TWO-WEIGHT INEQUALITIES FOR MULTILINEAR COMMUTATORS IN
PRODUCT SPACES

EMIL AIRTA, KANGWEI LI, AND HENRI MARTIKAINEN

ABSTRACT. This note is devoted to establishing two-weight estimates for commutators
of singular integrals. We combine multilinearity with product spaces. A new type of
two-weight extrapolation result is used to yield the quasi-Banach range of estimates.

1. INTRODUCTION

Commutators have the general form [b,T): f — bTf — T'(bf). Here T is a singular
integral operator

Tf(x) = /Rd K(z,y)f(y)dy.

Well-known examples include the Hilbert transform H in dimension d = 1, which has
the kernel K (x,y) = x—iy, and the Riesz transforms R; in dimensions d > 2, which have
the kernel K;(z,y) = |gy‘|gil,j =1,...,d.

Our work revolves around the Coifman—-Rochberg-Weiss [4] result, where the two-
sided estimate

[6llBmo < b, Tl o (ray— 2o (ray S [IbllBMO, P € (1, 00),

was proved for a class of non-degenerate singular integrals 7' on R?. Here BMO stands
for functions of bounded mean oscillation:

1bllEato = sup ][ b— (b,
I I

where the supremum is over all cubes I C R? and (b); = f,b := ﬁ J;b. The corre-

sponding two-weight problem concerns estimates from L” (1) to LP()) for two different
weights 1, A and has recently attracted interest after the work by Holmes-Lacey—Wick
[10]. See also e.g. [11,14,15].

In this note we establish that two-weight estimates for commutators can be proved
under the joint difficulty of multilinearity and product spaces. Both have been consid-
ered separately before: see e.g. [1,2,10,20,22] for the multi-parameter work, and [12] and
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[17] for the multilinear work. The recent satisfactory multilinear result of [17] is based
on sparse domination and the approach cannot be used in our setting — this is due to
the product space nature of the problem. For given exponents 1 < py,...,p, < oo and
1/p = >,1/pi > 0, a natural form of a weighted estimate in the n-variable context has
the form

n n
HT(fl,...jfn)le,- P (L
1= 1=

The key thing is to only impose a joint condition on the tuple of weights @ = (w1, ..., w,) €
Aj rather than to assume individual conditions wf * € A,,. See Lerner, Ombrosi, Pérez,
Torres and Trujillo-Gonzélez [13] and for multi-parameter versions [21]. Naturally, this
interplay is trickier still in our two-weight setting.

Our result is the following.

1.1. Theorem. Let T be an n-linear bi-parameter Calderén-Zygmund operator. Let p = (p1, ..., Pn)
with 1 < p; < oo and

1 "1
= —>0.
p i:lpz

With a fixed j € {1,...,n} let (wq,...,wy) and (w1, ..., N}, ..., wy) be two tuples of weights
in the genuinely multilinear bi-parameter weight class Ay and define the associated Bloom weight
v= wj)\j_l. If we have b € bmo(v) and v € A, then

n

1, TT(fr o S wllze S [Bllbmop) [ ] Ifiwill e, w = ] wi.

i=1 i=1
The corresponding lower bound holds if T is suitably non-degenerate.

For the exact definitions see the main text.

Extrapolation methods are important in our current work — they are used to yield the
quasi-Banach range p < 1. The extrapolation theorem of Rubio de Francia says that if
91l 7o (w) S 1f Il Lro (w) for some pg € (1,00) and all w € Ay, then ||g|l 1o () S If | 2r(w) for
allp € (1,00) and all w € A,,. In [9] (see also [6]) a multivariable analogue was developed
in the setting w € A,,, i = 1,...,n. Very recently, in [18,19,24] it was shown that also
the genuinely multilinear weighted estimates can be extrapolated. We prove a suitable
two-weight adaptation that can be used in our current work.

1.2. Theorem. Let (f, f1,..., fn) bea tuple of non-negative functions. Let 1 < p; < o0o,1 <1i <
n, ]l? =3, p%_,andj € {1,...,n}. Assume that for all (w1, -- ,wy), (W1,...,Aj,...,wp) €

Ay with w; )\j_l € A, there holds that

e~

|3 1T
i=1

n
< TL il
i) -

(2
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Then for all (w,- - ,wp), (Wi,...,Aj,- -+ ,wyp) € Ag with ijj_l € Asoand 1 < q; < 00,1 #
4, 1/q=1/p; +>7i=1 1/q; > 0, there holds that
i#£]
n n
|2 T, S 1ssiloes TT Sl
i=1 i=1

i#] i#]
2. PRELIMINARIES

Throughout this paper, A < B means that A < CB with some constant C' that we
deem unimportant to track at that point. We write A ~ Bif A < B < A. Sometimes we
e.g. write A <. B if we want to make the point that A < C(¢)B.

2.A. Dyadic notation. Given a dyadic grid D in R4, T eDand k € Z, k > 0, we use the
following notation:

(1) ¢(I) is the side length of I.

(2) I®) € D s the kth parent of I, i.e., I C I¥) and ¢(I™F)) = 2¥¢(TI).

(3) ch(I) is the collection of the children of I, i.e., ch(I) = {J € D: JI) = I},

(4) Erf = (f)11y is the averaging operator, where (f); = f, f = ﬁ I; 1.

(5) Ayfis the martingale difference A;f = Jeen(r) B f—E;f.

(6) Ay f is the martingale difference block

Arif= > At
JeD
JE) =T

For aninterval J C R we denote by J; and J, the left and right halves of J, respectively.
We define 1 = |J|7Y/21; and b} = |7|7Y/2(1;, — 1;,). Letnow I =I; x --- x I; C R%be
a cube, and define the Haar function h7, n = (n1,...,m4) € {0, 1}, by setting

hi=hj @ @hj.

If n # 0 the Haar function is cancellative: [ h7 = 0. We exploit notation by suppressing
the presence of 7, and write h; for some h?, n # 0. Notice that for I € D we have
Arf = (f, hr)hr (where the finite » summation is suppressed), (f, hs) := [ fhr.

2.B. Multi-parameter notation. We will be working on the bi-parameter product space
R? = R% x R%. We denote a general dyadic grid in R% by D’. We denote cubes in D by
I', Ji, K, etc. Thus, our dyadic rectangles take the forms I' x I?, J! x J2, K! x K? etc.
We usually denote the collection of dyadic rectangles by D = D! x D2.

If A is an operator acting on R%, we can always let it act on the product space R¢ by
setting A'f(z) = A(f(-,72))(x1). Similarly, we use the notation A’f if A is originally
an operator acting on R%. Our basic multi-parameter dyadic operators — martingale
differences and averaging operators — are obtained by simply chaining together relevant
one-parameter operators. For instance, a bi-parameter martingale difference is

Apf=AnLALf, R=TI'xI%

When we integrate with respect to only one of the parameters we may e.g. write

(f,hp)i(xo) = » f(z1,22)hp(z1) day
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or

nafer) = f, fara)don

2.C. Adjoints. Consider an n-linear operator T on R? = R% x R%. Let f; = fl @ f2,
i =1,...,n+ 1. We set up notation for the adjoints of 7" in the bi-parameter situation.
We let T77%, j € {0,...,n}, denote the full adjoints, i.e., T%* = T and otherwise

<T(f17 <o 7fn)7fn+1> = <Tj*(f17 . 'afj—17fn+17fj+1a .. -7fn)7fj>'

A subscript 1 or 2 denotes a partial adjoint in the given parameter — for example, we
define

<T(f17' . '7f’fl)7fn+1> = <T1]*(f17 .o '7fj—17f71+1 ® fj27fj+17 s 7fn)7fj1 b2y f72L+1>'

Finally, we can take partial adjoints with respect to different parameters in different slots
also — in that case we denote the adjoint by 77,"/**
1
o ;
T = TJ*, so everything can be obtained, if desired, with the most general notation

. It simply interchanges the functions
and f,, and the functions f7, and f7,,. Of course, we e.g. have TfQJ " = T9* and

T{';%*. In any case, there are (n + 1)? adjoints (including 7 itself). Similarly, the bi-
parameter dyadic model operators that we later define always have (n + 1)? different
forms.

2.D. Multilinear bi-parameter weights. A weight w(z1,x2) (i.e. alocally integrable a.e.
positive function) belongs to the bi-parameter weight class 4, = A,(R% x R%2),1 < p <
oo, if

1

7\ [ S
[w]a, = Supb (w)plw' 7)™ = Sup (w)r(w™ 7)< oo,

where the supremum is taken over rectangles R — that is, over R = I'' x I? where I’ C R%
is a cube. In contrast to the one-parameter definition, we take supremum over rectangles
instead of cubes.

We have
(21) [w]4, rer xriz) < 00 iff max (esssup [w(z1, )4, (raz)- esssup [w(-, IEQ)]AP(Rdl)) < 00,
z1€RL zo€RY2
and that

max ( esssup [w(z1, ')]Ap(Rd2) ,esssup [w(, sz)]AP(Rdl)) < [w]Ap(]R‘il xRd2)>
1 €R9L zo€R42

while the constant [w] 4, is dominated by the maximum to some power. It is also useful
that (w) 2, € Ap(R™) uniformly on the cube I? C R%. For basic bi-parameter weighted
theory see e.g. [10]. We say w € Ao (R% x R%) if

[wlase = sup {w) exp ((logw™")R) < oo.

It is well-known that
A®D xR%) = | | A,R" x R®).
1<p<oo
We also define

[w]a, = sup (w) g esssupw ™.

R R
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The following multilinear reverse Holder property is well-known — for the history and
a very short proof see e.g. [17, Lemma 2.5]. The proof in our bi-parameter setting is the
same.

2.2. Lemma. Let u; € (0,00) and w; € A, @ = 1,..., N, be bi-parameter weights. Then for
every rectangle R we have

N N
[Towni s (TTw) .
=1 =1 R

Next we define multilinear bi-parameter Muckenhoupt weights. Original one-parameter
versions appeared in [13]. Our definition in the bi-parameter case is the same as in [21].

2.3. Definition. Given p' = (pi,...,pp) wWith 1 < pq,...,p, < oo we say that & =
(wl, . ,’wn) S Aﬁ: Aﬁ(Rdl X RdQ), if

0 <w; < oo, 1=1,...,n,

almost everywhere and

w::Hwi and E:Zl

1
NG

7 1
If p; = 1 we interpret (w; ') as esssuppw; ', and if p = oo we interpret (wP)? as
esssupp w.

Conveniently, we can characterize the class A5 using the standard A, class. The lemma
is proven in [13] and the bi-parameter analog of the same proof is recorded in [21].

24. Lemma. Let p = (p1,...,pn) with1 < p1,...,pp < 00, 1/p =" 1/p; > 0, & =
(wi, ..., wy,) and w = [, w;. We have

and

1
In the case p; = 1 the estimate is interpreted as [w;* | 4, < [W] i‘/ﬁ ", and in the case p = oo we have

w4, < [@]{".

Conwversely, we have
n 1
U

[, < [, T .

i=1 ’

Most of the proofs are duality based and this makes the following lemma relevant.
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2.5. Lemma ([23, Lemma 3.1]). Let 7 = (p1,...,pn) with 1 < p1,...,p, < oo and 113 =

Sicip €(0,1). Let @ = (wl, o wp) € Ay withw = [}, w; and define

—1

-1
UJ (wl,...,wi,l,w ,wi+1,...,wn),

p (pla”'vpi—laplvpi-‘rla”'7pn)'
Then we have '
[@]a; = [W]a,

In the main theorems of this paper we will be using the multilinear bi-parameter
weights

(w1, .y wn), (A1, wa, .. wn) € A and v := )\flwl € Ay,

p17"'7pn) ’
where 1 < pi,...,p, <o00,1/p=73"1"1/p; > 0. Throughout this paper, we will be using
notation o; = w; *, 0,11 = (v 'w)P, and 1 = A\, "' as they will appear regularly.

The assumption that v € A is necessary as it is not implied by the other two assump-
tions, see a counter-example in [17].

However, instead of the two separate conditions

(wl, R ,wn) € A(p17---7pn) and ()\1, wa, ... ,’LUn) S A(

p17---7pn)7
if we assume only that (wq, ... W, vw L) € A where v = )\l_lwl and w =

[T~ wi, thatis

P1,5Pn,p" )0

7 1
supH i Vg (v PwP) 2 (V) R < o0,
we would automatically get that
n
Hwi vwlt=ve Ap+1 C Ax

by Lemma 2.4.

Yet, it is unlikely that this assumption is enough for the boundedness of the commu-
tator as conjectured for the linear case in [16]. Although, we will show below that this
assumption is enough for the boundedness of Bloom type paraproducts in the Banach
range and also sufficient to conclude the lower bound of the commutator.

On the other hand, the joint assumption for the weights is very natural for the two-
weight commutator estimates since the assumption (wy, ..., wy,, vw™') € A
implied by the two separate multilinear weight conditions and v € A

This is easy to verify. Let )"

P1yeeyp,p’) 15

le

A(ply---,pn)’ and v := )\1 w1 € A
Tty P 7 1\—p\ 7 - pi/ ; N T P
[Tw: ™) g (e ) e = [ [lw, ™) 5 A”Hw YR(OAT) P w7 (wP)P) R
=1 i=1 i=2
() " _ppi, 1 pi,n I
S [[wi™x Apr RO R [T ™R wh)p
i=1 i=2
S [w]AI;[(A17 w27 e 7wn)]Aﬁu

where in the step (x) we apply [17, Lemma 2.9] for v € A

=: % > 1 and assume that (wy, ..., wy), (A1, w2, ..., wy,) €
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Motivated by the above discussion we give the following definition, where p’ does not
appear hence p > 1 is not needed.

2.6. Definition. Given p = (p1,...,p,) with 1 < py,...,p, < oo, we say that & =
(Wi,..., Wy, Wpt1) € A; = A;;(Rdl x R9%2), if

0 <w; < oo, 1=1,....,n+1,
almost everywhere and
1 n i,
. - P *pz P;
[ ]A* - Sup n+1 IP%H R o0,
=1

where the supremum is over rectangles R,

n+1 1 n 1
w = w; and - = —.
il_[l p ; pi

1 1
If p; = 1 we interpret (w; ") as esssuppw; ', and if p = oo we interpret (wP)? as

esssupp w.

Morally the difference is that with AI’; we do not necessarily have

n
P
H w,; € Ao
i=1

or /\;p 7 € A compared to assuming the two separate Ay and v € A, but we are
equipped withv € A4, 4.
Furthermore, using this definition, we can write the following joint condition

1
(w1, ..., wp,vw ™ ") E A(m,-..,pn,p’)

as (w1, ..., w,,vwt) € Az‘ph ) = Az

A extrapolation. Besides of the extrapolation theorem proven in this paper, we also
need to use the following A..-extrapolation result of [5].

2.7. Lemma. Let (f,g) be a pair of non-negative functions. Suppose that there exists some
0 < po < oo such that for every w € Ay, we have

= [z [

Then for all 0 < p < oo and w € A, we have

[z [on

In addition, let {(fi, ) }i be a sequence of pairs of non-negative functions defined on R%. Suppose
that for some 0 < py < o0, (fi, gi) satisfies inequality (2.8) for every i. Then, for all 0 < p,q < oo
and w € Aso(RY) we have

1

H(Zi:(fi)q);‘ o St as ”(;(gi)q>q

where {(f;,9;)}; is a sequence of pairs of non-negative functions defined on R%.

)

LP(w)

w)
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2.E. Maximal functions. Let D = D! x D? be a fixed lattice of dyadic rectangles and
define

n
Mp(fr,..., fn) = sup [ [(Ifi) rlE.
RED ;5
2.9. Proposition. If1 < pi,...,p, < ocoand 1/p=>"" | 1/p; we have

n
IMp(fr,-, fa)wllee S TT I fwillws
i=1

for all multilinear bi-parameter weights w € Agp.

An efficient proof can be found in [21] (originally proved in [8]).
Also we often need the result of R. Fefferman [7]. Proof also recorded in [22, Appendix
B]. Denote ()%, R) J f dp and define

MEf = sup Lr(| f1)g-

2.10. Proposition. Let A € A, p € (1,00), be a bi-parameter weight. Then for all s € (1, 00)
we have

1M Loy S 11 F e oy-

2.F. Square functions. We begin with the classical (dyadic) square function in the bi-
parameter framework. Let D = D! x D? be a fixed lattice of dyadic rectangles. We define
the square functions

sof = (X 18nsP)" shir= (X2 ahs?)”

ReD Ilepl

and define 53, f analogously.
The lower bound estimate of the square function for A, weights is essential for many

estimates later on. The fact that the key weights w? and w; "  are at least in A for the
multilinear weights of Definition 2.3 allows us to use this lower bound estimate.
2.11. Lemma. It holds

1120y S 1S5 F ey S 190 F 2o
forall p € (0, 00) and bi-parameter weights w € Ax.
The first inequality is the classical result found e.g. in [25, Theorem 2.5] and the latter
inequality can be deduced using the A, extrapolation, Lemma 2.7.

Notice that by disjointness of supports we have, for example, for all £ = (k1,k2) €
{0,1,...} that

1/2
Spf = < Z ‘AKka|2> ) Ak = A}(l,klA%(27k2'
K=K'xK?2€D

Next, we take the definition of the n-linear square functions from [21]. For k = (k, k2)
we set

N

Ao fa) = ApCo fa) = (3 (Qwrfil i TTO0MDR 1K)
=2

KeD
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In addition, we understand this so that A; j, can also take any one of the symmetric forms,

] . . _ 1 2 . .
where each Ay ; , @Ppearing in Agk = Afay, Ak, can alternatively be associated

with any of the other functions fo, ..., f,. Thatis, A can, for example, also take the
form

N

Ave(froees fa) = (20 (8% iRl g 2205 TT0AD R )
KeD =3
For k = (k1, ko, k3) we define

Az k(f1s---5 fn)
(2.12) _( 3 ( ST Ak, L ANk (A, ok <|AK1k3f3|>KH<!fi!>K1K>2)é,
i=4

K2eD?2 KleD!
where we again understand this as a family of square functions. First, the appearing
three martingale blocks can be associated with different functions, too. Second, we can
have the K! summation out and the K2 summation in (we can interchange them), but

then we have two martingale blocks with K and one martingale block with K.
Finally, for k = (k1, k2, k3, k1) we define

Az p(Frs o fn) = D UK oy o) J I 1 (I A e g oy 2l i [ [ Fil) s L

KeD i=3
where this is a family with two martingale blocks in each parameter, which can be moved
around.

2.13. Theorem ([21, Theorem 5.5.]). If1 < p1,...,p, < 0o and % =5 1 5; > Owe have
n
||Aj»k(f1’ R f”)wHLP Sf H ||flwl||Lplﬂ .] = 17 27 37

i=1
for all multilinear bi-parameter weights 1 € Ap.

Moreover, we need a certain linear estimate which appears regularly when dealing
with the commutator estimates.

2.14. Proposition ([21, Proposition 5.8.]). For u € A and p, s € (1, 00) we have
H[;<K§e;<‘AK’kfm’>%(<i§<>;} < H(Z|fm 5>s _7

3. BMO SPACES

1
s

’s\*—‘

Let D = D! x D? be a collection of dyadic rectangles on R? = R% x R%. For a function
b € L and a bi-parameter weight v € A, we define the usual dyadic weighted little
BMO norm of b as follows:

[Flomot) = sup o / b

In fact, the direct definition is not used that often and we will mostly invoke it through
the following H!'-BMO type inequalities. For i = 1 and i = 2 we have

‘<b7 f>‘ S, ||bemo(1/)”Sl ifHLl(V) S; Hbemo(y)HSDfHLl(y)
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The first estimate follows from the one-parameter result [26], see e.g. [10]. For the second
inequality concerning square functions only see e.g. [1, Lemma 2.5].
Often when a supremum is taken over rectangles we also have a formulation of the
norm uniformly each parameter separately. We have
(3.1) 1] lbmo(r) ~ max (esssup |[b(x1, ) [BMO(w (1, ))> €55 Sup (-, 22) |BMO (1 (- 2)))
1 €R491 xQERdQ
where || - || BMO(p) is the standard one-parameter dyadic weighted BMO space. For

proof see e.g. [10].
We formulate the Muckenhoupt-Wheeden type estimates now.

3.2. Lemma. Let a € BMO and w € A. It holds

> la,hp)(w)rer S ||“HBMOH(X:QDIW>é

1eD

'
In particular the above one is a special case of the two-weight version. We state this as

a little bmo version.

3.3. Lemma. Lef o,v € Ay,. Assume that b € bmo(v). Then we have

1 1
> (k) o) rer S [bllbmow) (ZR:‘P%W-;)

R=R'xR?

L( UV)

Also, we have

1
> (bhm ® 2N 0)ReR S [Bllbmo)
R=R'xR? | |

(Z R1R1>; 11522

with a similar estimate when the cancellation is on the second parameter.

Li(ov)

Proof. Let us consider the first estimate above and use the duality

1
Z (0, hr) ()RR S [1bllbmo(w) / (Z‘P%%<0>2R|11§|)2V'
R=R'xR2 R
By the reverse Holder property of A, weights, Lemma 2.2, we have

(o)r(V)R < (0V)R-
Hence, for all R € D we have

1r 1r
/@R( )R @V S / @UV

The second part of the extrapolation result, Lemma 2.7, yields that
1 1
2 2 R < 2 R
/@@ K /<Z SRS
as desired.

For the second claim observe that, for example, we have

1
> <b hpr @ =5 |R2 O)RPR = /Rd2 DO (b b R‘PR|R;‘

R=R'xR? R2 R!
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lpi\s _ 1pe

where we use the one-parameter duality for fixed Varlable on the second parameter. The
proof is concluded as above. O

Using characterizations (3.1) and (2.1), we have

3.4. Lemma. Let o,v € As,. Assume that b € bmo(v). For a fixed variable x1 € R%, we have

1p2\3
> (bers hre)(001) 22 S [1bllbmos) (ZW ) )’
R2

where g5, denotes the one parameter function g(x1,-). We have a similar estimate for a fixed
variable on R%.

)
L3, (0 Vay)

We omit the proof as it is analogous to the previous one.

4. MULTILINEAR BI-PARAMETER SINGULAR INTEGRALS

We call a function w as a modulus of continuity if it is an increasing and subadditive
function with w(0) = 0. A relevant quantity is the modified Dini condition

! odt
ol = [ w®(1+1087)"F azo
0
that appears in practise as follows
o0 92— k+1

o dt dt
( Zlog2 - T /0 ()(1+10g ) T

4.A. Bi-parameter SIOs. We consider an n-linear operator 7 on R? = R% xR%. Let w; be
a modulus of continuity on R% . We define that T is an n-linear bi- -parameter (wy, wy)-SIO
if it satisfies the full and partial kernel representations as defined below.

k=1

Full kernel representation. Let f; = f '@ f2i=1,...,n+1.Forbothm € {1,2} there exists
i1,i2 € {1,...,n + 1} so that spt f" Nspt f7' = (Z) We demand that in this case we have
the representatlon

n+1

<T(f1>"'7fn)7fn+1> :/ﬂ%(n+1)d K(xn_t,-l,xl,...,l'n)Hfi($i)dx,
=1

where
K:ROEDIN L0, ay) e RPN g1 — oo = zhoraf=--=x2 4} —>C

is a kernel satisfying a set of estimates which we specify next. The kernel K is assumed
to satisfy the size estimate

2
1
‘K(mn-i-hl'l""?xn)’ 51 H dmn”
m=t (S fogty —2l)

In addition, we require the continuity estimate, for example, we demand that

’K<xn+17 Ty ,xn)—K(er_l,l’l, ey Tn—1, (Cla ZE%))
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- K((.CU71,L+1,C2),,CU17 v ,.'L'n) + K((xrlH»l?cz)?wh <oy Tp—1, (Cl,l.%))’
<w1( |z — €] ) 1
~ Z?:l |x111+1 - 3311’ (E?:l ’wawrl _ x%‘)dm
PRy (L e 1
>ty ah g — <Zn a2, - $2|)d2n
1= K

whenever |z} —c!| < 27 maxi<ij<y, |2} — 27| and |22, —?| < 27 maxi<i<p |22 4 — 2.

Of course, we also require all the other natural symmetric estimates, where ¢! can be in
any of the given n + 1 slots and similarly for ¢2. There are, of course, (n + 1)? different
estimates.

Moreover, we expect to have the following mixed continuity and size estimates. For
example, we demand that

| K (Tnt1, 1, Tn) — K(Tpy1, 21,00y X1, (cl,x%))|
<o |zt — ¢! 1 _ 1
NN e — ] nood 1) noq.2 2\ 2"
- (Zi:l ’anrl - |) (21:1 |$n+1 - &y ‘)

whenever |z;, — ¢!| < 27 'maxi<;<n |25, — #}|. Again, we also require all the other
natural symmetric estimates.

Partial kernel representations. Suppose now only that there exists i1,i2 € {1,...,n+ 1} so
that spt f Nspt f;, = 0. Then we assume that

n+1

<T(f17 ce :fn)7fn+1> = / K(ff)(l}lz—&-lvx%v T 7x711> H fil(le)dwla
i=1

R(n+1)dy

where K| ;2) is a one-parameter w;-Calder6n-Zygmund kernel with a constant depend-

ing on the fixed functions f{,..., f2 ;. For example, this means that the size estimate
takes the form

1
S fahy —atl) "
i=11%Tn41 — X5

K2y @nyrs 2t ) S CUFL o fig)

The continuity estimates are analogous.
We assume the following 7'1 type control on the constant C(fZ,..., f2,;). We have

(4.1) C(lp,...,152) S|P
and
C(a[2,112,...,112) +C(1[2,CL12,1127...,112) + "'+C(112,...7112,a12) g |_[2’

for all cubes I? C R% and all functions a;- satisfying a2 = 1p2ap2, |ap2| < land [ a2 = 0.
Analogous partial kernel representation on the second parameter is assumed when
spt f2 Nspt f2 = () for some iy, is.
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4.B. Multilinear bi-parameter Calder6n-Zygmund operators. We say that 7" satisfies
the weak boundedness property if

(4.2) (T(1g,...,1r), 1R)| < |R]

for all rectangles R = I' x I? C R = R4 x R,

An SIO T satisfies the diagonal BMO assumption if the following holds. For all rect-
angles R = I' x I? ¢ R? = R% x R% and functions a;: with a;i = 1:a;, |aji| < 1and
[ a;i = 0we have

43)  [(T(ap @1p, 1R, 1r) 1R)[ + -+ [(T(1R,- - 1r) an @ 112)] S | R
and
(TAp @ag,1g,. 1r) 1g)| + -+ [(T(g, .., 1r), 1n @ apz)| S |R].
An SIO T satisfies the product BMO assumption if it holds

S(l, T 1) € BMOprod
for all the (n + 1)? adjoints S = Tf}z*’h*. This can be interpreted in the sense that

1 1/2
HS(17 71)||BMOprOd = Sl’ip ZSup (@ Z ’<S(17 71)7hR>|2) < 09,
D=D!xD? Q R=I'xI?cD

RCQ

where hp = hj1 ® hy» and the supremum is over all dyadic grids D! on R% and open sets
Q C R =R%E x R with 0 < |Q| < oo, and the pairings (S(1,- -+, 1), hr) can be defined,
in a natural way, using the kernel representations.

4.4. Definition. An n-linear bi-parameter (w,ws)-SIO T satisfying the weak bounded-
ness property, the diagonal BMO assumption and the product BMO assumption is called
an n-linear bi-parameter (w;,wsy)-Calderéon-Zygmund operator ((w,wz)-CZO).

We simplify the study of above operators through the following representation theo-
rem.

4.5. Proposition. Suppose T is an n-linear bi-parameter (w1, w2)-CZO. Then we have
<T(f17”'7fn)7fn+1> :CT]EO' Z w1(27Ul)w2(27U2)<Uu,0'(f17"‘7fn)7fn+1>7
u=(u1,u2)EN?

where Cr enjoys a linear bound with respect to the CZO quantities and U, , denotes some n-
linear bi-parameter dyadic operator (defined in the grid D,) with the following property. We have

that U, = U, , can be decomposed using the standard dyadic model operators as follows:
u1—1ug—1

(46) Uu - C Z Z ‘/11,i27
11=0 22=0

where each V=V, ;, is a dyadic model operator (a shift, a partial paraproduct or a full paraprod-
uct) of complexity k7, j € {1,...,n+ 1}, m € {1,2}, satisfying

m
5V S U
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In above E, denotes the expectation over a natural probability space 2 = €; x Qo,
the details of which are not relevant for us here, so that to each o = (01, 02) € {2 we can
associate a random collection of dyadic rectangles D, = D,, x D,,. The proposition is a
consequence of [3, Theorem 5.35. and Lemma 5.12.].

It was proven in [3] that the minimal regularity we require is that w; € D1n11 For
the optimal dependence the dyadic representation is in terms of certain modified model
operators. The modified versions of the standard operators are much more difficult to
handle and we are forced to rely on the lemma that these can be written as a sum of
the standard ones. However, as it is explained in [3], this will cause a loss in the kernel
regularity. Yet another problem appears when dealing with the genuinely multilinear
weights. Thus in some cases, we need to stick to the usual Holder type kernel regular-
ity w;(t) = t*. In the paper [21], it was proven that the standard model operators are
bounded with the weights on the genuinely multilinear weight class introduced earlier.
We will move on to introducing the model operators and state the very recent results for
these.

4.C. Dyadic model operators. All the operators in this section are defined in some fixed
rectangles D = D! x D?. We do not emphasise this dependence in the notation.

4.D. Shifts. Let k = (ki,...,kn41), where k; = (k},k?) € {0,1,...}%. An n-linear bi-
parameter shift S, takes the form

n+1

Selfis o F)far) =D D agmy [[ i hrs)-

K Ri,..,Rni1 i=1

Here K, Ry,...,Rus1 € D = D' x D?, Ry = I} x 12, R = (1H)*D x (12)*) and
h R, = =h n® h r2- Here we assume that for m € {1, 2} there exist two indices i, " €

{1,...,n+ 1}, 4" # ", so that hl% = hm, hl,m = hym and for the remaining indices
0 0 1 1

R4, 1S a scalar

-----

i & {ig",i"} we have E];n € {hfm,him}. Moreover, ak g, = xR,

satisfying the normalization
1 R 2
(4.7) lag (Rl < =S —

4.8. Theorem ([21 Theorem 6.2.]). Suppose Sy, is an n-linear bi-parameter shift, 1 < pi,...,pn, <

oo and L = Y| - > 0. Then we have

1Sk (f1, - fa)wllze S TT I Fwillze

i=1
for all multilinear bi-parameter weights i € Ag. The implicit constant does not depend on k.

4.E. Partial paraproducts. Let k = (k1,...,kp+1), where k; € {0,1,...}. An n-linear bi-
parameter partial paraproduct (S7); with the paraproduct component on R% takes the
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form
n+1 _
(4.9) ((ST)R(fry- s fu)s ) = ) Z Ak (11) H(fuhfil ® u; fe2),
K=K'xK? I}..I i=1
(Il)(k =K1
where the functions h  and u; o satisfy the following. There are i, i1 € {1,...,n+1},

io # i1, so that hp = h[l hp = hp and for the remaining indices i ¢ {io, 11} we have

hp € {hIl, hp}. There isip € {1,...,n 4 1} so that u;, x» = hg= and for the remaining

1 - .
indices i # i we have u; y2 = ﬁ Moreover, the coefficients are assumed to satisfy

1 1/2 n+1 Il 5
(4.10) laxm)relvo = s (o 3 lagnP) " < IT; Klln i)
KZeD? |K0‘K2d{02 ’ | K1

Of course, (75)y, is defined symmetrically.

4.11. Theorem ([21, Theorem 6 7.]). Suppose (Sm), is an n-linear partial paraproduct, 1 <

pl,...,pnﬁooand%:z? 1p; > 0. Then, for every 0 < B < 1 we have

ST Faulze S 2505 T o
i=1
for all multilinear bi-parameter weights w € Ap.
4.F. Full paraproducts. An n-linear bi-parameter full paraproduct II takes the form
n+1

(4.12) @(fryefo) fary = Y ar [ [ v @ ug2),

K=KlxK?  i=l
where the functions u; 1 and u, g2 are like in (4.9). The coefficients are assumed to
satisfy

1/2
(@) |BMOpoa = Sup(\ﬂl Z ]aK\Q) <1,

where the supremum is over open sets 2 C RY = Rdl x R% with 0 < Q] < 0.

4.13. Theorem ([21, Theorem 6.21.]). Suppose 11 is an n-linear bi-parameter full paraproduct,
L<pi,...,pn<ocoand 1/p=>",1/p; > 0. Then we have

n
ITCfrs- s fa)wlle S T frwill o
i=1
for all multilinear bi-parameter weights w € Ap.

In fact, the above theorem is a special case of the Bloom type inequality. The following
operator and result have obvious extensions in the product BMO setting. We consider an
n-linear bi-parameter paraproduct

n+1

(4.14) (Ip(frs s fo)i ety = D> (oo @ vgr2) [ [ (firvi i @ vy 2).

K=K'xK?2 =1
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Here we assume that for m € {1,2} there exist two indices i(',i{" € {0,...,n + 1},
ig # i7", so that vim gm = hyem, vim gm = hgem and for the remaining indices i ¢ {zo L}

we have v; gm = % Moreover, here we will assume that we at least have 0 € {20, i1}

2 2
or 0 € {3,147}
Later on, paraproducts will also appear as a result of standard expansions of products

bf = > (b hy)ilf by} @ hphpi + Y (bhp)ilf) i @ b+ (O) i g (F by ® by,
IieDi I'eD? IieD?

In the first term, the worst case is if hjih}: is non-cancellative hence equals to 1;:/|T%).

Often it is enough to consider the worst-case scenario.

We denote these expansions as I1;, ;,(b, f), (j1,j2) € {1,2,3}?, where the indices dic-
tates the from of the paraproduct. More specifically, in the above language of the multi-
linear paraproduct: if j,, = 1 then ig* = 0 and " = 1, if j,, = 2 then > = 0 and " = 2,
and if j,, = 3 then " = 1 and i7" = 2. In all of the cases the unmentioned slot do not
have the cancellation. Hence, notice that when j; = 3 = j, we have no cancellation for
the function b meaning that it is not a paraproduct as such.

4.15. Proposition. Let II, be a paraproduct as described above. Fix j = (p1,...,pn) so that
1 < p; < oo, define % =>", p%' and assume 1 < p < oo. Let (w1, ..., wy,v) be a tuple of
weights. Assume that

b € bmo(v) and (w1, ..., wy,vw ') € A
Then we have
(4.16) I (f1s - fa)v ™ e S 1B]bmogy) H || fiwil| s -
i=1

Moreover, if \; = w;v~! for some j = 1,2,...n such that
(Wi, W1, Ay Wi 15 - - - Wh)s (W1, - .-, wp) € Ag,
then (4.16) holds for all 1 < p; < oo such that p € (n™!, 00).
Proof. 1t suffices to show that

n
I (frs - fa)s Fe )] S IBllomogey [T I fitwillos - [l faervw™ | s

i=1
Case I. We have 0 € {i}, i1} and 0 € {i3,i2}. We consider the concrete case

<Hb(f17 .. '7fn)7fn+1>

n+1
1K2 1K1
= Z (b, hg ®hK2><flahK1 ® ]K2|><f2’ i ®hK2> H<fi)K
K=K1xK?2 i=3
We have
n+1
<Hb(f17‘ . '7f'fl)7f7l+1> SJ Hbemo (v) < Z lfl 2f2 K H ’fz KlK) L)

KeD

S [1bllbmo) H | fiwillze: - (| farrvaw™ | o
1=1
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Here the first step used that v € A, — which follows as (w1, ..., w,, vw™?) € A;; —and
the estimate

1, I S 0llbmoq) 15D f 121 ()

The second step used Theorem 2.13 together with the assumption (w1, ..., wp, vw™?t) €
AL
iz
Case 2. We have 0 ¢ {i}, i1} but 0 € {i3,i?} (or the other way around). We consider
the concrete case

<Hb(f17' . 'afn)afn-i-l)

n+1

= ;< |1I?11] ®hK2><flv K| ®hK2><f2,hK1 ® |K2|><f3,hK ® |1;((22|> H<fi>K
We have
(A(f1, - fn)s fatr)

< 0lmoto | (32 (U8 stk ol e TTHAD 1))

K2 K1 i=4

L'(v)

n
S bllbmoq) [T fiwillzos - 1 frsrvw™ | 1o,
=1

where we used the estimate
10, £ < 1bllbmo() |1 Sp2.f Il L1 ()

and Theorem 2.13.
The second claim is obtained by using extrapolation, Theorem 1.2. O

Let A and w be bi-parameter weights such that for some 1 < p < co we have A7,
w? € Au. Assume also that v := A" € A, and b € bmo(v). Then we have a weighted
variant of the paraproduct operator

(4.17) Moy fi, f2) = > (bohr)(fr hr) (f2)
K=KlxK?
where = A\
4.18. Proposition. let p € (1,00). Let X and w be bi-parameter weights such that \™7'
wP' € Aw. Let 11, be a weighted paraproduct operator defined via (4.17), we have

M ()M 2o S N1Blbmoq) | fwll 2o

Proof. The result follows from a variant of techniques seen in the proof of Proposition
4.15. For example, by duality we have terms like (4.17). Introducing a weight averages
(0)k(0) 7 = 1, where ¢ = w™"', we can apply Lemma 3.3. Hence, we get

| f1, f2)| S Hb||bm0(y)/(z <fz,gf>LK> (o) m)%y
K

< Wl [ 21372( 3 he el L) o,

K
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hi)? 1
< W35 5 S o
K

(o)k

Lp
S 1Bllbmog) | 22 ot L Frll 2o
]

In the same setting as above we can have, for example, the following mixed type
weighted paraproduct

My f1, f2) = Z <b hgt ®

K=K'xK?2

T U B (o hrca)a) o2

Symmetrical definition when we have <b | K1| ® hpe > We also consider the case
(n)
Wfio )= 32 (bhae @ o) (o g © 5 KQ‘ S U a) a2,
K=K1xK?

4.19. Proposition. For a weighted paraproduct operator 11, ,, as described above, we have

’<Hb7’f]f17 f2>’ 5 Hb”bmo(z/) ||fw”Lp HS%fQ)‘_IHLP”
where i is either 1 or 2 depending on which parameter the cancellation is.

Proof. Let us, for example, consider the paraproduct written above, where we have <b h1®

1y
7]
Then the main difference to the previous proof is that we face e.g.

(S gcas i e ey

Nevertheless, the claim follows quite easily via an extrapolation trick (see [21, Lemma
9.2]), since for fixed p’ = 2 we have

L a2 s $ blas [ (it

> Similar to the previous proof, we use Lemma 3.3 but this time the second claim.

L' (n)

O

For the references below, we state a lemma regarding the square functions of partial
paraproducts. For the lemma, it is relevant in which slots the cancellation appears. The
square function can be taken corresponding to the cancellation on the (n + 1)-th slot. For
example, if (S)y, is a form of partial paraproduct such that there is a cancellation on the
(n + 1)-th slot on the second parameter, then we have the boundedness of the second
parameter square function of this operator, namely Sp2(S7). Similarly, Sp:(S7);, and
Sp(S7), must have the corresponding cancellation to be bounded.

4.20. Lemma. Let U be a square function of partial paraproduct stated in above. Let 1 < p; < 0o
and = Y71, - > 0. It holds

|UCs o g o 2t ﬁH | i

where w = [[i_; wg, (w1, ..., wy,) € Alpr,eeopn)-
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Proof. The result follows almost identically to the proof of [21, Theorem 6.7.]. We take
the partial paraproduct of the form

(S0 % manTT( e b, o))
KeD  (11)(k) =K1 i=1

Using the dualisation trick in [21] for p > 1, we choose a sequence of functions (f,+1,x)x €
LP (£2) with norm ||(fri1,5) || Lot 2y < 1, and we look at

1702
K,(1}) H <f17h[1 & |f[((2|><fn+1’Kw’h%IL+1 ® h?(2>

‘ KeD ([1)<k =K1

H ‘Il|7 = 0 2152 \2
X AR e (A iy )] )

K1 11)(k> —K1

where .
Ager(grs - gar) = (T (00 ae2 ) (g )

i=1

We write

1 _1 0 ].KQ 1K2
|Iz’ 2<fi7h[i1® ‘KQ > fz K+Z Z <f27hL1® ‘K2‘><hL}>I}
(L1)(z )=K1
fori € {1,2,...,n} whenever we have the non-cancellative Haar function, expect when

complexity is zero.
We are reduced to bounding

Z Z Hz 1|L1’2
1|ln
(4.21) K (LhH ) =K1 [

/}Rd2 (Z‘AKQ flahL1> <fnafBL}L>7<fn+1,Kw7h%}l+l>) 2‘1]?22’)%,

where h L= h L for at least one index i, and 4,11 = k,,+1. Moreover, if h = hY,. then

Ll )
we have complex1ty l; =0.

We consider an example to see how we can use the idea in [21] in this setting. The goal
is to prove

n
lgllzr < (TTMfswillzes )| Fusrw™
i=1
where

[N

= (Z ’fl,Kw|2)

and g equals to

1
Z Z [T ILj]Z 1
|[Kirn o |KY

K1 (Ll () =K1
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~ ~ 21gk2\3
(X [k hug)s o iy (s iy D] )
K2
By extrapolation [18], we just need to prove that
||9U||L% < H Hfivi||L2||]?n+1Un+1HL2a (V1. Vng1) € A(Q,...,2)-
i=1

Following the proof in [21], everything will be the same except that for fn+1, we need to

control
1
3 1 2.2
H(Z\ n+1,K1] ) n+1‘ _H<Z| n1K1| ) 7€+1’L2
where
’-[71L+1|% <|fn+1,K’w7h?1 1 ®h(}(2>2 1K2 %
Fe=te S BER(S T
(171l+1)(k”+1):K1 K? Tk
and v,41 = v;fl. For brevity, in below we just write > | L, instead of Z En+ =K1

So it remains to prove some variant of Proposition 2.14, which is stra1ghtforward In
fact, for the above model case, since v, 11 € Ay(,41), we have

1 1 1
2 2n+1 2n+1
(’Yn+177n+1 s Y ) € A(2,00, ,00)

Thus,

Ik, |2 — s 2(2nt1) g2 \ 2
Foiikr <1 Z ﬁ;—g” (Z<’fn+1,K‘w,h%1l+l ®h?(2>2<7nf1+1>1<( " )\K2]>2'

n+1 K2
If k41 = 0, we simply have
- — 5112\ 2
Foyi k1 < (Z [MD(‘fnJrl K|w, ’Yn2 H,"' a’Ynflﬂ)} )2-

K2
Then it is just a matter of vector-valued estimates for the multilinear maximal function
and we are done. If k; > 0, then let s > 1 be such that d; /s’ is sufficiently small, we have
Fn—l—l,Kl
(Ifnt1rlw, by @ hQo)? 14

n+1d1 ’I 1|% ’ % %
<2 (30 T ( )’)
z:‘l [ Kt ; (Yn+1)% | K|

+1d1

<2 1pn

I +1’ 0 0 \2 s\ 2:2n41) 12 \ 5

n+1

kpt1d1
7

s 1K1
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1
s

<Z T (3 o (s iy ) ) 7 eI

Then the fact that
1 1 1
(<’Yn+l>K1 1 <’Yn+1>[2(nl+i ) T <’Yn+1>[2(nl 1) € A(? 00, ,00) (]RdQ)

with characteristic independent of K! gives us that

2

1
22 _ 13
H(E |11 ) ’Yn+1‘ 12
2kn+1d1
E ’Yn+1 K1
2
s

Il |3 1 1 s\ 2
X (Z | nH‘; (Z [MD2(<|fn+1,K‘w7h(1]%+ ), <%+1>Kf"+17' <%+1>Kf"“)}2>2>

KQ

2kn+1dl |In+1| 0 9
> L, (S (St )
n +1

2
s

)" )

(Sl

2’“”“‘11 ’n+1’7 0 12)7)2 ~1
> LI b (Stlfmnsch 7)) e,

K12 NG

By Minkowski’s inequality,

(DUl i )?)

K2

NI

< (( DIl %)

We are left with estimating

2. /R Kﬁ” (( ern+1f<w| W ) ezt

)(kn+1) —K1 ’

1\ 2
((Ske lfrnmcw®)?)
Z L1 Ynt1
R4 r}/n+1>K1’1

N2 o5 2(2nt1
S/Rdz (Z|fn+1,Kw|2)2>K1<’7n+21+1>K(1’;L )1K1’7n+1
1
/ZDMMQM
K1

= ||fn+lvn+1||L2-

This completes the proof. The case p < 1 follows from extrapolation [19]. O
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5. THE UPPER BOUND

In this section, we prove the following theorem.

5.1. Theorem. Let p' = (p1,...,pn) s0 that 1 < p; < oo, define 1/p = > | 1/p; > 0. Let
(wi, ..., wn), (A1, wa, ..., w,) € Agand let the associated Bloom weight v = Wi\t € As.
Assume that b € bmo(v).

For a multilinear bi-parameter dyadic model operator U, defined in the section 4.C, we have

10U (s Fu)v ™ w0l S [Blomotw) [T I fiwilooi-
i=1
Here the constant depends on the complexity k = (k1,...,ky) = ((k{, k%), ..., (k}, 1, k211))
whenever U is a shift or a partial paraproduct. Dependence of the complexity is

(5.2) Cp2maxikiB for every B € (0,1], if U is a partial paraproduct
' (1+ max{k!, k2, kL, 1, k2, })2, if U is a shift.

We divide the analysis of each model operator into different subsections.

The boundedness of these model operator commutators yields the boundedness of the
commutators of Calderén-Zygmund operators via Proposition 4.5. Use of Proposition
4.5 and complexity dependences (5.2) restricts the kernel regularity of (w;,ws)-CZOs in
Theorem 1.1. For the paraproduct free CZOs, we can use milder kernel regularity, where
we have that w; € Dinig 5,7 = 1,2. By paraproduct free, we mean that the paraproducts
in the dyadic representation of 7" vanish, which could also be stated in terms of (both
partial and full) “T'1 = 0” type conditions. In the paraproduct free case, the reader can
think of convolution form SIOs. Otherwise, we must use the standard Holder type kernel
regularity w;(t) = t*, a; € (0, 1].

In the proof, we consider the boundedness []""_; L?! (w!*) — LP(v~PwP) for p > 1 since
Theorem 1.2 will extend the result to the quasi-Banach range. Recall the notation of dual

! ! .
weights: 0; = w, pl,0n+1 = (v lw)P, and my = )\lpl. Here we chose to consider the

commutators acting on the first function slot as the other ones are symmetrical.

The shift case. We consider the following commutator

[ba Sk’]l(fla .. 7fn) = bSk(fh s 7fn> - Sk(bfh . 'afn)a

where Sj, := S(l k? fonsr) 18 @ standard multilinear bi-parameter shift.

The idea is to expand the commutator so that a product b f paired with Haar functions
is expanded in the bi-parameter fashion only if both of the Haar functions are cancella-
tive. In a mixed situation, we expand only in R% or R%, and in the remaining fully
non-cancellative situation we do not expand at all. This strategy has been important in
the recent multi-parameter results — see e.g. [1,3,20,22].

We focus on a commutator, where the cancellation appears in a mixed situation on first
and last slots, that is, we have a commutator that is expanded as follows

3 3
(5.3) D T (b, Sk(f1y- o fa)) = Y Sk, (b, f1), - fo).
Jji=1 jo=1
This case essentially gathers all the methods for estimating these commutators. More
involved expansions are considered with partial paraproducts.
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Both terms are handled separately whenever we have a bounded paraproduct, that
is I}, j; # 3 (or bi-parameter I, ;,, (j1,J2) # (3,3)). Otherwise, we need to add and
subtract certain averages of the function b to obtain enough cancellation. We analyse the
second term in (5.3) as the first term is similar (swap the roles of functions f; and f,, 11
together with weights 7; and w?).

We begin with the term

Sk(H%(b7 f1)7 sy fn)

= Z Z aK(IZJ)< Z <b,h]2>2<f1,hJ2>2®hJ2hJ2,h?11®h112>
Kl1xK2eDlxD? [gepj J2eD?

(1) *) =k
i=1,..n+1,j=1,2

n
x [T¢fis by © hp
=2
By the zero average of Haar functions, we always have J? C I7. Now the important ob-
servation is that when J2 C I we must have h j2h j2 = ‘1J2 and we can replace <‘ IR Jh Iz>
with ( m(l J 2) hj2). Thus, we can change the order of the operators, and we can split the
dual form of the term as follows

(Sk(IF(, f1), - Fn)s Futr)
=2 b aK(Ig')< Y (bohp)a(fishe)e m(ljs) hY, ®h112>

KeD repi J2 I eD?

()=
i=1,..n+1,j=1,2
n

< [ ha) (s by @B )+ > GK(15)<<57 hyz)2(f1, hyz)2, h?11>
=2 KeD Iijepj
(1?)(k3>:Kj
i=1,..,n+1,j=1,2

x (hphpz, hp) T fishr,) (fnsr,hp | ®h%21+1>
=2

/]Rl Z b hJ2 fl,hJ2> <Sk3 (f23---7fﬂ+1)>J22

J2eD?

/Rl D (b hp)afi h)a Sy (fos s far1) o + B,

J2eD?

where Sk e differs from the usual adjoint so that we have I? T CJ 2. We do not explicitly
handle the term E as it is similar to the case j2 = 2 (note that we have more cancellation
than we need). Since the truncated operator S;*,, can be dominated by the A, weighted

square functions lower bound, we can drop the dependence on cube J2. Then, the es-
timations of the first two terms are very similar, hence one might think of S}* as such
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or as S%S5}* below. The boundedness follows simply by using Proposition 4.18 and the
boundedness of multilinear shifts. Namely,

/Rl > (bohg)a(fiohp)a(SE (far s Fag1)) e

J2eD?
S 0llbmog) | frws | 2o [|S* (fo, - - - o)t

n
S 1bllbmotwy [ T I fiwill i | fr ™| 1o
=1

since /" = A7! = v [Py w; and (ws, .. ., wy, vwl) € A(p,,..pnp) by Lemma 2.5,
The term, where j; = 2, is significantly more straightforward to estimate. We consider

the dual form and estimate

|<S(H%(ba fl)a-“afn),fnJrlH
= ’ Z Z aK(IZ)<<b’ h12> (f1) 12 29 11>H fz,h[ fn—f—lvhl,iﬂ ®h?2+1>
=2

KeD Fepi
2

(1) )=k
i=1,..n+1,j=1,2

<[LX S IRl i s e i)

K? Iz)k) K2

— [ B, <01>122,<<|f1,>>1, Ay iy ) (P Fri)

K2 12)(k) K2

where Ay 11 k kz )47 € {2,...,n} is from family of operators such that the square

110
sum

N[

(Z Ai(27(k711+17k_117k_22)(f27 . ,fn+1)1K2>
K2 1"

is an Agj type square function. We use Lemma 3.4 with a fixed variable on the first
parameter and get

|<S(H§(b7 f1)7 s 7fn)7fn+1>‘
S Pllomor [ (X%

< Wllomot) | MEA(oT A5,

< ||b||bmo(l/) ||M%12 (flal_ )HLPl (J1)HA2,(I<:1

n+1°

<’f1‘>]2 1/2
2
(o1 >§ 2 A K2, (ky, y 15k v (fz"”’fn+1)1112) v

, 2)(f27 . . .,fn+1)O'1V
1

-1
kil%,k?%)(wiHafnJrl))‘l [

S [1bllbmoq) [l frws ][ er || Ag 1

n
-1
,k,22)(f2, ooy 1) )vw Hwi
! i=2

n+1’ Pll
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n
S llbmogy [T I fswwill o || frpavw™ | o
i=1

In the above estimates, it is enough to note that the maximal function is bounded since,
by Fubini’s theorem, we can work with a fixed variable on the first parameter and use
the classical one-parameter result.

Lastly, we are left with the paraproducts of the illegal form

(M50, Sk(f1s-- - fn))s frr1) — (SeME(D, f1),- - -, fn)s fus)
—Z S agn Ul @ he) [T ) (O afasis by, @)
=2

]J EDJ

(1)) =K
i=1,...,n+1,j=1,2

0 0
_Z Z aK(Ig)<<b>Il2,2f1’hlll®h112>1_12: fuhl fn+1’hlvlz+1®hf,%+1>'
IJEDJ =

(1) ") =k
i=1,...,n+1,j=1,2

Here we introduce the martingale blocks to the function b. We write

()1

1= <b>11+1, - <b>1;+1x13+1 =+ <b>I}L+1xlg+l - <b>I}L+1xK2

+ O xx2 — () k1xr2 + (B k1 k2

and likewise for (b);2 . The extra (b) 12 simply cancels with the one from (b)2 ,.
Hence, in the commutator we can expand as follows

1[
G4 (Op, 10— Op, e, N, = > <b |II"“|®hJ2>hJ2,
J2CIZ,, +1
(55) Org, iz = Oesae = 3 (b, K2|><hp>
I} GJICKY
1[
(5.6) Ot iz, = Wi = 3 (b @b Yl
12+1§J2CK2 n+1

Observe that we have omitted the terms raised from (b) 2,2 because they are similar.

On the other hand, we shall only work with (5.4) and (5.5) because (5.6) is analogous.
We begin with the dual form of (5.4)

1n
’Z Z a/K(Iij) Z <b ’Iln+1 ®hJ2>| +1| 2<f17 Il ®h12>

IJ ED] J2C1721+1 +1

(1)) D=k
i=1,...,n+1,j=1,2

n

X H<fi>7”i><fn+1gh[7ll+1 ® hJ2> .

1=2
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By similar arguments as that in the proof of Lemma 3.3, we have

1n
Z | +1‘2| —&-1‘2 Z <b ’I1n+1‘®hﬁ>| +1‘ 7<fn+17h]1 ®hJ2>
I<kn+1) -K JQCI,’21+1

n+1
12\3
0 2 17 2
S bllbmo) Y /Rdlhn+1 /Rd ( ) (fat1 by @ hy2) |J2|) v

fgjflfl) J2cI?
< ||b h 1 (Frt1, hliﬂ ® hJ2>2 Ly2\2
~ H Hbmo(u & L2 Z D) 72 Ona1V.
Rd n+1 I2 <O—n+1>17’1L+IXJ2 | ’

(I )(knﬂ) =K!
Then by standard calculus, we can reduce the problem to

(fnt+1, hp ®hJ2>2 1,012
Afer g2 k1 k2 (f1, s fa)lia h ( S J )20 17,
/B> e X (S )

1
(1711+1)(k”+1>:K1

where AK17k%’kill 2, (f1,--+, fn) is defined such that
1 1

1
(Z [AKlvk%»k.llvk,Qz (fl’ o ’fn)]21K1> 2
K1 11
is an A, type square function. Notice that o, 1v = (v 1w)Pr = (wp)%((u_lw)p)ﬁ €
As. The rest follows from estimates such as Holder’s inequality, Theorem 2.13, and
Proposition 2.14.
Finally, we consider the dual form of (5.5)

n+1

1 -
’Z > A (19) > <b hJ1®u?22|><hJ1> +1H<fi7h1i>
IJeDJ I GJICK!? i=1
(]J)(k ) K
i=1,....n+1,j=1,2
n+1
1 L
JuX X UTHeRE P eyl LTI
JlCK1 [JGDJ
(Jh>2” n+1z(K1) (TZ)(k ) K
Ik cJt

i=1,...n+1,j=1,2

n+1

/MZZ S YR bl

K1 Jn+1_0(J1)(]"+1) K1

><ZAK,(k%,k_ll,k?Q)(flw--a )(’AJlkl g Sl iz,
2 1M "
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where Ay 2 k% 7 k?% ) is defined such that

(Z (ZAK,(kf,kill,k?Q)(fb e fn)lK)Q)
K2 19

K1

N[

is an A, type square function.

This resembles the term that we faced earlier with paraproduct II;. The only meaning-
ful difference is the extra summation. The estimations are similar when we divide and
multiply with (0,,41) 1« 2. To be more precise, that is, we write

n+1

1
/Rdz Z Z 712 (b, th)l‘<’A1Jl,ki+1—ji+1fn+1|>ﬂxK21K2

gt 1=0 (J1)(Jn+1) K1

qat, . fn+1\>J1xK2
. 1 J k) n+1 ]
_ b, h n !
/Rd Z |J ’2’< ) J1>1|<0' +1>J1XK2 <Un-i-1>Jl><K2 K

(Jl)(j,,lz_»'_l):Kl
0<jb 1<kl -1

<|AJ1 +1 j fn+1’>31><K2
S.; ”bemo(V) /Rd< Z 1J1) vopt1lge,

<Un+1>J1 % K2

(S

(Jl)(jTIL_‘_l):KI
0<dpp1<ky g —1

where we have used Lemma 3.3. The rest of the argument is rather standard and thus
the object is bounded by

n
1 —
(1 + K1) 2 [Bllbmo) [ T I Fiwill ol frervw™ [
=1

where dependence (1 + k!, )2 emerges from the summation of 0 < j!,, < kL, —1.
This completes the analysis of the commutator of this form.

Although other forms of shifts lead to different expansions, the methods shown above
are sufficient to handle those as well. Since we are dealing with multilinear shifts, we
now encounter terms in the shift case that are non-cancellative. In comparison, this does
not happen in the linear case in [22], where we always expand in the bi-parameter fash-

ion. For example, if we look at the term bS(f1,..., fn) — S(Héf,)(b, fi),.-., fn), we have
(b= () 1xr2)1p

1oxI2,
We write
0= O, 2, = (0= x2 )+ O, 2, = Onxe)ln, <2,
=(b— <b>1711+1,1 — (b2 242 + ) +1an+1) I <12,
+ (O, 10— O 1><In+1) L XI2
(B2, 2= O, w2, M, wr2,
+ (O, <2, — ( > w2t <2,
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The above terms are expanded to the martingale blocks and differences in a standard
way like terms (5.4) and (5.5). Note that the first term on the right -hand side produces a
bi-parameter martingale difference inside of the rectangle I}, x I2,,. We will analyse
similar terms in the following subsection.

Partial paraproducts. As explained earlier, we will now focus on more involved expan-
sions of the commutator. We show the most representative case out of those. Although
we demonstrated the main ideas of the estimates already in the shift case, we need to use
more complex estimates due to the more complicated structure of the partial paraprod-
ucts.

We do not repeat the expansion strategy and instead straight away consider separately

<(S7T)(H31f]2(ba fl)a s 7fn)7 fn+1>
n+1

= > D a0, h)hy @ hie) [] <fuh11 ® |1}?22\>

K1 K2 (Il) (k; ) —K1 1=2

for (j1,72) # (3,3). We collect most of the mixed index (j; # j2) cases, as the methods
can be attained from these.
Let us begin with the term, where j; = 1, j» = 2, that equals

n+1
1,2 12
Z Z aK(I})<H1:2<b7 f1)7h111 ® hycz) H <f17h11 ® |_;l((2‘>
Kl K2 ([})(’%’):Kl =2
1K2
= (0, hg1 @ hpe2)( fr,hpr @
by (ko 5

n+1

- <Z > Ak H <f1, hp ® ‘1;21 >h11>im>K2 2

K1 (Il)(k-)_Kl

= > oy @) fihp @ ’K2|>

JL K2

il 12 (M) g2
K K22
(X X aay H (fishiy @ \K2]>h1 )
K1 (Iil)<ki>:K1
cJt
, 1ye
DI DR A | RGNS < 2
K1 K2 (1) ki) =K1 i=1

Similarly to the previously seen techniques, for the second term we use the square func-
tion lower bound to get rid of the restriction I} C J!. Thus, via Proposition 4.19 we can
bound the first two terms by

10llbmo() [l frw || ey | SD(ST)k(f2, - - - fn-i—l))‘l_l”Lp’l'

Clearly, Lemma 4.20 is enough to conclude the claim. The estimate for the remaining
term is easier. We apply Lemma 3.3 and note that we have more cancellation than we
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need. Hence, we control

1702 _
<f17h]1® K|>’< >]1><K2111><K2<M (flall)llllXKQ'

1=1

Thus, we are left to estimate

1bllbmo) |1 M3 (fro7 ) Sp(ST)k(fas - - s far1)o1v| o

The desired estimate follows by Holder’s inequality and Lemma 4.20. We remark that
the remaining term essentially contains the idea to handle II; ;.

The term with Il ; is analogous to the previous one. We remark that in this case, the
weighted paraproduct operator has the weight (11) 1 as the localization of the operator

is at that level on the first parameter. The cases II3 ; and II; 3 can be handled similarly.
For the sake of the completeness, we give a sketch of the case I3 ;. As before, we write

<(S7T)(H3,1(ba fl)v sy fn)a fn+1>

1n
Z Z <b ‘11‘ ®hﬂ><f17h111 ® hy2)

KLJ2 (1hHk) =K1
n+1

(X (b e g5 )me) .

K23J2 (Il (k) =K1
1#1
n+1

1
+ D > ekl IIll(X)hWHK| <f1’hf%®hK2>H<f“h”®|11?22|>

K1 K2 (jil)(ki):Kl =2
For the second term, we again use Lemma 3.3 and treat

_1 _ (1)
|K?| 2[(f1.hp ®hK2>’<0'1>1111><K21[11><K2 <My, ! (<f1,h11> (o > e

Then after applying Holder’s inequality twice we reduce the problem to boundmg
(‘71> - 2 1
(X X My V(W hughdon )1 )
K (k) =K1
X \Sp(Sm)k(far s Frs )ALt -

The estimate is done by Proposition 2.14 and Lemma 4.20. For the first term, we split as
usual to

1
Z Z <b,%111®hﬂ><f17h111®hﬂ>

K1,J2 (1)) =K1 4]

[16/lbmow)

LP1 (0'1)

<Z Z AR (1}) H <fla hp ® |1I?22| >hK2>f]Zl>I%,1

(p)(k )— ([1)(k1) =2
i#£1

1n
D YD YR () ’11’®hjz><f1,h,ll®hp>

K1,J2 (1)) =K1
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T (m)
X < Z Z A (1l H<fl’h11® ]K2|>hK2>Jm 1
K2CJ2 (1} k) =(11) k1) i=2

i£1
We focus on the first term as the other one is very similar once square function lower
bound is applied inside of the average over J2. Rewrite the first term as

Z <b |1<]‘71’ ®hJ2><f17hJ1 ®hJ2><<(S7T)k(f27... 7fn+1);hjl>1>

Jl 2

(m) s,
J2

Then the estimate is done by Proposition 4.19 and Lemma 4.20.
We continue with the term, where j; = 2, jo = 3, that is,

n+1

1pe2
Z Z aK(IZ.I)< 23(b f1), hzl ® hge2) H <fz,h11 ® ‘[?2|>
K1 K2 ([il)(ki):Kl =2
15 e
=3 Y (e N hek)n Y agan I (fuhn @ 5.
T K2 71\ (k) — el | K| 1\ (k) el B ¢ | K2
KYLK2 (1) =K (Ii)( DK i=2

Note that we can rewrite the above as

QS S AR (i &)

Jl J2 <O—1>J1><J2

(ST R(far- - s fn)s s @ hy2).

Then there is nothing new here; by Lemma 3.3 we have that the above is dominated by

(2 (571 hzdafon) 2.

J? J1

”beIIlO(V)

1yi\3 12
2471\2 1y
(ST S @ b )
The estimate is then completed by applying Holder’s inequality twice, Proposition 2.14
and Lemma 4.20.

Symmetrically, we can work with I3 ». Lastly, we focus on terms with 113 3 type illegal
paraproducts. We choose here the type of term which we did not consider in the shift
section:

L (o1v) '

((ST)e(Ms3(b, f1),- -5 fn) = b(ST)E(f1- -5 fn), fr1)-

Notice that we have
(5.7)

1z 1z
1,2 0 K 0 K
(T30 1) gy @ hice ) Frns Wy © Tr) = oy @ haca) (b, By @ 57)

1pe2 1pe2
= Oty © hia){ Furs iy | @ ) = iy © B (bl By @ 150)

12
= <<b>111><K2 — <b>[7ll+1><K2) <f17h111 ® hK2><fn+17h(])le+l ® |I?2|>

1ge
—(f1,h111®hK2><(b_<b>1i+1XK2)f”+1’h(f)3L |I?2\>
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Now on the right-hand side of the above equation (5.7), we have two distinct cases where
the first part is similar to the ones seen in the analysis of the shift commutator. We begin
with this familiar case. However, now without using the sharper (5.5) expansion since, in
this case, it does not matter if we have a square root dependence or a linear one. Observe
that

|<b>111><1<2 - <b>I}L+1><K2| S Hb”bmo(u)(Vlll,K2 + VI;H,W)a

where

Vo, K2 ‘= Z (V) s, Q 6{117 +1}
Jlep?!
Q'cJlcK?!

Then our term is bounded by

n+1

Bllomoy > |aK<p|r<f1,hp®hK2H\<fz,hp®f§5>\

K (1R =K1
X (v k2 T v Ke)-
We first consider v k2 We fix jn+1 € {1,..., knt+1} and it suffices to bound

n+1

1ge
22 Dlaanl) gy, e el iy el [T (b 750
K (1hki) =K1 K2
< Hn+1 |Ily2 1(1711+1)(jn+1)
Z Z Kl n Il (Jn+1)
K Rt |(£y4q) 90|

K1 Il (ki) =K1

1 21p2\3
/R@(behﬂ@hf@ HKf“hfl )| )

where we have applied Lemma 3.2. Recall the strategy in [21], when ij1 = hj1 we do not

do anything and when hj: = h% and I} # K'! we expand

’Il‘_7<fjah[1>1 = <f>11 1= <f] K1+ Z 11)(ij)fj>(fyl)<ij*1)71‘

ZJ—

We have

Z Z l—InJrl‘Il‘2 1(1711+1)(jn+1> |Il |%
(KT Jpay [(IE )G

K1 Il)(k) K1 (n—l-l

1
/Rdz (Z! (frohys © hygs) PHKfz,hp ® ’¥§|>)2\<fn+1>mm\2’1;;')%

[T, |7}
<Z Z Z| K| RdlKl
Kt [1)(k
z;ﬁn+1
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1
(S P TT1 o ) o)

Since (wy, -+ ,wy, vw™t) € Ap, .. pnp), the same proof as in [21, Section 6.B] yields the
desired estimate. The proof of <A311+1)(in+1>f”+1>(I}L+1)(i”+1’1)71 with 41 > Jp4a is simi-

lar. So we only focus on i, 11 < jn+1. By simple calculus, we reduce to bounding

1
Z Z I 1’-7@‘1’2/ !
1
K1 (11 (ki) =K1 ’K |n R4 |
i#n+1

/ <Z‘ fishgy @ haca) HKf“h”@ ﬁé{zﬂ (frnihuy, @ |1z?5\>2111<'K221>5u.

Denote (L1, ,)Ur+1=in+1) = QL |, and write

(Ll 1)(jn+1*in+1) 1
Ln—0—1|2

(L n+1)(]’n+1*in+1)\

1
(farihey,, ® 355)

<Un+1>Q}LH><K2

1ge2
<fn+17hL711 |K2|>

<0n+1>Q LixK2
By the reverse Holder and A, extrapolation, we can get 0,41 out of the square sum.
Then using

1
’<fn+1ahL}L+1 & |KL22|>‘ (On+1) o1

< M n+1’ h o —1 1
orler o Mo Wty ol e

we arrive at

I 2
> oy Tl

K1 (]1 (ki) =1

i#n+1
2 1K2 1K2 %
(Z| Jihp © hya)| H [(forhry @ 55 o ) ,K2|) Vou i1,
where

1Qn+l 1 1

‘FnJrl,K1 = Z |Q ‘ Z |Ln+1|2

(Q}L_‘_l)(kn{»l_]"rrkl):[{l n+1 L}L+l)(jn+1_in+1):Qi+l
<an+1>Q’}L+l —1
X M (<fn+1;hL}L+l>1<Un+1> 1 1)'

n+1°

By Holder’s inequality, it suffices to bound the L?(wP) norm of

(Tl = AL (S e me T ) 55 1)’
1i7én+1
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and

(3 R’

Simply control the outer /> norm by ¢! norm - then we can again use the estimate in
[21, Section 6.B] to conclude the first term. For the second term, note that

H(Z ”+1K) LY (0p41)
= = G 3 L
2 @l

(Q1+1)<kn+17]ﬁ+1>:K1 (LY, 1)(J'n+1*in+1):Q711+1

Lp/(0n+1)

<Jn+l>Q711+1’1 1 2 %
% MD2 (<fn+1’ hL}l+1>1<0n+l> 711+171)} ) LV (0n41)
1
1Ly 1]?
- H( Z 1Qn+1{ Z QL |
n+1 (L}L+1)(jn+17in+l>:Q}L+ +
<0n+1>Q1 1 N
n+1’ —1 2
% MD2 (<fn+1’ hL}l+1>1<0n+l> 711+171)} ) Lpl(Un-‘rl),

which again can be handled exactly as in [21, p.23]. Now we turn to consider the case
Q! = I{. Similarly,

n+1

1p2
Yoo > D laganl Wy xrel(fis by ® hie) |H ‘<f“hll “ |II(<2|>‘
K1 (Il)(k) —K1 K2
< Z Z Hn+1 ’11’2 / 1(111)(]'1)
(K™ SR |(17)6)]

K1 ([ll)(k =K1

M~ g\ lge s
<[, (St hae LT [y G5 ) 5)

Similar as [21], we may without loss of generality assume either hp = hp or otherwise
I = K. Asbefore, by reverse Holder and A, extrapolation the object is dominated by

Z Z Hn+1 |Il|2/ 1(111)<j1)
K™ Jga [(I7)06Y)]

K1 (Il (ki) =K1
|<f17h11®hK2 )Pt T2 \ |2 12 \3
X/Rdg (Z HKf“hfl \K2|> |K2|) ot

K2 <01>(11 UDxK2 =2

Next, we write

n+1

H (fishny @ W,}\ < Mpa((fa Py - (fusr lops 1),
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Then by Holder’s inequality the estimate is reduced to

L y6a |(f1,hp ® hg2)|? 1901
A _H(Z( Z |I11%‘(;1111))(<j1;y<; <:T >211® - ‘1;((2202)2)2

(1) (k1) =K1 (6 x k2 LP1(o1)
and
n+1 71 1
I ~ ~ o\ 1
b= H(ZJ'KI[ Z H 1|TL | MD2(<f27h11>17”' ;<fn+1,h11 >1)] )2 o .
K1 (1) ki) =1 K| ’ e LP1(n1)
1#£1

Again, the estimate of A can be found in [21, Section 6.B] and we omit the details. For B,
we shall prove

n
B S | fusrvw o TT il oo
i=2
By the extrapolation theorem, it suffices to prove

n+1 |71 1
I - - 2y 1
H(Zm[ P HK1‘|n‘ Mpe (o T, A B 0] )7
K1 1) (k) = 1 "
z;él
n+1
< [T Ilfovill 2,
i=2
provided (va,- -« ,vp41) € A,.. 2y and v = H?Bl v;. Note that for a fixed K?, if we
denote (; = v, 2o2<i<n+41, then
nt1 . nt1 <‘<fi77l[7?1>1‘>K2
I1 (Itfishnl) , = ] R repranl LT
n+1 . 7
BN (Kfishrnl)
~ 2
(Un )1 g2 i=2 (Gid i1 xic2
s, (C) 1 7 1 1 2 n
. 1K 1 — =
Sxelgllilﬁ( H f“hfil>1|<Q>K171)1Kl] v n)) '
Whence
Lt Mpa ((fa, b, -+ ’<fn+1a%I}L )1)
n+1

< (' (LTT M o <1 (G L] o))

and by the vector-valued estimate for ]\/[%H and Holder’s inequality, we have
[T |7 . KLY
H(ZlKl[ Z |K1|n M'D2(<f27hl21>17"' 7<fn+1;h[71l+1>1):| )20‘
K1 11)(k =K1
1#1

2
Ln
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< f[ H(;lw[ > é('Q,M;; Sl )] )

(=1 e
Recall that when hj1 = k0 1, then according to our convention I; 1 — K1 and
I I g
1
Lilz . (G) _ (i) _ : _
S e M U PG 2) = Mgt ™ Ul Gk ) < ME (G

(IHF) =K1

Again the rest can be estimated as in [21, Section 6.B].
Next, we consider the latter part of (5.7). Notice that by Lemma 3.3 we have

1pe2
2 0 K
T FEZ 0 = By eV rts By, © 1)

= Y e hieh) s Y (e 2 k@ 1)

K2
IxJCI} 1><K2 IcI) ., | ‘

+ Z < n+1 ® hJ><fTL+17 1[71L+1 ® hJ)
JCK? +1|

[—yi Unen b Ly,

~ bmo(v) N K2 <Un 1>2 ‘R’ n+

41X ReD TR

1
(fart, h1 @ 55002 174 3
+ Hbemo(u) /1 ( Z (o >2 m) VOon+1
I xK? 2 1 onn ntl/ 1< K2

11
<fn+17|11 ‘®hj>2 1J

1
2
R Z
<U7l+1>]71L+1><J2 ‘J‘> "

Hblbmetr [,
Ir X K?

Then e.g. dominating

(fn 17h1®1L22>2 1 % On+t1)1,1 1
(3 = Y < (X <<fn+1,hz><an+1>n>]2|fj)

2
IeD?l <Un+1>IXK2 IeD?l

JeD?

allows us to view these square functions (which are bounded on rd (0n+1)) as the new
fn+1. So that by Holder’s inequality, the related term in the commutator boils down to
estimating the partial paraproduct

n

1K2 0 ].K2
H YooY agannhp @he) [] <fz,h11 ® |K2|>hf%+1 ® @w‘ I

Kl K2 (I;)(kj):Kl =2

which is exactly the standard one.

Following the expansion methods and estimations introduced earlier, we can handle
the other forms of commutators similarly. Compared to the shift case, the more difficult
challenges arise from the terms of forms, where we have

(O x> = (D)) (f1. hpt @ hye),
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(B ez~ B fr.hy @ ,1KK|>

(B 1z — (0)x) (1, hy © hica),

and

() rpeiee — () i) (fr, by @ |1;;;| ).

We already handled the first and the symmetric case of the last one. By modifying the
above methods, we can estimate the other two terms.

Full paraproducts. Although the full paraproducts have the more complicated product
BMO coefficients, they do not require as much analysis as the partial paraproducts. Since
no unseen methods are needed to conclude the boundedness of full paraproduct com-
mutators, we omit the details.

6. THE LOWER BOUND

Let K be a standard bi-parameter full kernel as described earlier. In this section, we
additionally assume that K is a multilinear non-degenerate kernel. That is, for any given
rectangle R = I' x I? there exists R = I' x I? such that ¢(I%) = ¢(I%), d(I*,T?) ~ ¢(I%),
and there exists some ¢ € C with |¢| = 1 such that for all z € R and Y1,---,Yn € R there
holds

1
Re(CK(z,y1,---,Yn) 2 —=—-
|R|™

We are going to assume the weak type boundedness of the commutator. Suppose that
1
sup ——————

AR [Tz oi(R) ¥

< 00,

1§[b,T]j(1RO'1, ey 1A0'j, ey 1R<7n)1/_1w‘ oo

where recall that o; = w; " and v = A;le. Clearly, this is a weaker assumption than

H[b, T);: iliLPi(wfi) N Lp(y—pwp)H < 0.

We do not assume the two separate A; conditions here. It is enough to assume that we

have the two tuples (w1, ..., wy), (w1,...,Aj,..., w,) of weights satisfying
-1
(w1, .., wp,vw™ ) € AL

Let us denote v"Pw? by oy, 41.
We employ the idea of the median method to prove that

1
b € bmo,(0;) :={b€ Lj: }S%lé%égﬂfg Vo, (B) /R|b — cloj < o0}
under the weaker assumption above. We additionally need to assume that vo; € A
since when v, 0;,v0; € Ay it follows that this is equivalent with the Bloom type little
BMO definition, see the Appendix.

_pl'

6.1. Remark. We get vo; € Ay for free whenever \. 7 € A, since

-

1

1—np. o 1
vo; =N tw; = () (05)" € A

[N
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Fix rectangle R € D. We take arbitrary « € Rand x € RN {b > a}, where R is a
rectangle that satisfies the non-degeneracy property. Thus, we have

1
FRAGRCEY U \R|

%#J
<Re§/ / / ) = b(y)) K (2,1, - yn) [ [ i) dui.
RN{b<a} i=1
We let o be the median of b on R, i.e.
~ ~ R| |R
min(|[RN{b < a},|RN{b>a}|) > ‘2’ = ’2‘

As 0yp1 € Ao we have that 0,1 (RN {b > a}) ~ i1 (R) ~ opi1(R)

Thus, we get
o; R
62) own(®) - | (a- mJHQ SICE (01,0l moc(onn) S Haz
\RI |R|
lsﬁj
where
CE (01, 00) (@)
x) Re / /.../ba:—b NK(z,y1,...,Yn oi(y;) dy;
Uz @ReC [ f o [ 00 =B K@) [T o)
Recall that
n L/ 1
S H JZ ;’L UTL+1 ]p{< >R < [(wb Wnp, YW )]A* < 00

Rearranging terms in (6.2) and using the observation, we get

1
) oy (R) fe=biosst

1

By the reverse Holder property, we have
z .
~ vo Fi (R)

1
(v)roj(R)

By symmetrical estimates, we also get

l/O"jl(R)/};(b_a)+o-j S L

This completes the proof.
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7. TWO-WEIGHT EXTRAPOLATION

This section is devoted to proving Theorem 1.2.
The strategy of the proof will be similar as in [18] and [19]. We only prove the case

Gn # Pny1 < gn < 00,q; =piforall2 <i<n—1.

Let us first recall the following lemma, whose proof can be found in [19, Lemma 2.14].

1

1

7.1. Lemma. Let wianpi €A_n ,1<i<n-1 Ltw= (H;’;ll w;)P € App, where

14+ L
n +pi

p= 1+ L)L Then (wi, -+ ,wy) € Ay ifand only if

=1 p;

~

1
W i= w,@7h € Ay, o).

Note that it is also recorded in [19, Lemma 2.14] that if (w1, - ,w,) € A then we
always have

n—1 1
A~ n—1+% .
UJ:(H’LUi)pEAnp, w; P EAn_IZ_L" 121,‘--,71—1_
1=1 Py
With this at hand, since we have
(w1, wa, -+ wn) € Ay py1.ga)s A w2, W) € Ay py1g)s
recalling that
1 1 1 1
—_—= — .. + _|_ —,
q pl pn—l q’l’L
we have
n—1 n—1
w= (H ;) € App, A= (M1 H w;)’ € Ay
i=1 i=2
and

Then the goal is to prove

n—1

1M wy Wl za@) S 1@ Wallzan @) [ I fiwill o,
=1

which can also be written as
n—I1
WAl oy S 15X WAl Lo ) [[1 | fiwill o:.

We split the proof to the following cases:
Casel:1/s:=1/q—1/p =1/g, —1/p, > 0. Without loss of generality we may assume

0 < || fpwnl|lLan = anﬁ)\ilwwHLq"(@) = an//\LlW/\Han(X) < 0.
Let

- fnw%a _ fn@—lwgé _ inxflwgh
Frwallin ~ T Wallow@  [FA Wl
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so that we have ||h|| _s. = 1. Define
L(In(wn n)
o0 MM k), (MM )
R =3 s = > s
2’“HMAM’ & 2k|yM'M E
k= LA+ (b

where / /
Mpg = Mg(gW,, ")Wir,  Mig= M5(gW, )W

Let us explain why R’ is well-defined. Indeed since W,, € Aqn ¢(W), we have W,, e

A, 4 (@) and Mg is bounded on LU wy (Wa ™ @) = Lo+ (wn™) (see [21, Lemma
q

8.2]). Likewise M is bounded on L(H%n)/ (wp ). Now set

’
dn 7
14+ =
)

H= R’(h“”" S

Then the above discussion easily yields

h<H H L, o S A, 6 =1
and
Qn/ Qn/ (Jn/
My (HO) < MLML(H“*%")’) < 2|| M4 M| H
an
Mﬁ(H“*q”)') < MM} (H“”’”’) < 2| MM HH“*%)’
which give that
Qn an
an ys o n y !
O W]y ) < 2AMEMG] and [HOTD W], o < 2 MEMG].
qn
Finally, set v,, = H~ o« w,lf . It remains to check
(72) (wlv"' 7wn—17vn)7()‘17"' 7wn—17vn) eAﬁ

Equivalently, we check

B ~1 ~
vpWPn € Ap, (W) and v APe € Ay L(N),
which will be completely similar as that in [19, p. 106]. Indeed, once we have (7.2), then

~ly 1 _dn 1y _dn
1WAl ay = IFonhe ok H = |0 < || fonhe " || oo | H % w7 || 1o

~pd ~lp L e
SfvaXt e = | fond? T #0 (| S | favnllzon [T Nl fiwill o
=1

The proof is completed by noticing that

_an qn+1+

fnvnllzon = [[hewy | fawnll Lanvn] 1y, < |l fawnll o | H [£on

/

P
= |l fwwnllan | Homwn ™ lzon < | fown]l on-
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Case 2: 1/s :=1/p—1/q = 1/p, — 1/qn, > 0. Note that this case allows ¢, = co. As
observed in the above, Wq;qi‘ € A1+ﬁ (w) and thus Mg is bounded on L1+q7n (WJ%@) =

q
L (w;q;» Likewise, M5, is bounded on L (w;q;» Denote by | M5 Mgz|| the norm
of M;5Mg on L (wn ). We introduce the following Rubio de Francia algorithm:

= (M;Mg) Mg
Rg=Y> 22 -
g ZQWMw%W

By duality, there exists some 0 < h € Lv (Wq)\) such that |[A] = Wq/\) =land
1
— || £P|| P P q
W3y = 15705 o = ([ ot
Set / )
—n_ 1 p(1+n) /
p(1+‘1“) 1+ gy e\ T e, —TE g e
H= R(h we T (WIN) ) wy ¢ (WA
Then it is easy to check that
h<H N gy S I e =1
and

1+qn WQ)\ 1+4n Hp(1+q”) < N M~M=:
(W) iy < 250l

(@)
q;q', 1 s
1+9n 14 dn an

[wn TWIN) T 0 >]A1® < 2| M; Mg

>/)
:\\H

q
Denote v,, = H W/\” we claim

(73) (wla e 7wn717vn)a ()‘15 e )wnflvvn) S Aﬁ

Assume (7.3) for the moment, then

1 1 n—1
Wbz = ([ 708 < U3k 5, % Dl T Sl

i=1
We can conclude this case by noticing that

1 4. 1
| favnllzon < [l fawnllzon [lvawy I Ls = || fawnllon | HP WX Prawg s
1 d~a
= [fnwnllLan [[H2 WA= | Lo S || frwnll zan -

It remains to prove (7.3). Similar as before, it suffices to prove

1

S ~l ~
vpwrn € Ay, H(wW) and  wvuArn € Ay L (N).
Since )
dn
p(L+) Pa,

1— =&
5 qp,
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for arbitrary rectangle Q direct calculus gives us

——— | YPwrnw HWq)\ P i Ph )
<w(Q) o " A

1 / N L P41\
L it fat)?
(W(Q) Q A A

/
7n
__aq

4,
= (A(lQ)/ e (W"A) +q"H”“*q"“ : /Wq)\ i@i“)*
w
Q

Thus

1 ~1 ~
This proves v,wr» € A, ,(W). The proof of vyArn € A, ,()) is similar.

APPENDIX A. POINTWISE SPARSE BOUND OF OSCILLATION IN RECTANGLES

We provide a proof of the pointwise sparse bound

b= OFRS Y (b— OF)F1k,
R'€S,(R)
where 0 € Ay and S, (R) is the dyadic sparse family inside the rectangle R attained by
iteratively bisecting the size of R.
For brevity, set osc(b, R) = |b — (b)%|1g. Fix a rectangle R = R' x R? € D and we
call D(R) the dyadic system inside of the rectangle R attained by iteratively bisecting the
size of R. Let v = 2(osc(b, R))% and then we form Calderén-Zygmund decomposition of

osc(b, R) at level a with respect to the 0. We get a collection of maximal rectangles {R; }
in D(R) with the property

(osc(b, R))R, > a.
We take Ey = R\ |J; R; and hence |b — (b)%|1g < o. By maximality, we have
1
. -1 < = Y
;a(RZ) <« ;/Rz osc(b, R)o < 20‘(Rz)

Thus, we get

osc(b,R) = |b— (W)%|1p + Z b — (B)%|1R,
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<a1E+Z‘ R|1R +Z|b— R|1R

< (Dy+1) alR+Z|b— )% 1R,

7

where we use the maximality

(b= O)&D (RyD <

and doubling property of o € A. Via recursive argument for > _; [b — (b)% |1 g, we com-
plete the proof.

Now having this sparse domination in our hand, we can prove the following proposi-
tion

A.1. Proposition. Let v,0 € Ay If vo € A, then it holds bmo, (v) = bmo(v), where

7 b= Bl < o<},

The proof can be adapted from [17, Lemma 2.13], we omit the details.

bmog (v) := {b € Lj,.: sup
R
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