EXOTIC CALDERON-ZYGMUND OPERATORS

TUOMAS HYTONEN, KANGWEI LI, HENRI MARTIKAINEN, AND EMIL VUORINEN

ABSTRACT. We study singular integral operators with kernels that are more singular
than standard Calderén-Zygmund kernels, but less singular than bi-parameter product
Calderén-Zygmund kernels. These kernels arise as restrictions to two dimensions of cer-
tain three-dimensional kernels adapted to so-called Zygmund dilations, which is part of
our motivation for studying these objects. We make the case that such kernels can, in
many ways, be seen as part of the extended realm of standard kernels by proving that
they satisfy both a T'1 theorem and commutator estimates in a form reminiscent of the
corresponding results for standard Calderén-Zygmund kernels. However, we show that
one-parameter weighted estimates, in general, fail.

1. INTRODUCTION
Working on the Euclidean product space R? = R x R, we define for z = (z!,2?%) and

y = (y',4?) the decay factor

lzt —yt |2 — o

-0
22— |x1_y1’> <1, 6 € (0,1],

whenever z! # y! and 2? # y%. Notice that this decay factor becomes larger and larger
as 0 shrinks. The point is that when 6 = 1 it is at its smallest, and then
1 1 1 1
il Y T TR R T P
That is, in this case the bi-parameter size estimate multiplied with this decay factor yields
the usual one-parameter size estimate. When 6 < 1 the decay factor is larger and the
corresponding product is something between the bi-parameter and one-parameter size
estimate.
We say that kernels that decay like

1 1
D9 x,y
Tyl g )

for some # and satisfy some similar continuity estimates are C'Z X kernels — one can pro-
nounce the “X” in “CZX" as “exotic”. Such kernels are more singular than the standard
Calderéon—-Zygmund kernels, but less singular than the product Calderén-Zygmund(—
Journé) kernels [5, 13, 18]. Even with 6 = 1 they are different from the standard Calderén—
Zygmund kernels —in this case the difference is only in the Holder estimates (see Section
2). The CZX kernels can, for example, be motivated by looking at Zygmund dilations
[4, 19, 20, 21]. Zygmund dilations are a group of dilations lying in between the standard
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product theory and the one-parameter setting — in R = R x R? they are the dilations
(21, x2,x3) — (0121, 022, 010223). Recently, in [8] and subsequently in [3, 9] general con-
volution form singular integrals invariant under Zygmund dilations were studied. In

these papers the decay factor
t (b %) ’
controls the additional, compared to the product setting, decay with respect to the Zyg-
mund ratio
|12
3|
See also our recent paper [11] which attacks the Zygmund setting from the point of view
of new multiresolution methods. Essentially, in the current paper we isolate the con-
ditions on the lower-dimensional kernels obtained by fixing the variables z!,y! in the
Zygmund setting [8, 11] and ignoring the dependence on these variables. A class of
CZX operators is also induced by the Fefferman-Pipher multipliers [4] — importantly,
they satisfy 6 = 1 but with an additional logarithmic growth factor. This subtle detail has
a key relevance for the weighted estimates as we explain below.

There is a useful operator-valued viewpoint to multi-parameter analysis — Journé [13]
views e.g. bi-parameter operators as “operator-valued one-parameter operators”. For re-
cent work using this viewpoint see e.g. [12]. Developing such an approach to Zygmund
SIOs is interesting. The operator-valued viewpoint is useful for example when proving
the necessity of T'1 type assumptions in the product setting, see e.g. [6], and the full prod-
uct BMO type T'1 theory of Zygmund SIOs is still to be developed. The operator-valued
approach will necessarily be complicated in the Zygmund setting, since the parameters
are tied and it is not as simple as fixing a single variable. Our new exotic operators are
pertinent to the operator-valued viewpoint, where Zygmund SIOs could partly be seen
as operator-valued one-parameter operators the values being exotic operators.

It has been known for a long time that Calderén-Zygmund operators act boundedly
in the weighted spaces L”(w) whenever w belongs to the Muckenhoupt class A,,, defined
by the finiteness of the weight constant

[w]a, = Sl}P(w)J(w_l/(p_l%ﬁl’

where the supremum is over all cubes J. On the other hand, the more singular multi-
parameter Calderén-Zygmund(-Journé) operators in general satisfy such bounds only
for the smaller class of strong A, weights, defined by [w]4, where the supremum is over
all axes-parallel rectangles. While on a general level the CZX operators behave quite
well with any 60, even with § < 1, for one-parameter weighted estimates it is critical that
6 = 1, the aforementioned logarithmic extra growth being allowed.

1.2. Theorem. Let T' € L(L*(R?)) be an operator with a CZX kernel.

(1) If 0 < 1in (1.1), one-parameter weighted estimates may fail.
(2) If = 1in (1.1), possibly with a logarithmic growth factor, then for every p € (1, 00) and
every w € Ap(R?) the operator T extends boundedly to LP(w).

In the paper [11] we also develop the corresponding counterexamples in the full Zyg-
mund case. There the interest is whether Zygmund singular integrals are weighted
bounded with respect to the Zygmund weights — a larger class than the strong A, with



EXOTIC CALDERON-ZYGMUND OPERATORS 3

the supremum running only over the so-called Zygmund rectangles satisfying the natu-
ral scaling. For # < 1 the situation parallels the one from the C'ZX world - they need not
be weighted bounded with respect to the Zygmund weights.

Apart from the weighted estimates, we want to make the case that, in many ways, the
CZX kernels with an arbitrary § can be seen as part of the extended realm of standard
kernels, rather than the more complicated product theory. In particular, the 7'1 theorem
for CZX kernels takes the following form reminiscent of the standard 7'1 theorem [1].

1.3. Theorem. Let B(f, g) be a bilinear form defined on finite linear combinations of indicators
of cubes of R?, and such that

l%ﬁg)=[7kiayﬁﬁnmeMdy

when {f #0} N {g # 0} = &, where K € CZX (R?). Then the following are equivalent:
(1) There is a bounded linear T € L(L*(R?)) such that (Tf,g) = B(f, g).
(2) B satisfies
e the weak boundedness property |B(15,11)| < |I| for all cubes I C R?, and
e the T'(1) conditions

Bmmzme B%D=/®f

for some by, by € BMO(R?) and all f,gwith [ f=0= [g.
Moreover, under these conditions,

(3) T defines a bounded operator from L>(R?) to BMO(R?), from L' (R?) to L1*°(R?), and
on LP(R?) for every p € (1,00).

In fact, our proof also gives a representation of B(f, g), Theorem 4.9, which includes
both one-parameter [10] and bi-parameter [18] elements. The following commutator
bounds follow from the representation, however, the argument is not entirely standard
due to the hybrid nature of the model operators.

1.4. Theorem. Let T' € L(L*(R?)) be an operator associated with a CZX kernel K. Then

I[b, T)fllze < [IbllB7MOILf [l e
whenever p € (1,00). Here [b,T)f :=bT'f — T (bf).

Thus, the commutator estimate holds with the one-parameter BMO space. This is
another purely one-parameter feature of these exotic operators. As the weighted esti-
mates do not, in general, hold, the commutator estimate cannot be derived from the
well-known Cauchy integral trick.

Over the past several years, a standard approach to weighted norm inequalities has
been via the methods of sparse domination pioneered by Lerner. For § = 1 we can
derive our weighted estimates directly from our representation theorem. However, we
also provide some additional sparse estimates that give a solid quantitative dependence
on the A, constant and yield two-weight commutator estimates for free.

1.5. Theorem. Let T' € L(L*(R?)) be an operator with a CZX kernel with § = 1. Then for every
p € (1,00) and every w € A,(R?) the operator T extends boundedly to LP (w) with norm

1Tl 2(zr(w)) Sp W]y -

P
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. o1
Moreover, if v = wr A" » with w, A € A, and

1
bl|BMmo, ::sup/ b—{b)r| < o,
o] w o [ = (0]
where the supremum is over cubes I C R?, then

116, TNl o ()= £p () S 10llBMO, -

The quantitative bound (in particular quadratic in [w] 4, when p = 2) is worse than the
linear As theorem valid for classical Calderén-Zygmund operators [10].

We conclude the introduction with an outline of how the paper is organized. In Section
2 we define the CZX kernels and prove a part of Theorem 1.3 in Proposition 2.4. Section
3 begins with the definition of CZX forms. Lemma 3.3 proves estimates for CZX forms
acting on Haar functions, which will be used in the representation theorem, Theorem
4.9. In Proposition 4.4 we prove certain weighted maximal function estimates, which are
at the heart of proving that CZX forms with decay parameter 6, = 1 satisfy weighted
estimates. The dyadic operators used to represent CZX forms are defined in Definition
4.5, and estimates for them are proved in Lemma 4.6. The representation identity and
the T'1 theorem, and the weighted estimates when 6, = 1, of CZX forms are recorded in
Theorem 4.9. Theorem 1.4 is proved in Section 5. Section 6 begins by proving (1) of The-
orem 1.2. The sparse domination of CZX operators with = 1 is recorded in Corollary
6.7. Theorem 1.5 is proved in Corollary 6.8 and in the discussion after Proposition 6.10.

Acknowledgements. T. Hytonen and E. Vuorinen were supported by the Academy of
Finland through project numbers 314829 (both) and 346314 (T.H.), and by the Univer-
sity of Helsinki internal grants for the Centre of Excellence in Analysis and Dynam-
ics Research (E.V.) and the Finnish Centre of Excellence in Randomness and Structures
“FiRST” (T.H.). K. Li was supported by the National Natural Science Foundation of
China through project numbers 12222114 and 12001400.

2. CZX KERNELS
We work in R? = R x R. Let 61,03 € (0,1]. For 2! # y! and 2 # y? define

—0y
el O ot T

Dy, (z,y) := + < 1.
’ 22 =2 |2t =yl

We assume that the kernel K : R? \ {z! = y! or 22 = y?} — C satisfies the size estimate

1 1
K(z,y)| S
K@Y i =)

D92 (ZC, y)

and the mixed Holder and size estimate

‘xl _w1|91 1
Do, (z,y
xl_y1|1+91 |x2_y2| 2( )

K (2,y) = K((w',2%), )| < |

whenever |zt — w?| < |zt — y!|/2, together with the other three symmetric mixed Holder
and size estimates. If this is the case, we say that K € CZX(R?). Again, such ker-
nels are more singular than standard Calderén-Zygmund kernels, but less singular than
the product Calderén-Zygmund(-Journé) kernels. See Remark 4.10 for some additional
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logarithmic factors when 6§ = 1 and why they are relevant from the point of view of
Fefferman-Pipher multipliers [4].

2.1. Lemma. Let K € CZX(R?) and ', 2, y* € R. Then

1
K(z,y)ldy' S —5—5
/R| (@) 49" S gy

Also, for L > 0 there holds that

J Kl <

K x’ y dy ~J T 9 911405
W ey ISL) [ — 2|10
which is a useful estimate if L < |22 — 32|

Proof. By elementary calculus

1 © 1, 22 — 2|\ 0
K(z,y)|dy' < ———— 7( ) d
e A (e R u

< 1 </|a:2—y2 du +/oo du )< 1
SR W e ) S g

and the logic for the second estimate is also clear from this. O

The first sharper estimate in the next lemma is only needed to derive the weighted
estimates in the case § = 1.

22.Lemma. Let K € CZX (R?)and J = J' xJ? C R? bea square with centrecj = (c 1, cp).
Ifr € Jandy € (3JY)¢ x (3J2)¢, then

2 . . ; 3
1 £(1)" (ming=y o dist(y’, J*)) %
K _K < _ i 2 - -
‘ (xvy) (chy)| ~ zl;[l diSt(yZ, JZ) X (maXi:LQ diSt(yZ, Jz))92
2
0(J)? 1.
N 1;[ diSt(yl,JZ)1+0, 5 mln( 1 2)

Proof. There holds that
|K($7y) - K(Cva” < |K(131,.’L‘2,y) - K(CJI’:Eva” + |K(CJ1>x27y) - K(CJ176J27y)"
Since 2|7¢ — ¢ | < £(J) < dist(y?, J*) < min(|y’ — 2|, |y* — cji|), we conclude

|zt — ¢ |0 1
— U0 2 — y2|D92(x’y)7

’K(.’El,:EQ’y) - K(CJ17x2ay)| 5 ’1,1
1 |z? — ¢ j2|"

< D .

‘ ~ ’CJl —.’Ul’ ‘CJ2 _y2’1+91 92(6J7y>

‘K(le7x27y) - K(CJ17CJ27 y)

Suppose for instance that dist(y*, J) > dist(y?, J?). Then the sum simplifies to

< 1 o(J)% (dist(yl,Jl))—92
~ dist(y!, J1) dist(y?2, J2)1H0 \dist(y2, J?) ’

K (2,y) — K(cs,9)
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where further
o(J)% (dist(yl,Jl))Gz ()0 dist(y?, S0
dist(y?, J2)% \dist(y2, J2) B dist(y1, J1)02

o) min(01,02) 2 0
= <dist(y{, Jl)) o H <d1st (yt, J?) )

=1
with 0 := mm(@l, 62). O

A combination of the previous two lemmas shows that C'Z X-kernels satisfy the Hor-
mander integral condition:

2.3.Lemma. Let K € CZX(R?), and x € J for some cube J = J' x J* C R? with centre c;.
Then

/ K(2,y) — K(esy)|dy < 1.
3J)¢

Proof. Notice that
(3J)¢ = ((3J1)¢ x 3J*) U (3J* x (3J%)°) U ((3J1)¢ x (3J%)%),

where the first two components on the right hand side are symmetric. For these, we

simply estimate
[ Eewla=[ (] rK<:c,y>rdy2) ay'
(3J1)°x3.J2 (3J1)e N J3J2

[%
e
~ Jaye ot = ytire &

where the first < was an application of Lemma 2.1. The estimate for K (¢, y) is of course
a special case of this with x = ¢;.
For the remaining component of the integration domain, there holds that

K(J)e
K - K dy < | | —————d
‘/(3J1)C><(3J2)C | (1‘7 y) (CJ7 y)| Yy /(3J1)C><(3J2)c P dlSt y J1)1+9 Yy

= | | o(J)? '
—dyl S 1’
i=1 /(SJi)c dist (y¢, J¢)1+0

where the first S was an application of Lemma 2.2. O

At this point, we can already provide a proof of part (1.3) of Theorem 1.3, which we
restate as

2.4. Proposition. Let T € L£(L?(IR?)) be an operator associated with a CZX kernel K. Then T
extends boundedly from L>(R?) into BMO(R?), from L' (R?) into LY*°(R?), and from LP(R?)
into itself for all p € (1, 00).

Proof. By Lemma 2.3, the kernel K satisfies the Hormander integral condition; the sym-
metry of the assumption on K ensures that it also satisfies the version with the roles of the
first and second variable interchanged. It is well known that any L?(R?)-bounded oper-
ator with a Hormander kernel satisfies the mapping properties stated in the proposition.
(See e.g. [22, §1.5] for the boundedness from L!(R?) into L!'*°(R?), and from LP(R?) into
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itself for p € (1,2), and [22, §IV.4.1] for the boundedness from L*°(R?) into BMO(R?).
The latter is formulated for convolution kernels K (z,y) = K(x — y), but an inspection
of the proof shows that it extends to the general case with trivial modifications. The case
of p € (2,00) can be inferred either by duality (observing that the adjoint 7* satisfies the
same assumption) or by interpolation between the L?(R?) and the L>°(R?)-to-BMO(R?)
estimates.) O

3. HAAR COEFFICIENTS OF CZX FORMS

We recall the weak boundedness property and the T'1 assumptions, which are just the
same as in the classical theory for usual Calderén-Zygmund forms.

3.1. Definition. Let B(f,g) be a bilinear form defined on finite linear combinations of
indicators of cubes of R?, and such that

B(f,9) = // K(z,y)f(y)g(z) dz dy

when {f # 0} N {g # 0} = &, where K € CZX(R?). We say that B is a CZ X (R?)-form.

3.2. Definition. A C'Z X (R?)-form satisfies the weak boundedness property if | B(1z,1;)| <
|I] for all cubes I C R2. It satisfies the T'1 conditions if

B(l,g) = / g, B(f.1) = / bof
for some by, b, € BMO(R?) and all f, g with [ f = 0= [ g. Here
1
1bllmyo = [BlBMo(Rs) = Sup = / b— (b,
r | Jr

where the supremum is over all cubes I C R? and (b); = |71‘ ;0.

For an interval I C R, we denote by I; and I, the left and right halves of the interval
I, respectively. We define 19 = |I|~'/21; and h} = |[I|7Y/?(1}, — 11,). Letnow I = I' x I?
be a cube, and define the Haar function 17, n = (n',n?) € {0,1}?, via
W= hl @ Rl

3.3. Lemma. Let B be a CZ X (R?)-form satisfying the weak boundedness property. There holds
that

( (1) ) y oI (6(I) + ming—q 5 dist(1?, J?))%2—6
0(I) + dist(I%, J?) (€(I) 4+ max;—1 o dist(I?, J?))02

S

B, W) <
1

.
Il

1

E(I) 0= imin(91792)7

(E(I) + dist (17, J°) ) o

AN
Y

1

whenever 1, .J are dyadic cubes with equal side lengths ¢(I) = ¢(J) and at least 5 # 0 or v # 0.

-
Il

Proof. We consider several cases.
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Adjacent cubes: By this we mean that dist(/,J) = 0, but I # J. Here we simply put
absolute values inside. We are thus led to estimate

(3.4) //|Ka: PR (@)) ()] dy dx < !II /|Ka: )| dy dz.

By symmetry, we may assume for instance that I? # J?. Lemma 2.1 gives that
1
K dy' < ———-.
[ K@y s s

The assumption I? # J? implies that

da? dy? da? dy?
172 _ 22| 172 _ 22| S ).
el Yy | 3J2\J2 J Jj2 |z y?|

The dependence on z! has already disappeared, and integration with respect to 2! € I'
results in another /(). Then we are only left with observing that ¢(I)?/|I| = 1.

Equal cubes: Now

B, n) = > () (h})yB(lp, 1),
I',J’€ch(I)

where ]<h1’8>1/<h}*>J/| = |I|71. For J' = I', the WBP implies that |B(1;/,1,)| < |I'] < |1).
For J' # I', we can estimate the term as in the case of adjacent I # J, recalling that only
the size and no cancellation of the Haar functions was used there.

Cubes separated in one direction: By this we mean that, say, dist(I!, J!) = 0 < dist(1?%, J?),
or the same with 1 and 2 interchanged. We still apply only the non-cancellative estimate
(3.4) (in contrast to what one would do with standard Calderén-Zygmund operators).
From Lemma 2.1 we deduce that
(1) (I
K dy' < :
/ﬂ KIS o~ omem S () + dise( 12, 7))

There is no more dependence on the remaining variables z!, 22, 4%, so integrating over
these gives the factor ¢(I)3. After dividing by |I| = ¢(I)? in (3.4), we arrive at the bound

g([) 1462
(e(f) T dist(22, J2)) '

Cubes separated in both directions: By this we mean that dist(I*, J%) > 0 for both i = 1, 2.
It is only here that we make use of the assumed cancellation of at least one of the Haar

functions, say h? . Thus

B = [ [ 1K) = Kl @) dy o
where ¢; = (cj1,cp2) is the centre of I. Now x € I and y* € J* C (3I%) fori = 1,2, so
Lemma 2.2 applies to give
(BT 1)]

//H D) + miniz p dist (L, J) =0 1
+d1st It Jh) (0(I) + max;—1 2 dist(17, J?))?2 |I| ydx,
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which readily simplifies to the claimed bound after |I|?/|1| = ¢(I)2. O

4. DYADIC REPRESENTATION AND 7'1 THEOREM
Let Dy be the standard dyadic grid in R. For w € {0, 1}2, w = (w;)icz, we define the
shifted lattice
D(w) := {L—i—w::L—i— Z 2_iwi:LED0}.
i: 270<l(L)
Let P, be the product probability measure on {0,1}%. We recall the notion of k-good
cubes from [7]. We say that G € D(w, k), k > 2,if G € D(w) and

4.1) d(G,0G*) > E(G:l(k)) = 2:24().
Notice that
(4.2) Py(fw: L+w € D(w, k)}) = %

forall L € Dgand k > 2.
For o = (o!,0%) € {0,1}% x {0,1}* and dyadic A > 0 define
D(0) := D(c') x D(c?),
Dy(o) :={I =1'x I? € D(o): £(I") = M(I?)},
Du(o) := Di(0).
LetP, := P,1 xP,2. For k = (k',k?), k', k* > 2, we define D(o, k) = D(c!, k') xD(c?, k?).

We will need an estimate for the maximal operator

Mp, (o) f(z) := . Sgllz )11($)<|f!>1-
€Dy (o

Before bounding it, we recall the following interpolation result due to Stein and Weiss,
see [23, Theorem 2.11].

4.3. Proposition. Suppose that 1 < pg,p1 < oo and let wy and w, be positive weights. Suppose
that T' is a sublinear operator that satisfies the estimates

IT £l Lo i) < Mill fll i), 7= 1,2

Let t € (0,1) and define 1/p = (1 — t)/po + t/p1 and w = wg(l_t)/pow‘ft/m. Then T satisfies
the estimate

IT £l oy < Mg~ M| £ 1| o ) -

4.4. Proposition. For all p € (1,00) and all w € A, there are constants C = C(p,w),n =
n(p,w) > 0 such that

| Mp, (o) f |l Lo (w) < C - DOV f1I Lo )
where D()\) := max(A\, A71).

Proof. The parameter o plays no role in this argument, so we drop it from the notation.
Since D), has the same nestedness structure as the usual D, the unweighted bound

||MD>\f”LS < SIHfHLS’ Vs € (1700)7
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holds. On the other hand, for any I € D,, there is some J € D, such that I C J and
|J| < D(M)|I|. Therefore, we conclude that

Mp, f(x) = sup (IfDrr(z) < D(X) sup (f1)s1s(x) = D) Mp, f (),

and so
[Mp, fll o) < Cls, w) DA fll o), Vs € (1,00),  Vw € As.
Let us now consider s € (1,00) and w € A, fixed. It is well known that we can find a

§ = (s, w) > 0 such that w'*9 € A, and thus

| Mp, fllzs@i+sy < C(s, w0 ) DO fll 1o (i +5)-
Now w = (w'*9)1/(1+9) . 19/(1+9) and Proposition 4.3 shows that

1M, fll s () < (C(s, w2 )DANYEH ()OI £ o

Setn :=d/(1 + J). We have found n = n(d) = n(s, w) > 0 such that

1M, fll o) < Cls,w) DOV £l Low).
(]

In addition to the usual Haar functions, we will need the functions Hy ;, where I and
J are cubes with equal side length. The functions H; ; satisfy

(1) Hr, s is supported on I U J and constant on the children of I and J,

(2) |Hyg| < |I|71/2 and

3) [Hiy=0.
We denote (by slightly abusing notation) a general cancellative Haar function k7, n #
(0,0), simply by h;.

4.5. Definition. For k = (k',k?), k' > 0, we define that the operator @y, has either the
form

@rolrg)= . > ank(f, Hi g, hi)

KEDleka (O’) I,JEDD(O’)
TR = g(k) =
or the symmetric form, and here / (k) = 1(&") % [(**) and the constants a 17K satisfy
larjx| < Ll
~ K]

4.6. Lemma. For p € (1, 00) there holds that

1@ fllir S (14 max(k!, k)2 £]lr-
Moreover, for w € A, there is n) > 0 such that

1Qk o fll oy S (1 + max(k?, k2))1/22W =F10=0) ) )

Proof. We consider o fixed here and drop it from the notation. Suppose e.g. k' > k2. We
write

(f,His) = (Ben f = Eqgenyf,Hrg),  Exf:= Y Erf, Eof={(f)rlL.
: LeDs
o(L)=x
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Therefore, (f, Hr,7) = (vx i1 f, Hr,7), Where

Yeurf =1k > Arf, Apf= > Epf—ELf.
LeDg L'eDn
“H K <UL)<UKY) Lcr r)="2

Notice now that for w € A2 there holds that

H( VE 1 f\) Z H Z VE k1 f‘

L2

le 52 GeDp KeDle—kZ (w)
KOk —k%)=G

S| au o)

GeDy LeDo, LCG
ey

~ ST AL By £ A+ EDI B,
GeDg LeDn, LCG
«L)>2-% 4(G)

where we used the standard weighted square function estimate
2 2
D 1AL 2wy ~ £ 1172
LeDn

twice in the end.
To bound Q. f we need to estimate

1
> & > ik fL A 1)(Akkgl L), Axkgi= Y Aug.
KEDle_kg 1,J€Dn JEDn
TR =) — JkLED ¢

We split this into two pieces according to 1; + 1. The first piece is bounded by

> /<\7K,k1f|>KAK,k9! < > /MDzkl_kg’YK,klf Ak kgl

KeD j1_p2 KeD, 12
1/2 1/2
<|C 3 ot L IO 3 Akl L
K€D2k17k2 KEDQkI,kZ
(k1 —k2)(1-1) 2\ 1/
<2 IO X hwanr?) 7 Moz
KGDle_k2

< 2D B2 £l 2 g 2y
while the second piece is bounded by

Z < Z <’7K,k1f\>J1J,!AK,kQ|>S Z /MDD'YK,klf“AK,k.g’a

K€D2k17k2 (k{EkQD)D K€D2k17k2
JkLED Zf¢

which is estimated similarly except that the bound for Mp ., is replaced by the stan-
dard result for Mp_. This proves the claimed bounds in L?(w), and the results for L”(w)



12 TUOMAS HYTONEN, KANGWEI LI, HENRI MARTIKAINEN, AND EMIL VUORINEN

follow by Rubio de Francia’s extrapolation theorem (the correct 1 —  dependence is
maintained by the extrapolation, see Remark 4.7).

For the unweighted estimate in L? (with better complexity dependence), simply run
the above argument using the Fefferman-Stein LP(¢?) estimate for the strong maximal
function instead of the L?(w) estimate of Mp ;a0 and use the analogous LP(¢?) estimate

for the square function involving 7 ;1 that follows via Rubio de Francia extrapolation
from the proved L?(w) estimate of the same square function. O

4.7. Remark. It is clear that when p = 2, ) depends only on the A constant of w. In fact,
in the proof of Proposition 4.4 we get n ~ 1/[w] 4,. Thus,

1@k 2y < (1 -+ max(k, k)22 =N ([l
with
N(fwla,) = K (jw]a )2 -V,
where K is an increasing function. Hence N is also an increasing function. Then standard
extrapolation (see e.g. [2, Theorem 3.1]) gives that the LP(w) bound of Q) , is

(1 + max(k", k)1 225 N (e [w] 7).
Then we get the desired estimate with n = ¢(c, [w]i;p ))_1.

4.8. Definition. We say that 7, is a (one-parameter) paraproduct if it has the form

(mofr9) =Y (0, hu)(F)ilg, i)

I1eDy

or the symmetric form.

It is well-known (and follows readily from H'-BMO duality) that paraproducts are L?
bounded for p € (1,00) (and LP(w) bounded for w € A,) precisely when b € BMO.

4.9. Theorem. Let B be a CZ X (R?)-form satisfying the weak boundedness property and the T1
conditions. Then

B(f,0) =B, |[Cr > 270 unhunlg=0bkuin(Qy £, g) 4 (my, o, 9) + (70 f 9},
k1 k2>0

where kyax = max;—1 2 k', kmin = min;—1 2 k%. In particular, for p € (1, 0o) there holds that
IB(f, 9l S 1 f e llgll -
If 63 = 1, there also holds for all w € A,, that
IBU )| S 1120yl o o'y
Proof. Write (by expanding f = >, A;f, g = > ; Ajg and collapsing the off-diagonal)
B(f,9) =E, > [B(Eif,As9)+ B(Arf, Esg) + B(Arf, Asg),
o(1)=£(J)
where I, J € D(0). We begin by writing

S1:=E, Y  B(Eif,A9)
o(D)=¢£(J)
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=E, . B hy)(f Hio)g.hs)+Es > B hy)(f)s{g.hs) = T11+ D1z,
o(n=e(J) JED(0)

where Hy j := hY — Y. As the term % 5 is readily a paraproduct, we only continue with
¥1,1. This was a standard one-parameter start. Write

Y11 =E, Z Z O1,14m; er,rim = B(h), him){f, Hr,11m){(9, hrim),
m=(m1,m2)eZ2\{0} I€Dy(0)
where I+m := I + ml(I) € D;(o). Next, write
o= > > >y

m=(m!',m?)eZ>\{0} ~ m!'€Z\{0} m*€Z\{0} m?€Z\{0} m'€Z\{0}
m=(0,m3) m=(m!,0)

Focusing, for now, on the part m! # 0 and m? # 0, write
o0 o0
mleZ\{0} m2€Z\{0}  k1=2k2=2 |;pl|c(2k! 3 2k!~2] |m2|g(2k2—3 2k2~2]

Independence and (4.2) imply that

£y Y S Y ersim

k1=2k2=2 |1 |g(2k! =3 2k' =2] |m2|e(2+>—3 2k?~2] I€Dp(0)

—E Y Y Y DD SR

k1=2 k2=2 |;m1|g(2k! -3 2k! 2] |m?2|e(2k?~3 2k? 2] I€Dp(0,k)

where k = (k', k2), and the gist is that for [m!| € (2'=3,2%'~2], |m?| € (2¥°~3,2¥°~2] and
I € D (o, k) there holds that

(I'+mHE) = (H*) = k' and (24 mH)*) = 12)*) = K2,
Notice that K = I® = (I + m)®) = K' x K? € D12 (o), since
OKY) = 2K 0(1Y) = 2K (1%) = 28 R 2R p(12) = 2F' R (k2.
Finally, notice that Lemma 3.3 implies that

kmin 02—0
27]{72 2 ( ? 1) — 2702(kmax*kmin)2791kmin |I’

B(h, hrsm)) S 27 F2 W2 '
| ( ) I+m)|r\/ kaax92 |K|

The sums, where m! = 0 or m? = 0 are completely similar (just do the above in one of
the parameters). We are done with ¥;.

Of course, X9 := E, ZE(I):E(J) B(Arf,Eyg) is completely symmetric. The term X3 :=
Eo > 0(n=es) B(ALf, Asg) does not produce a paraproduct and produces shifts with the
simpler form Hy ; = hy.

The unweighted boundedness follows immediately from the LP bounds of the para-
products and the bound ||Q o f||r < (1 + kmax) /|| f||z#, since the exponentially decay-

ing factor 2702(kmax—kmin)9=01kmin clearly make the series summable for any 6y, 6y > 0.
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Let us finally consider the weighted case with #; = 1. Then for some 1 = n(p, w) > 0,
there holds that

902 (Fmax—kmin) 9~ 01kmin | (Qrof9)]
< 27 (hmax=Hmin) 9=t kimin g Umax=himin) 0= (1 4 Fouo )2 £ 1| Lo () 191 o7 a1 -0
= 27 ke Fmin) 9= Kmin (1 4 ka2 £ 1| o () 191 o7 a1
and again we have exponential decay that makes the series over k', k? summable. ]

4.10. Remark. If 6 = 1 we may redefine D;(x,y) to be the slightly larger quantity

-1
@t~y | ]2* =y et O ot '
D = 1
) (w —A T my) o e )
and still prove the weighted estimates essentially like above. This is pertinent in the
sense that if we take a Fefferman-Pipher multiplier [4] — a singular integral of Zygmund

type — and use it to induce a CZX operator, a logarithmic term appears. In this threshold
a weighted estimate still holds. See also [11].

5. COMMUTATOR ESTIMATES

We show that our exotic Calderén-Zygmund operators also satisfy the usual one-
parameter commutator estimates. Since weighted estimates with one-parameter weights
do not in general hold (see Section 6), this does not follow from the well-known Cauchy
integral trick.

5.1. Theorem. Let T € L(L?(R?)) be an operator associated with a CZX kernel K. Then
I16; T1f e < l0llB7oll £l e
whenever p € (1,00). Here [b,T)f :=bT'f —T(bf).

Proof. By Theorem 4.9 and the well-known commutator estimates for the paraproducts
7, we only need to prove that

Qo (0f).9) — (Qrof.b9)| S e (B)l[BllByoll fllLe gl o

where ¢ is some polynomial. We consider o fixed and drop it from the notation. Recall
the usual paraproduct decomposition of bf:

bf = ax(b, f) + az(b, f) + as(b, f),
where
ar(b, f) =Y AALf, as(b, f)= > Ab(f)r, as(b,f)= Y (B)iALf.
1€Dg 1€Dn 1€Dn
Invoking the above decomposition, the well-known boundedness of paraproducts

lai(b, e S I0lBMmoll fllee,  i=1,2,
and Lemma 4.6, it suffices to control

|<Qk(a3(ba f))7g> - <Qkf7 a3(bvg)>‘
62 =| X X au|las(b ) Hialg.hs) = )alf Hi) e )] |

KeD 1_:2 I,JGDD
R D —k
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We may assume k! > k2. There holds that
(az(b, f), Hr,p)(g, h) — (b)s(f, Hr.1) (g, hy)
= Z (<b>Q_<b>J)<AQf7HI,J><gvhJ>

QEDL,QCK (O K —+2)
on)<uQ)<2k (1)

Observe that |(b)g — (b) ;| < k*||b|lsmo- On the other hand, since we only need to consider
those @) such that (Ag f, Hr,7) # 0, i.e., either I C Q or J C Q, there holds that

Z |((b)g — (b)) (Aqf, H.1){g,hy)]
QGIDD’QcK(O,klsz)
(n<e@)<2* (1

kl
S k‘1||b||BMO Z (‘<A[(el)f7 HI,J><9a hJ>‘ + ‘(Aﬂel)f, HI,J><9a hJ>‘)
=0
k,l

< 2k bllmio 3 (U8 gt £1, ) g, ha)| + 41 e, £1, B g, )
=0

where we have used the simple observation

(A F1LAS) <UDy FLRGY, (A ) £, A < (1A ) f1,AD).

Now, returning to (5.2), for a fixed ¢!, we get

) DD DI V(NN P

K€D2k1,k2 1,J€Dn ’ |
TR =g(k) =

< Z <Z ‘A[(el)f‘lvaD2k1_k2|AK,k9‘>‘

KeD 1_1.2 I1eDn
2k =k IR =K

Using extrapolation we only need to show that

> H > |A1<ll>f|11)

KeD 1_.2 1eDg
2kt =k IR K

2 < 9
oy S 1Py

However, this is clear because

Z H Z ’A[(ﬂ)f‘ll‘

KeD_;1_,2 1€Dn
N (O

2
2 - Z Z Z HlIA[(‘fl)inQ(w)
L2 (w)

GeDn KeD_,1_,2 I€Dn
2
Gl(k>:K

- Z Z HlfANl)inQ(w)

GeDn  I€Dn
1LY o

=D, H11A1<zl>in2(w) = > HAQinz(w)'

I1€Dn QeD

KOk —k2)
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To conclude the proof of the proposition we are left to deal with

Z Z ||I|| (1A jen) 1, h) (g, b

KeD 1_:2 I,JGDD
T D

< > < > |Aj(e1>f!1J,MDD|AK,k9|>-

KeD 1,2 JeDn
2k ok JR) =K

After the estimate above, this is clearly similar as the other term. We are done. O

6. COUNTEREXAMPLE TO WEIGHTED ESTIMATES AND SPARSE BOUNDS

We begin by showing that bounded CZX (R?) operators need not be bounded with
respect to the one-parameter weights if f, < 1.

6.1. Lemma. For scalars 6 € (0,1], t1,t2 > 0 and a bump function © we define

K(x) = Ki, 1,,0,(2) = <t1 *) H ¢ &)

Then, uniformly on t1,t2, K € CZX(R?) with 6, = 1 and 0, appearing in the very definition
of K, and
I iz S A1l e

Proof. Suppose by symmetry that ¢t; < ¢5. Then, using the rapid decay of all the deriva-
tives of ¢, we conclude for all N that

t 7] . 1+ . —N
2}t |0 K (o) fﬁ(gi) LD (2
7 (2

i=1
2
_ t1> 3]
(tz Z];Il (‘Il| +ti)N

|x1‘1+a1—92t11\/—a1—1+92 |x2‘1+a2+92té\/—a2—1—92 <M)92
(lz1] + )N (lza| + t2)N |22
_ (7571)292 |l-1|1+a1+6’2ti\7—061—1—92 |$2|1+a1—02té\7—0¢1—1+92 (|$2|)92
t2 (lz1] + )N (lza| +t2)N

In the last two lines of (6.2), if IV is large enough, each factor in front of the last one can
be bounded by one. Thus, we get that

[ 6 —6
et e o K (@) S min { (L), (1221)™) (k. jealy e
|2 |21 EZ1RES]

From a € {(0,0), (0,1), (1,0)}, we get the desired kernel estimates.
For the boundedness, notice that

Reol=(E+2)" EMQ

(6.2)

Ja1]

t§Z|<1

\\:]w
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We fix t1,t2, 02 momentarily and denote K = Ky, 4, 9,. For any rectangle R of side-
lengths ¢y, t9, it is clear that

K x f Z ece(R)""1r(f)r
whenever f > 0 and

._ bt
ecc(R) = max{tQ, » }
is the eccentricity of R. Suppose now that for p € (1, 00) there holds that || K * f||1r() <
C([w]a, )N fllr(w) forallw € Ay and f € LP(w). Then

ccc(R)~w(R)P(f)r = || ece(R) " 1r(f)rllrawy S C([w]a,) NIl o uw)-
If f = 1go, where 0 = w=/(?~1) then fPw = 10, and hence
ecc(R)~w(R)"/P (o) g S C([w]a,)No(R)'? = C([w]a, )N ()" |RI',
or
(w) "0V < O[], )N ecc(R)"™.
If all L? bounded C'Z X operators would satisfy the L?(w) boundedness for all w € 4,

with a bound C([w]4,)N, where N depends only on the kernel constants and bounded-
ness constants of the operator, then for all rectangles R C R? the estimate

6.3) (w)h/P (o) g S C([w]a,) ecc(R)%"

holds. This is because for the kernels K = K}, ;, ¢, the constant NV is uniformly bounded
onty,to.

Now consider w(x) = |z|*, which belongs to A,(R?) if -2 < a < 2(p — 1). Fix some
a € (p—1,2(p — 1)) for now. We let our implicit constants depend on « as it is not
important for our argument. We consider a rectangle R of the form (0, ¢) x (¢, 1) with
eccentricity ~ 1/e. On R there holds that |z| ~ z3, and then

€ 1 €
(w)p ~ 61/ (/ x%dx2> dzy ~ 61/ ldx; =1
0 € 0
and

1 € 1 e 1 € 1o 1o _a
(oYr ~ € ( Ty " dx2> dzy ~ € ; e ridr; =¢ p1 ~ecc(R)Pr1 .
0 €

If (6.3) holds, then
ecc(R)ﬁf1 < ecc(R)P'?2.
Since we can let ecc(R) — oo, it means that we must have oo — (p — 1) — pfa < 0. Letting
a — 2(p — 1) in this inequality gives 6 > 1/p’. Then 6, > 1 follows by letting p — oo.
Thus, weighted boundedness cannot hold in general for CZX operators if 6, < 1.
Next, we prove some complementary sparse estimates, which refine the weighted esti-
mates in the case 6, = 1.

6.4. Definition. We say that an operator 7" satisfies pointwise LP-sparse domination with
constants C' and ¢, if for every compactly supported f € LP(R?), there exists an e-sparse
collection . of cubes such that

Tfl<C Z <f>S,p1$7

Ses
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where (f)s, = (|f|P >}g/ P and a collection . of cubes is called e-sparse, if there are pair-
wise disjoint sets E(S) C S for every S € . with |E(S)| > ¢€/S].

There are by now several approaches to proving sparse domination. We will use one
by Lerner and Ombrosi [14], which depends on bounds on the following maximal func-
tion related to the operator 7" under investigation

M5 f () = supesssup | T (L F)(y) = T(Lgpef)(2)],
Jox y,z€J

where the supremum, once again, is over all cubes .J.

6.5. Lemma. Let T be an operator with a CZX kernel satisfying 0 = 1. Then
M f(2) S M.f(@) = sup f 1),

where the right-hand side is the strong maximal function, with supremum over all (axes-parallel)
rectangles R C R? containing z.

Proof. Let us fix a cube J C R? with centre c;, and some z,y, z € J. Note that

T(1zp)y) = T(Lznef)(2)
= [T (135 /)W) = T(Azpyef)(en)] = [T ape f)(2) = T(Lzgyef)(es)]

and
TQany) =TA@nfles) = /(3J)C[K(y, u) — K(eg, w)]f(u) du.
As usual, we split

(3J)¢ = [(3J1)¢ x 3J2 U [3JY x (3JH)T U [(3J1)¢ x (3J%)].

For the integral over the last component, Lemma 2.2 implies that

/ K (. u) — K(cz,u)] f(u)] du
(3J1)ex (3J2)

H ()"

< N S

~ /(3J1)(‘ (3J2)¢ dlSt ut JZ)]‘—HQ‘JC( )‘ du
2

oJ)’
I gy

o0
S
k1 k2=1

> g f 7)) du

1 2
k‘l,k}2:1 3kt +1 Jly3k=+1 2

> 3 EENL f(@) S Mo (@),

Kl k2=1

/(3k1+1J1\3k1 J1)x (3K2+1 J2\3k2 2)
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For the other components, using that §; = 1 we get directly from the size estimate that

/ Ky, )/ ()| du
(3J1)ex3J2
1
< ———|f(u)|du
/(SJl)CXSJ2 |yt — 1\2’ (w)

1
< Z /k1+1J1\3k1J1 x3.J2 W‘f(u” du

k11

<3 s f [f(w)] du

e 3k14+1 71372

< >3 MM.f(2) S Mof(2).
kl=1
Altogether, we have checked that
T30 ) (y) = T(Lznef)(2)] S Mif(2),

and taking the supremum over y, z € J and then over J > z we see that

M (@) S M.f(a).
]
We now quote a slight variant of a result of Lerner and Ombrosi [14, Theorem 1.1]:

6.6. Theorem (Lerner and Ombrosi [14]). Let T be a sublinear operator that is bounded from
LI(R%) to L9>®(RY), and such that /\/1#73 is bounded from L"(R?) to L™>°(R?) for some 1 <
q,r < oo. Let s = max(q,r). Then T satisfies pointwise L*-sparse domination with constants

C = ca(|T||pasrace + [ M gllirorre), €= ea

Proof. This is essentially [14, Theorem 1.1], except for some details mainly related to the
constant C'. Since this constant will be relevant to us below, we will explain the necessary
changes. On a more trivial side, the statement in [14] involves an additional parameter

« in the maximal operator MT ., we simply take o = 3. Also, in [14] the LI(R%)-to-
L% (R?) boundedness is replaced by a certain “I¥, condition”; however, this follows
from the L(R%)-to-L%>°(R?) boundedness, as pointed out shortly before [14, Theorem
1.1].

More seriously, the bound for C given in [14] has dependencies on additional param-
eters that we wish to avoid. For this, it is necessary to inspect the proof of [14, Theorem
1.1.]. The said proof provides the expression

C=(3+cA,
where c and A need to be chosen so that each of the sets

{M(If1"15)"* > e(|fsa.s}, {IT(f13)l > Allf st {MF5(f130) > A(lf])sq.s)

have measure at most ¢4|@Q| for some small dimensional ¢;. However,

|{M<\f|513Q>><c<|f>3Q,S>S}|s(Wﬁ|||f| taglh = S[3q) = Cd3

Ql,
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where Cy = || M| ;1 (ga)—, 1,00 (re) > 1, 50 that we can take

_ (C’d?)d) - (Cd?)d)l/s
€d /  \ € ’

since s > 1. Thus ¢ = c4. On the other hand, using among other things that ¢ < s and

Holder’s inequality, there holds that

17N 0 oo TN La—s oo
{IT(F13)l > A{lf s} < 2 sl Le < 5 1 1sellZa

(A(|T)s@.s)? (A{FDsa.q)?
170 pce 3T %, pace
= TEREERQ = —— 4P,

so to make this at most ¢4, it is enough to take
34 39\ 1/q
A2 T > () VI o,

since ¢ > 1. Similarly, with M# 5 in place of T and r in place of ¢ in order that |{./\/lT 3 >
A(|f)3q.s}] < €alQl, it is enough to take

3 4
A > gHMTﬁuLT_’LT’OO'

So an admissible choice is ¢ = ¢4 and
3d
A= » = (Il s zace + IMF gl 1),

and hence
(34 ¢)A = Ca(|T || Lass Lare + ||M#,3\|LHUW).
0

An immediate consequence of the previous results is the following;:

6.7. Corollary. Let T € L(L*(R?)) be an operator with a CZX kernel satisfying 02 = 1. Then
for every p > 1, the operator T satisfies pointwise LP-sparse domination with constants C' < p/
and an absolute € > 0.

Proof. We know from Theorem 1.3 that T is bounded from L!(R?) to L*°(R?). From
Lemma 6.5 we know that ./\/1#73 f < M. f. Since the strong maximal operator is bounded

from LP(R?) to itself, and hence to LP*°(R?), the assumptions of Theorem 6.6 are satis-
fied. Since d = 2, it is immediate that € = €3 provided by that theorem is absolute. In
order to obtain the claim C' < p’, we observe for completeness the following (probably
well known) estimate for M, f < M?M"'f, where M* is the one-dimensional maximal
operator with respect to the ith variable:

(ML > A} =/R|{y:M*f<x,y> >A}rdx§/R{y:M2M1f<x,y> > A} da

< /R NP2 s oo | M F (2, ) o )

:)‘_pHM2H p_>LpooHM f”Lp(]R2

S APIMP| o, oo (1M 2oL Lf N o 2P
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It follows that
I M|l Lo (r2)s oo 2y < 1M || o pooe |M | oo S 190,

using the fact that the L? norm of the usual maximal operator is O(p’), while its LP-to-
LP>° norm can be estimated independently of p. In fact,

{Mf > A = [{(Mf)" > N < {M([f]P) > AP}
S APUM| s oo [Lf Pl = ATPIM | e | F1 0

and hence y
IM||zr—ppoe <M, 1o S IM Loy 1.

O

6.8. Corollary. Let T € L(L*(R?)) be an operator with a CZX kernel satisfying 0o = 1. Then
for every p € (1,00) and every w € A,(R?), the operator T extends boundedly to LP(w) with
norm

1T 2(Lr(w)) Sp W]y -

ya

Proof. This follows by the same reasoning as [17, Theorem 1.6]. The said theorem is stated
for different operators, but its proof only uses a certain sparse domination estimate for
these operators, which is a slightly weaker variant (so-called form domination) of what
we proved (pointwise domination) for operators with CZX kernel in Corollary 6.7, and
hence the same reasoning applies to the case at hand. O

A curious feature of the above proof of the weighted estimates is that it passes through
estimates involving the strong maximal operator, which in principle should be forbidden
in the theory of standard A, weights; indeed, the strong maximal operator is bounded
in LP(w) for strong A, weights only. The resolution of this paradox is that we only use
the strong maximal operator as an intermediate step, in a part of the argument with no
weights yet present, to establish some sparse bounds, which in turn imply the weighted
estimates.

To conclude this section, we discuss commutator estimates. In fact, combining the
ideas from [15] and [14] we can establish the following sparse domination principle.

6.9. Proposition. Let T be a linear operator that is bounded from L(R?) to L9 (RY), and such
that Mﬁg is bounded from L"(RY) to L™>°(R?) for some 1 < q,7 < oo. Let s = max(q,7).
Then there exists an e-sparse family . such that the commutator [b, T|f := bT f =T (bf) satisfies

b, T]f|<C <Z (b= B)s)fNssls+ Y b= (b>sl<\f|>s,sls> :

Se.s Se.
with constants
C = cq(|ITllpasrowe + [MFgllrorree),  €=ea.

Proof. The proof is actually similar to [14, Theorem 1.1] but one should adapt ideas used
in [15]. Let ¢, A, ¢4 be the same as those in the proof of Theorem 6.6. Apart from the sets

{M(1f1°130)"* > el fsqs}, AIT(fla)l > Al fDaa.st  {AMP5(f1a0) > AllfDs0,s},

for the same reason, we can also let each of the sets
{M(|(b = (b)3@) fI°130) " > c(|(b — (b)3q) f1)3q.s}
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{IT((6 = (b)3) f13@)| > A(I(b = (b)3@) f)3Q.s}
{ME5((0 ~ (0)30)f130) > A(l(b — (B)30)1)sq.e)
have measure at most ¢4|@)|. Denote the union of the above six sets by E and set 2 =
ENQ. Manipulating in the same way as in [14, Theorem 1.1], we get a family of pairwise
disjoint cubes {P;} C @ such that ) [P;| < $|@| and |22\ U; P;| = 0. The latter implies
that for a.e. v € Q \ U; P; there holds that
T(f13)(@)] < A(lfDs@.s,  [T((0 = (b)3@)f130) (@) < A{|(b — (0)30) f1)3q.s-

On the other hand, similarly as in [14, Theorem 1.1] we also have for a.e. z € P; that

IT(flaguap;)(@)] < (24 ) A(|f])3q.s>
T((b = (b)3@) [Laq\ap;) (@)| < (2 + ) A([(b — (b)3q) f1)3q.s-
Thus
16, T)(f130) 1 () = 116, T)(f130) o\u,p, (@) + Y 116 T1(flsgrap,)I1p,
J

+Z‘[b7T](f13Pj)‘1Pj
= |[b — (b)s0 ](flsQ [1o\u, P, ( +Z‘b— Yo T Lanan, 1,
+Z‘ b, T} flspj)\lpj

J
< (34+c)Alb— <b>3Q‘<’f‘>3Q751Q + (34 ) A{(b - <b>3Q)f|>3Q781Q
+Z|[va](f13Pj)\1pj.

Note that the linearity of 7" is used in the second step. With the recursive inequality at
hand, the rest is standard (see e.g. [14, Lemma 2.1]). And since the constants c and A are
the same as those in Theorem 6.6, we get the desired constant in the sparse domination.

U

Analogous to Corollary 6.7, we have the following result

6.10. Proposition. Let T € L(L*(R?)) be an operator with a CZX kernel satisfying 0o = 1.
Then for every p > 1, the commutator [b, T'] satisfies

b, T)f| < Cpf <Z<I( ®)s)fhspls + Y 16— (B)sl(IfI) ,pls>,

Ses Ses

where . is an e-sparse family with e > 0 absolute and C'is an absolute constant depending only
on the operator T'.

In [16, Theorem 5.2] a two-weight commutator estimate for rough homogeneous sin-
gular integrals was formulated. As our sparse forms are the same as there, the two-
weight commutator estimate of Theorem 1.5 follows as a direct consequence of Proposi-
tion 6.10.
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