, q)-th Bott-Chern cohomology of X is defined to be the quotient space

ker & Nker 0 N AP4(X)
im 90 N AP4(X)

HY(X) =

and the (p, q)-th Aeppli cohomology of X is defined to be the quotient space

ker 09 M API(X)

P,q —
HAH(X) = (im 9 +im ) N AP4(X)’

In [45, §4.b], Schweitzer showed that there exist three hypercohomology descriptions of the
Bott—Chern cohomology. In what follows, we fix a bi-degree (p,q) with p,q > 0 and setup the
following notations:

@ A;&t when [ <p+q—2

s+t=l1,
s<p,t<q

and

Zl 1= @ AX when [ > p+q.

s+t=l,
s>p,t>q

Define the operators:
o 5 =prod: (X, Z%) — T(X, L), for each I < p+q— 3, where d = 9 + 0 is the de
Rham differential operator and pr: I'( X, Al;{l) — (X, Z)l;rl) is the projection;
o po=200:T(X, 252 —T(X, 28, for k:=p+g;
o 5 =d:T(X, L) — D(X, 2 for any | > k — 1.
Naturally, there is sheaf complex Z% (p, q) of fine sheaves:

Op— Op— Of—

gk 3 gk’ 2 og/pk: 1 EX

By definition, the (p, ¢)-th Bott—Chern cohomology can be reinterpreted as hypercohomology
HpE(X) = HPY N (DX, Zx(p,q))) = HPPH(X, 23 (p,9)), (2.1)
which is essentially given by smooth differential forms. Specially, if p = ¢ = 1 we have
Le1): 00— AW 2L A L Ao 2 L AP e A2 A L

Let Hx be the kernel sheaf of the morphism 90 : .A())éo — A;l. In fact, Hx is nothing else than
the sheaf of germs of C-valued pluriharmonic functions on X. Moreover, we have
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Proposition 2.1 ([10, Theorema 2.1] or [54, §2.2, Remark]). The sheaf Hx admits a fine
resolution

a0 d d d
0—=Hy =AY Z A S APV oA S AP oA oA S
and therefore we have
HY(X, Z%(1,1)) = H(X, Hx),

for any integer I > 0.

A real version of Proposition 2.1 was also considered by Harvey-Lawson [27, Proposition 1].
Moreover, from (2.1) we have

Hph(X) 2 HYX, 2% (1,1)) = HY(X, Hy).

The second sheaf complex associated to Bott—Chern cohomology contains the sheaves of germs
of (anti-)holomorphic forms. We denote .#%(p, q):

0—=0x+0x =000 - =K o0 =0 —...—=0f" —o0.

Here the sheaf Ox + Oy is isomorphic to Hy under the natural inclusion Ox + Ox — Hx.
The third sheaf complex associated to Bott—Chern cohomology is the direct sum of truncated
holomorphic and anti-holomorphic de Rham complexes augmented over C.

Definition 2.2. The (p, q)-type Bott-Chern complex of X is defined to be %% (p, q):

0> Cx 20y 00y =L @Ok~ =Ll =08 ~... =01 —0. (22)
The k-th hypercohomology of (2.2), denoted by
Hpo(X,C(p, ) := H* (X, % (p, q))

is called the k-th Bott—Chern hypercohomology of X with respect to the bi-degree (p, q).

The Bott—Chern hypercohomology groups are finite dimensional complex vector spaces if X
is compact. This comes from the fact that the Bott—Chern complex is quasi-isomorphic to a
sheaf complex which has finite dimensional hypercohomology (cf. [21, Theorem 12.4]). The
complex .Z%(p, q) has the virtue that each component is a fine sheaf. So we can compute its
hypercohomology groups via the corresponding complex of global sections. In particular, we
have the following result, see [21, Lemma 12.1] and [45, Propositions 4.2 and 4.3].

Lemma 2.3. There exist canonical quasi-isomorphisms of sheaf complexes
B%(p.q) — Sx(p,0)[-1] — L2 (p,9)[-1],
which induce isomorphisms
Hpo(X,C(p,q) 2 HHX, 23 (p.q)) = HHD(X, 2% (p,0)))
for any k € Z. In particular, HgC(X, C(p,q)) is trivial except for 1 < k < 2n.

Given a Hermitian metric g on X. From a result by Schweitzer [45, Section 2.c], for each
bi-degree (r,s), the Hodge-*-operator * : A™*(X) — A" ""7%(X) induces an isomorphism

« Hpo(X) — Hy 78X, (2.3)
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In general, consider the I-th hypercohomology group H!(X, #%(p, q)). For the simplicity, we set
p'=n—p+1and ¢ =n—q+1, and denote by 'S (p, q) := T'(X, Z%(p,q)). Then we get

H'(X, 2% (p,q)) = H (T%(p, )

and
" N(X, 2y (. d) = N TS0 ).

The Hodge-+-operator determines a morphism from I'§ (p, ¢) to 'S (p/, ¢’), see the figure below.

T T
! !

The following result is a slight generalization of the duality between the Bott—Chern and
Aeppli cohomologies. Compare also [49, Corollary A.2] for a similar result using the structure
theory of double complexes.

Proposition 2.4. Let X be a compact complex manifold of complex dimension n. Given a

Hermitian metric g on X, the Hodge-x-operator induces an isomorphism
« H(X, L% (p,q) — H" 7YX, Z¥(n—p+1,n—q+1)), (2.4)
for any integer | > 0. In particular, there is an isomorphism
Hpo(X,C(p,q)) = HE H(X,Cln—p+1,n —q+1))
for any integer k > 1.
Proof. According to the duality (2.3), when [ =p+ g — 1, we get
2 B () = HEL(X) 5 HYP"(X) = 7 (T (0 )s
w0 HPP72(D% (p,q)) = HY M7H(X) = HR (X) = H P (T (0, ¢)).

So we only need to verify the assertion in the case of [ > p+q or | < p+ g — 3. Without loss of
generality, we assume that [ > p + ¢. Then H/(X, #%(p,q)) is equal to the cohomology of the

complex
5 5
D AHX)—> D ANX)— > D AX).
s+t=lI s+t=Il+1 s+t=1+2
s>p,t>q s>p,t>q s>p,t>q

For any 0 < s,t < n, the Hermitian metric g determines a canonical Hermitian structure on
the complex vector bundle A*(T0X)* @ A' (T X)*. As a result, the differential operators
d;—1 and ¢; above admit the unique formal adjoint operators ¢; ; and d; (cf. [54, Chapter IV,
Proposition 2.8]). Let o and 8 be two arbitrary forms expressed as

l—q+1 l—q+2
o = Z adl=i+1 ¢ @ As’t(X), B = Z Bj,lfj+2 c @ As’t(X
]:p s+t=Il+1 J:p s+t=1+2

s>p,t>q s>p,t>q
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By Stokes’ theorem and the basic properties of the Hodge-*-operator, we have

/Xda/\*ﬁ = /Xd(a/\*ﬂ)—(—l)lﬂfxa/\d*ﬁz(—1)1/){(1/\(1*5

_ (_1)2n+2n(l+1)+1/ a/\*(*d*ﬁ)
X

= —/Xa/\*(d*ﬁ).

Observe that 0*BP1=P*2 and 9*p!=9724 are of types (p — 1,1 —p+2) and (I —q + 2, — 1)
respectively. For the degree reason, we obtain o A %(9*P1"P2) = 0 and a A *(9*B1791249) = 0.
From definition, we have

((5;04,5):/Xda/\*ﬂz—/xa/\*(d*ﬂ):/ aAx(—=Ilod*B),

X
where
n: @ AX)— P AX)
s+t=Il+1 s+t=Il+1
szp—1,t>q—1 s>p,t>q
is the projection. As a result, we get §; = —Ilod", namely, there exists a commutative diagram
st —d st
D AY(X) b AYX)
s+t=1+2 st+t=Il+1
s>p,t>q s>p—1,t>q—1
I
o
@ A(X),
s+t=Il+1
s>p,t>q

Similar to §;', we obtain the expression of the adjoint operator §; ;. Put A; = 6;0; + §-16;_;.
Following the steps in the proof of [52, Lemma 5.18], without any essential changes, we can show
that A; is a self-adjoint elliptic differential operator acting on FfX (p,q). According to the Hodge
theorem of self-adjoint elliptic operators on compact oriented smooth manifolds [54, Chapter
IV, Theorem 4.12|, we have an isomorphism

H'(TX (p,q)) Z ker [A: Tk (p,q) = Tx (p.q)] == Hy, 00
Similarly, we have another self-adjoint elliptic differential operator
Agn 11 : TN, ) = TR0 ¢)

such that
H2 IS () 2 er Dy = H

A direct checking shows that the map
o HL, s M
is an isomorphism and therefore we are led to the conclusion that (2.4) is an isomorphsm. [
Consider the bilinear pairing
(= =) H(X, Z%(p,q)) x B X, LY(n—p+1Ln—q+1)) —C (2:5)
defined by setting

(Lo, 18) =/Xcmﬁ.
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On account of the degree reason, this pairing is independent of the choices of the representatives
and hence is well-defined. As a corollary of Proposition 2.4, we obtain

Corollary 2.5. The bilinear pairing (2.5) is a non-degenerate duality.

Proof. From the proof of Proposition 2.4, we know that « € 7—[ ¢ if and only if xa € 7—[27[1,[ L
Then the assertion comes from the fact that the integral (o, a) = [ a A xa = ||a||* does not

vanish unless o = 0. O

Remark 2.6. Let X be a compact complex manifold of dimension n > 2. From the Proposition

2.4, we get
dime HZ51(X,C(n — 1,n — 1)) = dim¢ Hp (X, C(2,2)) = dime Hjp(X,C),
which is a bimeromorphic invariant of X.

Next we make a comparison for the Bott—Chern complex and truncated holomorphic de Rham

complex. Consider the sheaf complex

0 0 0

Cx(p): 0 Cx Ox QL ! 0.

Note that the holomorphic de Rham complex (Q%,0) is a resolution of Cx via the obvious in-
clusion Cx — Ox (cf. [52, Lemma 8.13]). It follows that Cx(p) is canonically quasi-isomorphic
(after a degree shifting) to the truncated holomorphic de Rham complex (QS(ZP [—p],0) and

therefore for any k& € Z we have the isomorphism
HF(X, Cx (p)) & (X, Q2P[—p]) = HEP(X, Q527). (2.6)

If X is a Kéhler manifold, by a result of Schweitzer [45, Lemme 7.2] the equalities

HY(X, Q%) = € H'(X) and H'(X, Q") = P HI'(X (2.7)
s<p s>p
s+t=l s+t=Il+p

hold for any [ > 0.
Observe that there exists a natural morphism of sheaf complexes:

%}(p,p) : 0—Cx — Q;{<P ® Q;{<p e Qg{ﬁ.gq_l 0
Pl idl prl l
Cx (p) : 0—Cx Q3(<p 0 0,

where pr is the projection. As a direct consequence, we get a short exact sequence of sheaf

complexes

0 — Q5[-1] — B%(p.q) ——= Cx(p) — 0. (2.8)

Remark 2.7. Similarly, one can define the integral Bott—Chern complex which is analogous to
(2.2) with Cx replaced by Zx (cf. [45]). For an integral Bott-Chern complex there exists a
natural splitting as the direct sum of a truncated anti-holomorphic de Rham complex and an
integral Deligne complex (cf. [45, Proposition 7.3]). Differing from the integral case, although
the short exact sequence (2.8) is very similar to the one in the proof of [45, Proposition 7.3], it

is not a splitting.
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3. GEOMETRY OF BLOW-UPS

In this section we study the behavior of the Bott—Chern hypercohomology under blow-up

transformations of compact complex manifolds.

3.1. Projective bundle formulae. Suppose that )V is a holomorphic vector bundle of rank ¢
over a compact complex manifold Z. Let p : P = P(V) — Z be the projective bundle and
h := c1(Op(1)) € H*(P,Z) the first Chern class of the relative tautological line bundle Op(1).
Then we have

Lemma 3.1. There is a canonical quasi-isomorphism of sheaf complexes
c—1 ‘ c—1
p=> hnap @@L —i,1—i)[-2i] =5 Rp. 2 (1,1).
i=0 i=0
on Z, where Z5(1 —i,1 — i) = AY[1] fori > 1.
Proof. First of all, we note that there exists a fine resolutions

c—1 c—1
Hz o @PCr-2i+1] > P L1 —i,1—4)
=0

i=1

and hence we get the cohomology sheaf

%Zv ]:07

c—1 c—1
A (@ L1 —i, 1 — i)[—2i]> =@ (L1 -i,1-i) 2 Cy, jisodd;  (3.1)
=0 =0 0, otherwise.

To conclude the proof, it suffices to show that the induced morphism of cohomology sheaves

c—1
A () : @ AT (L5(1 — i, 1 — i) — AT (Rp. L8(1,1)) (3.2)
=0

is isomorphic for any integer j > 0. Since .Zp(1,1) is a fine resolution of Hp, by definition, the
j-th direct image of Hp is
RIpHp = A7 (Rp. 28 (1,1)) = A7 (028 (1,1)).
Our next goal is to compute the higher direct image of Hp. For this purpose, we consider the
short exact sequence
O%CP%OP@@]}D%HP%O.

Then there is a long exact sequence of the higher direct images

0 ” P*(CIP’ P*(OIP’ @ @IP) — p*HIP’
RI,O*CP E— Rlp*(O]p b @P) E— Rlp*HP (3'3)

R2p*(CP E— R2p*((’)ﬂm@@ﬂm) _— e
Since R'p,Cp = 0, from (3.3), we obtain a short exact sequence

00— ,O*Cp — ,O*(Op D @p) — pHp — 0.
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Consider the following commutative diagram

OHCZHOZ@@ZHHZHO

N

0 — p.Cp — p.(Op ® Op) — pHp — 0.

Because both the first and second verticals in (3.4) are isomorphic, so is the third one and hence
Hz = p.Hp. Moreover, since R/ p,.(Op @ Op) = 0 for any j > 1, we have

R p,Hp = R p,Cp for j > 1.

Finally, we show that (3.2) is isomorphic. Choose an open subset small enough (e.g., a small
open polydisc) W C Z. According to the Kiinneth formula for de Rham cohomology, we obtain

R pHp(W) = R p.Co(W) = Hy (W x P C) = Hilp(W;C) @ Hyp,' (P C).

Note that Hg;l(ﬁ"c—l; C) =0 if j is even; and HZEI(IP’C_I; C) is generated by the restriction of
h* for j = 2k — 1. Therefore, we derive

Hz, j=0;
Rip.Hp =< Cy, 7isodd;
0, otherwise.
Combining (3.1) finishes the proof. O

By induction, we have the following general result based on Lemma 3.1

Proposition 3.2. There is a canonical quasi-isomorphism of sheaf complezes
c—1 c—1
S hinpt @B Lsp—iq—i)[-2i] = Rp. L (p.q)

on 4.

We present the proof of Proposition 3.2 in Appendix B, which uses the same arguments as
in Lemma 3.1. In particular, a direct consequence of Proposition 3.2 is the projective bundle
formula of Bott—Chern hypercohomology.

Corollary 3.3. There is a canonical isomorphism of Bott—Chern hypercohomology

c—1

Zmp ): D HE(2.C0 —i.q — 1) = Ho(P.Clp,0)).
=0

for any k € N. In particular, if k = p+ q, we get
Zhl/\p @Hp PN Z) = HBL(P).

Remark 3.4. In the proof of [56, Theorem 1.2], we did not obtain an explicit presentation
for the Bott—Chern cohomology of a projective bundle. We conjectured an explicit Bott—Chern
projective bundle formula in [56] and [40]. This formula was later confirmed by Stelzig using a
structure theory of double complexes developed in [46, 47].
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3.2. Blow-up formulae. Let us first discuss the behavior of Bott—Chern hypercohomology of
compact complex manifolds under modifications. Recall the definition of proper modifications,
see [26, Chapter 10, §6.2]. Let X be a normal complex space with dimcX = n. A proper
modification of X is a proper holomorphic map f : Y — X such that:

(i) Y is a reduced complex space having the same dimension;
(ii) there exists an analytic subset S C X of codimension > 2 such that the restriction

FRYNfHS) — X\ S
is biholomorphic.

Proposition 3.5. Let f: Y — X be a modification of compact complex manifolds. Then the
pullback of differential forms induces an injective map

f*: Hpo(X,Clp,q)) — Hpe(Y,Clp, ) (3.5)
for any k € Z.

Proof. Following the steps in the construction of the sheaf complex Z%(p, q), we can define a
new sheaf complex €% (p,q) which consists of the sheaves of currents D;;t. It is noteworthy
that there exists a natural inclusion 7 : Z%(p,q) — €x(p,q) which is a quasi-isomorphism
of sheaf complexes, see [21, Lemma VI.12.1]. This implies that 7 yields an isomorphism of
hypercohomology groups

T HYN(X, Ly (pq) — HH(X, €% (p, q))-
Likewise, consider the inclusion p : 29 (p, q) <= €5 (p, q) and then we get the isomorphism
p HNY, L2 (p,q)) — H LY, 63 (p, q)).

Since f is a proper modification and hence its degree is 1, so () = fx o po f*(«) for each
smooth differential form « on X, see the proof of [21, Theorem 12.9] or [53, Lemma 2.2]. In

particular, we have a commutative diagram

HEY(X, 2% (p,q)) — HFY(X, 6% (p,q))
/| N as
H (Y, 28 (p.q) —,~ B (Y. 62 (p, ).
The commutativity of (3.6) implies that the morphism
fETNX, LR (pg) — BN, (0, 0))
is injective and so is the morphism (3.5) by Lemma 2.3. O

As a special case, the blow-up morphism of compact complex manifolds is one of the most
important proper modifications. Assume that 2 : Z < X is a closed complex submanifold with
complex codimension ¢ > 2. Let 7 : X — X be the blow-up of X along Z and E := 7~ !(Z) the
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exceptional divisor. Then there is a commutative blow-up diagram

7 ~

where 7 : F < X is the inclusion.
Consider the pair (X,Z). We define a relative version of the Bott—Chern complex. The
relative Bott—Chern complex with respect to Z, denoted by ‘%%,Z (p, q), is defined to be the sheaf

complex:
= = 1 ep—1 = cq—1
0>Cxz =KX, 0K, =Ky, 0Kk, — =Kk 0K, =Kk, = =K%, =0,

where IC’)“(’  is the k-the relative Dolbeault sheaf (see Definition A.1). From (A.1) and (A.2), we
get a short exact sequence of sheaf complexes

*

0 — B% 4(p.q) — B%(p,q) — 1.8%(p,q) — 0. (3.8)

Likewise, we can define the relative version of % (p, ¢) by replacing .A;gt with lC;t 4, and denote
it by % ,(p,q). Without any essential changes in the proof of Lemma 2.3, we get a relative
version of Lemma 2.3, i.e. there exists an isomorphism

H' (X, #%.7(p,q) 2 H" (X, L% z(p. ), (3.9)

for any | € Z. Similar to (3.8) and (3.9), for the pair (X, E), there exist a short exact sequence
of sheaf complexes

Fid

0 — B% ,(p.q) — By (p.q) —= 1.B3(p,q) — 0,

and an isomorphism
H (X, 2% p(p,q) 2B H(X,.25 1(0.0),
for any k € Z. The following lemma plays an important role in the proof of blow-up formulae.
Lemma 3.6. There is an isomorphism
T By z(p,q) — BB p(p,q) (3.10)

in the derived category of sheaves of C-modules on X . In particular, for any k € Z, the induced
morphism

™ HY (X, B% 2 (p,0)) — HNX, B% (0, 9)) (3.11)

1s isomorphic.

Proof. Consider a new sheaf complex 7% ,(p, q) for (X, Z) (similarly for (X,E)):
0>Kxz®Kxz »/C}QZGBK}(’Z — .. 9/@)’5;@]@;; 91@)}72 — . %K?{é — 0.

Hence there is a short exact sequence

0— 2% 2(p,9)[-1] — 2% z(p,q) — Cxz — 0. (3.12)
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Note that there is a canonical decomposition

o ~ fo<p *<q
D550 =K, OKEE

and the derived direct image functor Rm, commutes with direct sum. On account of Lemma
A.7, we get an isomorphism

™ D% 2(p,q) — Rn. D% 1 (p.q)-
Due to Corollary A.4, there exists an isomorphism
™ :Cx,z = RW*CX,E.
Consider the commutative diagram:
0771 ,(p.0)l-1] T B 4(p.q) —~ 7 Cxz — 0

T

0 —= 9% z0: -] —— %% ;(0,¢) —=C p —0.

Taking the natural transformation id — Rm.m~! to (3.12), and the functor R, to (3.13), we
get a morphism of exact triangles

7% 2, @) [-1] —— B% z(p. q) Cx,z D% .7(ps 9)[2]

T

(P, 9)[-1] = BmB% (p,q) = BmCx p — Rm 7% (0, q)[=2],

Rm,. D%, %.B

X.E

in the derived category of sheaves of Cx-modules. Applying the standard Two of Three prop-
erty in triangulated category theory (cf. [29]) to (3.14), we obtain that (3.10) is isomorphic.
Moreover, taking the hypercohomology, we are led to the conclusion that the morphism (3.11)

is an isomorphism. O
We are ready to present the main result of this section.

Theorem 3.7. With the same setting as in (3.7), we have a canonical isomorphism

c—1
Hjo(X,Cp,q) — Ho(X,Clp,q) @ [@ HYE2(Z,C(p—iq — i))}
=1

for any integer k > 0, where ® is a linear map defined in (3.20). In particular, when k =p+ q

we get a canonical isomorphism of Bott—Chern cohomology
c—1
HELC) 5 1L © | @ (2)]
i=1
and a canonical isomorphism of Aeppli cohomology
c—1
) 2 50 @ | @ a5 (2)
i=1

Proof. Our first goal is to construct a commutative diagram of long exact sequences of hy-
percohomology groups. Since the pullback of differential forms commutes with the differential
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operators d and 9, it follows from (A.3) that there exists a commutative diagram of short exact
sequences of vector spaces

0 — D(X, K% ,) — DX, A > T(Z, A5 —0

| N .|

)

> it > A it
0 — F(X,IC}}E) — DX, AY) —D[(B,AR) —0.
Furthermore, we get a commutative diagram of short exact sequences of complexes

0 —T(X, 2% ,(p,0) — T(X, Z3(p,0)) = T(Z,.23(p,q)) — O

| | .|

which induces a commutative diagram of long exact sequences of hypercohomology groups:

o WX, 28 4 (0, @) — HEU(X, 28 (poq) —> HNN(Z, 28 (p,q) —>= HN(X, Z3 ,(pa) —> -+
7‘,* i 7‘,* l ;)* l 7‘,* l
= N, 28 L (0,0) —> HFN(X, 28 (0, 0) = BB, 25, q) —> HY (X, 23 p(pq) —> -+
(3.15)

Due to Lemma 2.3 and the isomorphism (3.9), the commutative diagram (3.15) is equal to

*

= HNX, B, (p.q) —> Ho(X,C(p,q) —> Ho(Z,Clp,q) —> H*"H(X, B% ,(p,q) —> ---
T* \L > i p* i * i (3-16)
> HYX, B% ,(p,q)) —> Hpc(X,C(p,q)) S HE o (B, C(p,q)) —> H'" (X, 8% (p,a) —> -~

On the one hand, from Lemma 3.6 (or [56, Lemma 3.4]), the first and the fourth verticals in
(3.16) are isomorphic. On the other hand, owing to Proposition 3.5 and the projective bundle
formulae Corollary 3.3, the rest verticals in (3.16) are injective. Via a standard diagram-chasing
in (3.16), we get an isomorphism of complex vector spaces

coker[Hl (X, C(p, q)) = Hbc(X,C(p,q))] = coker[Hbc(Z,C(p,q)) > Hie(E,C(p,q))].  (3.17)

As a direct result of (3.17), we get the blow-up formula

HgC(X7(C(p7Q)) = HEC(ch(p7Q))EB

Hbo (B, Cr(p,0))/ 5 Hyo(Z,Clp, q>>]

c—1
> Hbo(X,C(pq)) @ [EB HE2(Z,C(p— g — i))} , (3.18)
=1

where the last isomorphism follows from Corollary 3.3.

In what follows, we will identify HEC(X,C(p, q)) and H*"1(X, Z%(p,q)) as complex vector
spaces, via the canonical isomorphism in Lemma 2.3. The construction of ® is the same as the
one given in the proof of [41, Theorem 1.2]. Observe that the natural inclusion of complexes

T L%, q) = Ex(p,q)

induces an isomorphism

T HYN(X, Ly (pq) — H (X, €% (p,q)).
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Likewise, we have
FOHNNX, L p,q) — HUX, €3 (p, )

induced by the inclusion 7 : .,2”)3( (p,q) — %)3( (p,q). Because the blow-up morphism is a proper
modification, similar to (3.6), we get a commutative diagram

H=Y(X, 2% (p, @) — H" (X, 6% (p,q))
Tr*l W*T (319)
HU(X, 23 (p,9) —= B (X, €3 (p.0)),
namely, 7 = m, o 7 o 7*. This implies that the morphism 7, in (3.19) is surjective. Thanks to
Corollary 3.3, every class
[a] € H""'(E, Z5(p,q)) = H*(E, Z%(p, q))
admits a unique decomposition
c—1 '
[a] = Z h' A p*([a] (k—2i-1)),
i=0
where [a](y_2i—1) € Hk=2%-1(Z, Z2(p —i,q — 7)) and h = ¢1(Og(1)) € H*(E,Z). For each
i€{0,1,---,c— 1}, we can define a linear map
Hi : Hk_l(E’gE.(pv Q)) — Hk_%_l(zvgé(p_ivq_i))

@] — [a](k—%—l)'

Moreover, we get a linear map

c—1
o HYN(X, L (pg) — H (X, Z%(p,q) @ [EDH““(& Le(p—iq—1i)], (3.20)
1=1
c—1

where ® =7 'om, 07 + E II; o 7*.

i=1
Finally, we will verify that ® is an isomorphism. Note that ® is a linear map of finite dimensional
vector spaces over C. By the isomorphism (3.18), the map ® is an isomorphism if and only if it is injective.

Combining (3.15) with (3.19) derives a commutative diagram of short exact sequences:

0 <— HY(X, €% (p.q) <— HY(X, €2 (p.q) < ker (1) =<— 0

P

0 — HF (X, 23 (p. ) “= B L(X, 23 () — coker (n) — 0 (3.21)

0 — H""1(Z, 25 (p.q)) — H* (B, Z8(p, q) —= coker (p*) —= 0.

IR

The commutativity of (3.21) implies that the map 7 : coker (7*) — ker (m,) is isomorphic, and the map
7* is injective on ker (77! o7, 0 7). Choose an element [3] € H’“*I(X,f;( (p,q)). Assume that ®([3]) = 0,
then by the definition of ® we have [3] € ker (t7! o 7, o 7) and 7*([3]) = 0 and therefore [3] = 0. This
implies that (3.20) is isomorphic. Equivalently, we get an isomorphism

e—1

®: Hio(X,C(p,q)) — Hpe(X,Clp,q) & {EBHEE%(Z’C@ —i,q—1))

i=1
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In particular, if £k = p + ¢ we obtain the explicit presentation of the Bott—Chern blow-up formula
c—1
®: HEL(R) = HEL) @ | @ g (2)|
i=1

Using (2.3) and the formula above derives the blow-up formula of the Aeppli cohomology and this com-

pletes the proof. O

Remark 3.8. In fact, the Bott—Chern complex can be thought of as a C-augmentation of the
direct sum of truncated holomorphic and anti-holomorphic de Rham complexes. One can also

define the integral or real Bott—Chern complex:

0>GCGxy =0x®0x =0k a0 - - =B ' a0k =0 ... =04 -0,

(3.22)
where G = Z or R (cf. [45]). It is worth noting that each integral (resp. real) Bott—Chern
complex can split as the direct sum of a Deligne complex (resp. a real Deligne complex) and
a truncated anti-holomorphic de Rham complex (cf. [45, §7.c]). So the blow-up formulae for
integral (resp. real) Bott—Chern cohomology can obtained from the Deligne blow-up formulae
and the blow-up formulae for truncated anti-holomorphic de Rham cohomology. The blow-up
formulae for integral Bott—Chern cohomology have been proven in [17] and [55], independently.
In contrast to the integral and real cases, in the case of G = C, the sheaf complex (3.22) has no
natural splitting.

Recall that the sheaf complex Cx(p) is quasi-isomorphic to the truncated holomorphic de
Rham complex Q;?p [—p]. As a result, we have a canonical isomorphism

H"(X, Cx (p) = H* (X, Q5" [-p]) = H P (X, Q7).
We can now state the blow-up formulae for the hypercohomology of the sheaf complex Cx(p).
Theorem 3.9. For any integer k > 0, there exists a canonical isomorphism

c—1
ol P —92 .
HACE, C50) -5 BY(X.Cx () @ | DB 2(2,C2lp - 1),
i=1
where ® is the same as (3.20).

Proof. (Outline of proof) First we consider the Dolbeault resolution of Q;?p [—p], which is a trun-

cation of the Dolbeault double complex. Akin to Proposition B.2, we can establish a projective
bundle formula for the truncated holomorphic de Rham cohomology considered in Theorem
3.9. Then the remainder of the proof go through by using the same arguments in the proof of
Theorem 3.7; see also [33, Theorem 1.4], [35, Theorem 4.18], or [17, Proposition §]. O

Remark 3.10. Let H be a local system of complex vector spaces over X. Then H has a
canonical resolution by sheaves of free Ox-modules (cf. [52, II, Proposition 5.3]). By a twisted
Bott—Chern complex, we mean the sheaf complex

B (p, ¢ H) : 0— H — QP () @ Q1 (Hx) — 0,

where 7 = H ®c, Ox is a locally free sheaf equipped with a flat connection, and Q;fp (%)
is the truncated holomorphic de Rham complex with coefficients in % . Then the twisted Bott—
Chern hypercohomology is defined to be the hypercohomology of twisted Bott—Chern complex

HEo(X,H(p,q)) = H"(X, Z%(p.q; H)), Yk € Z.
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Similar to .£% (p, ¢), we can construct a complex of fine sheaves, denoted by % (p, ¢; H), which
is quasi-isomorphic to the twisted Bott-Chern complex %% (p,q; H)[1]. Following the steps in
the proof of Theorem 3.7, one can establish a canonical isomorphism

c—1
5 _ o iy _ . .
Hbo(X 7 H(p,q) = Hfo (X, H(p,q)) & [@Hﬁ%&’(zﬂ H(p—i.q—1))|.
i=1
Recently, Meng [35] gave a systematical study of twisted cohomologies with supports on complex
manifolds, and established blow-up formulae for twisted Dolbeault and Bott—Chern cohomolo-

gies.

Added in proof: After this paper had been completed, Stelzig [50] told us a different approach
to the projective bundle formula and the blow-up formula for Bott—Chern hypercohomology
based on the main result in his recent paper [49] and the structure theory of double complexes
(cf. [46, 47]).

4. CONSTRUCTION OF BIMEROMORPHIC INVARIANTS

In this section, we apply Theorem 3.7 to defining some new bimeromorphic invariants for
compact complex manifolds.

Definition 4.1. (1) A meromorphic map f : X --+ Y of compact complex spaces is a map f
from X to the set of subsets of Y such that the following conditions hold:

(i) The graph I'y := {(z,y) € X xY |y € f(x)} is an irreducible analytic subset of X x Y
(ii) The projection px : I'y — X is a proper modification.

(2) Furthermore, if the projection py : I'y — Y is also a modification, then we call f : X --» Y

a bimeromorphic map, and we say that X and Y are bimeromorphically equivalent.

The weak factorization theorem of Abramovich-Karu-Matsuki-Wtodarczyk [1, Theorem 0.3.1]
asserts that each bimeromorphic map between compact complex manifolds is a composition of a
finite sequence of blow-ups and blow-downs of compact complex manifolds with smooth centers.
For this reason, to show that an invariant or a geometric property is stable under bimeromorphic
transformations, it suffices to verify its invariance under blow-ups with smooth centers.

Let X be a compact complex manifold. Observe that the sheaf complex

Cx(1): 0—=Cx —0x —0

is quasi-isomorphic to the truncated holomorphic de Rham complex Q;(Zl [—1], and the Dolbeault
resolution gives rise to a fine resolution of Q;(Zl [—1]. Therefore Cx (1) is quasi-isomorphic to the

sheaf complex:

O%A;O$A§O®A§é1 i/@éo@/@él@f@fHdAﬁéo@Aiél@Aif@Akgd%“-
(4.1)
Recall that the sheaf of germs of pluriharmonic functions Hx has a fine resolution:

0> AP B Ay S APy LA edPoAY S (4.2)
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In particular, we can define a morphism from (4.2) to (4.1):

00 d d d

0 Q0 20 gt A2 A A @ AR @ A

Lo L

0 — AL ﬁd‘Ai’O@Aﬁgl ﬁd‘f@(’o@f@gl @ AL ﬁd‘Aﬁgo@Ail ® AL @ AL a_
Here j is the inclusion map. The morphism (4.3) induces a map of cohomology groups
¢k HM Y (X Hy) — HFHX,Q5, (4.4)

for any integer k > 1.
We are now in a position to present the first result of this section.

Theorem 4.2. Both the kernel and the cokernel of the map (4.4) are bimeromorphic invariants.

In particular, the integer
#*(X) = dime H* (X, Q58" — dime H*1(X, Hx)
s a bimeromorphic invariant of X.

Proof. Let 7 : X — X be the blow-up of X along a closed complex submanifold Z with complex
codimension ¢ > 2. Observe that both #7(1 —i,1—1) and Cz(1 — i) are identical to the locally
constant sheaf Cyz for ¢ > 1. This implies

HE(Z,C(1—i,1 1)) = Hyp*(Z;C) = H*(Z,C4(1 - 0)),

for i > 1. According to the blow-up formulae in Theorems 3.7 and 3.9, we have two canonical

isomorphisms

rc—1

HEC(Xa(C(l’l)) = HEC(Xa(C(]-vl))@ @HECQI(Zvc(l_ial_i))}
- =1

rc—1

— Hb(X.C(L1) & @Hﬁg”(z;@} (4.5)
- =1
and

rc—1

H*(X,Cx(1) & | H"2(2,Cx(1 - i))}
-1=1

=
g
ls

a
>
=

I

rc—1
= HFX,Cx(1) o | P HRY(Z: C)} : (4.6)
- i=1

for any k& € N. From Proposition 2.1, (4.3), (4.5) and (4.6) we get a commutative diagram of

finite-dimensional complex vector spaces:
~ ~ c—1 )
H R ) = B () © | @ l(2:0)|
i=1
ak i@@id (4.7)

- ~ c—1 )
HEY(X,QF) — HF1(X, 08 ) @ [ e_al HY2(7, (C)} :
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It follows from the commutativity of (4.7) that ker €¥ (resp. coker €¥) is isomorphic to ker ¢*
(resp. coker €F). Particularly, due to Proposition 2.1 and Lemma 2.3 we obtain that, for each
integer k£ > 1, we have:

" (X) = dimcH*(X,Cx(1)) — dime Hpo(X, Cx(1,1))
= dime H*1(X,Q%") — dime H¥1(X, Hx)
= dime H*1(X, Q%) — dime H* (X, Hy)
= & (X).
Due to the weak factorization theorem [1, Theorem 0.3.1], we get that #*(X) is a bimeromorphic

invariant. O

Likewise, by comparing the blow-up formulae of Bott—Chern hypercohomology and de Rham
cohomology, we have

Theorem 4.3. Let X be a compact complex manifold of dimension n > 2. Then the integer
&"(X) := dime H5p(X;C) — dime H*1(X, Hx)
1s a bimeromorphic invariant of X.

Proof. According to the blow-up formula of de Rham cohomology, there exists an isomorphism
c—1

Hko(X:C) = HER(X:C) @ [@ "%z, C)} . (4.8)
i=1
By (4.5), we have
c—1
(X, €01,1) = Hfe(X.C,1) e | D iz (Zi0)| (4.9
i=1
Comparing (4.8) and (4.9), we get
& (X) = &*(X)
and therefore we conclude the proof by the weak factorization theorem. O

Remark 4.4. When k > n + 2, from definition, we have
Hpe(X,Cx(1,1)) 2 H¥(X,Cx(1)) = Hip(X;C),
and therefore both #*(X) and &*(X) are equal to zero for k > n + 2.
Let X be a compact complex manifold of complex dimension n. By definition, the identify
maps induce natural morphisms among the Bott—Chern, de Rham, Dolbeault, 9 and Aeppli

cohomology as follows.
Hye (X)

N

HY*(X)  H3,(X;C)  HY(X)

7

HY (X)
We denote the natural morphism by

P HRL(X) — HEI(X)
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[a]pc > [alg

for any 0 < p,q < n. In general, the maps JP? are neither surjective nor injective. The
morphisms JP¢ are injective for all 0 < p, ¢ < n if and only if X satisfies the 00-lemma.
We are now turning to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let Z be a closed complex submanifold of X with complex codimension
¢ (¢c=2,3) and 7 : X — X the blow-up of X with the center Z. Since X is of 3-dimensional,
the center Z is a point or a complex curve and therefore the natural map

W HE(Z) — H3(2)

is isomorphic. On account of Theorem 3.7 and the explicit Dolbeault blow-up formula [41,
Theorem 1.2], we obtain the following commutative diagram:

~ ~ c—1 L
HEL() == 00 © | @ H(2)
7=
3p.a ijpvq@rz" (4.10)

~ c—1 e
HPI(X) 2 HP(X) & [ @y Z(z>] .
As J%° is an isomorphism, the commutativity of (4.10) implies that ker J (resp. coker J) is iso-
morphic to ker J (resp. coker 5), and combining with the weak factorization theorem concludes
the proof. O

In general, it is noteworthy that HpA(X) and HE(X) are not bimeromorphic invariants
unless p = 0 or ¢ = 0. As a corollary of Theorem 1.2, for compact complex threefolds, the
integer

quc,é(X) =hL(X) — hgq(X), VOo<pqg<3

is stable under blow-ups and hence is a bimeromorphic invariant by the weak factorization
theorem, see also [39, Corollary 1.5]. Likewise, we can construct the bimeromorphic invariants
of threefolds via the natural morphism

3% Hye(X) — HY®(X), (4.11)

where % € {0, A}. In general, for a compact complex manifold X with complex dimension > 4,
the kernel and the cokernel of the natural map (4.11) are not bimeromorphic invariants. The
reason lies in the fact that for different cohomologies the contributions of the center Z in the
blow-up formulae are not equivalent to each other.

According to a result of Stelzig [48], we know that if a bimeromorphic invariant is a universal
Z-linear combination or congruence of Hodge and Chern numbers, then it is a linear combination
or congruence of the (p,0) or (0, ¢)-Hodge numbers only. In view of the important role of the
Bott—Chern (hyper) cohomology in non-Kéhler complex geometry, it is natural to consider the
following:

Problem 4.1. Which linear combinations or congruences of Bott—Chern and Hodge numbers
are bimeromorphic invariants of compact complex manifolds without the dd-lemma?
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5. EXAMPLES

S. YANG AND X. YANG

In this section, we first compute the Bott—Chern hypercohomology groups for some com-

pact complex surfaces and threefolds, and then we consider their invariants defined in Theorem

1.1.

In general, it is difficult to compute the Bott—Chern hypercohomology of a higher di-

mensional compact complex manifold explicitly. However, thanks to Lemma 2.3, we can write

down the Bott—Chern hypercohomology groups of surfaces and threefolds via the fine sheaf

complex £*(p,q). Let X be a compact complex surface or a threefold. Put A* := I'(X, A%)
and A%! = T'(X, A;t). To be more specific, we have the following tables which record the
Bott—Chern hypercohomology groups.

surface B (1,1) B%(1,2) B (2,2)
HL. C C C
1,1 0,1 ker(d:A10g A0 T 5 AT T
Hi o Hie (X) Hy'(x) | MeeA o)
3 ker(d:A2 1gali2 42,2 1,2 1,1
Hyo | MHEA8em =22 | Hpl(X) Hy'(X)
oY, C C C
threefold B (1,1) B%(1,2) PB%(1,3) B (2,2) PB%(2,3) PB%(3,3)
HL. C C C C C C
er(d: AT 5 AT T
Hic Hpye(X) Hy' (X) Hy'(X) | Hip(X;0) R B Hip(X;0)
: kerdl 42,1 41,2 1,2 0,2 1,1 ker(d:AL1pa0:2 5 41,2 ker(d:A2 5 A2:1gal,2
HJSBC Tl’?) Hygeo(X) H " (X) Hy ' (X) - 5A1,(elB+dA0,_{ - - _)dAl = -
4 kerd| 44 kerdl 42,2 41,3 1,3 2,2 1,2 ker(d:A21gpal2542.2)
Hpc d(A211€Bf‘41>2) d(Al‘?) Hgeo(X) HB'CI(X) H ™ (X) e5A2vo+dA1v1+;A0=2
- - Ker d] 45 23 Terdl ;5 23 )
Hie Hir(X;0) W@ﬁ&,g) Hy ™ (X) d(Az.é; Hpe(X) Hy(X)
HJGSC HgR(X§C) HSR(X%(C) HgR(X;C) HS,R(X§(C) HgR(X§(C) HSR(X?(C)

The notion ker(d : A>! @ AY2? — A22) stands for the kernel of the composite map
A2l @ A2 i> A4 P f22
where pr is the projection.

Let £° be a sheaf complex of C-modules on a compact complex manifold X which has finite-
dimensional hypercohomology groups. By the Euler characteristics of £°, we mean the alterna-
tive sum of the dimensions of its hypercohomology groups, namely,

X(E%) = (~1)'dim¢ H'(X, £°).
1€EZ

Consider the short exact sequence sheaf complexes

0 — Ox[-1] — #$%(1,1) — Cx(1) — 0. (5.1)
The exactness of (5.1) implies
X(#%(1,1)) = x(Cx(1)) +x(Ox[~1]) = x(Cx(1)) — x(X, Ox)
= x(Cx(1)) — x(Ox). (5.2)
Likewise, consider the short exact sequence
0 — (Ox ® Ox)[-1] — $%(1,1) — Cx — 0.
We have
xX(#%(1,1)) = x(Cx)+ x((Ox ® Ox[-1])) = x(Cx) — x(Ox & Ox)
= x(Cx) —2x(Ox). (5.3)
In particular, if X is a threefold, from (5.2) and (5.3), we get
Wpo(X,C(1,1)) = B} (X, C(1,1)) = X(Cx (1)) = x(Ox) — hge(X) + bs(X) (5.4)
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and
hipe (X, C(1,1)) = hbe (X, C(1,1)) = x(X) = 2x(Ox) = hpe(X) + b5(X),
where x(X) is the Euler characteristic of X and b5(X) is the 5-th Betti number of X. Recall
that the sheaf complex
Cx(1): 0—=Cx —0x —0
is quasi-isomorphic to the truncated holomorphic de Rham complex Q;?l [—1]. Put n = dim¢ X.

Due to the Serre duality for truncated holomorphic de Rham complexes [32, Theorem 1.3], for
any 0 <1 <n, we have

HY (X, Cx (1)) = H/(X, Q! [-1]) = H (X, QFY) 2 B2 X, Q5.

If n = 3, taking the Dolbeault resolution of Q%3, we can compute H!(X,Cx (1)) via the trun-

cated Dolbeault double complex. Moreover, we get
H°(X,Cx (1)) = Hgp(X;C) = Hpo(X, C(1, 1))
and

H®(X, Cx (1)) = Hgp(X;C) = Hpo (X, C(1,1)).

5.1. Compact complex surfaces. Let S be a compact complex surface. Because of the F1-
degeneracy of the Frolicher spectral sequence of S, the hypercohomology of the sheaf complex
Cs(1) can be read off from the Dolbeault cohomology and hence we have:

dimg H'(S, Cs(1)) = hy°(S), dime H2(S,Cs(1)) = h2°(S) + hy' (S),

dimc H®(S, Cs(1)) = bs(S), dime H*(S,Cg(1)) = h2*(S).

From (5.3), we get x(#%(1,1)) = x(5) — 2x(Og) and this implies
dime Hc(S,C(1,1)) = hg +2x(Os) = X(9).
As a result, the bimeromorphic invariants #*(.S) are
a'(S) = hy'
W (S) = hy'(S) = hpa(S)+h20(S),
#’(S) = bi(8) = o — 2x(0s) + X(8).

More precisely, based on [4, Table 2], we obtain the following table of invariants for some classical

compact complex surfaces.

S Ql .2 QS .4
P? -110
K3 surfaces —11] 1
Torus 1 1

Primary Kodaira 0] 0

[en) Newll N en ) Nenll N en]
oo OO O

Secondary Kodaira | —1 | —1
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5.2. Complex nilmanifolds. In this subsection, we will focus on some three-dimensional com-
plex nilmanifolds. First we review some basics on complex nilmanifolds. Let G be a simply-
connected nilpotent Lie group with Lie algebra g and I' C G a lattice with maximal rank. The
quotient space X :=TI"\ G is called a real nilmanifold. Owing to a result by Nomizu [37], there
exists an isomorphism from the Lie-algebra de Rham cohomology of g to the de Rham cohomol-
ogy of X, which is induced by the natural inclusion of left-invariant differential forms in the de
Rham complex of X. Moreover, if g is endowed with an invariant complex structure J and set
gc = g®r C, then (X, J) becomes a compact complex manifold called the complex nilmanifold.
Moreover, it is conjectured that the natural inclusion of complexes

L1 (AP2(gE),0) = (T(X, AY), 9)
is a quasi-isomorphism, namely, the natural inclusion ¢ induces an isomorphism
v HP(g) = H2I(X) (5.5)

for any p,q € N, see [19, 18, 43] etc. Based on this isomorphism, the various cohomology of
complex nilmanifolds can be computed in terms of correspondent Lie-algebra cohomology, we
refer to [44, 19, 18, 43, 3, 15, 23] and the references therein. For our purpose, if (5.5) holds, by
the standard spectral sequence theory, the truncated de Rham cohomology H*(X,Cx (1)) can be
computed by using the Lie-algebra truncated de Rham cohomology. Put fg%(l, 1) the complex
of vector spaces analogous to £%(1,1), and denote by Hb(g5; C(1,1)) := Hl_l(.,%é(l, 1)) the
associated Lie algebra Bott—Chern hypercohomology.

Lemma 5.1. If the isomorphism (5.5) holds, then the natural inclusion ¢ induces an isomor-

phism of Bott—Chern hypercohomolgy
v: Hpe(ot5C(1,1)) = Hpe(X,C(1,1)) (5.6)
for any l € N.

Proof. According to [3, Theorem 3.7], the assertion is true for [ = 2 which is the isomorphism
between the Lie-algebra Bott—Chern cohomology Hgé(gffz) and the Bott—Chern cohomology
Hjlgé(X) Consider the case of [ > 3. We first verify the injectivity of (5.6). The strategy
of the proof is the same as the one used in the proofs of [18, Lemma 9] and [3, Lemma 3.6].
Suppose g is a G-left-invariant Hermitian metric on X. Observe that both d and d* preserve
the G-left-invariant forms, and so is the operator A; = 6;; + 6;—16;_;. Therefore, by Hodge’s
theorem, there exists a decomposition of G-left-invariant forms

s,t

f (1 1) @ /\g(c—kerAl@Hnél 1@ imo;.

s+t=1+1
s>p,t>q

Assume that [a] is a class in Hh(gh; C(1,1)) satisfying «([a]) = 0 € Hy(X,C(1,1)). This
implies that there exists a form

BeZi'(1,1)= P AKX

s+t=lI
s>p,t>q

such that o = §,_1(8). Up to a zero term in Hb(g%; C(1,1)), we may suppose that 3 €
[L(fégl(l, 1))] l, where the orthogonality is meant with respect to the inner product on % (1,1)
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induced by the G-left invariant metric g on X. Since a = §;_1(f) is a G-left invariant form and
s0 is 0/ 10;—1(f). As a result, we have

1611 (BII* = (57 101-1(8), B) = 0,

which means o = §;_1(8) = 0 and therefore the injectivity is proved.

It remains to show that (5.6) is surjective. Let a be a d;-closed differential form which
represents a nonzero class in Hh(X,C(1,1)). Then « also represents a de Rham class in
HCIJ; (X;C). Note that o has a unique expression

a=a+a T4 g o
Because of the isomorphism
v Hyp! (a3 C) — Hgg' (X;0),
there is a class [3] € HE (g%; C) such that
a=fB+dy (5.7)
for some differential [-form ~. By comparing the types of the forms in (5.7), we obtain
/Bl+1,0 — _8,)/[,0 and BO,I+1 — _5,)/0,l'

Note that for a G-left-invariant d-closed form ¢ (resp. O-closed form ¢), every solution of the
equation 0y = ¢ (resp. O = ¢) is G-left-invariant up to a O-exact (resp. O-exact) term,
see Step 2 in the proof of [3, Theorem 3.7]. Applying this property to our case, we get two
G-left-invariant forms ’yi’o and 7(1” such that

A0 = A0 4 9= and 404 = 40 4 Gy0i-t
for some (I — 1,0)-form u/~"0 and (0,1 — 1)-form v%/~!. Define a G-left-invariant form
Gi= G0 gl 4 g2 4Ly g2l g gLl 90t
From (5.7), we have
a = B+dr' N 4 AT 4 00uTH0 4 000!

= B d(y I AT Gyl g0

= B d[(f I = BulTI0) 22 22y (Ll gy 00-y)
It follows df3 = 0 and hence [a] = [] in Hi(X,C(1,1)), and this completes the proof. O

We are ready to compute the bimeromorphic invariants for some complex nilmanifolds.

Example 5.2 (Iwasawa manifolds). Consider the Heisenberg Lie group

1 =z z:
H(3;(C) = {< 0 1 Zz > ’ 21,%29,23 € C} C GL(3; (C),
0 0 1
and its discrete subgroup

H(3; Z[v—1]) := GL(3; Z[v—1]) " H(3;C) C H(3;C)

where Z[v/—1] = {a + by/—1 | a,b € Z} is the Gaussian integers. Let g be the Lie alge-
bra of H(3;Z[v/—1]). By definition, H(3;C) is isomorphic to C* as complex manifolds, and
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H(3; Z[v/—1]) acts on H(3;C) via the left multiplication. Such a H(3;Z[v/—1])-action is free and
properly discontinuous. As a result, the quotient space

I3 := H(3; C)/H(3; Z[v~1])

is a compact 6-dimensional smooth manifold. Moreover, there exists a canonical H(3;C)-
invariant complex structure Jy on I3, such that (I3,.Jy) becomes a non-Kdhler, non-formal,
and holomorphically parallelizable complex threefold, called the Iwasawa manifold. In particu-
lar, all the de Rham, Dolbeault, Bott—Chern, and Aeppli cohomologies of I3 and its deformed
objects can be computed via their Lie-algebra Dolbeault complexes. Note that the space of
H(3; C)-invariant (1,0)-forms on H(3;C) has a basis {w!,w? w3} satisfying the structure equa-

tions
dw' =0,
dw? =0,
dw3 = —wl A wQ,

see [3, Section 4].
On the one hand, via a straightforward computation we get the following table recording the
complex dimensions of H!(X, Cx(1)).

H*(X,C(1)) | H' | H? | H® | H* | H® | H°
I3 2 (6|9 ]8]4]1

This implies x(Cx (1)) = 0. On the other hand, by the computation of de Rham, Dolbeault, and
Bott—Chern cohomologies of Iwasawa manifold (cf. [3, Appendix]), we obtain x(Ox) = 0 and
therefore x(#x(1,1)) =0 by (5.2). Due to Lemma 5.1, the Bott—Chern hypercohomology of I3
can be computed by its left-invariant forms. Using the equality (5.4), we only need to compute
H% (I3, C(1,1)), which is isomorphic to second hypercohomology group of 20 (1,1).

By definition, we obtain the associated bimeromorphic invariants of Is.

I=1|1=2|1=3|1l=4|1l=5|1=6
dim HY,(I5,C) 4 8 10 8 4 1
dim H' (I3, C(1)) 2 6 9 8 4 1
dim Hp~(I3,C(1,1)) 1 4 8 8 4 1
'Y 1 2 1 0 0 0
&! 3 4 2 0 0 0
Set w" = w" A w® for any 7, s > 1. More precisely, we have
Hy' L) = (") W', W), [w?], [T, (™)),
HYls) = {0, %], [07), [0, [T, [w"9)),
H;’Q(]Ig) _ <[w1213]’ [w1223]’ [w1313]’ [w1323]’ [w2313]’ [w2323]>’
Hgé(]l?)) = <[w11]7 [w12]7 [w21]’ [w22]>7
HE () = ('], [, [0, [P, [?9][%),
Hé’é(ﬂz&) — <[w1213]’ [(/.)1223], [w1312]’ [w1313]’ [w1323]’ [w2312]’ [w2313]’ [w2323]>'

ker(jl,l) = 0, ker(31’2) _ <[w112]7 [w2ii]>7 ker(/32,2) _ ([wliﬁi]’ [w2312]>;
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coker(31Y) = ([w3],[w*?]), coker(T1?)

(53], [0*?]),  coker(3%?) = 0.

It is noteworthy that the numerical bimeromorphic invariant

Aje o) = hpo(ls) — hy”(Is)

in Example 5.2 is zero. However, the kernel and cokernel of 312 are non-trivial.

Example 5.3 (Nilmanifold with Lie algebra hg). Let M = I"\ G be a complex 3-dimensional
nilmanifold endowed with an invariant complex structure J such that the underlying Lie algebra
is isomorphic to hg in the classification of [15, Theorem 2.1]. A result of Ceballos-Otal-Ugarte—
Villacampa [15, Proposition 4.3] shows that the Frolicher spectral sequence of M degenerates
at Fi-page and the Hodge symmetry holds; however, it does not satisfy the d0-lemma. In
particular, the Hodge and Bott—Chern diamonds of M are:

1 1
2 2 2 2
2 5) 2 2 5) 2
1 ) ) 1 1 6 6 1
2 ) 2 2 6 2
2 2 3 3
1 1
(Hodge) (Bott—Chern)

Since Ej = E, from (2.6)-(2.7), the hypercohomology groups of Cj(1) can be read off from
the Hodge diamond via the isomorphism

H' (M, Cpr(1)) = H-H (M, 057" = @D Hy' (M (5.8)

s>1
s+t=Il

Recall that (hg ® C)'¥ has a basis {w!,w? w3} satisfying
dw! =0,
dw? =0,
dwd = w12 + Wil 4 12

Then we get a table recording the dimensions of H'(M, Cjs(1)) and the Bott—Chern hypercoho-
mology groups.

I=1]1=2|1=3|1l=4|1=5|1=6
dim HYp(M) 4 9 12 9 4 1
dim H! (M, Cp(1)) 2 7 11 9 4 1
dim HL(M,C(1,1)) | 1 5 10 9 4 1
'Y 1 2 1 0 0 0
&! 3 4 2 0 0 0
More precisely, the generators of the cohomology groups are
H'(M,Cu(1)) = (W', [w?])
HA(M,Cp(1)) = ('], (0], [w'?], [w?], [0?), [w'® + &™), [0 — T — ™))
HS(M, CM(l)) _ <[(40123]7 [w12i]’ [w13i]’ [ 13?], [wﬁg]’ [w213]7 [w123 + w231]’ [w123 7 WQBQ]7
[w123 B wzi:’a] [w123 w:ﬁQ] [ 133 + w233 w313 w323]>
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H4(M, CM(l)) — <[w1231], [OJ1232], [OJ1233], [OJ2123], [OJ1213], [w1313], [w2312], [(/J3123 + w2313]’
[w13§3 + w2313 +w23§3]>
H%C(M7 Ca(1,1)) = <[w12i]’ [wliﬁ]’ [w13§], [wﬁg]’ [w213]7 [w123 + w23i]’ [WIQE _ w23§]’
[w123 _ wzi:’,] [w123 _ w:ﬁi] [w133 + w23§ _ w313 - w3§§]>
Hpo(M,Cp(1,1)) = HYM,Cp(1)).
Furthermore, the Dolbeault and Bott—Chern cohomologies are:
Hy' (M) = ("], [0, [0?], [ + ™), [0 + @)
Hg,l(M) — <[w121]’ [w131 , [w123 + w231], [w123 . w232]’ [w132]>
H;’Q(M) — <[W1213]7 [(/‘}1223]7 [(/‘}1313}7 [Wl?)ZS]7 [w2313 + w2323]>
Hpe(M) = ("], (0", "], 0], [0 — 1))
Hé,é(M) _ <[w121]’ [w122 ’ [w131]’ [w123 + w231], [w123 _ w232], [w132]>
Hé,é(M) — <[w1213]’ [w1223}’ [w1312}’ [w1313]’ [w2312]’ [w1323 + w2313 + w2323]>.

_ Wil —i—wli]), ker(j?,l) _ <[w12i + w122>
12 1

) [

ker(3%?) = (]
) [w! + ) = (W +w¥)),  coker(3%!) =0
) = ’

Example 5.4 (Nilmanifold with Lie algebra h7). Let hy be the 6-dimensional Lie algebra in
the classification of [15, Theorem 2.1]. Assume that b7 is the Lie algebra of the universal cover
G of the complex 3-dimensional nilmanifold M = I"\ G. According to [23, Theorem 5.1], the
Lemma 5.1 holds for M. Note that the space G-invariant (1, 0)-forms admits a basis {w!, w?, w3}
satisfying the structure equation

dw! =0,

dw? = W',

dw® = w2 + W',

Following the steps in Example 5.2, we obtain the following;:

H'(M,Cun(1)) = ([w'])

HQ(M, (CM(l)) _ <[w13], [wlﬁ]’ [wﬂ]’ wSi + WQQ]’ [wlg + wQQ]’ [w23 N wSQ])

H3(M, Cu(1) = <[w123]’ [WIZi]’ [wl?ﬂ]’ [(1013_]7 [w2T§]’ [in_], [w123 + wlﬁ_]’ [w13§ + w23§],
[w23i - wl??}]’ [w23§ _ OJSZ‘_}L [w3i§ + wlﬁg]’ [w?,ii_’; + w2§3]>

H4(M’ CM(l)) _ <[w2153]’ [LL)IQ?JL [w123§}’ [w12§3] [wIQii_’)]’ [WISig]’

H%C(Ma (C(lv 1)) =
H%C(Ma (C(lv 1)) =

Hpo(M,C(1,1)) = HYM,Cx(1)).
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As a result, we get the following table of invariants.

I=1[1=2|1=3|1l=4|1=5|1=6
dim H,p(M) 3 8 12 8 3 1
dim H' (M, Cps(1)) 1 6 12 8 3 1
dim HL (M, C(1,1)) | 1 5 11 8 3 1
'Y 0 1 1 0 0 0
& 2 3 1 0 0 0

Using the same arguments, we can compute the generators of the Dolbeault and Bott—Chern

cohomologies as follows (see also [5]).

Hy' (M) = {(0™'], (0% [0 + ], [ + ™)),

Hg,l(M) — <[w12i]’ [WIQQ]’ [WL‘T]7 [w123 4 w231]7 [w133 4 w23§]>’
H$’2(M) _ <[W2ﬁ]7 [wﬂg], [wlig], [w?ég]’ [w:zié + w223]>7

H;’Z(M) _ <[w1213], [w12§3]’ [w13§3]’ [w23ﬁ]>,

Hpe(M) = (W], 0], 0], 0" + ], [ + ™)),

Hé’é(M) — <[w12i]’ [w127]’ [Wliﬁ]7 [wl?é]’ {w123 4 231]’ [w133 4 232})7
H}gé(M) _ <[wlié]7 [wﬂé], [wziEL [wlif’)]’ [w123 + 312]’ [ 313 4 223]>7
Hé’é(M) — <[w1213]7 [w12§3]7 [w1313]7 [w13ﬁ]7 [ 2312})

To be more specific, we can compute the kernels and cokernels of € as follows.

ker(€?) = (w']), ker(¢?) =0;

coker(€?) = ('], [w® —w)), coker(€?) = ([w!*)).
Similarly, we have
ker(ju) _ <[wli]’ [WIQD, ker(jl,Q) _ <[wli§]’ [wﬂg _ w?iﬁ]
kel‘(jz’l) _ <[w12§ N w131]>’ ker(jZ,Q) _ <[w13i§]’ [ 1223 + w23i§ _ W1313]>7
coker(3") = ([w¥]), coker(3?) = ([w?))
COker(jQ’l) = 0, COker(jQ’Q) — <[w13§3]>
1 1
1 2 1 1
2 4 2 35 3
1 ) ) 1 1 6 6 1
3 4 2 2 5 2
2 2 3 3
1 1
(Hodge) (Bott-Chern)

5.3. Kahler threefolds. In this subsection, we consider two classical examples of K&hler three-
folds: smooth quintic threefolds and smooth cubic threefolds.

Example 5.5 (Quintic threefolds). Recall that a smooth quintic threefold X is a smooth hy-
persurface of degree 5 in CP*, which is a Calabi-Yau manifold since

wX%OX(5—4—1)=Ox.
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Because X is Kéhler and its Hodge numbers are known (see the diagram below), the the hyper-
cohomology groups of Cx (1) can be computed via the isomorphism (5.8). Using the short exact
sequence (5.1) and the argument above we can compute the Bott—Chern hypercohomology of
X. Finally, we get #*(X) =0 for k € {2,4,5,6} and #'(X) = —1 and #3(X) = 1; #*(X) =0
for k € {2,4,5,6} and &'(X) = —1 and &3(X) = 2.

Example 5.6 (Cubic threefolds). Let X be a smooth cubic threefold, i.e., a smooth hypersurface
of degree 3 in CP*. This is a famous non-rational Fano threefold. Using the same arguments,
we obtain #*(X) = &*(X) = 0 except for #'(X) = &'(X) = —1.

1 1
0 0 0 0
0 1 0 0 1 0
1 101 101 1 0 ) ) 0
0 1 0 0 1 0
0 0 0 0
1 1

( Hodge diamond of quintic threefold) (Hodge diamond of cubic threefold)

APPENDIX A. RELATIVE SHEAVES

The purpose of this appendix is to present a brief review of basic properties of relative sheaves
of a compact complex manifold X with respect to a closed complex submanifold. Assume that
1: Z < X is a closed complex submanifold. Let U := X \ Z the complement open subset and
7: U < X the inclusion map. Set G = R or C. Then there is a short exact sequence of sheaves

0— 3 'Gx — Gx — 1,0 'Gx — 0. (A.1)

Note that + 'Gxy = Gz. We call the sheaf Gx,z == 217 'Gx the relative constant sheaf with
respect to the pair (X, Z). The sheaf cohomology of relative constant sheaves, compactly sup-
ported de Rham cohomologies, and relative de Rham cohomologies are isomorphic, i.e. we
have

H*(X,Rx z) = HgR,c(U§R) ~ Hjp(X, Z;R)
and
H"(X,Cx z) = HgR,c(U§C) ~ Hir(X, Z;C).

Since ¢ : Z — X is a closed complex submanifold of X, there exist two natural surjective
morphisms of sheaves on X

U — 0, VseN,

and

L .Aigt — L*A‘}t, Vs, teN,
which are induced by the pullback of differential forms.
Definition A.1 ([41, 56]). For any s € N, the kernel sheaf

K% 7 = ker (0% AN 1.0%)
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is called the s-th relative Dolbeault sheaf with respect to the pair (X, Z). For any s,t € N, the
kernel sheaf

st st " st
ICX7Z = ker (AX — 1A )

is called the (s,t)-th relative Dolbeault sheaf with respect to the pair (X, Z).

The sheaf IC§(7 » is a Ox-module and K}t 4 is a C-module. From definition, there exist two
short exact sequences of sheaves on X:

o *

0 — K% 7 — Q% — 00 —0, (A.2)
and
0 — Ky, — A > nAyl —o. (A.3)

Moreover, it is important to notice that the sheaf complex KY°, is a fine resolution of K% 7 and
the relative holomorphic de Rham complex IC}Q 5 is a resolution of Cx 7 and thus we get the
following relative Dolbeault theorem immediately.

Lemma A.2. There exist isomorphisms
Hk<X7 IC_%{,Z) = Hk<X7 IC;{’Z)
and
H*(X,Cx,7) =2 H*(X.KX z)
for each integer k € Z.
Finally, we will review the behavior of relative sheaves under blow-ups. Assume that ¢ : Z —
X is a closed complex submanifold with complex codimension ¢ > 2. Let 7 : X — X be the

blow-up of X long Z and E := 7~ }(Z) the exceptional divisor. Then there is a commutative
diagram

B+ X
7 s X,
where 7 : E < X is the inclusion. We set U := X — Z and U := X — E the two complement

open subsets. Consider the higher direct images of relative constant sheaves along blow-ups.
Then we have the following result.

Lemma A.3. For any t € N, we have the following statement:

Gxz, t=0;
Rt’/T*GX P '
’ 0, otherwise.

Proof. Consider the commutative diagram

D<o

7|

A
J
| GEEN

S<~—

<~
3
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Since 7| is a biholomorphic map, it follows from the definition that the following isomorphisms
hold

27 7)i Gz = p(7|5)Cg 2 2Gy 2 57 'Gx = Gx 2. (A.4)

Observe that the higher direct images of G ; , along 7 satisfies
R'mGy p=R'mjj 'Gg = pR (n|5).] 'Gy. (A.5)
Combining (A.4) with (A.5) concludes the proof. O

As a direct consequence of Lemma A.3, we get

Lemma A.4. There is a quasi-isomorphism
™ :Gxz AN RW*GXE.
In particular, for any k € Z, there is a natural isomorphism
HM(X,Gxz) = H*(X,Gg p).

Proof. Consider the Godement resolution G® of the relative constant sheaf G g  (cf. [52, §4.3.1]).
Hence, RmG ; , = mG°®. By Lemma A.3, Rtﬂ'*GX g = 0for t > 1. Since 7, is a left exact
functor, m,G*® i7s a resolution of W*GX,E' Observe t}iat W*GX,E = Gy,z. It follows that m.G*
gives rise to a resolution of Gx, 7. So we arrive at the conclusion that the lemma holds. O

Remark A.5. Based on Lemma A.3, one can also get the isomorphism of sheaf cohomology in

Lemma A.4 by applying the Leray spectral sequence to G ¢ 5.

Similarly, for higher direct images of relative Dolbeault sheaves, we have the following result,
see [41, Lemma 4.4] or [32, Lemma 4.2].

Lemma A.6. For any s € N, we have
T K.z = W*IC;{ p and Rtﬂ*lC} p=0 fort > 1.

For each p € N, we consider the truncated relative Dolbeault sheaf complex K;fg:

0 0 e} _
Oﬁ‘lc())(,z%’c}(,z*’c%(,z%"’ ﬁ\/@)’(é%o‘
As an application of Lemma A.6, we obtain

Lemma A.7. There is a quasi-isomorphism
e o<p
ZIS KX,Z — RW*’CX,E'
In particular, there exists a natural isomorphism
™ HY (X, KX D) — HM(X, ’C}SZ% (A.6)
for any k € Z.

Proof. Notice that the sheaf complex IC;'E gives rise to a fine resolution of the sheaf IC_‘}( B

Moreover, for 0 < s < p, the fine sheaves K}t 5 forms a double complex which defines a resolution

)

of the sheaf complex IC;;Z. Therefore we deduce that, as sheaf complexes, the derived direct

]Co<p,o

image Rw*IC};g is isomorphic to the simple complex of the double complex m, P Observe

)

that each mlC}t 5 is a fine sheaf on X since it is a C-module. Because of the left exactness

of the direct image functor m,, from Lemma A.6, the sheaf complex TF*]C}.E gives rise to a
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fine resolution of the sheaf 7, /% %5

/C}Z & TI‘*ICX So that 7r*le~°E is a fine resolution of lCﬁ( -, and therefore the smlple complex

X<§’ becomes a resolution of the sheaf complex /C Consequently,
o<p

as sheaf complexes, K% X, Z is quasi-isomorphic to the derived direct image RW*IC % B

By Lemma A.6 again, we have a canonical isomorphism

of the double complex 7, /C
Taking

)

hypercohomologies of X<§ and IC;:Z, the isomorphism (A.6) follows. O

APPENDIX B. DERIVED DIRECT IMAGES

This appendix devotes to the derived direct images of the Bott—Chern complex and truncated
holomorphic de Rham complex under the projective bundle morphism. Let Z be a compact
complex manifold. Assume that ) is a holomorphic vector bundle of rank ¢ over Z. Let
p: P =P(V) = Z be the associated projective bundle and h := ¢1(Op(1)) € H?(P,Z) the first
Chern class of the relative tautological line bundle Op(1).

We first compute the derived direct images of the Bott—Chern complex %3 (p, p) along p. Since
Ay (p, p) is quasi-isomorphic to the fine sheaf complex £ (p, p)[—1], its derived direct image is

Rp. B (p,p) = Rpo 28 (p,p)[~1] = p28 (p, ) [-1].
Lemma B.1. For any p > 2, there is a canonical quasi-isomorphism of sheaf complexes
p=> K Ap P Lp—ip—i)-2i] = Rp. L5 (p.p)
on Z.

Proof. For the sake of simplicity, we set

c—1
p) = Z5p—i,p—i)-2i.
=0

From definition, we have

c—1 c—1
ATy ) = @ AT (Lop —ip —i) = D ATH(SE 0 —ivp— i)
1=0 =0

Because of #7772 (S2(p—i,p—1i)) =0forall 0 < i < c—1when j > p+c— 2, we get
HI(F5(p)) =0 for any j > p+ ¢ — 2. By definition, it suffices to verify that the morphism of
stalks

A (pr) [ (F5(D))]le — [ (L (0:0))]e

is an isomorphism, for any x € Z and j € N. Since the inclusion .73 (p,p) — 2 (p,p) is
a quasi-isomorphism, there exists a canonical isomorphism of the stalks of the cohomology
sheaves. Henceforth, we identify [5£7(7g(p,p))]. with 27 (%2 (p,p))]z. For any k > 2, the
j-th cohomology sheaf of Z2(k, k) is

Cz, Jj=0;
g ° Qk 1 Qk_l .
H (XZ(kak)) = 8Qk 7 @ 392 5, J=k—1; (B.l)
0, otherwise.

We divide the proof into two cases.
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Case 1. Assume that p > ¢, then p — (¢ — 1) > 2. From (B.1), we get

Cyg, j<p-—1,jis even;
Q2p=i=2 Q2p=i—2 . ..
, Cze 8QZQP_J-_3 &) mép_j_g, p—1<j3<p+c—2 jiseven;
HNTFZ(p) = qu-i—2 7 gw-iz? (B.2)

Z Z p—1<j<p+c—2,7is odd;

2p—7—3 =52P—J—3"
8QZP J 6QZP J

0, otherwise.

The proof is carried out by induction. Let x be an arbitrary point in Z. Assume that the Lemma

B.1 holds for p = m, then we have an isomorphism:
H(pa) : ATy m))]e > (A (Rpo 2 (mym)))e = [Rp L8 (mem)as (B.3)
for any j € N. Set p = m + 1 and consider the short exact sequence:
0— (QF ® Q) [-m] — Sg(m+1,m+1) — Fg(m,m) —0 (B.4)

in the category of sheave complexes of Cp-modules. A direct local computation shows that the
following morphism of sheaf complexes is a quasi-isomorphism:

c—1 c—1
Y= Z h' A p* @ A" [—i] — Rp, Ap"® = Rp.Qp
i=0 i=0

To be more specific, we have:

0, j<m-—-1
(R p(QF @ QF' [-m))]e = { () (97" © Q7" 7]a), m<j<m+ec—1; (B.5)
0, otherwise,

see for example [16, Remark 9] or [17, Lemma 11]. From the long exact sequence of the higher
direct images of (B.4), we obtain

(R pe B (m 4 Lom + 1)]g = [RS8 (mym)]e (j <m—2)
and

[Rip. e (m~+1,m+ 1)), = [Rp. S (m,m)]. (j>m+ec).
Moreover, there exists a long exact sequence:

Sm—1
0 —= [R™ o 2 (m+ 1,m + D)o —= [R™ 1. S8 (mym)]e ——> [R™ po (" © Q2 [-m])].

8

e R A+ LA D]e ——— [R™pe P (mm)]e — R (08 ® O [~ m])]a
Sm41

—— [R" T p, A (m+1,m+ 1), —>= [R™ ' p, A (m,m)], —> [R™T2p, (5 & Q' [-m])]x (B6)
Smtc—2

= R0, SR Lym 4 D] — [R5 (mm)e —> [RTT (08 @ O [-m))l.

— [R™F T S (m - Lm 4 D] —> [R7T L A2 (my )] 0.

Note that each coboundary operator in (B.6) is induced by 9@ 9. Suppose m is odd. On account
of (B.2) and (B.3), for all 0 < i < ¢, the operator 6,,—14; is injective when i is odd, and the
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kernel of d,,,—14; is isomorphic to [Cz], when 7 is even. From (B.5) and the exactness of (B.6),

we obtain:

[Cz]z, iZO;

m—it1 Sm—i+1
Q7 Q7

(R o, 28 (m + 1,m + 1)) = { [587= & Fom=lo, #>0, ¢ls odd; (B7)
m—i+1 om—i+1
[(CZ @ %ggfi f;—Zﬂm—i ]zv Z > 03 7’ iS evel.
z
If m is even, by the same argument as above, we get:
0, i =0;

i QZI,—i-I—l Q7Zn,—i+1
m— 3 L] ~
[R p*gp (m + 1,m + 1)]x = [CZ @ 897271711 @ afgvzn—i T
[QZL*iﬁ»l Q;L*iﬁ»l]
BQ'IZn—-L mvzn—i T

1> 0, 1 1s odd; (B.8)

1> 0, ¢ is even.

Combining (B.2) with (B.7)-(B.8) concludes an isomorphism of stalks:

A (py) : [HO(Fy(m+1))]e — [ (Rpe L2 (m+ 1,m + 1)),

for any j € N. This implies that Lemma B.1 holds for all p > c.
Case 2. Assume that p < ¢, then p — (¢ — 1) < 1. Note that

[Czle, j<p—1,7iseven;
Cre 2 o 2 1< j<2—3, jis even;

Z 2p—j—3 ==2p—7-3]T> I — 9 )

92p7j7829Z QQp*j*%QZ

Z A . .. .

I (Fo))e = { g @ Gl p-l<js2p=37isodd (B.9)

[0z 4+ OZls, Jj=2p—2;
(Czla, 2p—1<j<p+c—2,jisodd;
0, otherwise.

Suppose the assertion in Lemma B.1 is true when p = m. Then we have an isomorphism:

A (o) (A (T (m)]e — [H7 (Rpu L (m,m)]s = [R p L (m,m)]a, (B.10)

If m 41 > ¢, then it follows from the result in Case 1 that Lemma B.1 holds for m + 1. So we
only need to consider the case of m + 1 < c. Since R’ p,(Q' & QF'[—m]); = 0 when j < m — 2
or j > 2m + 1, we obtain

[RS8 (m + L,m + 1)), = [RI o7 (m.m)],



36 S. YANG AND X. YANG

for any j < m —2or j > 2m + 1. As a result, there exists a long exact sequence induced by
(B.4):

5117.71 _
00— [R" o, F2(m+ Lm + D]y —> [R"1p. 72 (m.m)], ——> [R"p, (2 & O [-m])],

02m—3

= [RPPp A (mt Lm o+ )] —= [RP P, 78 (mym)]e — [RP™2p. (QF @ QF'[-m])],

O2m—2

— [R?"2p S (m + Lm + 1)]e — [R¥2p,. 72 (m,m)]e — [R*™1p. (QF & O [-m])]

S2m—1

— [R*" o S (m 4+ 1,m + D]y — [RP 1 p. 7 (m,m)]e — [R27p. (O @ Q' [-m])]a

— [R?"p,. 72 (m+1,m+ 1), — [R*"p.. g (m,m)], 0.
(B.11)
We claim that [72™(F5(m+1))], = [0z + Oz, is isomorphic to [R*™p,. 78 (m+1,m+1)],
under the morphism 2™ (yp,). Let x € {0,0,00}, and Q’ip,"im the sheaf of x-closed forms of
bidegree (m,m). According to [30, Lemma 3.2.1], the sheaf 233" + %%m is isomorphic to

2,55 under the inclusion morphism

s+ 253" = 2555 (B.12)

and hence, for any x € Z, the stalk of the higher direct image at « is:

[R*p S (m+1,m+1)], = [p*( T gp’éé_ 1)}
QAR ™+ 0A T ],

m,m m,m
_ [,o Qpp,a +QPP75 )}
Y Y

Observe that there is a natural sheaf morphism

¥ A m,m

which induces the morphism 72" (y). Let W be a small polydisc neighbourhood around x such
that P|y admits a canonical trivialization p~ (W) = W x CP¢~!, and W is d and 9-acyclic, i.e.,
has the property

Hy'(W) =0, HY'(W)=0 fort>0.

Then we have
I (07 (W) + 25 (07 (W)

R*p.7g(m+1,m+1)(W) = T — .
v DAT I (0= 1 (W) + DAZ ™ (p=1(W))

Notice that

25" (p~ (W)
H™M (W x CPY) 2 H (7 (W) = — 0 .
GAE (o1 (W)
As W is 0-acyclic, it follows from the Kiinneth formula of Dolbeault cohomology [19, Corollary
19] that there exists an isomorphism:
275" (0 (7))

047 ™ (o= (W)

~ 1.m * 70,0
= B A g HY (W)
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and therefore we get
m,m  — m * 770,0 A gmm—1, —
FI (o7 (W) = KA HOO (W) + DA™ (o7 (W), (B.13)
Likewise, using the Kiinneth formula for d-cohomology, we can prove the following;:
L (T (W) = W™ A ptH (W) + 04 (o~ (W), (B.14)
Combining (B.13) with (B.14) derives:

R¥Mp, A8 (m +1,m + 1)(W) W™ A p*(HY (W) + HY (W)

(Oz +Oz)(W).

I

This implies that the morphism of the stalks
A 0) [0z + Ozl — [R*™pu 2 (m+ 1,m + 1)),

is an isomorphism.
Due to (B.5), (B.9), and(B.10), the long exact sequence (B.11) equals the following one:

6m, —1

0 — [R™ 0.2 (m + 1om + 1)), —— [R™ . 78 (mm)], — [R™ p. (& Qg [-m]),

2m —3

=[R2, S (m - Lm A 1) = A2 (0,) (5 @ %—21;3 =2 (0,) (9% @ O).)

— 527"—2 ~
— [R?2p, A2 (m+ 1, m + 1)y —= A" 2(0,)([0z + Ozls) —= A2 1 (,) (194 & Q4.
d2m—1

— [R*™ 1 p g (m+1,m + 1)]y ——= A7) ((Czle) —— A7 (02)([02 @ Oz).)

Hﬁzm(¢$)([02+@z]w) 0 0.

(B.15)
Note that the coboundary operator da,,—1 = (+, —) is injective and for each m —1 <[ < 2m —2
the coboundary operator ¢; is induced by 0 @ 0. Especially, the kernel of §; is isomorphic to
[Cz], when [ is even, and 0; is injective when [ is odd. By the exactness of (B.15), we get:

0, j=m—1, jis odd;
(Cz]s, j=m—1, jis even;
. QI oz . ..
[R]p*y]P?(m + 1,m + 1)];(; = [BQQZHij712@ aﬁQmejfl]QJH . m S j S 2m - 17 j 1S Odd7
m—j S2m—j
[Cz & sy © —fogrley, M < j < 2m—1, j is even;
A zZ
\[OZ + @Z]Ia j =2m.
(B.16)
Comparing (B.9) with (B.16) derives the isomorphism:
H (o) : [N Fy(m+1)]e — [ (Rpo L2 (m + 1,m + 1)),
for any j € N, and this completes the proof. O

Now we are in the position to prove Proposition 3.2.

Proof of Proposition 3.2. The idea of the proof is same as the proof of Lemma B.1. Based on
Lemma B.1, we fix the first degree p and apply the inductive method to ¢ with ¢ > p. We
assume that the proposition holds for £ (p, m) such that m > p. The remaining thing in the
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proof is to show that the proposition holds for £ (p, m + 1). For this, we consider the short
exact sequence
0 — Qf[-m] — F¢(p,m +1) — F£(p,m) — 0

in the category of complexes of Cp-modules. For any x € Z, similar to (B.5), we have

0’ j S b= 17
(R pu (O [-m])]e = { A9 (02) (02" ],), m<j<m+c—1;
0, otherwise.

Then the rest of the proof go through by using the same argument in the proof of Lemma
B.1. O

To conclude this appendix, we establish the projective bundle formula for the truncated
holomorphic de Rham complex.

Proposition B.2. There exists a canonical isomorphism:
c—1
@ H""Qi(Z, QOZ<p7i) ~ Hk(Z, RP*Q];»<p),
i=0

for any k > 0.

Proof. According to the Dolbeault resolution, the sheaf Q% (resp. ) is quasi-isomorphic to the
sheaf complex (A%°,0) (resp. (Ap*,0) ) and therefore we get two canonical quasi-isomorphisms:

c—1
@Q'Zq’_i[—% Tot( @A'<” i, —i],,0)

and Rp,Qp~P ~ Tot(p*A'<p *.0,0). There is a natural morphism of double complexes

¢ = Zhi Ap*: @A“p “[—i,~i],0,0) — (pAPP"*,0,0). (B.17)

Moreover, by [17, Lemma 11], for any r > 0 the map

c—1 c—1
= Z Rt A p* (@ AL =i, 1], _) (p* ,5),
=0 1=0

is a quasi-isomorphism. This means that the morphism (B.17) induces an Ej-isomorphism of
the associated spectral sequences and hence the E.-isomorphism which shows that

¢ : Tot @A‘<p Y[, —i],8,d) — Tot(p.Ap~""*,d,d)

is a quasi-isomorphism. Consequently, we are led to the conclusion that the assertion holds. [J
Remark B.3. We denote by Z8(p,q) := Q3" @ Qp~%. Then we have
Rp.Z8(p,q) = Rp.p~" & Rp.Op~".

Using the same argument in the proof of Proposition B.2, we can show that there exists a
canonical isomorphism:
c—1

P22, 250~ i.q — i) = B (Z, Rp. 22 (p, )
=0
for all £ > 0.
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