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Abstract Let1 <g < p <o, := 7~ 1, and T be a non-degenerate Calderén-Zygmund
operator. We show that the commutator [b, T'] is compact from L?(R") to LY(R") if and only
if the symbol b = a + ¢ with a € L' (R") and ¢ being any constant. Since both the cor-
responding Hardy-Littlewood maximal operator and the corresponding Calderén—Zygmund
maximal operator are not bounded from L”(R") to LY(R"), we take the full advantage of the
compact support of the approximation element in CZ°(R"), which seems to be redundant for
many corresponding estimates when p < g but to be crucial when p > g. We also extend the

results to the multilinear case.

1 Introduction

Let T denote a Calderon—Zygmund operator and BMO (R”) be the space of functions with
bounded mean oscillation introduced by John and Nirenberg [21]. In the celebrated article of
Coifman et al. [10], they proved that the commutator

[0, TI(f) := bT(f) = T(bf)

is bounded on L”(R") with p € (1, o) if and only if the symbol » belongs to BMO (R"). Later,
Uchiyama [35] showed that [b, T'] is compact on LP(R") with p € (1, o) if and only if the symbol
b belongs to CMO (R"), namely, the closure of C°(R") in BMO (R"). Here and hereafter, C.°(R")
denotes the set of all infinitely differentiable functions on R" with compact support. Since then,
the commutators, generated by Calderon—Zygmund operators and BMO (R") functions, have been
widely studied in various branches of mathematics; see, for instance, [3, 4, 13, 14, 28, 29, 30].

Similar characterizations of the boundedness and the compactness also hold true in the frac-
tional setting. To be precise, let 1 < p < g < oo and b belong to the fractional variant of
BMO (R"), that s,

1
I6ll BMO,, (R7) :=  sup —f b(x) — bo| dx < o
) cube QCR” |Q|1+Q/’1 Q| Q|
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with @ € (0, 1) and

1
bp = — b(y) dy.
0 IQlfQ(y)y

Then BMO,, (R") when a = 0 coincides with BMO (R"), and one can derive the boundedness of
commutators [b, T] from LP(R") to L(R") with the help of fractional integrals; see, for instance,
[16, Theorem 1.0.1]. The corresponding characterization of the compactness also holds true, for
any a € [0,1), via choosing b in the closure of C°(R") in BMO, (R"); see, for instance, [15,
Theorem 1.8]. The case @ = 1 requires a different formulation in terms of a suitably defined
space CMO,, (R") which agrees with the aforementioned closure for « € [0, 1), but not for a = 1;
see [15, Theorems 1.7 and 1.8]. When considering the boundedness and the compactness of
commutators, we always use some classical operators, such as (fractional) maximal operators and
fractional integrals, which map LP(R") to LY(R") with p < g. However, for the case p > ¢, these
operators are no longer bounded. This may be a possible reason why the range p > g has attracted
little attention for a long time.

Recently, the first author [16] of this article completely settled the case p > g on the bounded-
ness of commutators [b, T] from LP(R") to L9(R"), and hence clarified the boundedness of com-
mutators for all p, g € (1, c0). This surprising characterization says that, for any “non-degenerate”
Calderén—Zygmund operator T, the commutator [b, T'] is bounded from L”(R") to LY(R") with
1 < g < p < ooifandonlyif b € L'(R") modulo constants, where % =1_ %. As an ap-
plication, following an approach proposed by Lindberg [26], the first author [16] of this article
further showed that every f € LP(R") can be represented as a convergent series of normalized
Jacobians Ju = Vu of u € WIP(R")", which extends a famous result of Coifman et al. [9] and
supports a conjecture of Iwaniec [20] about the solvability of the prescribed Jacobian equation
Ju=felLPR").

In another direction, a quite general approach to the compactness of linear operators on the
weighted space L/ (R") has been established very recently by the first author of this article and
Lappas [17, 18], There are also recent results about the compactness of Calderén—Zygmund com-
mutators in the two weight setting, namely, from LZ.(R") to L{ (R") with different weights; we refer
the reader to Lacey and Li [23] for case p = ¢ and to Oikari, Sinko and one of us [19] for p < q.
But the compactness of [b, T] from LP(R") to LY(R") with p > ¢ is still unknown so far, even in
the unweighted case.

The main purpose of this article is to investigate the compactness of commutators [b, T] from
LP(R™) to LY(R™) for any given 1 < g < p < oo. Besides natural interest in its own right, this
question is motivated by the needs of Lindberg’s program to the mentioned Jacobian conjecture of
Iwaniec, as further developed in [27]. Indeed, we show in Section 2 that the boundedness of [b, T']
is equivalent to the compactness of [b, T'] in this range; see Theorem 2.11 below. This equivalence
is essentially based on the density of C;°(R") in L"(R"). Since the implication “compact =
bounded” is obvious, the main contribution of this article is the reverse implication “bounded
= compact” obtained in Theorems 2.5 and 2.9 below. To this end, we apply the criterion of
the compactness in Lebesgue spaces, namely, the Fréchet-Kolmogorov theorem; see Lemma 2.1
below. Since both the corresponding Hardy-Littlewood maximal operator and the corresponding
Calderén—Zygmund maximal operator are not bounded from LP(R") to L(R"), we take the full
advantage of the compact support of the approximating element in C.°(R"), which seems to be
redundant for many corresponding estimates when p < g but to be crucial when p > g. Moreover,
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we also discuss the corresponding multilinear and iterated results in Section 3. Apart from using
the median method and the expectation of random signs, we also apply a characterization of L"(R")
via sparse collections of cubes; see Proposition 3.4 below.

Throughout this article, we denote by C and Cc positive constants that are independent of the
main parameters under consideration, but they may vary from line to line. Moreover, we use
Cy, g, ..) to denote a positive constant depending on the indicated parameters y, S, .... Constants
with subscripts, such as Cy and A, do not change in different occurrences. Moreover, the symbol
f < g represents that f < Cg for some positive constant C. If f < g and g < f, we then write
f~g Iff<Cgandg = horg < h, we then write f < g ~ hor f < g < h, rather than
f<g=horf<g<h Forany p € [1,0], let p’ denote its conjugate index, that is, p’ satisfies
1/p+1/p’ = 1. We use 0 to denote the origin of R” and, for any set £ C R”, we use 15 to denote
its characteristic function. Also, for any y € (0, o], the Lebesgue space LY(R") is defined to be
the set of all the Lebesgue measurable functions f on R” such that

1y
ity = [ wrcor ax

with usual modification made when y = co. For any r € (0, c0], we use L' (R") to denote the

set of all the Lebesgue measurable functions f on R” such that ||f1p]|, < oo for any ball B C R".
Furthermore, for any r € (0, oo], let

L'(R") := {b el

loc

(R bl gy = infllb = cll, < oo};

forany b € L! (R") and any bounded set S ¢ R” with |[S| > 0, let

loc
1
(b)s := 5 fs b(x) dx.

2 Main results and proofs

To obtain the compactness, we apply the following Fréchet—Kolmogorov theorem which can
be found in, for instance, [37, p. 275] and [34]; see also [36, Theorem 1.1].

Lemma 2.1 (Fréchet—Kolmogorov). Let g € (0,00). Then ¥ c L1(R") is relatively compact in
LY(R") if and only if

(i) F is bounded, namely,
sup [ fllg < o0;
fer

(i1) F uniformly vanishes at infinity, namely,

Jim (|1 xer: lele”q =0 uniformly for all f € F.

(iii) F is equicontinuous, namely,

g:irr(l)llf(- +&) = fOlly =0 uniformly for all f € F.
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In what follows, we consider a Calder6n—Zygmund kernel K under the standard conditions

C
@.1) K(x,y) < — 2

< for any x,y € R" and x # y,
|lx =yl

and, for any x,x,y € R" with |x — X] < %lx -,

— C _
(22) K(x,y) — K@)l + KGx) - K Dl < —5_g, ("C Fd)
=y \lx-y

where C (k) denotes some positive constant depending only on K and the modulus of continuity
w: [0,1) — [0, 00) is increasing. Moreover, we say that w satisfies the Dini condition if

1
23) f ©0 4 < co.
0 t

Notice that w(r) := t* for any ¢ € [0, 00) and some «a € (0, 1] satisfies the Dini condition. As usual,
we assume that the Calder6n—Zygmund operator 7 is bounded on LP(R") for any p € (1, 00).

We also need the boundedness of the following two maximal operators on LP(R"). Recall that
the Hardy—Littlewood maximal operator M is defined by setting, for any f € L! (R") and x € R”,

loc

1
M@ = sup fB Ol dy:

ball B>x |B |

and the maximal truncated operator T* is defined by setting, for any f € CZ(R") and x € R",
T*(f)(x) := sup

‘f K@JU@N@L
{€(0,00) |J{yeR": |x—y|>Z}

where the kernel K satisfies (2.1), (2.2), and (2.3). The following boundedness of both M and T*
on L?(R") are well known; see, for instance, [12, Theorems 2.5 and 5.14].

Lemma 2.2. Let p € (1, 00). Then both M and T* are bounded on LP(R").

To use the density argument of compact operators, we adapt the smooth truncated technique
same as in [22, 8, 33]. Let 7 € (0, o0) and T, be the smooth truncated Calderén—Zygmund operator
of T, that is, T, is generated by the kernel

(2.4) Ky(x.y) = K(x,y) [1 _o ('x — ')] for any x,y € R”
with ¢ € C*([0, 00)) satisfying both

1, xe[0,1/2],
2.5) 0<p<1l and @(x)= xel0.1/72]

0, xe€ll,o0].

In what follows, for any p,q € (1, c0), we use [|T||,—, to denote the operator norm of T from
LP(R™) to L1(R™). For any p € [1, o], we denote by p’ its conjugate exponent, namely, 1/p+1/p’ =
1. In addition, CC1 (R™) denotes the set of all the differentiable functions b on R” such that b has
compact support and its gradient Vb is continuous. Then we have the following approximation. In
what follows, the symbol 7 — 0" means 1 € (0, ) and 7 — 0.



THE LP-10-L? CoMPACTNESS OF COMMUTATORS WITH p > ¢ 5

Lemma 2.3. Let 1 < g < p < 0o, b € CL(R"), and T be a Calderén—Zygmund operator whose
kernel satisfies (2.1), (2.2), and (2.3). Then, for any n € (0,0), [b,T] — [b,T}] is bounded from
LP(R™) to LY1(R"™) and

Jim 6. 7116, 7], = 0
Proof. Letall the symbols be the same as in the present lemma and let 7 € (0, c0). Then supp (b) C
B(0, Ry) for some positive constant Ry, and hence, for any y € R" \ B(0, Ry + 1) and any x € R"
with |x — y| < n, we have b(x) = 0 = b(y) and hence

(2.6) b(x) = b(y) =0

In what follows, without loss of generality, we may consider that both T" and T, for any 1 € (0, o)
are well defined on any f € LP(R"); otherwise, we need first to consider f € C.°(R") and then
to use a density argument. Thus, by (2.4), (2.5), (2.6), (2.1), and the mean value theorem, we
conclude that, for any n € (0, ), f € LP(R"), and x € R",

|16, T1(F)(x) = [b, T, (F)(x)|
= | tim f e bR, y)so(l )f(y)d‘
e<jx—yl<l/e

e—0*

y 1b(x) = bOIK e, Y)] iyere: (-1 (X V) LF O 1B0.R0+7) (V) dy

1 ER™: [x—y|< 5
< fR b - b= D, 311000y 3)

lx =l
< |IVB| if LfFO)LB0.Ry+m) () iy
 Jyern: 2-teigeimyia-ty) =yt

oo -k

27
S IVD||oo _ 1 d
Vbl 2 f{y o Ot )

< NIVl MU 1L B0,Ry+7))(X),

where ||Vb||., denotes the essential supremum of |[Vb| on R" and M the Hardy-Littlewood maximal
operator. From this, Lemma 2.2, and the Holder inequality, it follows that

|6, T1CH) = [, 3100,
< 1Bl [|MAf L0 R4, S MIVBlall Mg [l 1B 0.R0 ),
< VBl IMIlgg |[ 15020 ||, 11711
~ lIVBlleoIMllg—g Ro + ™" 1If1l,
and hence [b, T] - [b, T}] is bounded from LP(R") to LY(R") and

,71363 16, T1 - [b, )] ||1Hq

This finishes the proof of Lemma 2.3. O
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Remark 2.4. (i) Let all the symbols be the same as in Lemma 2.3. Then, by [16, Theorem
1.0.1] and b € Cg R" c L (R") with % = % - é, we know that [b, T'] is bounded from
LP(R") to L9(R"), which, together with Lemma 2.3, further implies that [b, T},] is bounded
from LP(R") to LY(R") for any n € (0, o).

(ii) Observe that the compact support of b € C!(R") plays a key role in the proof of Lemma 2.3.
In contrast to this, the corresponding approximation from L”(R") to L4(R") with p < g only
needs the smoothness of b, namely, ||[Vb|[;~®" < oo; see, for instance, [8, Lemma 7], [31,
Lemma 3.1], and [32, Lemma 3.4].

Now, we state the first main theorem of this article.

Theorem 2.5. Let 1 < g < p < 0o, b € L'(R") with % = é - 1—17 and T be a Calderon—Zygmund
operator whose kernel satisfies (2.1), (2.2), and (2.3). Then the commutator [b, T] is compact from
LP(R™) to L1(R™).

Proof. Let all the symbols be the same as in the present theorem. To show the desired com-
pactness, by the density of C°(R") in L"(R"), Remark 2.4(i), Lemma 2.3, and [37, p. 278, The-
orem(iii)], it suffices to prove that, for any given b € C°(R") and any 5 € (0, c0) small enough,
[b,T,] is compact from LP(R") to LY(R"). To this end, for any bounded subset ¥ C LP(R"), we
show that the set [b, T :={[b, T1(f) : f € ¥} satisfies (i), (ii), and (iii) of Lemma 2.1, and we
proceed in order.

First, using both Lemma 2.3 and Remark 2.4(i), we find that [b, T',]F satisfies the condition (i)
of Lemma 2.1.

Next, from b € CZ°(R"), it follows that supp (b) € B(0, Rp) for some positive constant Ry. Let
M € (2Rg, 00). Then, for any y € B(0,Ry) and x € R" with |x| € (M, o), we have |x — y| ~ |x].
Moreover, by this, (2.4), (2.1), and the Holder inequality, we conclude that, for any f € ¥ and
x € R" with |x] € (M, o),

1b(x) = bOY) ol
1B, T, < fR oy s el fB dy

O.Ry) |xI"

n/p’
[1Bllcoll f11,RG "

|l

121l

|x"

< =2l a0k, <

and hence

||[b, Tyl(f) xere: |X|>M}||q

o0

< 1Bl AR

/=0

| . |n l{xER": 21'M<|x|£21'+‘M}H
q

(o)

< Ibllollf IR >
j=0

1L xern: <2 ayllg
(2/M)"

2+ pyrta ||b||oo||f||PRg/p
QM LA

= (
< Ibleollf11,RG P>
j=0
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Therefore, the condition (ii) of Lemma 2.1 holds true for [b, T, ]F .
It remains to prove that [b, Tg])]?~ also satisfies the condition (iii) of Lemma 2.1. For any
feF,EeR"\ {0}, and x € R", we have

2.7 [, T, 1()(x) = [b, Ty1()(x + &)
= RJbUO—b@ﬂKALyUOOJV

- [+ &) - bNK e+ E0f )y
= b = b+ 61 [ Kyxf0)dy

o [ 0 o= b [Kyx) - Kyt + £)] 0

b0~ b+ [ Ky f)dy
b [ b - b Ky - Kyt £)] F0)dy
B(0,Ro)

+b(x +£) [Ky(x.3) = Ky(x + £,9)] FO) dy
R™\B(0,Ro)

: Li(x) + Lo(x) + L3(x).

We first estimate L. For any x € R", using (2.1), we obtain

<

| f Ky (x, ) () dy f | Ky, ) = K(x, )| £ dy‘
R” {yeR": |x—yl>n/2}

f K(ey)fo) dy‘
{yeR": |x—y[>n/2}
,

eR": n/2<|x—y|<n) lx =y

S MHE) + T ().

+

From this, the Holder inequality, and Lemma 2.2, it follows that

f Ky f ()
Rl’l
< 16C) = b= M (1Ml + |

IL1lly < IBC) = b(- = &I

p

7|, ) 1

By this, the observation that b is uniformly continuous with compact support [or from the conti-
nuity of translations on L"(R")], and Lemma 2.2, we obtain

2.8) limyll, = 0.
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Now, for any x,y,& € R" with |x — y| < n/4 and |£|] < /8, we have |x — y|/n < 1/2 and

|x + & — yl/n < 1/2, which implies that ¢(|x — y|/n) = 1 = ¢(|]x + & — y|/n) and hence

(2.9) Ky(x,y) =0 = Ky(x +&,y).

Moreover, for any x,y,¢& € R"” with |[x —y| > /4 and |£] < /8, we have [£] < |x — y|/2 which,
together with (2.2) and (2.1), further implies that

(2.10) |Ky(x,y) = Ky(x + €,)|
e R R

smww—Kw+£mb—¢@%ﬂN

+4Ku+§mn&(”_”)—¢ﬁx+§_“ﬂ

n n
< 1 w(lﬂ )
lx —y* \lx—yl

Il [IX+&—-y |x-
Ix+& =yl n n

yl
’ 1{(x’y)ERnXR": %'JSIX—yISZU}(x’ y)

1 €l 1l
slx—yww(u—yl+ﬂx—ﬂ”ﬁh“”$”R“hﬂ*Mﬁmado

o1 F% |§|)+ EI}
x—yl* | \lx=yl)  lx=y]|

By both (2.9) and (2.10), we conclude that, for any x € R",

LgJKM%yN—KAX+§yﬂV®W®
o)

_ y|n+1

< €l

L(xy)errxrr: |x—ylzn/4) Ay

(8
R lx =yl

sty (@) | £l dy
k=0

{yeR": 2k I<|x—y|<2k+1 Ty

S (k[
3 (24 Z%_—— £l dy
; ( ) 2820 ) Jiyern; 2T <|x—y|<2kr1 1}

81¢1/
% + ‘fo ! @ ds] M) (x).

R |X

) |f(y)|1{(x,y)€R”><R”: lx—y|=7/4} dy

<

From this, the Holder inequality, and Lemma 2.2, we deduce that

2.11) 1L2llg + [1L3llg
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< bl H fR 1K, y) = Ko+ €| 1O oy dy
. q

ol [ [Kato = Ko+ EliF oy
! p
81/
< §+ fo @ds] (Bl lIMCF L o)l + AL |
8¢l /n
s [% al @ds] (11l R” + WM | 171

Combining (2.7), (2.8), (2.11), (2.3), and Lemma 2.2, we conclude that

lim 6. 7,1 + &) = 0. 7,10, = 0

uniformly for any f € ¥, which implies the condition (iii) of Lemma 2.1. Thus, [b, T}] is a
compact operator for any given b € C°(R") and € (0,00). This then finishes the proof of
Theorem 2.5. O

Remark 2.6. One can avoid to use the compact support of b in (2.11) when p = g; see, for
instance, [33].

Now, we consider a Calderén—Zygmund operator T with rough homogeneous kernel Q2. Such
type of operators and their commutators have attracted a lot of attention; see, for instance, [5, 6, 7].
Precisely, let Q € L'(S"~!) be homogeneous of degree zero and have mean value zero, namely, for
any ¢ € (0,00) and x € sm1

(2.12) Q(ux) == Q(x) and f Q(x)do(x) =0
gn-1

here and hereafter, "' := {x € R” : |x| = 1} denotes the unit sphere of R" and do the area
measure on S"~!. Then, for any suitable function f and any x € R”,

Ta(H(®) := p.v. f . |?f()
= lim Q=) ) dy.

07 e<|x—y|<1/e |)C )’|"
It is well known that Tq is bounded on LP?(R") when Q € L"(S"!) for some v € (1, 0] and,

moreover, for any f € LP(R"),

(2.13) ITall, < Nyl 1l

with the implicit positive constant depending only on both n and v; see, for instance, [12, p.79,
Theorem 4.2]. In particular, if Q € Lip (S"~!), namely, Q satisfies the Lipschitz condition

1Q(x) - Q)| < |x—y| forany x,ye S*!
with the implicit positive constant independent of both x and y, then the kernel K(x,y) := glzx(f—;lﬁ)
for any x,y € R" with x # y satisfies (2.1), (2.2), and (2.3), which implies the following corollary.
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Corollary 2.7. Let Q € Lip (S™') satisfy (2.12). Then Theorem 2.5 holds true for Tq.

For a rough Q, we approximate it via Lip (S*~!) and hence obtain the following approximation
on [b, Tq].

Lemma 2.8. Let 1 < g < p < oo, b € L'(R") with % = é - 117, and T¢q be a Calderon—Zygmund

operator with Q satisfying (2.12) and Q € L'(S"™") for some v € (1, 00). Then, for any f € LP(R"),

16, Tal(Hlly < 1Dl 11y g1y 1f11p

and hence

_inf b, Tal - b, T5
QeLip (S*1)

]||p—>q =0.

Proof. Let all the symbols be the same as in the present lemma. Then, by the Holder inequality
and (2.13), we conclude that

I, Tal(Hlly < IbTa(Hll, + ITabHll, < 1PN ITa(Hl, + 1Ll g1 1Df1lq
< DI 1€ 1o g1y LAl p-

Thus, for any Qe Lip (S™1),

|6, Tal = (6, 751, < lIll

Q- QHU(SH) ’
which, together with the density of Lip (S"~!) in L'(S""!), then completes the proof of Lemma
2.8. m]

The second main theorem of this article concerns the L”-to-L? compactness for commutators
of rough homogeneous Calder6n—Zygmund operators.

Theorem 2.9. Let 1 < g < p < 0o, b € L'(R") with 1 = }1 % and Tq be a Calderén—Zygmund
operator with rough homogeneous Q satisfying (2.12) and Q € L'(S"™") for some v € (1, o]. Then

the commutator b, Tq] is compact from LP(R") to L1(R").

To prove Theorem 2.9, it suffices to use Corollary 2.7, Lemma 2.8, the density argument of
compact operators (see the proof of Theorem 2.5), and the fact L®(S*™!) < L"(S"!) for any
v € (1, 00); we omit the details.

Remark 2.10. It is fairly obvious to find that both Theorems 2.5 and 2.9 still hold true if we
replace b € L'(R") by b = a + ¢ with a € L"(R") and ¢ being any constant; we omit the details.

As in [16, Definition 2.1.1], K is called a non-degenerate Calderon—Zygmund kernel if K sat-
isfies (at least) one of the following two conditions:

(i) K is a Calder6n—Zygmund kernel satisfying (2.1), (2.2), w(f) — 0 as r — 0" and there
exists a cg € (0, c0) such that, for any y € R"” and r € (0, o0), there exists an x € R" \ B(y, r)
satisfying

1
Ky 2 —
cor
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(i) K is a homogeneous Calderén—Zygmund kernel with Q € L'(S"~!)\ {0}. In particular, there
exists a Lebesgue point 6y € S"~! of Q such that Q(6) # 0.

Combining Theorems 2.5 and 2.9, Remark 2.10, and [16, Theorem 1.0.1], we immediately obtain
the following conclusion on non-degenerate Calderon—Zygmund operators. Recall that, for any
r € (0, ],

L'(R") := {b el

loc

R ¢ Wl ery = inf Il = cll, < oo

Theorem 2.11. Let 1 < g < p < oo and T be a non-degenerate Calderon—Zygmund operator
whose kernel K either
satisfies (2.1), (2.2), and (2.3)

Q(x—
or K(x,y) := |)f“_ry|{)

for any x,y € R" and x # y with

Q satisfying (2.12) and Q € L'(S"™Y) for some v € (1, o).
Then the following three statements are mutually equivalent:
1) [b, T] is compact from LP(R") to LY(R");

(i1) [b, T] is bounded from LP(R") to L1(R");

(i) b€ L'(R") with 1 := é - %

Proof. The implication (i) = (ii) directly follows from the definition of compact operators, and
the implication (ii) = (iii) is a part of [16, Theorem 1.0.1]. Moreover, using Theorems 2.5 and 2.9
and Remark 2.10, we obtain the implication (iii)) = (i). This then finishes the proof of Theorem

2.11. m|

3 Multilinear case

In this section, we briefly discuss how to extend the previous results to the multilinear setting.
Let us begin with recalling some definitions and notation. Throughout this section, we fix an
m e N withm > 2. Let

A = {(X,yl,...,ym)E(Rn)m+l : _x:yl = .. =ym}

be the diagonal in (R”)™*!. A function K : (R")™!\ A — C is called a multilinear Calderén—
Zygmund kernel if there exists a positive constant C such that

C

—— forany (x,y1,..., e (RMY™1\ A,
(ZiLy e =y Y (615 ym) € RO

(31) |K(x’y1’-~-,ym)|§

and, for any (x, y1,...,ym) € R\ A and h € R with || < % maxie(1,..my |x = yil,

.....

(32) |K(x+h,yla---,)’m)—K(X,YI,---,)’mN
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m
+ |K(x’y],---,)’i+h,---,)’m)_K(X,)’l,---,yi,---,)’m)l
i=1

< ¢ ( |l )
< w )
(g =y \ 2L b — il

where w : [0, 1) — [0, ) is an increasing function with w(0) = 0 and satisfies the Dini condition
(2.3). Then T is called an m-linear Calderon—Zygmund operator if T is initially bounded from
LT (R™) X - - - x L9(R™) to L4(R") with g; € (1,00] forany i € {1,...,m} and Ll] =0 é € (0, c0),
and there exists a multilinear Calderén—Zygmund kernel K such that, for any fi, ..., fin € CZR")

and any x ¢ (., supp f;,
(3.3) T(fi,.. s fu)(X) = fR KO,y Ym) ]_[fi(yi) dyy - - - dym,
m i=1

where, for any i € {1,...,m}, supp f; denotes the support of f;, namely, the closure in R" of the
set {x e R" : fi(x) # 0}. Moreover, we say T is a non-degenerate multilinear Calderon—Zygmund
operator if there exists a function K such that (3.1), (3.2), and (3.3) hold true with w(0) — 0 when
t — 0% and, in addition, there exists a positive constant ¢y such that, for any y € R” and r € (0, o),
there exists an x € R" \ B(y, r) satisfying

34 K(x,y,...,»)| > .
(3.4) IK(x,y, ... )l cor

For any i € {1,...,m}, the multilinear Calderon—Zygmund commutator [b,T]; is defined by
setting, for any suitable functions {f;}’, and any x € R",

(D, T1i(f1s - - f)(X) = BOOT (f1, - - ) (X) = T(f1, .., bfis o, fin)(X).

Without loss of generality, we may only consider the case i = 1, namely, the commutator [b, T'];.
First of all, we establish the boundedness of multilinear Calderén—Zygmund commutators. In
what follows, for any v, y1,...,¥m € (0, 0], we use ||T|y,.....y,)—y to denote the operator norm of
T from LY'(R") x - -+ X LY"(R") to LY(R").

.....

L+...+L’
p1 Pm

b € L'(R") with % = é — % < 1%, and T be an m-linear Calderon—Zygmund operator, where
1

Pil + pi, = 1. Then the commutator [b, T); is bounded from LP'(R") X - - - X LP»(R") to L4(R").
1

Proposition 3.1. Let 0 < g < p < oo, p; € (1,00) for any i € {1,...,m}, 1—17 =

Proof. Let all the symbols be the same as in the present proposition. Then, by the Holder
inequality, the boundedness of 7 from LP'(R") x --- x LP»(R") to LP(R") (see, for instance,

[11, 25]), and the observation 1/ (le + %) = ﬁ > 1, together with the boundedness of 7' from

ryr
L?l*r R") x -+ x LP»(R™) to LY(R") (see, for instance, [11, 25] again), we conclude that, for any
(fla e .. ,fm) € Lpl(Rn) X+ X me(Rﬂ)’

16, TH (fis - Sl
< BT (fis-os fidlly + UT B fose s filly
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m
<IBIAT S fidllp + 0T sl [ ]Il
1+ 1+
i=2

which completes the proof of Proposition 3.1. O

Next, we consider the compactness of [b, T']; and likewise introduce the smooth truncated m-
linear Calder6n—Zygmund kernel: for any 7 € (0, 00), x € R", and y; € R" with i € {1,...,m},

maxj<i<m |x — yil
Ky, )15+ Ym) = K(x,yl,...,ym)[l —sO( == l )]

n

with the same ¢ asin (2.5). Let b € C!(R") and, forany i € {1,...,m}, f; € LPi(R") with p; € (1, o)

and % = pil + -+ pi We may assume that supp (b) € B(0, Ry) for some positive constant Ry.

Then, by similar arguments to the proof of Lemma 2.3 above (see also [2, Lemma 2.1]), we have,
for any 1 € (0, o) and x € R",

6. TV (fi. s fid @) = [B. T i (i - f) ()|
S NIVBlle M(f11Bw0.Ry+7)s 25 - - - 5 T )(X),

where the implicit positive constant is independent of n, b, {f;}" |, and x, and where M stands for
the m-linear Hardy-Littlewood maximal operator defined by setting, for any g; € Llloc (R™) with
ief{l,...,m}and for any x € R",

m 1
Moo= sup [ [ lsol

ball Box ;_;

Then this immediately implies the multilinear analogy of Lemma 2.3. To obtain the multilinear
analogy of Theorem 2.5, note that, for any x € R" with |x| > M > 2Ry, we have

|1, T 11 (fis - - f) ()|
1 o fii
. ||b||oof (Al B(o,lf:;))(Yl)H,_nan(V l dy; - - dym
mn (Zizl lx = yil)

(1f11Bw.R)) V1)

Rr lx =y

n/p]
IBlleoll fill ) Ry ' 12
&HMﬁ(X)’
i=2

S |Iblleo

dyi | [Mfiw
i=2

|

where the implicit positive constant is independent of 1, b, { f,-};’; 12 and x. From this, é ==+ % =

1
D

pil +-- 4 pl + %, and the Holder inequality, it follows that

|6, Tyli (s - s fi) L ez |x|>M}||q

m
n/p’ _
< IblloRY " " Ve ], | ] 1
i=1
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m
nipy T
~ NblleoRy " M ] il
i=1

where q— = ll + ; < 1 and the implicit positive constant is independent of n, b, {f;}'’ |, and x.

This verifies the condition (ii) of Lemma 2.1. The remaining arguments are qulte 51m11ar to the
proof of Theorem 2.5. So, by omitting some details, we obtain the followmg result.

Theorem 3.2. Let0 < g < p < oo, p; € (1,00) foranyi € {l,...,m}, [‘—7 = m L. +— be L’(R”)
11

with % =575 < p,, and T be an m-linear Calderon—Zygmund operator, where p_1 + p, =1
1 1

Then the commutator |b, T); is compact from LP*(R") X - -+ X LPn(R") to LY(R").

One may be curious about whether or not the opposite direction holds true. Namely, if we know
that 7" is an m-linear Calder6n—Zygmund operator associated with some non-degenerate kernel and
that the commutator [b, T']; is compact from LPI(R") X - -- X LP»(R™) to LY(R"), can we show that
b = a+ c for some a € L" and some constant ¢? We give an affirmative answer to this question
when g € (1, ) and b is real-valued as follows.

S o Let
T be an m-linear non-degenerate Calderon—Zygmund operator and b € L%OC R™) be real-valued.
If the commutator b, Ty is bounded from LP'(R™) X - - - x LPn(R™) to L4(R"), then b € L"(R") with
r._1_1

r°q p

Theorem 3.3. Let 1 < g < p < oo, p; € (1,00) foranyi € {l,...,m}, andj?l7 =

To prove the above theorem, we need the following characterization of L"(R"), whose proof
can be found at [1, Proposition 3.2]. In what follows, a collection . of cubes is said to be sparse
if there exists a family of pairwise disjoint subsets, {E(S )}sc., such that, for any § € .7,

1
E(S)c S and |E(S)| > EISI;

for any locally integrable function b and any bounded measurable set S with [S| > O, let

1
(b)s := —fb(x)dx.
IST Js
Proposition 3.4. Let r € (1,00) and b € L (R"). Then

1611+ ~Sup{z s f Ib(x) = (b)s|dx : .7 is sparse, ) S| < 1}
Se.s Ses

with the positive equivalence constants independent of b.

Now, we are ready to prove Theorem 3.3, via following the median method used in [16, 24]. In
what follows, for any locally integrable functions f and g, let (f, g) := fR" |f(x)g(x)| dx.

Proof of Theorem 3.3. Let all the symbols be the same as in the present theorem. By (3.4), we
find that, for any cube Q, there exists a cube Q such that £(Q) = Z(Q) and dist (Q, Q) > Cyl(Q),
and there exists a g € C with |og| = 1 and

(35) 9%(O-Ql((xeyls'"aym))N|Q|_m7 VXEQ, VYb---aymEQ;
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see, for instance, [16, Proposition 2.2.1 and Remark 4.1.2]. Here and hereafter, we use R(z) to
denote the real part of any z € C. Now, we apply Proposition 3.4 and fix a sparse family .. For
any cube S € .%, let ag be the median of b on S, namely,

. - 1< 1
min (IS N {6 < as)l. IS N {b 2 as)l) = 5151 = SIS,
By this and (3.5), we obtain, for any x € SN {b>as},

fs [bGy1) — as]. dy,

= f [as — b(y1)] dy
SN{b<as}

< ISI%(asf f [b(x) = b(yDIK(x,y1,-+ , Ym) dy1 ---dym)
Sm=1.JSn{y1:b(y)<as)
= SIR (os[b, Tli(Asnp<as)> Ls, - 5 1s)(x)).
Likewise, for any x € SN {b < as}, we have
f [bOn) —as], dy1 < =ISIR (os[b, Tli(Asapsagys 1s, -+, 1s)(x).
S

Thus, for any {As}sc.# C [0, o), we find that

s [ b= sl

Se.s
<23 A flb(x)—a/gldx
Ses S
< Z /1S |S|% (O—S <[b7 T]l(lSm{bsas}, 1S9 ) 15)>§m{b2(1,s})
Ses
= > AISIR (s ([B, Thisappzas)s Iss -+ 15))5npeas))
Ses
< > AsISH{Ib, Th(Xsnpsasy 1, 1) )<
Se
+ 2 A5ISI{|Ib, Tl (s rpzas), ss -+ 5 15)])s -
Se

We next only focus on estimating the first term in the last step since the other one is similar.
Moreover, by the monotone convergence theorem, we may assume that .% contains only finitely
many elements. Now, let gg be the function such that

(6. T1i (s npzas): Is. -+ 2 1s)| = [B. T (s appeas) Lss -+ 1s)gs.
For each j e {1,...,m}, let {séj)} se.» be a collection of independent random signs, and we denote
by EY) the corresponding expectation, namely, for any function f defined on two random signs,

EY f(s1,£2) = Z @,

g1==%1, e==+1
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where g1, &) € {s(Sj)}Seyz. Write E := EV ... E( and observe that

1 1 roor r
l=r|ls+=]=5+—++—,
q9 p q9 P Pm

where % + rl =1= Ll] + %. From this, the linearity of [b, T];(-), the Holder inequality, Proposition

3.1, [16, Lemma 2.5.4], and } gc. » |S I/IE' < 1, it follows that

D AsISI(|IB, Tl (snipzas)s Ls - - 1s)])s
Ses

’ ’ ’

=> <[b, TN (ag'lsn{bgas},ag’z Is,..., A" 1s), /1§'g51§>

Ses
_ (D) 77 RO
= E<[b, T]l ( Z 851 /151 IS|ﬁ{bSa/sl}a Z 852832/15‘2152, cees
S S,
(m=1) _(m) 3 m m 7 N
Z gsm 8Sm /lsm ISm], Z 8Sm+l/lsm+lgS1Sm+l>
S e Smi1€S
r r
(1) yr1 (m=1) (m) 3 om
<E Z 851/1511S10{b3151} Z gsm 8Sm/lsm15m
S]Ey P1 Smey Pm
m) 7 _
Z 8Sm+l /lSnHl gS 1Sm+l
Sm+1€<5ﬂ (]'
P T S Byt 1S Ay g
~ Z ASI lsl Asm 1Sm /lSm+]1Sm+l
S » SmeS P Smi1€S q
1 1 1
ety
~[ D a5s| < 1.
Se.s
This, together with Proposition 3.4, then completes the proof of Theorem 3.3. O

The above multilinear results can also be extended to the iterated case. In what follows, for any
k € N, let Tl()]fl) = [b, T[gkl_ 1)]1 be the k-times iterated commutator of [b, T]; =: T[(?ll) . Combining
[16, Theorem 4.0.1] and Theorems 3.2 and 3.3, we immediately have the following results; we
omit the details here.

1 1

Theorem 3.5. Let 0 < g < p < o0, p; € (1,00) foranyi € {1,...,m}, cmd]—l7 = p—1+...+ o
Let k € N and b € [F(R") with% = é—% < pi where pil + pl = 1. Let T be an m-linear
1 1

Calderon—Zygmund operator. Then the commutator Tl()k; is compact from LP*(R") X - - - X LP»(R")
to LY1(R™).

Theorem 3.6. Let 1 < g < p < oo, p; € (1,00) foranyi € {1,...,m}, % = p% + -0+ 1% and
k € N. Let T be an m-linear non-degenerate Calderon—Zygmund operator and b € L’ioc R™
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be real-valued. If the commutator Tlgkl) is bounded from LP'(R") X --- X LP»(R") to LY(R"), then

b e LF(R™) with L .= %1 - 1-17.

Proof. We sketch the proof of the present theorem. Let all the symbols be the same as in the
present theorem. First of all, the same arguments as that used in the proof of Theorem 3.3 give us
that

f b = ®)sl* dx < ISI{[T3) Asipea 15+ 15)])
N

(k)
#1173 Aoz 1s. -+ 1))

Then, for any {As}sc. C [0, 00) with Y gc & |S Iﬂgkr), < 1, by both the Holder inequality and the
Riesz representation theorem of ¢", we have

Y as [ 1)~ @slax

Ses S
1/k
<3 [ | |b(x)—<b>s|kdx] 511
Ses S
) 1/k
< 3 a5t [T sy 15215
Ses
® 1/k
+ Z /lSISI<’Tb,1(1Sﬁ{b2&s}’lS"" ’15)‘>§
Ses
RG] o
k kr)
< Z |S|<|T£’1)(1Sm{h§<rs},ls,"‘ ,1S)|>J lz |S|/l§ )]
Ses Ses
D) o
k kr)
| D 1|7 Asrpsasts T+ 1s) H 3 isiad ﬂ
Se Ses
. 1/k
< {|S|?<|T(k)(1 g, ,1 )|>}
> b1 SN{b<zas}s 1S s A4S ) )~ )
S)seser
1 (k) HE
# {1 ([T Aspsa 15, 15])|
S)Seser
1/k
~ ZT |S|<’T(k)(1 le.---.1 ’>}
S b1 SN{b<ag}> 1S s S) —
Ses §
1/k
(k)
* S§75|S|<|Tb,1(1sm{b>as},1s,--- ,15>|>J :

where the non-negative sequence {7s}sc o satisfies

1 ’
TST’} = IS < 1.
{s|| . 3 s

Se.s

o’



18 Tuomas HyTONEN, KaNGWEI L1, JIN Tao AND DACHUN YANG

Then the remaining arguments are the same as those used in the proof of Theorem 3.3; we omit

the details. This finishes the proof of Theorem 3.6. O
Corollary 3.7. Let 1 < g < p < o0, p; € (1,00) foranyi € {1,...,m}, % = pll + -+ 1# and
% = 611 — L Let T be an m-linear Calderén—Zygmund operator, b € L’ioc (R™) be real-valued, and

k € N. Then the following three statements are mutually equivalent:
1) Tl(ff is compact from LP*(R") X --- x LP"(R") to L1(R");,
(ii) T, is bounded from LP'(R") X -+ X LP»(R") to LY(R");
(iii) b e LF'RM).

Proof. The implication (i) = (ii) directly follows from the definition of compact operators.

Moreover, using Theorem 3.6, we obtain the implication (ii) = (iii). Furthermore, Theorem

3.5 shows the implication (iii)) = (i), which completes the proof of Corollary 3.7. We note that
1_1

the assumption of Theorem 3.5 that % =575 < 1% follows from the present assumptions; namely,
1

wehave L <1 =41 + 1 <14 L This finishes the proof of Corollary 3.7. O
q pr Py TP oD

Remark 3.8. (i) By some routine modifications, we find that Proposition 3.1 and Theorems
3.2,3.3, 3.5, and 3.6 hold true with [b, T']; replaced by [b, T]; for any i € {2,...,m}.

(i1) It is still unclear whether or not the assumptions that ¢ > 1 and that b is real-valued in
Theorems 3.3 and 3.6 are necessary.
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