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Abstract. The aim of this article is to study the geometry of Bott–Chern hypercohomol-

ogy from the bimeromorphic point of view. We construct some new bimeromorphic invariants

involving the cohomology for the sheaf of germs of pluriharmonic functions, the truncated holo-

morphic de Rham cohomology, and the de Rham cohomology. To define these invariants, using

a sheaf-theoretic approach, we establish a blow-up formula together with a canonical morphism

for the Bott–Chern hypercohomology. In particular, we compute the invariants of some compact

complex threefolds, such as Iwasawa manifolds and quintic threefolds.
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1. Introduction

1.1. Background. In complex geometry, one fundamental problem is to classify compact com-

plex manifolds up to bimeromorphic equivalence and to find nice models in every equivalence

class (cf. [14]). In general, it is impossible to describe the bimeromorphic equivalence classes

completely for the lacking of bimeromorphic invariants. For a meaningful classification, the

first thing is to determine bimeromorphic invariants of compact complex manifolds as many as

possible, or to understand which geometric property of a compact complex manifold admits the

bimeromorphic invariance. Among these, the Kodaira dimension plays an important role in the

bimeromorphic classification of compact complex manifolds. Especially, in the sense of minimal

model program, compact complex surfaces can be divided into ten classes by the Kodaira di-

mension called the Enriques–Kodaira classification (cf. [9, § VI]). According to the celebrated

weak factorization theorem by Abramovich–Karu–Matsuki–W lodarczyk [1], every bimeromor-

phic map between compact complex manifolds can be factored into a finite sequence of blow-ups

and blow-downs with smooth centers. For this reason, to show that an invariant of compact
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complex manifolds is a bimeromorphic invariant, it is sufficient to study the behavior of such an

invariant under blow-ups along smooth centers.

Let X be a compact complex manifold. Then we have a natural double complex, the Dol-

beault complex (A•,•(X), ∂, ∂̄). Arising from this double complex, we can construct several

cohomological invariants of X, such as Dolbeault cohomology [22], ∂-cohomology, Bott–Chern

cohomology [11], and Aeppli cohomology [2]. Recall that the (p, q)-th Hodge (resp. Bott–Chern)

number hp,q
∂̄

(X) (resp. hp,qBC(X)) is defined to be the complex dimension of the (p, q)-th Dol-

beault (resp. Bott–Chern) cohomology group. In general, Hodge and Bott–Chern numbers are

not stable under blow-ups for the cohomological contributions of the blowing up centers. How-

ever, the (p, 0) and (0, q)-th Hodge and Bott–Chern numbers are invariants under blow-ups (cf.

[28, 56]). Most recently, Stelzig [48] showed that for all compact complex manifolds a Z-linear

combination or congruence of Hodge and Chern numbers is a bimeromorphic invariant, if and

only if it is a linear combinations or congruences of the (p, 0) or (0, q)-Hodge numbers.

Assume that the ∂∂̄-lemma holds on X. By a result in [20], the Bott–Chern cohomology

canonically coincides with the Dolbeault cohomology. Each compact Kähler manifold satisfies

the ∂∂̄-lemma, and there exist many interesting classes of compact non-Kählerian complex man-

ifolds satisfying the ∂∂̄-lemma, for example, Moishezon manifolds and compact complex mani-

folds in the Fujiki class C , see [20]. The Bott–Chern cohomology is an important holomorphic

invariant in non-Kähler complex geometry. Using Bott–Chern cohomology, Angella–Tomassini

[6] proved a cohomological characterization theorem of the ∂∂̄-lemma. Bismut [12] presented a

Riemann–Roch–Grothendieck theorem taking values in Bott–Chern cohomology which general-

izes the classical Riemann–Roch–Grothendieck theorem to complex Hermitian geometry. More

recently, for an arbitrary coherent sheaf on a compact complex manifold, Wu [55] constructed

the Chern classes valued in rational Bott–Chern cohomology and established a Riemann–Roch–

Grothendieck formula.

From the viewpoint of bimeromorphic geometry, it is natural to ask whether the ∂∂̄-lemma is

stable under bimeromorphic maps or not. In [56], using a sheaf-theoretic approach, we proved

a blow-up formula for Bott–Chern cohomology and showed that the Non-Kählerness degrees

introduced by Angella–Tomassini [6] are bimeromorphic invariants for compact complex three-

folds, and therefore the ∂∂̄-lemma is stable under bimeromorphic transformations of threefolds.

Recently, extensive works have been done on the topics of blow-up formulae and the ∂∂̄-lemma.

We refer the readers to [7], [8], [16], [46], [32], [33], [34], [35], [36], [55], [57], [51], [25], [24], [38],

[42], [31] etc., and the references therein for some recent results.

1.2. Motivation and results. Fix a bi-degree (p, q). Schweitzer [45] introduced a new hyper-

cohomology description of the Bott–Chern cohomology. To be more specific, he defined a sheaf

complex, denoted by B•X(p, q), and we call it the Bott–Chern complex. The construction of Bott–

Chern complex is very similar to the Deligne complex. It contains the sheaf of locally constant

functions, the truncated holomorphic de Rham complex, and the truncated anti-holomorphic

de Rham complex of X. Moreover, the (p + q)-th hypercohomology of B•X(p, q) is isomorphic

to the (p, q)-th Bott–Chern cohomology, see [45, Propositions 4.2, 4.3]. Notice that both (p, 0)

and (0, q)-th Bott–Chern numbers admit the bimeromorphic invariance. In particular, for three-

folds, the Non-Kählerness degrees are bimeromorphic invariants which are defined in terms of

Bott–Chern cohomology groups. By definition, the Bott–Chern hypercohomology includes more

information of X, both topological and holomorphic. So a natural problem that arises now is:
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Problem 1.1. For a compact complex manifold X, is it possible to construct some new bimero-

morphic invariants of X in terms of Bott–Chern hypercohomology groups?

As a continuation of the previous work [56], via comparing the Bott–Chern hypercohomology

under a blow-up, we define some new bimeromorphic invariants of an arbitrary compact complex

manifold. More precisely, we obtain the following main result.

Theorem 1.1 (=Theorem 4.2 & Theorem 4.3). Suppose X is a compact complex manifold. Let

HX be the sheaf of germs of pluriharmonic functions on X, and Ω•≥1
X the truncated holomorphic

de Rham complex. Then we have:

(i) For any integer k ≥ 1, both the kernel and cokernel of the morphism

Ck : Hk−1(X,HX) −→ Hk−1(X,Ω•≥1
X )

are bimeromorphic invariants, where Ck is the morphism induced by (4.3). In particular,

the integer

♠k(X) = dimC Hk−1(X,Ω•≥1
X )− dimC Hk−1(X,HX)

is a bimeromorphic invariant of X.

(ii) The integer

♣k(X) = dimCH
k
dR(X;C)− dimC Hk−1(X,HX)

is a bimeromorphic invariant of X, where Hk
dR(X;C) is the k-th de Rham cohomology

of X.

To accomplish this goal, we make a careful comparison between the Bott–Chern hypercoho-

mology and other cohomologies. Particularly, we study the higher direct images of the Bott–

Chern complex under the projection of the projective bundle. This enables us to derive a

blow-up formula with an explicit morphism for Bott–Chern hypercohomology (Theorem 3.7)

via a sheaf-theoretic approach originally used in [56]. It should be pointed out that each term in

the Bott–Chern complex B•X(p, q) has a canonical fine resolution, i.e. the de Rham resolution

of CX or the Dolbeault resolution of the sheaf of germs of (anti) holomorphic forms. However,

these resolutions can not make up a double complex of sheaves and hence can not give rise to a

fine resolution of B•X(p, q).

For compact complex threefolds, as mentioned above, it was shown in [56] that the Non-

Kählerness degrees are bimeromorphic invariants. It is noteworthy that, for a general bi-degree

(p, q) with 0 < p, q < 3, both the Hodge number hp,q
∂̄

and the Bott–Chern number hp,qBC are not

stable under bimeromorphic maps. In the preprint version [39], together with Sheng Rao, we

show that the integer

hp,qBC − h
p,q

∂̄

is a bimeromorphic invariant of compact complex threefolds. Observe that there exists a natural

map from the Bott–Chern cohomology to the Dolbeault cohomology defined by the identity map.

It is of importance to point out that this map is neither injective nor surjective if the ∂∂̄-lemma

fails. As a by-product, we refine [39, Corollary 1.5] and get the following result.

Theorem 1.2. Let X be a compact complex threefold. Consider the natural morphism

Ip,q : Hp,q
BC(X) −→ Hp,q

∂̄
(X),
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for any 0 ≤ p, q ≤ 3. Then both the kernel ker Ip,q and the cokernel coker Ip,q are bimeromorphic

invariants of X.

It is worthy to note that the kernel (resp. cokernel) of Ip,q may be non-trivial in general, even

if hp,qBC(X)− hp,q
∂̄

(X) = 0 holds. To verify the non-triviality, we explicitly present the generators

of the kernel ker Ip,q and the cokernel coker Ip,q for some compact complex nilmanifolds.

An outline of this article is organized as follows. We devote Section 2 to review the defini-

tion of Bott–Chern hypercohomology and establish a Poincaré-Serre type duality of Bott–Chern

hypercohomology. In Section 3, we study the behavior of Bott–Chern hypercohomology un-

der proper modifications and mainly focus on the blow-up transformations. In Section 4, we

construct the bimeromorphic invariants of compact complex manifolds in terms of Bott–Chern

hypercohomology. In Section 5, we compute the bimeromorphic invariants defined in Section

4 for some compact complex threefolds. In Appendix A, we briefly review the definition and

basic properties of relative Dolbeault sheaves with respect to a closed complex submanifold. In

Appendix B, we investigate the higher direct images of the Bott–Chern complexes under the

projective bundle morphism.
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Conventions. Let f : Y → X be a holomorphic map of complex manifolds. The following

symbols will have a fixed meaning throughout this paper.

• AkX the sheaf of complex differential k-forms;

• As,tX the sheaf of differential (s, t)-forms on X, As,t(X) := Γ(X,As,tX ) the space of differ-

ential (s, t)-forms, and Ds,tX the sheaf of (s, t)-current on X;

• Ωs
X (resp. Ω̄s

X) the sheaf of (resp. anti-) holomorphic s-forms on X, and OX := Ω0
X the

structure sheaf of X;

• Ω•<pX the truncated holomorphic de Rham complex ended at Ωp−1
X ;

• Ω•≥pX the truncated holomorphic de Rham complex started at Ωp
X ;

• Ωs≤•≤t
X the truncated holomorphic de Rham complex from Ωs

X to Ωt
X ;

• GX the constant sheaf with value in the group G on X (G = Z,R,C), i.e, the sheaf of

locally constant sheaves with value in G;

• f? the pullback of differential forms;

• f∗ the direct image, and Rf∗ the derived direct image;

• f! the proper direct image (if f is proper, then f∗ = f!);

• f−1 the topological inverse image.
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2. Bott–Chern hypercohomology

Throughout of this paper, we assume that X is a compact complex manifold of complex

dimension n. Recall that the sheaf Ωs
X has a fine resolution

0 // Ωs
X

// As,0X
∂̄ //// As,1X

∂̄ // · · · ∂̄ // As,nX // 0 ,

which is called the Dolbeault resolution. Using this resolution, one obtains the Dolbeault theorem

Hp,q

∂̄
(X) = Hq(Γ(X,Ap,•X ), ∂̄) ∼= Hq(X,Ap,•X ) ∼= Hq(X,Ωp

X),

where Hq(X,Ap,•X ) is the hypercohomology of the sheaf complex. For all 0 ≤ p, q ≤ n, the

(p, q)-th Bott–Chern cohomology of X is defined to be the quotient space

Hp,q
BC(X) :=

ker ∂ ∩ ker ∂̄ ∩ Ap,q(X)

im ∂∂̄ ∩ Ap,q(X)

and the (p, q)-th Aeppli cohomology of X is defined to be the quotient space

Hp,q
A (X) :=

ker ∂∂̄ ∩ Ap,q(X)

(im ∂ + im ∂̄) ∩ Ap,q(X)
.

In [45, § 4.b], Schweitzer showed that there exist three hypercohomology descriptions of the

Bott–Chern cohomology. In what follows, we fix a bi-degree (p, q) with p, q ≥ 0 and setup the

following notations:

L l
X =

⊕
s+t=l,
s<p,t<q

As,tX when l ≤ p+ q − 2

and

L l−1
X =

⊕
s+t=l,
s≥p,t≥q

As,tX when l ≥ p+ q.

Define the operators:

• δl = pr ◦ d : Γ(X,L l
X) −→ Γ(X,L l+1

X ), for each l ≤ p+ q− 3, where d = ∂ + ∂̄ is the de

Rham differential operator and pr : Γ(X,Al+1
X )→ Γ(X,L l+1

X ) is the projection;

• δk−2 = ∂∂̄ : Γ(X,L k−2
X ) −→ Γ(X,L k−1

X ), for k := p+ q;

• δl = d : Γ(X,L l
X) −→ Γ(X,L l+1

X ) for any l ≥ k − 1.

Naturally, there is sheaf complex L •
X(p, q) of fine sheaves:

· · ·
δk−4 // L k−3

X

δk−3 // L k−2
X

δk−2 // L k−1
X

δk−1 // L k
X

δk // · · · .

By definition, the (p, q)-th Bott–Chern cohomology can be reinterpreted as hypercohomology

Hp,q
BC(X) ∼= Hp+q−1(Γ(X,L •

X(p, q))) ∼= Hp+q−1(X,L •
X(p, q)), (2.1)

which is essentially given by smooth differential forms. Specially, if p = q = 1 we have

L •
X(1, 1) : 0 // A0,0

X

∂∂̄ // A1,1
X

d // A1,2
X ⊕A

2,1
X

d // A1,3
X ⊕A

2,2
X ⊕A

3,1
X

d // · · · .

Let HX be the kernel sheaf of the morphism ∂∂̄ : A0,0
X → A

1,1
X . In fact, HX is nothing else than

the sheaf of germs of C-valued pluriharmonic functions on X. Moreover, we have
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Proposition 2.1 ([10, Theorema 2.1] or [54, § 2.2, Remark]). The sheaf HX admits a fine

resolution

0 // HX // A0,0
X

∂∂̄ // A1,1
X

d // A1,2
X ⊕A

2,1
X

d // A1,3
X ⊕A

2,2
X ⊕A

3,1
X

d // · · · ,

and therefore we have

Hl(X,L •
X(1, 1)) ∼= H l(X,HX),

for any integer l ≥ 0.

A real version of Proposition 2.1 was also considered by Harvey–Lawson [27, Proposition 1].

Moreover, from (2.1) we have

H1,1
BC(X) ∼= H1(X,L •

X(1, 1)) ∼= H1(X,HX).

The second sheaf complex associated to Bott–Chern cohomology contains the sheaves of germs

of (anti-)holomorphic forms. We denote S •
X(p, q):

0 // OX + ŌX // Ω1
X ⊕ Ω̄1

X
// · · · // Ωp−1

X ⊕ Ω̄p−1
X

// Ω̄p
X

// · · · // Ω̄q−1
X

// 0.

Here the sheaf OX + ŌX is isomorphic to HX under the natural inclusion OX + ŌX ↪→ HX .

The third sheaf complex associated to Bott–Chern cohomology is the direct sum of truncated

holomorphic and anti-holomorphic de Rham complexes augmented over C.

Definition 2.2. The (p, q)-type Bott–Chern complex of X is defined to be B•X(p, q):

0 // CX
(+,−)// OX ⊕ ŌX // Ω1

X ⊕ Ω̄1
X

// · · · // Ωp−1
X ⊕ Ω̄p−1

X
// Ω̄pX

// · · · // Ω̄q−1
X

// 0. (2.2)

The k-th hypercohomology of (2.2), denoted by

Hk
BC(X,C(p, q)) := Hk(X,B•X(p, q))

is called the k-th Bott–Chern hypercohomology of X with respect to the bi-degree (p, q).

The Bott–Chern hypercohomology groups are finite dimensional complex vector spaces if X

is compact. This comes from the fact that the Bott–Chern complex is quasi-isomorphic to a

sheaf complex which has finite dimensional hypercohomology (cf. [21, Theorem 12.4]). The

complex L •
X(p, q) has the virtue that each component is a fine sheaf. So we can compute its

hypercohomology groups via the corresponding complex of global sections. In particular, we

have the following result, see [21, Lemma 12.1] and [45, Propositions 4.2 and 4.3].

Lemma 2.3. There exist canonical quasi-isomorphisms of sheaf complexes

B•X(p, q)
∼−→ S •

X(p, q)[−1]
∼−→ L •

X(p, q)[−1],

which induce isomorphisms

Hk
BC(X,C(p, q)) ∼= Hk−1(X,L •

X(p, q)) ∼= Hk−1(Γ(X,L •
X(p, q)))

for any k ∈ Z. In particular, Hk
BC(X,C(p, q)) is trivial except for 1 ≤ k ≤ 2n.

Given a Hermitian metric g on X. From a result by Schweitzer [45, Section 2.c], for each

bi-degree (r, s), the Hodge-∗-operator ∗ : Ar,s(X)→ An−r,n−s(X) induces an isomorphism

∗ : Hr,s
BC(X)

'−→ Hn−r,n−s
A (X). (2.3)
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In general, consider the l-th hypercohomology group Hl(X,L •
X(p, q)). For the simplicity, we set

p′ = n− p+ 1 and q′ = n− q + 1, and denote by Γ•X(p, q) := Γ(X,L •
X(p, q)). Then we get

Hl(X,L •
X(p, q)) ∼= H l(Γ•X(p, q))

and

H2n−l−1(X,L •
X(p′, q′)) ∼= H2n−l−1(Γ•X(p′, q′)).

The Hodge-∗-operator determines a morphism from Γ•X(p, q) to Γ•X(p′, q′), see the figure below.

(p, q)∂∂̄

∂∂̄

(n− p, n− q)

∗−→

The following result is a slight generalization of the duality between the Bott–Chern and

Aeppli cohomologies. Compare also [49, Corollary A.2] for a similar result using the structure

theory of double complexes.

Proposition 2.4. Let X be a compact complex manifold of complex dimension n. Given a

Hermitian metric g on X, the Hodge-∗-operator induces an isomorphism

∗ : Hl(X,L •
X(p, q))

'−→ H2n−l−1(X,L •
X(n− p+ 1, n− q + 1)), (2.4)

for any integer l ≥ 0. In particular, there is an isomorphism

Hk
BC(X,C(p, q)) ∼= H2n+1−k

BC (X,C(n− p+ 1, n− q + 1))

for any integer k ≥ 1.

Proof. According to the duality (2.3), when l = p+ q − 1, we get

∗ : Hp+q−1(Γ•X(p, q)) = Hp,q
BC(X)

'−→ Hn−p,n−q
A (X) = H2n−p−q(Γ•X(p′, q′));

∗ : Hp+q−2(Γ•X(p, q)) = Hp−1,q−1
A (X)

'−→ Hp′,q′

BC (X) = H2n−p−q+1(Γ•X(p′, q′)).

So we only need to verify the assertion in the case of l ≥ p+ q or l ≤ p+ q − 3. Without loss of

generality, we assume that l ≥ p + q. Then Hl(X,L •
X(p, q)) is equal to the cohomology of the

complex ⊕
s+t=l

s≥p,t≥q

As,t(X)
δl−1 //

⊕
s+t=l+1
s≥p,t≥q

As,t(X)
δl //

⊕
s+t=l+2
s≥p,t≥q

As,t(X).

For any 0 ≤ s, t ≤ n, the Hermitian metric g determines a canonical Hermitian structure on

the complex vector bundle
∧s(T 1,0X)∗

⊕
C
∧t(T 0,1X)∗. As a result, the differential operators

δl−1 and δl above admit the unique formal adjoint operators δ∗l−1 and δ∗l (cf. [54, Chapter IV,

Proposition 2.8]). Let α and β be two arbitrary forms expressed as

α =

l−q+1∑
j=p

αj,l−j+1 ∈
⊕

s+t=l+1
s≥p,t≥q

As,t(X), β =

l−q+2∑
j=p

βj,l−j+2 ∈
⊕

s+t=l+2
s≥p,t≥q

As,t(X).
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By Stokes’ theorem and the basic properties of the Hodge-∗-operator, we have∫
X
dα ∧ ∗β =

∫
X
d(α ∧ ∗β)− (−1)l+1

∫
X
α ∧ d ∗ β = (−1)l

∫
X
α ∧ d ∗ β

= (−1)2n+2n(l+1)+1

∫
X
α ∧ ∗(∗d ∗ β)

= −
∫
X
α ∧ ∗(d∗β).

Observe that ∂∗βp,l−p+2 and ∂̄∗βl−q+2,q are of types (p − 1, l − p + 2) and (l − q + 2, q − 1)

respectively. For the degree reason, we obtain α ∧ ∗(∂∗βp,l−p+2) = 0 and α ∧ ∗(∂̄∗βl−q+2,q) = 0.

From definition, we have

(δlα, β) =

∫
X
dα ∧ ∗β = −

∫
X
α ∧ ∗(d∗β) =

∫
X
α ∧ ∗(−Π ◦ d∗β),

where

Π :
⊕

s+t=l+1
s≥p−1,t≥q−1

As,t(X) −→
⊕

s+t=l+1
s≥p,t≥q

As,t(X)

is the projection. As a result, we get δ∗l = −Π ◦ d∗, namely, there exists a commutative diagram⊕
s+t=l+2
s≥p,t≥q

As,t(X)

δ∗l

%%

−d∗ //
⊕

s+t=l+1
s≥p−1,t≥q−1

As,t(X)

Π

��⊕
s+t=l+1
s≥p,t≥q

As,t(X),

Similar to δ∗l , we obtain the expression of the adjoint operator δ∗l−1. Put ∆l = δ∗l δl + δl−1δ
∗
l−1.

Following the steps in the proof of [52, Lemma 5.18], without any essential changes, we can show

that ∆l is a self-adjoint elliptic differential operator acting on ΓlX(p, q). According to the Hodge

theorem of self-adjoint elliptic operators on compact oriented smooth manifolds [54, Chapter

IV, Theorem 4.12], we have an isomorphism

H l(Γ•X(p, q)) ∼= ker
[
∆l : ΓlX(p, q)→ ΓlX(p, q)

]
:= Hlp,q.

Similarly, we have another self-adjoint elliptic differential operator

∆2n−l−1 : Γ2n−l−1
X (p′, q′)→ Γ2n−l−1

X (p′, q′)

such that

H2n−l−1(Γ•X(p′, q′)) ∼= ker ∆2n−l−1 := H2n−l−1
p′,q′ .

A direct checking shows that the map

∗ : Hlp,q −→ H2n−l−1
p′,q′

is an isomorphism and therefore we are led to the conclusion that (2.4) is an isomorphsm. �

Consider the bilinear pairing

〈−,−〉 : Hl(X,L •
X(p, q))×H2n−l−1(X,L •

X(n− p+ 1, n− q + 1)) −→ C (2.5)

defined by setting

〈[α], [β]〉 =

∫
X
α ∧ β.
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On account of the degree reason, this pairing is independent of the choices of the representatives

and hence is well-defined. As a corollary of Proposition 2.4, we obtain

Corollary 2.5. The bilinear pairing (2.5) is a non-degenerate duality.

Proof. From the proof of Proposition 2.4, we know that α ∈ Hlp,q if and only if ∗α ∈ H2n−l−1
p′,q′ .

Then the assertion comes from the fact that the integral 〈α, α〉 =
∫
X α ∧ ∗α = ‖α‖2 does not

vanish unless α = 0. �

Remark 2.6. Let X be a compact complex manifold of dimension n ≥ 2. From the Proposition

2.4, we get

dimCH
2n−1
BC (X,C(n− 1, n− 1)) = dimCH

2
BC(X,C(2, 2)) = dimCH

1
dR(X,C),

which is a bimeromorphic invariant of X.

Next we make a comparison for the Bott–Chern complex and truncated holomorphic de Rham

complex. Consider the sheaf complex

CX(p) : 0 // CX // OX
∂ // Ω1

X
∂ // · · · ∂ // Ωp−1

X
// 0.

Note that the holomorphic de Rham complex (Ω•X , ∂) is a resolution of CX via the obvious in-

clusion CX ↪→ OX (cf. [52, Lemma 8.13]). It follows that CX(p) is canonically quasi-isomorphic

(after a degree shifting) to the truncated holomorphic de Rham complex (Ω•≥pX [−p], ∂) and

therefore for any k ∈ Z we have the isomorphism

Hk(X,CX(p)) ∼= Hk(X,Ω•≥pX [−p]) = Hk−p(X,Ω•≥pX ). (2.6)

If X is a Kähler manifold, by a result of Schweitzer [45, Lemme 7.2] the equalities

Hl(X,Ω•<pX ) =
⊕
s<p

s+t=l

Hs,t

∂̄
(X) and Hl(X,Ω•≥pX ) =

⊕
s≥p

s+t=l+p

Hs,t

∂̄
(X) (2.7)

hold for any l ≥ 0.

Observe that there exists a natural morphism of sheaf complexes:

B•X(p, p) :

P
��

0 // CX

id

��

// Ω•<pX ⊕ Ω̄•<pX

pr

��

// Ω̄p≤•≤q−1
X

��

// 0

CX(p) : 0 // CX // Ω•<pX
// 0 // 0,

where pr is the projection. As a direct consequence, we get a short exact sequence of sheaf

complexes

0 // Ω̄•<qX [−1] // B•X(p, q)
P // CX(p) // 0. (2.8)

Remark 2.7. Similarly, one can define the integral Bott–Chern complex which is analogous to

(2.2) with CX replaced by ZX (cf. [45]). For an integral Bott–Chern complex there exists a

natural splitting as the direct sum of a truncated anti-holomorphic de Rham complex and an

integral Deligne complex (cf. [45, Proposition 7.3]). Differing from the integral case, although

the short exact sequence (2.8) is very similar to the one in the proof of [45, Proposition 7.3], it

is not a splitting.
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3. Geometry of blow-ups

In this section we study the behavior of the Bott–Chern hypercohomology under blow-up

transformations of compact complex manifolds.

3.1. Projective bundle formulae. Suppose that V is a holomorphic vector bundle of rank c

over a compact complex manifold Z. Let ρ : P = P(V) −→ Z be the projective bundle and

h := c1(OP(1)) ∈ H2(P,Z) the first Chern class of the relative tautological line bundle OP(1).

Then we have

Lemma 3.1. There is a canonical quasi-isomorphism of sheaf complexes

ϕ =
c−1∑
i=0

hi ∧ ρ? :
c−1⊕
i=0

L •
Z(1− i, 1− i)[−2i]

∼−→ Rρ∗L
•
P (1, 1).

on Z, where L •
Z(1− i, 1− i) = A•Z [1] for i ≥ 1.

Proof. First of all, we note that there exists a fine resolutions

HZ ⊕
c−1⊕
i=1

CZ [−2i+ 1]
∼−→

c−1⊕
i=0

L •
Z(1− i, 1− i)

and hence we get the cohomology sheaf

H j

(c−1⊕
i=0

L •
Z(1− i, 1− i)[−2i]

)
=

c−1⊕
i=0

H j−2i(L •
Z(1− i, 1− i)) ∼=


HZ , j = 0;

CZ , j is odd;

0, otherwise.

(3.1)

To conclude the proof, it suffices to show that the induced morphism of cohomology sheaves

H j(ϕ) :
c−1⊕
i=0

H j−2i(L •
Z(1− i, 1− i)) −→H j(Rρ∗L

•
P (1, 1)) (3.2)

is isomorphic for any integer j ≥ 0. Since L •
P (1, 1) is a fine resolution of HP, by definition, the

j-th direct image of HP is

Rjρ∗HP ∼= H j(Rρ∗L
•
P (1, 1)) = H j(ρ∗L

•
P (1, 1)).

Our next goal is to compute the higher direct image of HP. For this purpose, we consider the

short exact sequence

0 // CP // OP ⊕ ŌP // HP // 0.

Then there is a long exact sequence of the higher direct images

0 ρ∗CP ρ∗(OP ⊕ ŌP) ρ∗HP

R1ρ∗CP R1ρ∗(OP ⊕ ŌP) R1ρ∗HP

R2ρ∗CP R2ρ∗(OP ⊕ ŌP) · · · .

(3.3)

Since R1ρ∗CP = 0, from (3.3), we obtain a short exact sequence

0 // ρ∗CP // ρ∗(OP ⊕ ŌP) // ρ∗HP // 0.
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Consider the following commutative diagram

0 // CZ
∼=
��

// OZ ⊕ ŌZ
∼=
��

// HZ

��

// 0

0 // ρ∗CP // ρ∗(OP ⊕ ŌP) // ρ∗HP // 0.

(3.4)

Because both the first and second verticals in (3.4) are isomorphic, so is the third one and hence

HZ ∼= ρ∗HP. Moreover, since Rjρ∗(OP ⊕ ŌP) = 0 for any j ≥ 1, we have

Rjρ∗HP ∼= Rj+1ρ∗CP for j ≥ 1.

Finally, we show that (3.2) is isomorphic. Choose an open subset small enough (e.g., a small

open polydisc) W ⊂ Z. According to the Künneth formula for de Rham cohomology, we obtain

Rjρ∗HP(W ) ∼= Rj+1ρ∗CP(W ) = Hj+1
dR (W × Pc−1;C) ∼= H0

dR(W ;C)⊗Hj+1
dR (Pc−1;C).

Note that Hj+1
dR (Pc−1;C) = 0 if j is even; and Hj+1

dR (Pc−1;C) is generated by the restriction of

hk for j = 2k − 1. Therefore, we derive

Rjρ∗HP ∼=


HZ , j = 0;

CZ , j is odd;

0, otherwise.

Combining (3.1) finishes the proof. �

By induction, we have the following general result based on Lemma 3.1

Proposition 3.2. There is a canonical quasi-isomorphism of sheaf complexes

c−1∑
i=0

hi ∧ ρ? :
c−1⊕
i=0

L •
Z(p− i, q − i)[−2i]

∼−→ Rρ∗L
•
P (p, q)

on Z.

We present the proof of Proposition 3.2 in Appendix B, which uses the same arguments as

in Lemma 3.1. In particular, a direct consequence of Proposition 3.2 is the projective bundle

formula of Bott–Chern hypercohomology.

Corollary 3.3. There is a canonical isomorphism of Bott–Chern hypercohomology

c−1∑
i=0

hi ∧ ρ?(−) :
c−1⊕
i=0

Hk−2i
BC (Z,C(p− i, q − i)) '−→ Hk

BC(P,C(p, q)).

for any k ∈ N. In particular, if k = p+ q, we get

c−1∑
i=0

hi ∧ ρ?(−) :

c−1⊕
i=0

Hp−i,q−i
BC (Z)

'−→ Hp,q
BC(P).

Remark 3.4. In the proof of [56, Theorem 1.2], we did not obtain an explicit presentation

for the Bott–Chern cohomology of a projective bundle. We conjectured an explicit Bott–Chern

projective bundle formula in [56] and [40]. This formula was later confirmed by Stelzig using a

structure theory of double complexes developed in [46, 47].
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3.2. Blow-up formulae. Let us first discuss the behavior of Bott–Chern hypercohomology of

compact complex manifolds under modifications. Recall the definition of proper modifications,

see [26, Chapter 10, § 6.2]. Let X be a normal complex space with dimCX = n. A proper

modification of X is a proper holomorphic map f : Y → X such that:

(i) Y is a reduced complex space having the same dimension;

(ii) there exists an analytic subset S ⊂ X of codimension ≥ 2 such that the restriction

f : Y \ f−1(S) −→ X \ S

is biholomorphic.

Proposition 3.5. Let f : Y −→ X be a modification of compact complex manifolds. Then the

pullback of differential forms induces an injective map

f? : Hk
BC(X,C(p, q)) −→ Hk

BC(Y,C(p, q)) (3.5)

for any k ∈ Z.

Proof. Following the steps in the construction of the sheaf complex L •
X(p, q), we can define a

new sheaf complex C •X(p, q) which consists of the sheaves of currents Ds,tX . It is noteworthy

that there exists a natural inclusion τ : L •
X(p, q) ↪→ C •X(p, q) which is a quasi-isomorphism

of sheaf complexes, see [21, Lemma VI.12.1]. This implies that τ yields an isomorphism of

hypercohomology groups

τ : Hk−1(X,L •
X(p, q))

'−→ Hk−1(X,C •X(p, q)).

Likewise, consider the inclusion µ : L •
Y (p, q) ↪→ C •Y (p, q) and then we get the isomorphism

µ : Hk−1(Y,L •
Y (p, q))

'−→ Hk−1(Y,C •Y (p, q)).

Since f is a proper modification and hence its degree is 1, so τ(α) = f? ◦ µ ◦ f?(α) for each

smooth differential form α on X, see the proof of [21, Theorem 12.9] or [53, Lemma 2.2]. In

particular, we have a commutative diagram

Hk−1(X,L •
X(p, q))

f?

��

τ

' // Hk−1(X,C •X(p, q))

Hk−1(Y,L •
Y (p, q))

µ

' // Hk−1(Y,C •Y (p, q)).

f?

OO

(3.6)

The commutativity of (3.6) implies that the morphism

f? : Hk−1(X,L •
X(p, q)) −→ Hk−1(Y,L •

Y (p, q))

is injective and so is the morphism (3.5) by Lemma 2.3. �

As a special case, the blow-up morphism of compact complex manifolds is one of the most

important proper modifications. Assume that ı : Z ↪→ X is a closed complex submanifold with

complex codimension c ≥ 2. Let π : X̃ → X be the blow-up of X along Z and E := π−1(Z) the
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exceptional divisor. Then there is a commutative blow-up diagram

E

ρ

��

� � ι̃ // X̃

π

��
Z �
� ι // X,

(3.7)

where ι̃ : E ↪→ X̃ is the inclusion.

Consider the pair (X,Z). We define a relative version of the Bott–Chern complex. The

relative Bott–Chern complex with respect to Z, denoted by B•X,Z(p, q), is defined to be the sheaf

complex:

0 // CX,Z // K0
X,Z ⊕ K̄0

X,Z
// K1

X,Z ⊕ K̄1
X,Z

// · · · // Kp−1
X,Z ⊕ K̄

p−1
X,Z

// K̄pX,Z // · · · // K̄q−1
X,Z

// 0,

where KkX,Z is the k-the relative Dolbeault sheaf (see Definition A.1). From (A.1) and (A.2), we

get a short exact sequence of sheaf complexes

0 // B•X,Z(p, q) // B•X(p, q)
ı? // ı∗B•Z(p, q) // 0. (3.8)

Likewise, we can define the relative version of L •
X(p, q) by replacing As,tX with Ks,tX,Z , and denote

it by L •
X,Z(p, q). Without any essential changes in the proof of Lemma 2.3, we get a relative

version of Lemma 2.3, i.e. there exists an isomorphism

Hl(X,B•X,Z(p, q)) ∼= Hl−1(X,L •
X,Z(p, q)), (3.9)

for any l ∈ Z. Similar to (3.8) and (3.9), for the pair (X̃, E), there exist a short exact sequence

of sheaf complexes

0 // B•
X̃,E

(p, q) // B•
X̃

(p, q)
ı̃? // ı̃∗B•E(p, q) // 0,

and an isomorphism

Hk(X̃,B•
X̃,E

(p, q)) ∼= Hk−1(X̃,L •
X̃,E

(p, q)),

for any k ∈ Z. The following lemma plays an important role in the proof of blow-up formulae.

Lemma 3.6. There is an isomorphism

π? : B•X,Z(p, q)
'−→ Rπ∗B

•
X̃,E

(p, q) (3.10)

in the derived category of sheaves of C-modules on X. In particular, for any k ∈ Z, the induced

morphism

π? : Hk(X,B•X,Z(p, q))
'−→ Hk(X̃,B•

X̃,E
(p, q)) (3.11)

is isomorphic.

Proof. Consider a new sheaf complex D•X,Z(p, q) for (X,Z) (similarly for (X̃, E)):

0 // KX,Z ⊕ K̄X,Z // K1
X,Z ⊕ K̄1

X,Z
// · · · // Kp−1

X,Z ⊕ K̄
p−1
X,Z

// K̄pX,Z // · · · // K̄q−1
X,Z

// 0.

Hence there is a short exact sequence

0 // D•X,Z(p, q)[−1] // B•X,Z(p, q) // CX,Z // 0. (3.12)
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Note that there is a canonical decomposition

D•
X̃,E

(p, q) ∼= K•<p
X̃,E
⊕ K̄•<q

X̃,E
,

and the derived direct image functor Rπ∗ commutes with direct sum. On account of Lemma

A.7, we get an isomorphism

π? : D•X,Z(p, q)
'−→ Rπ∗D

•
X̃,E

(p, q).

Due to Corollary A.4, there exists an isomorphism

π? : CX,Z
'−→ Rπ∗CX̃,E .

Consider the commutative diagram:

0 // π−1D•X,Z(p, q)[−1]

��

// π−1B•X,Z(p, q)

��

// π−1CX,Z

��

// 0

0 // D•
X̃,E

(p, q)[−1] // B•
X̃,E

(p, q) // CX̃,E // 0.

(3.13)

Taking the natural transformation id → Rπ∗π
−1 to (3.12), and the functor Rπ∗ to (3.13), we

get a morphism of exact triangles

D•X,Z(p, q)[−1]

'
��

// B•X,Z(p, q)

��

// CX,Z

'
��

// D•X,Z(p, q)[−2]

'
��

Rπ∗D•X̃,E(p, q)[−1] // Rπ∗B•X̃,E(p, q) // Rπ∗CX̃,E // Rπ∗D•X̃,E(p, q)[−2],

(3.14)

in the derived category of sheaves of CX -modules. Applying the standard Two of Three prop-

erty in triangulated category theory (cf. [29]) to (3.14), we obtain that (3.10) is isomorphic.

Moreover, taking the hypercohomology, we are led to the conclusion that the morphism (3.11)

is an isomorphism. �

We are ready to present the main result of this section.

Theorem 3.7. With the same setting as in (3.7), we have a canonical isomorphism

Hk
BC(X̃,C(p, q))

Φ−→ Hk
BC(X,C(p, q))⊕

[ c−1⊕
i=1

Hk−2i
BC (Z,C(p− i, q − i))

]
for any integer k ≥ 0, where Φ is a linear map defined in (3.20). In particular, when k = p+ q

we get a canonical isomorphism of Bott–Chern cohomology

Hp,q
BC(X̃)

Φ−→ Hp,q
BC(X)⊕

[ c−1⊕
i=1

Hp−i,q−i
BC (Z)

]
,

and a canonical isomorphism of Aeppli cohomology

Hp,q
A (X̃)

Φ−→ Hp,q
A (X)⊕

[ c−1⊕
i=1

Hp−i,q−i
A (Z)

]
.

Proof. Our first goal is to construct a commutative diagram of long exact sequences of hy-

percohomology groups. Since the pullback of differential forms commutes with the differential
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operators ∂̄ and ∂, it follows from (A.3) that there exists a commutative diagram of short exact

sequences of vector spaces

0 // Γ(X,Ks,tX,Z)

π?

��

// Γ(X,As,tX )

π?

��

ı? // Γ(Z,As,tZ )

ρ?

��

// 0

0 // Γ(X̃,Ks,t
X̃,E

) // Γ(X̃,As,t
X̃

)
ı̃? // Γ(E,As,tE ) // 0.

Furthermore, we get a commutative diagram of short exact sequences of complexes

0 // Γ(X,L •
X,Z(p, q))

π?

��

// Γ(X,L •
X(p, q))

π?

��

ı? // Γ(Z,L •
Z(p, q))

ρ?

��

// 0

0 // Γ(X̃,L •
X̃,E

(p, q)) // Γ(X̃,L •
X̃

(p, q))
ı̃? // Γ(E,L •

E(p, q)) // 0,

which induces a commutative diagram of long exact sequences of hypercohomology groups:

· · · // Hk−1(X,L •X,Z(p, q))

π?

��

// Hk−1(X,L •X(p, q))

π?

��

ı? // Hk−1(Z,L •Z(p, q))

ρ?

��

// Hk(X,L •X,Z(p, q))

π?

��

// · · ·

· · · // Hk−1(X̃,L •
X̃,E

(p, q)) // Hk−1(X̃,L •
X̃

(p, q))
ı̃? // Hk−1(E,L •E(p, q)) // Hk(X̃,L •

X̃,E
(p, q)) // · · ·

(3.15)

Due to Lemma 2.3 and the isomorphism (3.9), the commutative diagram (3.15) is equal to

· · · // Hk(X,B•X,Z(p, q))

π?

��

// HkBC(X,C(p, q))

π?

��

ı? // HkBC(Z,C(p, q))

ρ?

��

// Hk+1(X,B•X,Z(p, q))

π?

��

// · · ·

· · · // Hk(X̃,B•
X̃,E

(p, q)) // HkBC(X̃,C(p, q))
ı̃? // HkBC(E,C(p, q)) // Hk+1(X̃,B•

X̃,E
(p, q)) // · · ·

(3.16)

On the one hand, from Lemma 3.6 (or [56, Lemma 3.4]), the first and the fourth verticals in

(3.16) are isomorphic. On the other hand, owing to Proposition 3.5 and the projective bundle

formulae Corollary 3.3, the rest verticals in (3.16) are injective. Via a standard diagram-chasing

in (3.16), we get an isomorphism of complex vector spaces

coker
[
Hk
BC(X,C(p, q))

π?→ Hk
BC(X̃,C(p, q))

] ∼= coker
[
Hk
BC(Z,C(p, q))

ρ?→ Hk
BC(E,C(p, q))

]
. (3.17)

As a direct result of (3.17), we get the blow-up formula

Hk
BC(X̃,C(p, q)) ∼= Hk

BC(X,C(p, q))⊕
[
Hk
BC(E,CE(p, q))

/
ρ?Hk

BC(Z,C(p, q))

]
∼= Hk

BC(X,C(p, q))⊕
[c−1⊕
i=1

Hk−2i
BC (Z,C(p− i, q − i))

]
, (3.18)

where the last isomorphism follows from Corollary 3.3.

In what follows, we will identify Hk
BC(X,C(p, q)) and Hk−1(X,L •

X(p, q)) as complex vector

spaces, via the canonical isomorphism in Lemma 2.3. The construction of Φ is the same as the

one given in the proof of [41, Theorem 1.2]. Observe that the natural inclusion of complexes

τ : L •
X(p, q) ↪→ C •X(p, q)

induces an isomorphism

τ : Hk−1(X,L •
X(p, q))

'−→ Hk−1(X,C •X(p, q)).
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Likewise, we have

τ̃ : Hk−1(X̃,L •
X̃

(p, q))
'−→ Hk−1(X̃,C •

X̃
(p, q))

induced by the inclusion τ̃ : L •
X̃

(p, q) ↪→ C •
X̃

(p, q). Because the blow-up morphism is a proper

modification, similar to (3.6), we get a commutative diagram

Hk−1(X,L •
X(p, q))

π?

��

τ

' // Hk−1(X,C •X(p, q))

Hk−1(X̃,L •
X̃

(p, q))
τ̃

' // Hk−1(X̃,C •
X̃

(p, q)),

π?

OO

(3.19)

namely, τ = π? ◦ τ̃ ◦ π?. This implies that the morphism π? in (3.19) is surjective. Thanks to

Corollary 3.3, every class

[α̃] ∈ Hk−1(E,L •
E(p, q)) ∼= Hk(E,B•E(p, q))

admits a unique decomposition

[α̃] =

c−1∑
i=0

hi ∧ ρ∗([α](k−2i−1)),

where [α](k−2i−1) ∈ Hk−2i−1(Z,L •
Z(p − i, q − i)) and h = c1(OE(1)) ∈ H2(E,Z). For each

i ∈ {0, 1, · · · , c− 1}, we can define a linear map

Πi : Hk−1(E,L •
E(p, q)) −→ Hk−2i−1(Z,L •

Z(p− i, q − i))

[α̃] 7−→ [α](k−2i−1).

Moreover, we get a linear map

Φ : Hk−1(X̃,L •
X̃

(p, q) −→ Hk−1(X,L •X(p, q))⊕
[ c−1⊕
i=1

Hk−2i−1(Z,L •Z(p− i, q − i))
]
, (3.20)

where Φ = τ−1 ◦ π? ◦ τ̃ +

c−1∑
i=1

Πi ◦ ı̃?.

Finally, we will verify that Φ is an isomorphism. Note that Φ is a linear map of finite dimensional

vector spaces over C. By the isomorphism (3.18), the map Φ is an isomorphism if and only if it is injective.

Combining (3.15) with (3.19) derives a commutative diagram of short exact sequences:

0 Hk−1(X,C •X(p, q))oo Hk−1(X̃,C •
X̃

(p, q))
π?oo ker (π?)oo 0oo

0 // Hk−1(X,L •X(p, q))

τ ∼=

OO

ı?

��

π? // Hk−1(X̃,L •
X̃

(p, q))

ı̃?

��

τ̃ ∼=

OO

// coker (π?)

ı̃? ∼=
��

τ̃

OO

// 0

0 // Hk−1(Z,L •Z(p, q))
ρ? // Hk−1(E,L •E(p, q)) // coker (ρ?) // 0.

(3.21)

The commutativity of (3.21) implies that the map τ̃ : coker (π?) −→ ker (π?) is isomorphic, and the map

ı̃? is injective on ker (τ−1 ◦π? ◦ τ̃). Choose an element [β̃] ∈ Hk−1(X̃,L •
X̃

(p, q)). Assume that Φ([β̃]) = 0,

then by the definition of Φ we have [β̃] ∈ ker (τ−1 ◦ π? ◦ τ̃) and ı̃?([β̃]) = 0 and therefore [β̃] = 0. This

implies that (3.20) is isomorphic. Equivalently, we get an isomorphism

Φ : Hk
BC(X̃,C(p, q))

'−→ Hk
BC(X,C(p, q))⊕

[ c−1⊕
i=1

Hk−2i
BC (Z,C(p− i, q − i))

]
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In particular, if k = p+ q we obtain the explicit presentation of the Bott–Chern blow-up formula

Φ : Hp,q
BC(X̃)

'−→ Hp,q
BC(X)⊕

[ c−1⊕
i=1

Hp−i,q−i
BC (Z)

]
.

Using (2.3) and the formula above derives the blow-up formula of the Aeppli cohomology and this com-

pletes the proof. �

Remark 3.8. In fact, the Bott–Chern complex can be thought of as a C-augmentation of the

direct sum of truncated holomorphic and anti-holomorphic de Rham complexes. One can also

define the integral or real Bott–Chern complex:

0 // GX
// OX ⊕ ŌX // Ω1

X ⊕ Ω̄1
X

// · · · // Ωp−1
X ⊕ Ω̄p−1

X
// Ω̄p

X
// · · · // Ω̄q−1

X
// 0,

(3.22)

where G = Z or R (cf. [45]). It is worth noting that each integral (resp. real) Bott–Chern

complex can split as the direct sum of a Deligne complex (resp. a real Deligne complex) and

a truncated anti-holomorphic de Rham complex (cf. [45, § 7.c]). So the blow-up formulae for

integral (resp. real) Bott–Chern cohomology can obtained from the Deligne blow-up formulae

and the blow-up formulae for truncated anti-holomorphic de Rham cohomology. The blow-up

formulae for integral Bott–Chern cohomology have been proven in [17] and [55], independently.

In contrast to the integral and real cases, in the case of G = C, the sheaf complex (3.22) has no

natural splitting.

Recall that the sheaf complex CX(p) is quasi-isomorphic to the truncated holomorphic de

Rham complex Ω•≥pX [−p]. As a result, we have a canonical isomorphism

Hk(X,CX(p)) ∼= Hk(X,Ω•≥pX [−p]) ∼= Hk−p(X,Ω•≥pX ).

We can now state the blow-up formulae for the hypercohomology of the sheaf complex CX(p).

Theorem 3.9. For any integer k ≥ 0, there exists a canonical isomorphism

Hk(X̃,CX̃(p))
Φ−→ Hk(X,CX(p))⊕

[ c−1⊕
i=1

Hk−2i(Z,CZ(p− i))
]
,

where Φ is the same as (3.20).

Proof. (Outline of proof) First we consider the Dolbeault resolution of Ω•≥pX [−p], which is a trun-

cation of the Dolbeault double complex. Akin to Proposition B.2, we can establish a projective

bundle formula for the truncated holomorphic de Rham cohomology considered in Theorem

3.9. Then the remainder of the proof go through by using the same arguments in the proof of

Theorem 3.7; see also [33, Theorem 1.4], [35, Theorem 4.18], or [17, Proposition 8]. �

Remark 3.10. Let H be a local system of complex vector spaces over X. Then H has a

canonical resolution by sheaves of free OX -modules (cf. [52, II, Proposition 5.3]). By a twisted

Bott–Chern complex, we mean the sheaf complex

B•X(p, q;H) : 0 // H //// Ω•<pX (HX)⊕ Ω̄•<qX (H̄X) // 0,

where HX = H ⊗CX
OX is a locally free sheaf equipped with a flat connection, and Ω•<pX (HX)

is the truncated holomorphic de Rham complex with coefficients in HX . Then the twisted Bott–

Chern hypercohomology is defined to be the hypercohomology of twisted Bott–Chern complex

Hk
BC(X,H(p, q)) := Hk(X,B•X(p, q;H)), ∀ k ∈ Z.
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Similar to L •
X(p, q), we can construct a complex of fine sheaves, denoted by L •

X(p, q;H), which

is quasi-isomorphic to the twisted Bott–Chern complex B•X(p, q;H)[1]. Following the steps in

the proof of Theorem 3.7, one can establish a canonical isomorphism

Hk
BC(X̃, π−1H(p, q))

Φ−→ Hk
BC(X,H(p, q))⊕

[ c−1⊕
i=1

Hk−2i
BC (Z, ı−1H(p− i, q − i))

]
.

Recently, Meng [35] gave a systematical study of twisted cohomologies with supports on complex

manifolds, and established blow-up formulae for twisted Dolbeault and Bott–Chern cohomolo-

gies.

Added in proof: After this paper had been completed, Stelzig [50] told us a different approach

to the projective bundle formula and the blow-up formula for Bott–Chern hypercohomology

based on the main result in his recent paper [49] and the structure theory of double complexes

(cf. [46, 47]).

4. Construction of bimeromorphic invariants

In this section, we apply Theorem 3.7 to defining some new bimeromorphic invariants for

compact complex manifolds.

Definition 4.1. (1) A meromorphic map f : X 99K Y of compact complex spaces is a map f

from X to the set of subsets of Y such that the following conditions hold:

(i) The graph Γf := {(x, y) ∈ X × Y | y ∈ f(x)} is an irreducible analytic subset of X × Y ;

(ii) The projection pX : Γf → X is a proper modification.

(2) Furthermore, if the projection pY : Γf → Y is also a modification, then we call f : X 99K Y

a bimeromorphic map, and we say that X and Y are bimeromorphically equivalent.

The weak factorization theorem of Abramovich–Karu–Matsuki–W lodarczyk [1, Theorem 0.3.1]

asserts that each bimeromorphic map between compact complex manifolds is a composition of a

finite sequence of blow-ups and blow-downs of compact complex manifolds with smooth centers.

For this reason, to show that an invariant or a geometric property is stable under bimeromorphic

transformations, it suffices to verify its invariance under blow-ups with smooth centers.

Let X be a compact complex manifold. Observe that the sheaf complex

CX(1) : 0 // CX // OX // 0

is quasi-isomorphic to the truncated holomorphic de Rham complex Ω•≥1
X [−1], and the Dolbeault

resolution gives rise to a fine resolution of Ω•≥1
X [−1]. Therefore CX(1) is quasi-isomorphic to the

sheaf complex:

0 // A1,0
X

d // A2,0
X ⊕A

1,1
X

d // A3,0
X ⊕A

2,1
X ⊕A

1,2
X

d // A4,0
X ⊕A

3,1
X ⊕A

2,2
X ⊕A

1,3
X

d // · · · .
(4.1)

Recall that the sheaf of germs of pluriharmonic functions HX has a fine resolution:

0 // A0,0
X

∂∂̄ // A1,1
X

d // A1,2
X ⊕A

2,1
X

d // A1,3
X ⊕A

2,2
X ⊕A

3,1
X

d // · · · . (4.2)
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In particular, we can define a morphism from (4.2) to (4.1):

0 // A0,0
X

−∂
��

∂∂̄ // A1,1
X



��

d // A2,1
X ⊕A

1,2
X



��

d // A3,1
X ⊕A

2,2
X ⊕A

1,3
X

d //



��

· · ·

0 // A1,0
X

d // A2,0
X ⊕A

1,1
X

d // A3,0
X ⊕A

2,1
X ⊕A

1,2
X

d // A4,0
X ⊕A

3,1
X ⊕A

2,2
X ⊕A

1,3
X

d // · · · .

(4.3)

Here  is the inclusion map. The morphism (4.3) induces a map of cohomology groups

Ck : Hk−1(X,HX) −→ Hk−1(X,Ω•≥1
X ), (4.4)

for any integer k ≥ 1.

We are now in a position to present the first result of this section.

Theorem 4.2. Both the kernel and the cokernel of the map (4.4) are bimeromorphic invariants.

In particular, the integer

♠k(X) = dimC Hk−1(X,Ω•≥1
X )− dimC Hk−1(X,HX)

is a bimeromorphic invariant of X.

Proof. Let π : X̃ → X be the blow-up of X along a closed complex submanifold Z with complex

codimension c ≥ 2. Observe that both BZ(1− i, 1− i) and CZ(1− i) are identical to the locally

constant sheaf CZ for i ≥ 1. This implies

Hk−2i
BC (Z,C(1− i, 1− i)) = Hk−2i

dR (Z;C) = Hk−2i(Z,CZ(1− i)),

for i ≥ 1. According to the blow-up formulae in Theorems 3.7 and 3.9, we have two canonical

isomorphisms

Hk
BC(X̃,C(1, 1)) ∼= Hk

BC(X,C(1, 1))⊕
[ c−1⊕
i=1

Hk−2i
BC (Z,C(1− i, 1− i))

]

= Hk
BC(X,C(1, 1))⊕

[ c−1⊕
i=1

Hk−2i
dR (Z;C)

]
(4.5)

and

Hk(X̃,CX̃(1)) ∼= Hk(X,CX(1))⊕
[ c−1⊕
i=1

Hk−2i(Z,CZ(1− i))
]

= Hk(X,CX(1))⊕
[ c−1⊕
i=1

Hk−2i
dR (Z;C)

]
, (4.6)

for any k ∈ N. From Proposition 2.1, (4.3), (4.5) and (4.6) we get a commutative diagram of

finite-dimensional complex vector spaces:

Hk−1(X̃,HX̃)

C̃k

��

' // Hk−1(X,HX)⊕
[
c−1⊕
i=1

Hk−2i
dR (Z;C)

]
Ck⊕id
��

Hk−1(X̃,Ω•≥1

X̃
)
' // Hk−1(X,Ω•≥1

X )⊕
[
c−1⊕
i=1

Hk−2i
dR (Z;C)

]
.

(4.7)
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It follows from the commutativity of (4.7) that ker C̃k (resp. coker C̃k) is isomorphic to ker Ck

(resp. cokerCk). Particularly, due to Proposition 2.1 and Lemma 2.3 we obtain that, for each

integer k ≥ 1, we have:

♠k(X) = dimCHk(X,CX(1))− dimCH
k
BC(X,CX(1, 1))

= dimC Hk−1(X,Ω•≥1
X )− dimC Hk−1(X,HX)

= dimC Hk−1(X̃,Ω•≥1

X̃
)− dimC Hk−1(X̃,HX̃)

= ♠k(X̃).

Due to the weak factorization theorem [1, Theorem 0.3.1], we get that ♠k(X) is a bimeromorphic

invariant. �

Likewise, by comparing the blow-up formulae of Bott–Chern hypercohomology and de Rham

cohomology, we have

Theorem 4.3. Let X be a compact complex manifold of dimension n ≥ 2. Then the integer

♣k(X) := dimCH
k
dR(X;C)− dimC Hk−1(X,HX)

is a bimeromorphic invariant of X.

Proof. According to the blow-up formula of de Rham cohomology, there exists an isomorphism

Hk
dR(X̃;C) ∼= Hk

dR(X;C)⊕
[ c−1⊕
i=1

Hk−2i
dR (Z;C)

]
. (4.8)

By (4.5), we have

Hk
BC(X̃,C(1, 1)) ∼= Hk

BC(X,C(1, 1))⊕
[ c−1⊕
i=1

Hk−2i
dR (Z;C)

]
. (4.9)

Comparing (4.8) and (4.9), we get

♣k(X̃) = ♣k(X)

and therefore we conclude the proof by the weak factorization theorem. �

Remark 4.4. When k ≥ n+ 2, from definition, we have

Hk
BC(X,CX(1, 1)) ∼= Hk(X,CX(1)) ∼= Hk

dR(X;C),

and therefore both ♠k(X) and ♣k(X) are equal to zero for k ≥ n+ 2.

Let X be a compact complex manifold of complex dimension n. By definition, the identify

maps induce natural morphisms among the Bott–Chern, de Rham, Dolbeault, ∂ and Aeppli

cohomology as follows.

H•,•BC(X)

��zz $$
H•,•∂ (X)

$$

H•dR(X;C)

��

H•,•
∂̄

(X)

zz
H•,•A (X)

We denote the natural morphism by

Ip,q : Hp,q
BC(X) −→ Hp,q

∂̄
(X)
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[α]BC 7−→ [α]∂̄

for any 0 ≤ p, q ≤ n. In general, the maps Ip,q are neither surjective nor injective. The

morphisms Ip,q are injective for all 0 ≤ p, q ≤ n if and only if X satisfies the ∂∂̄-lemma.

We are now turning to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let Z be a closed complex submanifold of X with complex codimension

c (c = 2, 3) and π : X̃ → X the blow-up of X with the center Z. Since X is of 3-dimensional,

the center Z is a point or a complex curve and therefore the natural map

I•,•Z : H•,•BC(Z) −→ H•,•
∂̄

(Z)

is isomorphic. On account of Theorem 3.7 and the explicit Dolbeault blow-up formula [41,

Theorem 1.2], we obtain the following commutative diagram:

Hp,q
BC(X̃)

Ĩp,q

��

' // Hp,q
BC(X)⊕

[
c−1⊕
i=0

Hp−i,q−i
BC (Z)

]
Ip,q⊕I•,•Z
��

Hp,q

∂̄
(X̃)

' // Hp,q

∂̄
(X)⊕

[
c−1⊕
i=0

Hp−i,q−i
∂̄

(Z)

]
.

(4.10)

As I•,•Z is an isomorphism, the commutativity of (4.10) implies that ker I (resp. coker I) is iso-

morphic to ker Ĩ (resp. coker Ĩ), and combining with the weak factorization theorem concludes

the proof. �

In general, it is noteworthy that Hp,q
BC(X) and Hp,q

∂̄
(X) are not bimeromorphic invariants

unless p = 0 or q = 0. As a corollary of Theorem 1.2, for compact complex threefolds, the

integer

∆p,q

BC,∂̄
(X) = hp,qBC(X)− hp,q

∂̄
(X), ∀ 0 ≤ p, q ≤ 3

is stable under blow-ups and hence is a bimeromorphic invariant by the weak factorization

theorem, see also [39, Corollary 1.5]. Likewise, we can construct the bimeromorphic invariants

of threefolds via the natural morphism

I•,• : H•,•BC(X) −→ H•,•F (X), (4.11)

where F ∈ {∂,A}. In general, for a compact complex manifold X with complex dimension ≥ 4,

the kernel and the cokernel of the natural map (4.11) are not bimeromorphic invariants. The

reason lies in the fact that for different cohomologies the contributions of the center Z in the

blow-up formulae are not equivalent to each other.

According to a result of Stelzig [48], we know that if a bimeromorphic invariant is a universal

Z-linear combination or congruence of Hodge and Chern numbers, then it is a linear combination

or congruence of the (p, 0) or (0, q)-Hodge numbers only. In view of the important role of the

Bott–Chern (hyper) cohomology in non-Kähler complex geometry, it is natural to consider the

following:

Problem 4.1. Which linear combinations or congruences of Bott–Chern and Hodge numbers

are bimeromorphic invariants of compact complex manifolds without the ∂∂̄-lemma?
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5. Examples

In this section, we first compute the Bott–Chern hypercohomology groups for some com-

pact complex surfaces and threefolds, and then we consider their invariants defined in Theorem

1.1. In general, it is difficult to compute the Bott–Chern hypercohomology of a higher di-

mensional compact complex manifold explicitly. However, thanks to Lemma 2.3, we can write

down the Bott–Chern hypercohomology groups of surfaces and threefolds via the fine sheaf

complex L •(p, q). Let X be a compact complex surface or a threefold. Put Ak := Γ(X,AkX)

and As,t := Γ(X,As,tX ). To be more specific, we have the following tables which record the

Bott–Chern hypercohomology groups.

surface B•X(1, 1) B•X(1, 2) B•X(2, 2)

H1
BC C C C

H2
BC H1,1

BC(X) H0,1
A (X)

ker(d:A1,0⊕A0,1→A1,1)

d(A0,0)

H3
BC

ker(d:A2,1⊕A1,2→A2,2)

d(A1,1)
H1,2
BC(X) H1,1

A (X)

H4
BC C C C

threefold B•X(1, 1) B•X(1, 2) B•X(1, 3) B•X(2, 2) B•X(2, 3) B•X(3, 3)

H1
BC C C C C C C

H2
BC H1,1

BC(X) H0,1
A (X) H0,1

∂̄
(X) H1

dR(X;C)
ker(d:A1→A1,1)

dA0,0 H1
dR(X;C)

H3
BC

ker d|
A2,1⊕A1,2

d(A1,1)
H1,2
BC(X) H0,2

A (X) H1,1
A (X)

ker(d:A1,1⊕A0,2→A1,2)

∂̄A1,0+dA0,1
ker(d:A2→A2,1⊕A1,2)

dA1

H4
BC

ker d|
A4

d(A2,1⊕A1,2)

ker d|
A2,2⊕A1,3

d(A1,2)
H1,3
BC(X) H2,2

BC(X) H1,2
A (X)

ker(d:A2,1⊕A1,2→A2,2)

∂̄A2,0+dA1,1+∂A0,2

H5
BC H5

dR(X;C)
ker d|

A5

d(A2,2⊕A1,3)
H2,3
∂ (X)

ker d|
A5

d(A2,2)
H2,3
BC(X) H2,2

A (X)

H6
BC H6

dR(X;C) H6
dR(X;C) H6

dR(X;C) H6
dR(X;C) H6

dR(X;C) H6
dR(X;C)

The notion ker(d : A2,1 ⊕A1,2 → A2,2) stands for the kernel of the composite map

A2,1 ⊕A1,2 d−→ A4 pr−→ A2,2

where pr is the projection.

Let E• be a sheaf complex of C-modules on a compact complex manifold X which has finite-

dimensional hypercohomology groups. By the Euler characteristics of E•, we mean the alterna-

tive sum of the dimensions of its hypercohomology groups, namely,

χ(E•) =
∑
i∈Z

(−1)idimCHi(X, E•).

Consider the short exact sequence sheaf complexes

0 // ŌX [−1] // B•X(1, 1) // CX(1) // 0. (5.1)

The exactness of (5.1) implies

χ(B•X(1, 1)) = χ(CX(1)) + χ(ŌX [−1]) = χ(CX(1))− χ(X, ŌX)

= χ(CX(1))− χ(OX). (5.2)

Likewise, consider the short exact sequence

0 // (OX ⊕ ŌX)[−1] // B•X(1, 1) // CX // 0.

We have

χ(B•X(1, 1)) = χ(CX) + χ((OX ⊕ ŌX [−1])) = χ(CX)− χ(OX ⊕ ŌX)

= χ(CX)− 2χ(OX). (5.3)

In particular, if X is a threefold, from (5.2) and (5.3), we get

h4
BC(X,C(1, 1))− h3

BC(X,C(1, 1)) = χ(CX(1))− χ(OX)− h1,1
BC(X) + b5(X) (5.4)
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and

h4
BC(X,C(1, 1))− h3

BC(X,C(1, 1)) = χ(X)− 2χ(OX)− h1,1
BC(X) + b5(X),

where χ(X) is the Euler characteristic of X and b5(X) is the 5-th Betti number of X. Recall

that the sheaf complex

CX(1) : 0 // CX // OX // 0

is quasi-isomorphic to the truncated holomorphic de Rham complex Ω•≥1
X [−1]. Put n = dimC X.

Due to the Serre duality for truncated holomorphic de Rham complexes [32, Theorem 1.3], for

any 0 ≤ l ≤ n, we have

Hl(X,CX(1)) ∼= Hl(X,Ω•≥1
X [−1]) = Hl−1(X,Ω•≥1

X ) ∼= H2n+1−l(X,Ω•<nX ).

If n = 3, taking the Dolbeault resolution of Ω•<3
X , we can compute Hl(X,CX(1)) via the trun-

cated Dolbeault double complex. Moreover, we get

H5(X,CX(1)) ∼= H5
dR(X;C) ∼= H5

BC(X,C(1, 1))

and

H6(X,CX(1)) ∼= H6
dR(X;C) ∼= H6

BC(X,C(1, 1)).

5.1. Compact complex surfaces. Let S be a compact complex surface. Because of the E1-

degeneracy of the Frölicher spectral sequence of S, the hypercohomology of the sheaf complex

CS(1) can be read off from the Dolbeault cohomology and hence we have:

dimCH1(S,CS(1)) = h1,0

∂̄
(S), dimCH2(S,CS(1)) = h2,0

∂̄
(S) + h1,1

∂̄
(S),

dimCH3(S,CS(1)) = b3(S), dimCH4(S,CS(1)) = h2,2

∂̄
(S).

From (5.3), we get χ(B•S(1, 1)) = χ(S)− 2χ(OS) and this implies

dimCH
3
BC(S,C(1, 1)) = h1,1

BC + 2χ(OS)− χ(S).

As a result, the bimeromorphic invariants ♠•(S) are

♠1(S) = h1,0

∂̄
(S)− 1,

♠2(S) = h1,1

∂̄
(S)− h1,1

BC(S) + h2,0

∂̄
(S),

♠3(S) = b1(S)− h1,1
BC − 2χ(OS) + χ(S).

More precisely, based on [4, Table 2], we obtain the following table of invariants for some classical

compact complex surfaces.

S ♠1 ♠2 ♠3 ♠4

P2 −1 0 0 0

K3 surfaces −1 1 0 0

Torus 1 1 0 0

Primary Kodaira 0 0 0 0

Secondary Kodaira −1 −1 0 0
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5.2. Complex nilmanifolds. In this subsection, we will focus on some three-dimensional com-

plex nilmanifolds. First we review some basics on complex nilmanifolds. Let G be a simply-

connected nilpotent Lie group with Lie algebra g and Γ ⊂ G a lattice with maximal rank. The

quotient space X := Γ \G is called a real nilmanifold. Owing to a result by Nomizu [37], there

exists an isomorphism from the Lie-algebra de Rham cohomology of g to the de Rham cohomol-

ogy of X, which is induced by the natural inclusion of left-invariant differential forms in the de

Rham complex of X. Moreover, if g is endowed with an invariant complex structure J and set

gC := g⊗RC, then (X, J) becomes a compact complex manifold called the complex nilmanifold.

Moreover, it is conjectured that the natural inclusion of complexes

ι : (∧p,•(g∗C), ∂̄) ↪→ (Γ(X,Ap,•X ), ∂̄)

is a quasi-isomorphism, namely, the natural inclusion ι induces an isomorphism

ι : Hp,q

∂̄
(g)

'−→ Hp,q

∂̄
(X) (5.5)

for any p, q ∈ N, see [19, 18, 43] etc. Based on this isomorphism, the various cohomology of

complex nilmanifolds can be computed in terms of correspondent Lie-algebra cohomology, we

refer to [44, 19, 18, 43, 3, 15, 23] and the references therein. For our purpose, if (5.5) holds, by

the standard spectral sequence theory, the truncated de Rham cohomology H•(X,CX(1)) can be

computed by using the Lie-algebra truncated de Rham cohomology. Put L •
g∗C

(1, 1) the complex

of vector spaces analogous to L •
X(1, 1), and denote by H l

BC(g∗C;C(1, 1)) := H l−1(Lg∗C
(1, 1)) the

associated Lie algebra Bott–Chern hypercohomology.

Lemma 5.1. If the isomorphism (5.5) holds, then the natural inclusion ι induces an isomor-

phism of Bott–Chern hypercohomolgy

ι : H l
BC(g∗C;C(1, 1))

'−→ H l
BC(X,C(1, 1)) (5.6)

for any l ∈ N.

Proof. According to [3, Theorem 3.7], the assertion is true for l = 2 which is the isomorphism

between the Lie-algebra Bott–Chern cohomology H1,1
BC(g∗C) and the Bott–Chern cohomology

H1,1
BC(X). Consider the case of l ≥ 3. We first verify the injectivity of (5.6). The strategy

of the proof is the same as the one used in the proofs of [18, Lemma 9] and [3, Lemma 3.6].

Suppose g is a G-left-invariant Hermitian metric on X. Observe that both d and d∗ preserve

the G-left-invariant forms, and so is the operator ∆l = δ∗l δl + δl−1δ
∗
l−1. Therefore, by Hodge’s

theorem, there exists a decomposition of G-left-invariant forms

L l
g∗C

(1, 1) =
⊕

s+t=l+1
s≥p,t≥q

s,t∧
g∗C = ker ∆l ⊕ im δl−1 ⊕ im δ∗l .

Assume that [α] is a class in H l
BC(g∗C;C(1, 1)) satisfying ι([α]) = 0 ∈ H l

BC(X,C(1, 1)). This

implies that there exists a form

β ∈ L l−1
X (1, 1) =

⊕
s+t=l

s≥p,t≥q

As,t(X)

such that α = δl−1(β). Up to a zero term in H l
BC(g∗C;C(1, 1)), we may suppose that β ∈[

ι(L l−1
g∗C

(1, 1))
]⊥

, where the orthogonality is meant with respect to the inner product on L l
X(1, 1)
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induced by the G-left invariant metric g on X. Since α = δl−1(β) is a G-left invariant form and

so is δ∗l−1δl−1(β). As a result, we have

||δl−1(β)||2 = 〈δ∗l−1δl−1(β), β〉 = 0,

which means α = δl−1(β) = 0 and therefore the injectivity is proved.

It remains to show that (5.6) is surjective. Let α be a δl-closed differential form which

represents a nonzero class in H l
BC(X,C(1, 1)). Then α also represents a de Rham class in

H l+1
dR (X;C). Note that α has a unique expression

α = αl,1 + αl−1,2 + · · ·+ α2,l−1 + α1,l.

Because of the isomorphism

ι : H l+1
dR (g∗C;C)

'−→ H l+1
dR (X;C),

there is a class [β] ∈ H l+1
dR (g∗C;C) such that

α = β + dγ (5.7)

for some differential l-form γ. By comparing the types of the forms in (5.7), we obtain

βl+1,0 = −∂γl,0 and β0,l+1 = −∂̄γ0,l.

Note that for a G-left-invariant ∂̄-closed form φ (resp. ∂-closed form φ), every solution of the

equation ∂̄ψ = φ (resp. ∂ψ = φ) is G-left-invariant up to a ∂̄-exact (resp. ∂-exact) term,

see Step 2 in the proof of [3, Theorem 3.7]. Applying this property to our case, we get two

G-left-invariant forms γl,01 and γ0,l
1 such that

γl,0 = γl,01 + ∂ul−1,0 and γ0,l = γ0,l
1 + ∂̄v0,l−1

for some (l − 1, 0)-form ul−1,0 and (0, l − 1)-form v0,l−1. Define a G-left-invariant form

β̃ := ∂̄γl,01 + βl,1 + βl−1,2 + · · ·+ β2,l−1 + β1,l + ∂γ0,l
1 .

From (5.7), we have

α = β̃ + d(γl−1,1 + · · ·+ γ1,l−1) + ∂̄∂ul−1,0 + ∂∂̄v0,l−1

= β̃ + d(γl−1,1 + · · ·+ γ1,l−1 − ∂̄ul−1,0 − ∂v0,l−1)

= β̃ + d
[
(γl−1,1 − ∂̄ul−1,0) + γl−2,2 + · · ·+ γ2,l−2 + (γ1,l−1 − ∂v0,l−1)

]
.

It follows dβ̃ = 0 and hence [α] = [β̃] in H l
BC(X,C(1, 1)), and this completes the proof. �

We are ready to compute the bimeromorphic invariants for some complex nilmanifolds.

Example 5.2 (Iwasawa manifolds). Consider the Heisenberg Lie group

H(3;C) :=

{(
1 z1 z3
0 1 z2
0 0 1

)
| z1, z2, z3 ∈ C

}
⊂ GL(3;C),

and its discrete subgroup

H(3;Z[
√
−1]) := GL(3;Z[

√
−1]) ∩H(3;C) ⊂ H(3;C)

where Z[
√
−1] = {a + b

√
−1 | a, b ∈ Z} is the Gaussian integers. Let g be the Lie alge-

bra of H(3;Z[
√
−1]). By definition, H(3;C) is isomorphic to C3 as complex manifolds, and
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H(3;Z[
√
−1]) acts on H(3;C) via the left multiplication. Such a H(3;Z[

√
−1])-action is free and

properly discontinuous. As a result, the quotient space

I3 := H(3;C)/H(3;Z[
√
−1])

is a compact 6-dimensional smooth manifold. Moreover, there exists a canonical H(3;C)-

invariant complex structure J0 on I3, such that (I3, J0) becomes a non-Kähler, non-formal,

and holomorphically parallelizable complex threefold, called the Iwasawa manifold. In particu-

lar, all the de Rham, Dolbeault, Bott–Chern, and Aeppli cohomologies of I3 and its deformed

objects can be computed via their Lie-algebra Dolbeault complexes. Note that the space of

H(3;C)-invariant (1, 0)-forms on H(3;C) has a basis {ω1, ω2, ω3} satisfying the structure equa-

tions 
dω1 = 0,

dω2 = 0,

dω3 = −ω1 ∧ ω2,

see [3, Section 4].

On the one hand, via a straightforward computation we get the following table recording the

complex dimensions of Hl(X,CX(1)).

H•(X,C(1)) H1 H2 H3 H4 H5 H6

I3 2 6 9 8 4 1

This implies χ(CX(1)) = 0. On the other hand, by the computation of de Rham, Dolbeault, and

Bott–Chern cohomologies of Iwasawa manifold (cf. [3, Appendix]), we obtain χ(OX) = 0 and

therefore χ(BX(1, 1)) = 0 by (5.2). Due to Lemma 5.1, the Bott–Chern hypercohomology of I3
can be computed by its left-invariant forms. Using the equality (5.4), we only need to compute

H3
BC(I3,C(1, 1)), which is isomorphic to second hypercohomology group of L •

I3(1, 1).

By definition, we obtain the associated bimeromorphic invariants of I3.

l = 1 l = 2 l = 3 l = 4 l = 5 l = 6

dim H l
dR(I3,C) 4 8 10 8 4 1

dim Hl(I3,C(1)) 2 6 9 8 4 1

dim H l
BC(I3,C(1, 1)) 1 4 8 8 4 1

♠l 1 2 1 0 0 0

♣l 3 4 2 0 0 0

Set ωrs̄ = ωr ∧ ωs̄ for any r, s ≥ 1. More precisely, we have

H1,1

∂̄
(I3) = 〈[ω11̄], [ω12̄], [ω21̄], [ω22̄], [ω31̄], [ω32̄]〉,

H1,2

∂̄
(I3) = 〈[ω11̄3̄], [ω12̄3̄], [ω21̄3̄], [ω22̄3̄], [ω31̄3̄], [ω32̄3̄]〉,

H2,2

∂̄
(I3) = 〈[ω121̄3̄], [ω122̄3̄], [ω131̄3̄], [ω132̄3̄], [ω231̄3̄], [ω232̄3̄]〉,

H1,1
BC(I3) = 〈[ω11̄], [ω12̄], [ω21̄], [ω22̄]〉,

H1,2
BC(I3) = 〈[ω11̄2̄], [ω11̄3̄], [ω12̄3̄], [ω21̄2̄], [ω21̄3̄][ω22̄3̄]〉,

H2,2
BC(I3) = 〈[ω121̄3̄], [ω122̄3̄], [ω131̄2̄], [ω131̄3̄], [ω132̄3̄], [ω231̄2̄], [ω231̄3̄], [ω232̄3̄]〉.

Consequently, we obtain the kernel and cokernel of I1,1, I2,1 and I2,2 as follows:

ker(I1,1) = 0, ker(I1,2) = 〈[ω11̄2̄], [ω21̄2̄]〉, ker(I2,2) = 〈[ω131̄2̄], [ω231̄2̄]〉;
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coker(I1,1) = 〈[ω31̄], [ω32̄]〉, coker(I1,2) = 〈[ω31̄3̄], [ω32̄3̄]〉, coker(I2,2) = 0.

It is noteworthy that the numerical bimeromorphic invariant

∆1,2

BC,∂̄
(I3) = h1,2

BC(I3)− h1,2

∂̄
(I3)

in Example 5.2 is zero. However, the kernel and cokernel of I1,2 are non-trivial.

Example 5.3 (Nilmanifold with Lie algebra h6). Let M = Γ \ G be a complex 3-dimensional

nilmanifold endowed with an invariant complex structure J such that the underlying Lie algebra

is isomorphic to h6 in the classification of [15, Theorem 2.1]. A result of Ceballos–Otal–Ugarte–

Villacampa [15, Proposition 4.3] shows that the Frölicher spectral sequence of M degenerates

at E1-page and the Hodge symmetry holds; however, it does not satisfy the ∂∂̄-lemma. In

particular, the Hodge and Bott–Chern diamonds of M are:

1

2 2

2 5 2

1 5 5 1

2 5 2

2 2

1

1

2 2

2 5 2

1 6 6 1

2 6 2

3 3

1

(Hodge) (Bott–Chern)

Since E1
∼= E∞, from (2.6)-(2.7), the hypercohomology groups of CM (1) can be read off from

the Hodge diamond via the isomorphism

Hl(M,CM (1)) ∼= Hl−1(M,Ω•≥1
M ) ∼=

⊕
s≥1

s+t=l

Hs,t

∂̄
(M). (5.8)

Recall that (h6 ⊗ C)1,0 has a basis {ω1, ω2, ω3} satisfying
dω1 = 0,

dω2 = 0,

dω3 = ω12 + ω11̄ + ω12̄.

Then we get a table recording the dimensions of Hl(M,CM (1)) and the Bott–Chern hypercoho-

mology groups.

l = 1 l = 2 l = 3 l = 4 l = 5 l = 6

dim H l
dR(M) 4 9 12 9 4 1

dim Hl(M,CM (1)) 2 7 11 9 4 1

dim H l
BC(M,C(1, 1)) 1 5 10 9 4 1

♠l 1 2 1 0 0 0

♣l 3 4 2 0 0 0

More precisely, the generators of the cohomology groups are:

H1(M,CM (1)) = 〈[ω1], [ω2]〉

H2(M,CM (1)) = 〈[ω12], [ω13], [ω12̄], [ω21̄], [ω22̄], [ω13̄ + ω31̄], [ω23 − ω31̄ − ω32̄]〉

H3(M,CM (1)) = 〈[ω123], [ω121̄], [ω131̄], [ω132̄], [ω11̄3̄], [ω21̄3̄], [ω123̄ + ω231̄], [ω123̄ − ω232̄],

[ω123̄ − ω22̄3̄], [ω123̄ − ω31̄2̄], [ω133̄ + ω233̄ − ω313̄ − ω32̄3̄]〉
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H4(M,CM (1)) = 〈[ω1231̄], [ω1232̄], [ω1233̄], [ω21̄2̄3̄], [ω121̄3̄], [ω131̄3̄], [ω231̄2̄], [ω31̄2̄3̄ + ω231̄3̄],

[ω132̄3̄ + ω231̄3̄ + ω232̄3̄]〉

H3
BC(M,CM (1, 1)) = 〈[ω121̄], [ω131̄], [ω132̄], [ω11̄3̄], [ω21̄3̄], [ω123̄ + ω231̄], [ω123̄ − ω232̄],

[ω123̄ − ω22̄3̄], [ω123̄ − ω31̄2̄], [ω133̄ + ω233̄ − ω313̄ − ω32̄3̄]〉

H4
BC(M,CM (1, 1)) = H4(M,CM (1)).

Furthermore, the Dolbeault and Bott–Chern cohomologies are:

H1,1

∂̄
(M) = 〈[ω12̄], [ω21̄], [ω22̄], [ω13̄ + ω32̄], [ω31̄ + ω32̄]〉

H2,1

∂̄
(M) = 〈[ω121̄], [ω13̄1̄], [ω123̄ + ω231̄], [ω123̄ − ω232̄], [ω132̄]〉

H2,2

∂̄
(M) = 〈[ω121̄3̄], [ω122̄3̄], [ω131̄3̄], [ω132̄3̄], [ω231̄3̄ + ω232̄3̄]〉

H1,1
BC(M) = 〈[ω11̄], [ω12̄], [ω21̄], [ω22̄], [ω13̄ − ω31̄]〉

H2,1
BC(M) = 〈[ω121̄], [ω122̄], [ω131̄], [ω123̄ + ω231̄], [ω123̄ − ω232̄], [ω132̄]〉

H2,2
BC(M) = 〈[ω121̄3̄], [ω122̄3̄], [ω131̄2̄], [ω131̄3̄], [ω231̄2̄], [ω132̄3̄ + ω231̄3̄ + ω232̄3̄]〉.

Combining with [15, Proposition 4.3] derives:

ker(I1,1) = 〈[ω11̄ + ω12̄]〉, ker(I2,1) = 〈[ω121̄ + ω122̄〉

ker(I2,2) = 〈[ω131̄2̄], [ω121̄3̄ + ω122̄3̄ + ω231̄2̄]〉

coker(I1,1) = 〈[ω13̄ + ω32̄]〉 = 〈[ω31̄ + ω32̄]〉, coker(I2,1) = 0

coker(I2,2) = 〈[−ω132̄3̄]〉 = 〈[ω231̄3̄ + ω232̄3̄]〉.

Example 5.4 (Nilmanifold with Lie algebra h7). Let h7 be the 6-dimensional Lie algebra in

the classification of [15, Theorem 2.1]. Assume that h7 is the Lie algebra of the universal cover

G of the complex 3-dimensional nilmanifold M = Γ \ G. According to [23, Theorem 5.1], the

Lemma 5.1 holds for M . Note that the space G-invariant (1, 0)-forms admits a basis {ω1, ω2, ω3}
satisfying the structure equation 

dω1 = 0,

dω2 = ω11̄,

dω3 = ω12 + ω12̄.

Following the steps in Example 5.2, we obtain the following:

H1(M,CM (1)) = 〈[ω1]〉

H2(M,CM (1)) = 〈[ω13], [ω12̄], [ω21̄], [ω31̄ + ω22̄], [ω13̄ + ω22̄], [ω23 − ω32̄]〉

H3(M,CM (1)) = 〈[ω123], [ω121̄], [ω131̄], [ω132̄], [ω21̄2̄], [ω21̄3̄], [ω123̄ + ω12̄3̄], [ω133̄ + ω232̄],

[ω231̄ − ω12̄3̄], [ω233̄ − ω32̄3̄], [ω31̄2̄ + ω12̄3̄], [ω31̄3̄ + ω22̄3̄]〉

H4(M,CM (1)) = 〈[ω21̄2̄3̄], [ω1231̄], [ω1232̄], [ω122̄3̄], [ω121̄3̄], [ω131̄3̄],

[ω31̄2̄3̄ + ω231̄3̄], [ω132̄3̄ + ω1233̄]〉

H2
BC(M,C(1, 1)) = 〈[ω11̄], [ω12̄], [ω21̄], [ω31̄ + ω22̄], [ω13̄ + ω22̄]〉 = H1,1

BC(M)

H3
BC(M,C(1, 1)) = 〈[ω121̄], [ω131̄], [ω132̄], [ω21̄2̄], [ω21̄3̄], [ω123̄ + ω231̄], [ω133̄ + ω232̄],

[ω231̄ − ω12̄3̄], [ω233̄ − ω32̄3̄], [ω31̄2̄ + ω12̄3̄], [ω31̄3̄ + ω22̄3̄]〉

H4
BC(M,C(1, 1)) = H4(M,CX(1)).
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As a result, we get the following table of invariants.

l = 1 l = 2 l = 3 l = 4 l = 5 l = 6

dim H l
dR(M) 3 8 12 8 3 1

dim Hl(M,CM (1)) 1 6 12 8 3 1

dim H l
BC(M,C(1, 1)) 1 5 11 8 3 1

♠l 0 1 1 0 0 0

♣l 2 3 1 0 0 0

Using the same arguments, we can compute the generators of the Dolbeault and Bott–Chern

cohomologies as follows (see also [5]).

H1,1

∂̄
(M) = 〈[ω21̄], [ω32̄], [ω31̄ + ω22̄], [ω13̄ + ω22̄]〉,

H2,1

∂̄
(M) = 〈[ω121̄], [ω122̄], [ω132̄], [ω123̄ + ω231̄], [ω133̄ + ω232̄]〉,

H1,2

∂̄
(M) = 〈[ω21̄2̄], [ω21̄3̄], [ω12̄3̄], [ω32̄3̄], [ω31̄3̄ + ω22̄3̄]〉,

H2,2

∂̄
(M) = 〈[ω121̄3̄], [ω122̄3̄], [ω132̄3̄], [ω231̄2̄]〉,

H1,1
BC(M) = 〈[ω11̄], [ω12̄], [ω21̄], [ω31̄ + ω22̄], [ω13̄ + ω22̄]〉,

H2,1
BC(M) = 〈[ω121̄], [ω122̄], [ω131̄], [ω132̄], [ω123̄ + ω231̄], [ω133̄ + ω232̄]〉,

H1,2
BC(M) = 〈[ω11̄2̄], [ω21̄2̄], [ω21̄3̄], [ω11̄3̄], [ω12̄3̄ + ω31̄2̄], [ω31̄3̄ + ω22̄3̄]〉,

H2,2
BC(M) = 〈[ω121̄3̄], [ω122̄3̄], [ω131̄3̄], [ω131̄2̄], [ω231̄2̄]〉.

To be more specific, we can compute the kernels and cokernels of C as follows.

ker(C2) = 〈[ω11̄]〉, ker(C3) = 0;

coker(C2) = 〈[ω13], [ω23 − ω32̄]〉, coker(C3) = 〈[ω123]〉.

Similarly, we have

ker(I1,1) = 〈[ω11̄], [ω12̄]〉, ker(I1,2) = 〈[ω11̄2̄], [ω11̄3̄ − ω21̄2̄]〉

ker(I2,1) = 〈[ω122̄ − ω131̄]〉, ker(I2,2) = 〈[ω131̄2̄], [ω122̄3̄ + ω231̄2̄ − ω131̄3̄]〉;

coker(I1,1) = 〈[ω32̄]〉, coker(I1,2) = 〈[ω32̄3̄]〉

coker(I2,1) = 0, coker(I2,2) = 〈[ω132̄3̄]〉.

1

1 2

2 4 2

1 5 5 1

3 4 2

2 2

1

1

1 1

3 5 3

1 6 6 1

2 5 2

3 3

1

(Hodge) (Bott–Chern)

5.3. Kähler threefolds. In this subsection, we consider two classical examples of Kähler three-

folds: smooth quintic threefolds and smooth cubic threefolds.

Example 5.5 (Quintic threefolds). Recall that a smooth quintic threefold X is a smooth hy-

persurface of degree 5 in CP4, which is a Calabi–Yau manifold since

ωX ∼= OX(5− 4− 1) = OX .



30 S. YANG AND X. YANG

Because X is Kähler and its Hodge numbers are known (see the diagram below), the the hyper-

cohomology groups of CX(1) can be computed via the isomorphism (5.8). Using the short exact

sequence (5.1) and the argument above we can compute the Bott–Chern hypercohomology of

X. Finally, we get ♠k(X) = 0 for k ∈ {2, 4, 5, 6} and ♠1(X) = −1 and ♠3(X) = 1; ♣k(X) = 0

for k ∈ {2, 4, 5, 6} and ♣1(X) = −1 and ♣3(X) = 2.

Example 5.6 (Cubic threefolds). Let X be a smooth cubic threefold, i.e., a smooth hypersurface

of degree 3 in CP4. This is a famous non-rational Fano threefold. Using the same arguments,

we obtain ♠k(X) = ♣k(X) = 0 except for ♠1(X) = ♣1(X) = −1.

1

0 0

0 1 0

1 101 101 1

0 1 0

0 0

1

1

0 0

0 1 0

0 5 5 0

0 1 0

0 0

1

( Hodge diamond of quintic threefold) (Hodge diamond of cubic threefold)

Appendix A. Relative sheaves

The purpose of this appendix is to present a brief review of basic properties of relative sheaves

of a compact complex manifold X with respect to a closed complex submanifold. Assume that

ı : Z ↪→ X is a closed complex submanifold. Let U := X \ Z the complement open subset and

 : U ↪→ X the inclusion map. Set G = R or C. Then there is a short exact sequence of sheaves

0 // !
−1GX

// GX
// ı∗ı
−1GX

// 0. (A.1)

Note that ı−1GX = GZ . We call the sheaf GX,Z := !
−1GX the relative constant sheaf with

respect to the pair (X,Z). The sheaf cohomology of relative constant sheaves, compactly sup-

ported de Rham cohomologies, and relative de Rham cohomologies are isomorphic, i.e. we

have

Hk(X,RX,Z) ∼= Hk
dR,c(U ;R) ∼= Hk

dR(X,Z;R)

and

Hk(X,CX,Z) ∼= Hk
dR,c(U ;C) ∼= Hk

dR(X,Z;C).

Since ι : Z ↪→ X is a closed complex submanifold of X, there exist two natural surjective

morphisms of sheaves on X

ι? : Ωs
X −→ ι∗Ω

s
Z , ∀ s ∈ N,

and

ι? : As,tX −→ ι∗As,tZ , ∀ s, t ∈ N,

which are induced by the pullback of differential forms.

Definition A.1 ([41, 56]). For any s ∈ N, the kernel sheaf

KsX,Z := ker
(
Ωs
X

ı?−→ ı∗Ω
s
Z

)
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is called the s-th relative Dolbeault sheaf with respect to the pair (X,Z). For any s, t ∈ N, the

kernel sheaf

Ks,tX,Z := ker
(
As,tX

ı?−→ ı∗As,tZ
)

is called the (s, t)-th relative Dolbeault sheaf with respect to the pair (X,Z).

The sheaf KsX,Z is a OX -module and Ks,tX,Z is a C∞X -module. From definition, there exist two

short exact sequences of sheaves on X:

0 // KsX,Z // Ωs
X

ı∗ // ı∗Ω
s
Z

// 0, (A.2)

and

0 // Ks,tX,Z // As,tX
ı∗ // ı∗As,tZ // 0. (A.3)

Moreover, it is important to notice that the sheaf complex Ks,•X,Z is a fine resolution of KsX,Z and

the relative holomorphic de Rham complex K•X,Z is a resolution of CX,Z and thus we get the

following relative Dolbeault theorem immediately.

Lemma A.2. There exist isomorphisms

Hk(X,KsX,Z) ∼= Hk(X,Ks,•X,Z)

and

Hk(X,CX,Z) ∼= Hk(X,K•X,Z)

for each integer k ∈ Z.

Finally, we will review the behavior of relative sheaves under blow-ups. Assume that ı : Z ↪→
X is a closed complex submanifold with complex codimension c ≥ 2. Let π : X̃ → X be the

blow-up of X long Z and E := π−1(Z) the exceptional divisor. Then there is a commutative

diagram

E

ρ

��

� � ι̃ // X̃

π

��
Z �
� ι // X,

where ι̃ : E ↪→ X̃ is the inclusion. We set U := X − Z and Ũ := X̃ − E the two complement

open subsets. Consider the higher direct images of relative constant sheaves along blow-ups.

Then we have the following result.

Lemma A.3. For any t ∈ N, we have the following statement:

Rtπ∗GX̃,E
∼=

GX,Z , t = 0;

0, otherwise.

Proof. Consider the commutative diagram

Ũ

π|Ũ
��

� � ̃
// X̃

π
��

U �
� 

// X.
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Since π|Ũ is a biholomorphic map, it follows from the definition that the following isomorphisms

hold

!(π|Ũ )∗̃
−1GX̃

∼= !(π|Ũ )∗GŨ
∼= !GU

∼= !
−1GX = GX,Z . (A.4)

Observe that the higher direct images of GX̃,E along π satisfies

Rtπ∗GX̃,E = Rtπ∗̃!̃
−1GX̃

∼= !R
t(π|Ũ )∗̃

−1GX̃ . (A.5)

Combining (A.4) with (A.5) concludes the proof. �

As a direct consequence of Lemma A.3, we get

Lemma A.4. There is a quasi-isomorphism

π? : GX,Z
∼−→ Rπ∗GX̃,E .

In particular, for any k ∈ Z, there is a natural isomorphism

Hk(X,GX,Z)
'−→ Hk(X̃,GX̃,E).

Proof. Consider the Godement resolution G• of the relative constant sheaf GX̃,E (cf. [52, §4.3.1]).

Hence, Rπ∗GX̃,E
∼= π∗G•. By Lemma A.3, Rtπ∗GX̃,E = 0 for t ≥ 1. Since π∗ is a left exact

functor, π∗G• is a resolution of π∗GX̃,E . Observe that π∗GX̃,E
∼= GX,Z . It follows that π∗G•

gives rise to a resolution of GX,Z . So we arrive at the conclusion that the lemma holds. �

Remark A.5. Based on Lemma A.3, one can also get the isomorphism of sheaf cohomology in

Lemma A.4 by applying the Leray spectral sequence to GX̃,E .

Similarly, for higher direct images of relative Dolbeault sheaves, we have the following result,

see [41, Lemma 4.4] or [32, Lemma 4.2].

Lemma A.6. For any s ∈ N, we have

π? : KsX,Z
'−→ π∗KsX̃,E and Rtπ∗KsX̃,E = 0 for t ≥ 1.

For each p ∈ N+, we consider the truncated relative Dolbeault sheaf complex K•<pX,Z :

0 // K0
X,Z

∂ // K1
X,Z

∂ //// K2
X,Z

// · · · ∂ // Kp−1
X,Z

// 0.

As an application of Lemma A.6, we obtain

Lemma A.7. There is a quasi-isomorphism

π? : K•<pX,Z
∼−→ Rπ∗K•<pX̃,E

.

In particular, there exists a natural isomorphism

π? : Hk(X,K•<pX,Z)
'−→ Hk(X̃,K•<p

X̃,E
), (A.6)

for any k ∈ Z.

Proof. Notice that the sheaf complex Ks,•
X̃,E

gives rise to a fine resolution of the sheaf Ks
X̃,E

.

Moreover, for 0 ≤ s < p, the fine sheaves Ks,t
X̃,E

forms a double complex which defines a resolution

of the sheaf complex K•<p
X̃,E

. Therefore we deduce that, as sheaf complexes, the derived direct

image Rπ∗K•<pX̃,E
is isomorphic to the simple complex of the double complex π∗K•<p,•X̃,E

. Observe

that each π∗Ks,tX̃,E is a fine sheaf on X since it is a C∞X -module. Because of the left exactness

of the direct image functor π∗, from Lemma A.6, the sheaf complex π∗Ks,•X̃,E gives rise to a
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fine resolution of the sheaf π∗KsX̃,E . By Lemma A.6 again, we have a canonical isomorphism

KsX,Z ∼= π∗KsX̃,E . So that π∗Ks,•X̃,E is a fine resolution of KsX,Z , and therefore the simple complex

of the double complex π∗K•<p,•X̃,E
becomes a resolution of the sheaf complex K•<pX,Z . Consequently,

as sheaf complexes, K•<pX,Z is quasi-isomorphic to the derived direct image Rπ∗K•<pX̃,E
. Taking

hypercohomologies of K•<pX,Z and K•<p
X̃,E

, the isomorphism (A.6) follows. �

Appendix B. Derived direct images

This appendix devotes to the derived direct images of the Bott–Chern complex and truncated

holomorphic de Rham complex under the projective bundle morphism. Let Z be a compact

complex manifold. Assume that V is a holomorphic vector bundle of rank c over Z. Let

ρ : P = P(V) → Z be the associated projective bundle and h := c1(OP(1)) ∈ H2(P,Z) the first

Chern class of the relative tautological line bundle OP(1).

We first compute the derived direct images of the Bott–Chern complex B•P(p, p) along ρ. Since

B•P(p, p) is quasi-isomorphic to the fine sheaf complex L •
P (p, p)[−1], its derived direct image is

Rρ∗B
•
P(p, p) ∼= Rρ∗L

•
P (p, p)[−1] = ρ∗L

•
P (p, p)[−1].

Lemma B.1. For any p ≥ 2, there is a canonical quasi-isomorphism of sheaf complexes

ϕ =
c−1∑
i=0

hi ∧ ρ? :
c−1⊕
i=0

L •
Z(p− i, p− i)[−2i]

∼−→ Rρ∗L
•
P (p, p)

on Z.

Proof. For the sake of simplicity, we set

F •Z(p) =

c−1⊕
i=0

L •
Z(p− i, p− i)[−2i].

From definition, we have

H j(F •Z(p)) =
c−1⊕
i=0

H j−2i(L •
Z(p− i, p− i)) =

c−1⊕
i=0

H j−2i(S •
Z(p− i, p− i)).

Because of H j−2i(S •
Z(p − i, p − i)) = 0 for all 0 ≤ i ≤ c − 1 when j > p + c − 2, we get

H j(F •Z(p)) = 0 for any j > p+ c− 2. By definition, it suffices to verify that the morphism of

stalks

H j(ϕx) : [H j(F •Z(p))]x −→ [H j(L •
P (p, p))]x

is an isomorphism, for any x ∈ Z and j ∈ N. Since the inclusion S •
P (p, p) ↪→ L •

P (p, p) is

a quasi-isomorphism, there exists a canonical isomorphism of the stalks of the cohomology

sheaves. Henceforth, we identify [H j(S •
P (p, p))]x with [H j(L •

P (p, p))]x. For any k ≥ 2, the

j-th cohomology sheaf of L •
Z(k, k) is:

H j(L •
Z(k, k)) =


CZ , j = 0;
Ωk−1

Z

∂Ωk−2
Z

⊕ Ω̄k−1
Z

∂Ω
k−2
Z

, j = k − 1;

0, otherwise.

(B.1)

We divide the proof into two cases.
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Case 1. Assume that p > c, then p− (c− 1) ≥ 2. From (B.1), we get

H j(F •Z(p)) =



CZ , j < p− 1, j is even;

CZ ⊕
Ω2p−j−2

Z

∂Ω2p−j−3
Z

⊕ Ω̄2p−j−2
Z

∂Ω
2p−j−3
Z

, p− 1 ≤ j ≤ p+ c− 2, j is even;

Ω2p−j−2
Z

∂Ω2p−j−3
Z

⊕ Ω̄2p−j−2
Z

∂Ω
2p−j−3
Z

, p− 1 ≤ j ≤ p+ c− 2, j is odd;

0, otherwise.

(B.2)

The proof is carried out by induction. Let x be an arbitrary point in Z. Assume that the Lemma

B.1 holds for p = m, then we have an isomorphism:

H j(ϕx) : [H j(F •Z(m))]x
'−→ [H j(Rρ∗L

•
P (m,m))]x = [Rjρ∗L

•
P (m,m)]x, (B.3)

for any j ∈ N. Set p = m+ 1 and consider the short exact sequence:

0 //
(
Ωm
P ⊕ Ω̄m

P
)
[−m] // S •

P (m+ 1,m+ 1) // S •
P (m,m) // 0 (B.4)

in the category of sheave complexes of CP-modules. A direct local computation shows that the

following morphism of sheaf complexes is a quasi-isomorphism:

ϕ =

c−1∑
i=0

hi ∧ ρ? :

c−1⊕
i=0

Am−i,•Z [−i] −→ Rρ∗Am,•P
∼= Rρ∗Ω

m
P

To be more specific, we have:

[Rjρ∗(Ω
m
P ⊕ Ω̄m

P [−m])]x =


0, j ≤ m− 1;

H j(ϕx)
(
[Ω2m−j
Z ⊕ Ω̄2m−j

Z ]x
)
, m ≤ j ≤ m+ c− 1;

0, otherwise,

(B.5)

see for example [16, Remark 9] or [17, Lemma 11]. From the long exact sequence of the higher

direct images of (B.4), we obtain

[Rjρ∗S
•
P (m+ 1,m+ 1)]x ∼= [Rjρ∗S

•
P (m,m)]x (j ≤ m− 2)

and

[Rjρ∗S
•
P (m+ 1,m+ 1)]x ∼= [Rjρ∗S

•
P (m,m)]x (j ≥ m+ c).

Moreover, there exists a long exact sequence:

0 // [Rm−1ρ∗S
•
P (m+ 1,m+ 1)]x

// [Rm−1ρ∗S
•
P (m,m)]x

δm−1 // [Rmρ∗(ΩmP ⊕ Ω̄mP [−m])]x

// [Rmρ∗S •P (m+ 1,m+ 1)]x
// [Rmρ∗S •P (m,m)]x

δm // [Rm+1ρ∗(Ω
m
P ⊕ Ω̄mP [−m])]x

// [Rm+1ρ∗S
•
P (m+ 1,m+ 1)]x

// [Rm+1ρ∗S
•
P (m,m)]x

δm+1 // [Rm+2ρ∗(Ω
m
P ⊕ Ω̄mP [−m])]x

· · · // [Rm+c−2ρ∗S
•
P (m+ 1,m+ 1)]x

// [Rm+c−2ρ∗S
•
P (m,m)]x

δm+c−2// [Rm+c−1ρ∗(Ω
m
P ⊕ Ω̄mP [−m])]x

// [Rm+c−1ρ∗S
•
P (m+ 1,m+ 1)]x

// [Rm+c−1ρ∗S
•
P (m,m)]x

// 0.

(B.6)

Note that each coboundary operator in (B.6) is induced by ∂⊕ ∂̄. Suppose m is odd. On account

of (B.2) and (B.3), for all 0 ≤ i ≤ c, the operator δm−1+i is injective when i is odd, and the
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kernel of δm−1+i is isomorphic to [CZ ]x when i is even. From (B.5) and the exactness of (B.6),

we obtain:

[Rm−1+iρ∗L
•
P (m+ 1,m+ 1)]x ∼=


[CZ ]x, i = 0;

[
Ωm−i+1
Z

∂Ωm−iZ

⊕ Ω̄m−i+1
Z

∂Ω
m−i
Z

]x, i > 0, i is odd;

[CZ ⊕
Ωm−i+1
Z

∂Ωm−iZ

⊕ Ω̄m−i+1
Z

∂Ω
m−i
Z

]x, i > 0, i is even.

(B.7)

If m is even, by the same argument as above, we get:

[Rm−1+iρ∗L
•
P (m+ 1,m+ 1)]x ∼=


0, i = 0;

[CZ ⊕
Ωm−i+1
Z

∂Ωm−iZ

⊕ Ω̄m−i+1
Z

∂Ω
m−i
Z

]x, i > 0, i is odd;

[
Ωm−i+1
Z

∂Ωm−iZ

⊕ Ω̄m−i+1
Z

∂Ω
m−i
Z

]x, i > 0, i is even.

(B.8)

Combining (B.2) with (B.7)-(B.8) concludes an isomorphism of stalks:

H j(ϕx) : [H j(F •Z(m+ 1))]x
'−→ [H j(Rρ∗L

•
P (m+ 1,m+ 1))]x,

for any j ∈ N. This implies that Lemma B.1 holds for all p > c.

Case 2. Assume that p ≤ c, then p− (c− 1) ≤ 1. Note that

[H j(F •Z(p))]x =



[CZ ]x, j < p− 1, j is even;

[CZ ⊕
Ω2p−j−2

Z

∂Ω2p−j−3
Z

⊕ Ω̄2p−j−2
Z

∂Ω
2p−j−3
Z

]x, p− 1 ≤ j ≤ 2p− 3, j is even;

[
Ω2p−j−2

Z

∂Ω2p−j−3
Z

⊕ Ω̄2p−j−2
Z

∂Ω
2p−j−3
Z

]x, p− 1 ≤ j ≤ 2p− 3, j is odd;

[OZ + ŌZ ]x, j = 2p− 2;

[CZ ]x, 2p− 1 ≤ j ≤ p+ c− 2, j is odd;

0, otherwise.

(B.9)

Suppose the assertion in Lemma B.1 is true when p = m. Then we have an isomorphism:

H j(ϕx) : [H j(F •Z(m))]x
'−→ [H j(Rρ∗L

•
P (m,m))]x = [Rjρ∗L

•
P (m,m)]x, (B.10)

If m+ 1 > c, then it follows from the result in Case 1 that Lemma B.1 holds for m+ 1. So we

only need to consider the case of m+ 1 ≤ c. Since Rjρ∗(Ω
m
P ⊕ Ω̄m

P [−m])x = 0 when j ≤ m− 2

or j ≥ 2m+ 1, we obtain

[Rjρ∗S
•
P (m+ 1,m+ 1)]x ∼= [Rjρ∗S

•
P (m,m)]x
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for any j ≤ m − 2 or j ≥ 2m + 1. As a result, there exists a long exact sequence induced by

(B.4):

0 // [Rm−1ρ∗S •P (m+ 1,m+ 1)]x // [Rm−1ρ∗S •P (m,m)]x
δm−1 // [Rmρ∗(ΩmP ⊕ Ω̄mP [−m])]x

· · · // [R2m−3ρ∗S •P (m+ 1,m+ 1)]x // [R2m−3ρ∗S •P (m,m)]x
δ2m−3// [R2m−2ρ∗(Ω

m
P ⊕ Ω̄mP [−m])]x

// [R2m−2ρ∗S •P (m+ 1,m+ 1)]x // [R2m−2ρ∗S •P (m,m)]x
δ2m−2// [R2m−1ρ∗(Ω

m
P ⊕ Ω̄mP [−m])]x

// [R2m−1ρ∗S •P (m+ 1,m+ 1)]x // [R2m−1ρ∗S •P (m,m)]x
δ2m−1// [R2mρ∗(Ω

m
P ⊕ Ω̄mP [−m])]x

// [R2mρ∗S •P (m+ 1,m+ 1)]x // [R2mρ∗S •P (m,m)]x // 0.

(B.11)

We claim that [H 2m(F •Z(m+1))]x = [OZ + ŌZ ]x is isomorphic to [R2mρ∗S •
P (m+1,m+1)]x

under the morphism H 2m(ϕx). Let ? ∈ {∂, ∂̄, ∂∂̄}, and Z m,m
P,? the sheaf of ?-closed forms of

bidegree (m,m). According to [30, Lemma 3.2.1], the sheaf Z m,m
P,∂ + Z m,m

P,∂̄ is isomorphic to

Z m,m

P,∂∂̄ under the inclusion morphism

Z m,m
P,∂ + Z m,m

P,∂̄ ↪→ Z m,m

P,∂∂̄ (B.12)

and hence, for any x ∈ Z, the stalk of the higher direct image at x is:

[R2mρ∗S
•
P (m+ 1,m+ 1)]x =

[
ρ∗
( Z m,m

P,∂∂̄

∂Am−1,m
P + ∂̄Am,m−1

P

)]
x

=

[
ρ∗
( Z m,m

P,∂ + Z m,m

P,∂̄

∂Am−1,m
P + ∂̄Am,m−1

P

)]
x

.

Observe that there is a natural sheaf morphism

hm ∧ ρ? : OZ + ŌZ −→ ρ∗Z
m,m

P,∂∂̄

which induces the morphism H 2m(ϕ). Let W be a small polydisc neighbourhood around x such

that P|W admits a canonical trivialization ρ−1(W ) ∼= W ×CPc−1, and W is ∂ and ∂̄-acyclic, i.e.,

has the property

Hs,t
∂ (W ) = 0, Hs,t

∂̄
(W ) = 0 for t > 0.

Then we have

R2mρ∗S
•
P (m+ 1,m+ 1)(W ) =

Z m,m
P,∂ (ρ−1(W )) + Z m,m

P,∂̄ (ρ−1(W ))

∂Am−1,m
P (ρ−1(W )) + ∂̄Am,m−1

P (ρ−1(W ))
.

Notice that

Hm,m

∂̄
(W × CPc−1) ∼= Hm,m

∂̄
(ρ−1(W )) =

Z m,m

P,∂̄ (ρ−1(W ))

∂̄Am,m−1
P (ρ−1(W ))

.

As W is ∂̄-acyclic, it follows from the Künneth formula of Dolbeault cohomology [19, Corollary

19] that there exists an isomorphism:

Z m,m

P,∂̄ (ρ−1(W ))

∂̄Am,m−1
P (ρ−1(W ))

∼= hm ∧ ρ?H0,0

∂̄
(W )
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and therefore we get

Z m,m

P,∂̄ (ρ−1(W )) = hm ∧ ρ?H0,0

∂̄
(W ) + ∂̄Am,m−1

P (ρ−1(W )). (B.13)

Likewise, using the Künneth formula for ∂-cohomology, we can prove the following:

Z m,m
P,∂ (ρ−1(W )) = hm ∧ ρ?H0,0

∂ (W ) + ∂Am,m−1
P (ρ−1(W )). (B.14)

Combining (B.13) with (B.14) derives:

R2mρ∗S
•
P (m+ 1,m+ 1)(W ) = hm ∧ ρ?(H0,0

∂ (W ) +H0,0

∂̄
(W ))

∼= (OZ + ŌZ)(W ).

This implies that the morphism of the stalks

H 2m(ϕx) : [OZ + ŌZ ]x −→ [R2mρ∗S
•
P (m+ 1,m+ 1)]x

is an isomorphism.

Due to (B.5), (B.9), and(B.10), the long exact sequence (B.11) equals the following one:

0 // [Rm−1ρ∗S •P (m+ 1,m+ 1)]x // [Rm−1ρ∗S •P (m,m)]x
δm−1 // [Rmρ∗(ΩmP ⊕ Ω̄mP [−m])]x

· · · // [R2m−3ρ∗S •P (m+ 1,m+ 1)]x // H 2m−3(ϕx)
(
[

Ω1
Z

∂OZ ⊕
Ω̄1
Z

∂OZ
]x
)δ2m−3// H 2m−2(ϕx)

(
[Ω2
Z ⊕ Ω̄2

Z ]x
)

// [R2m−2ρ∗S •P (m+ 1,m+ 1)]x // H 2m−2(ϕx)
(
[OZ + ŌZ ]x

)δ2m−2// H 2m−1(ϕx)
(
[Ω1
Z ⊕ Ω̄1

Z ]x
)

// [R2m−1ρ∗S •P (m+ 1,m+ 1)]x // H 2m−1(ϕx)
(
[CZ ]x

) δ2m−1 // H 2m(ϕx)
(
[OZ ⊕ ŌZ ]x

)
// H 2m(ϕx)

(
[OZ + ŌZ ]x

) // 0 // 0.

(B.15)

Note that the coboundary operator δ2m−1 = (+,−) is injective and for each m− 1 ≤ l ≤ 2m− 2

the coboundary operator δl is induced by ∂ ⊕ ∂̄. Especially, the kernel of δl is isomorphic to

[CZ ]x when l is even, and δl is injective when l is odd. By the exactness of (B.15), we get:

[Rjρ∗S
•
P (m+ 1,m+ 1)]x ∼=



0, j = m− 1, j is odd;

[CZ ]x, j = m− 1, j is even;

[
Ω2m−j

Z

∂Ω2m−j−1
Z

⊕ Ω̄2m−j
Z

∂Ω
2m−j−1
Z

]x, m ≤ j ≤ 2m− 1, j is odd;

[CZ ⊕
Ω2m−j

Z

∂Ω2m−j−1
Z

⊕ Ω̄2m−j
Z

∂Ω
2m−j−1
Z

]x, m ≤ j < 2m− 1, j is even;

[OZ + ŌZ ]x, j = 2m.

(B.16)

Comparing (B.9) with (B.16) derives the isomorphism:

H j(ϕx) : [H j(F •Z(m+ 1))]x
'−→ [H j(Rρ∗L

•
P (m+ 1,m+ 1))]x,

for any j ∈ N, and this completes the proof. �

Now we are in the position to prove Proposition 3.2.

Proof of Proposition 3.2. The idea of the proof is same as the proof of Lemma B.1. Based on

Lemma B.1, we fix the first degree p and apply the inductive method to q with q ≥ p. We

assume that the proposition holds for L •
P (p,m) such that m ≥ p. The remaining thing in the
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proof is to show that the proposition holds for L •
P (p,m + 1). For this, we consider the short

exact sequence

0 // Ω̄m
P [−m] // S •

P (p,m+ 1) // S •
P (p,m) // 0

in the category of complexes of CP-modules. For any x ∈ Z, similar to (B.5), we have

[Rjρ∗(Ω̄
m
P [−m])]x =


0, j ≤ p− 1,

H j(ϕx)
(
[Ω̄2m−j
Z ]x

)
, m ≤ j ≤ m+ c− 1;

0, otherwise.

Then the rest of the proof go through by using the same argument in the proof of Lemma

B.1. �

To conclude this appendix, we establish the projective bundle formula for the truncated

holomorphic de Rham complex.

Proposition B.2. There exists a canonical isomorphism:

c−1⊕
i=0

Hk−2i(Z,Ω•<p−iZ ) ∼= Hk(Z,Rρ∗Ω
•<p
P ),

for any k ≥ 0.

Proof. According to the Dolbeault resolution, the sheaf Ωs
Z (resp. Ωs

P) is quasi-isomorphic to the

sheaf complex (As,•Z , ∂̄) (resp. (As,•P , ∂̄) ) and therefore we get two canonical quasi-isomorphisms:

c−1⊕
i=0

Ω•<p−iZ [−2i] ' Tot
(c−1⊕
i=0

A•<p−i,•Z [−i,−i], ∂, ∂̄
)

and Rρ∗Ω
•<p
P ' Tot(ρ∗A•<p,•P , ∂, ∂̄). There is a natural morphism of double complexes

ϕ =
c−1∑
i=0

hi ∧ ρ? :
(c−1⊕
i=0

A•<p−i,•Z [−i,−i], ∂, ∂̄
)
−→

(
ρ∗A•<p,•P , ∂, ∂̄

)
. (B.17)

Moreover, by [17, Lemma 11], for any r ≥ 0 the map

ϕ =
c−1∑
i=0

hi ∧ ρ? :
(c−1⊕
i=0

Ar,•Z [−i,−i], ∂̄
)
−→

(
ρ∗Ar,•P , ∂̄

)
,

is a quasi-isomorphism. This means that the morphism (B.17) induces an E1-isomorphism of

the associated spectral sequences and hence the E∞-isomorphism which shows that

ϕ : Tot
(c−1⊕
i=0

A•<p−i,•Z [−i,−i], ∂, ∂̄
)
−→ Tot(ρ∗A•<p,•P , ∂, ∂̄)

is a quasi-isomorphism. Consequently, we are led to the conclusion that the assertion holds. �

Remark B.3. We denote by D•P(p, q) := Ω•<pP ⊕ Ω̄•<qP . Then we have

Rρ∗D
•
P(p, q) ∼= Rρ∗Ω

•<p
P ⊕Rρ∗Ω̄•<qP .

Using the same argument in the proof of Proposition B.2, we can show that there exists a

canonical isomorphism:

c−1⊕
i=0

Hk−2i(Z,D•Z(p− i, q − i)) ∼= Hk(Z,Rρ∗D
•
P(p, q))

for all k ≥ 0.
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