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ABSTRACT. In this paper, we propose a new exponential-type integrator for the gKdV equation
under rough data. By introducing new frequency approximation techniques and a key gauge trans-
form, the proposed scheme is explicit, stable and efficient in practice. The optimal convergence
result of the scheme is established which says that it is first order accurate in H7-norm for the
solution in HY*2 with any v > 0, and the required regularity is lower than classical approaches.
The results are confirmed by numerical experiments.
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1. INTRODUCTION

In this paper, we consider the low-regularity integration approach to solve numerically the general
KdV-type equation under the rough initial data on a torus:

Owu(t,x) + dult, ) + %az (u(t,z)F) =0, 2€T,t>0, (11)

U(O,l‘) = UO(x)a S T?

where T = (0,27), u(t,z) : RY x T — R is the unknown and ug € H*(T) is the given initial data
with some 0 < s < co. Here the power index k > 0 is an arbitrary given integer and based on its
value, is usually classified as: the (classical) KdV equation and the modified KdV equation
(mKdV) for &k = 2 and k = 3 respectively; the generalized KdV equation (gKdV) for all k > 4.
As a classical mathematical model to describe the dynamics of waves on shallow water surface, the
equation has drawn extensive research interests from many different aspects.

Theoretically, the well-posedness of the Cauchy problem has been intensively investigated,
particularly for the initial data ug € H® with different regularity. Let us give a brief review here. The
global well-posedness theory for the classical KAV and the mKdV have been established respectively
for s > —1 [20] and s > 3 [6]. For the gKdV equation, the local well-posedness has been shown for
s> % firstly by Keel, Staffilani, Takaoka and Tao [7], and Bao and Wu [3] later obtained the global
well-posedness in the quartic nonlinearity case of . Along the numerical aspect of , by
assuming that the solution is smooth enough, different kinds of discretization techniques including
the finite difference methods [8] [18], operator splittings [13| 14} (15 [37], finite elements [2, 5], spectral
methods [9] 26] [35] and discontinues Galerkin methods [T}, 23], [43], have been proposed and analyzed
to solve the KdV-type model . However, when the solutions of the model are not smooth
enough, e.g., the rough data case, the above numerical methods will lose their accuracy and then
become less effective. In practice, the rough initial data may come from multiple reasons such as
measurements or noise [4, [16].

To tackle the rough data case and increase the temporal accuracy, the so-called low-regularity
integrator was firstly introduced by Ostermann and Schratz for nonlinear Schrédinger equations [30].
Compared with the traditional numerical discretizations, the low-regularity integrator is favoured
for reaching the optimal convergence rate with the less regularity requirement of the solution. Ever
since then, a trend has been started to design low-regularity integrators for important dispersive
models [21], 22] 24], 25 28] 291 BT, B2 B3] [39, [40], where the models possess no internal mechanism
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to smoothen the rough data. As one of the big three dispersive models, the KdV-type equations
have received special attentions. Hofmanové and Schratz [12] considered the exponential-type
integrator [11], which is based on the twisted variable v = %ty and the Duhamel formula of
at t, = n7 with 7 > 0 the time step:

1 (7 :

v(t, +7,2) =0v(ty,x) — E/ eltnt9)22 g (e*(thrS)@ﬁv(tn +s, z))kds.
0

By letting v(t, + s,2) &= v(t,,z) in the above, the key ingredient is to find the integration for s

which in Fourier frequency space reads

1 (7 ) :
- / S et ) =B 1= =1) (i1Y5(t, 1 )0 (t, L) - - - Dk, L )ds.
0

=l +la++lk

When k = 2, owning to a key factorization formula I3 — [$ — I3 = 3lll, for the phase function,
the above integral not only can be done exactly but also can be defined point-wisely in the physical
space. As proved in [12], the resulting integrator is first-order accurate in H!-norm for solving the
classical KAV equation with initial data from H?3. The scheme therefore requires two additional
bounded derivatives of the solution to reach the first order accuracy, which is indeed lower than the
requirement of the splitting method [I3] or the finite difference method [8]. Wu and Zhao extended
the result to the second-order scheme [41] and proposed later an improvement [42] to further reduce
the regularity requirement. These works are more or less based on the aforementioned factorization,
which however is not true for £ > 3. Fortunately for £ = 3, i.e., the mKdV equation case, the
celebrated Muira transform helps to derive the corresponding low-regularity integrator [38]. For
k > 4, none of the current techniques are available anymore, and so a thoroughly new development
is needed. On the other hand, it is known that with & > 4 in 7 the gKdV equation is non-
integrable which differs its structure and dynamics significantly from the KdV and mKdV equations.
Non-smooth dynamical phenomena like the self-similar blowups and the dispersive shock waves are
of great interests in applications [I9], and a low-regularity integrator would be a helpful addition
towards efficient and accurate simulations.

We hence focus on the gKdV equation case in this work, i.e., kK > 4 in , and we are going
to propose a low-regularity integrator that is explicit and efficient. By rigorous analysis, we prove
that the scheme provides the first order accuracy in H” for initial data from HY*2 for any v > 0.
Our key ideas include a new approximation technique for the phase function as

e ilta ) (P =B =l5——1)  g=iltut )P~ =3 +-+)]

and a new vital gauge transformation

I k—1
w(t,z) = u(t,x + 2 ), Tu (p, a:)da:dp)

to eliminate the stability issue from the frequency approximations. We thus name the scheme as
the gauge-transformed exponential integrator (GTEI). The rest of the paper is organized as follows.
In Section 2] we introduce some notations and tool lemmas that will be frequently used. The GTEI
scheme is derived in Section [3] followed by its convergence theorem, and the proof is accomplished
in Section 4 Numerical verifications are presented in Section

2. PRELIMINARY

In this section, we shall first give some notations and tool lemmas that will be used later for the
derivation and analysis of the scheme. Then, we will write some direct exponential schemes for the
gKdV equation as the benchmark of comparison.

2.1. Notation and tool lemma. To discretize the time axis, we denote 7 = At > 0 as the time
step and t, = n7t for n € N as the grid points. For two quantities A and B, A < Bor B 2 A
denotes A < C'B for some constant C' > 0 whose value may vary line by line but independent of
T, M.
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The Fourier transform of a function f(x) on T is defined by

~ 1 , o
F(f)y=f) = by / e " f(x)dx, with the inversion f(z) = Zemf(l)
leZ
Note that f ( fT f dx, gives the average. The following classical properties hold:
I fllL2my = v2 ||ﬂ|L2((dm (Plancherel); / f(2)g(x)dx = 27T2f (Dg(l) (Parseval);
l€Z

=Y Fi—1)g(ti) (Convolution).

Lez
The Sobolev space H*(T) for s > 0 has the equivalent norm:

171 *(T) HJSfHLmr) H(l +1%)2f(1)

L2((a)’
where we denote the operator
TS = (1= 0ps)2.

Moreover, we denote the inversion operator d; ! by

— (GD)'f(1),  when I #0,
0, when [ = 0.

For a space-time function f(z,t), when there is no ambiguity we will omit the spatial variable 2 and
denote f(t) = f(x,t) for simplicity.

As a tool to overcome the absence of the algebraic property of H® when s < %, we will need the
Kato-Ponce inequality which was originally introduced in [I7]. For our convergence analysis later,
it is convenient to apply the following special form established in [41], [42]. Let us directly quote it
here for brevity and refer the readers to [4I], 42] for the proof.

Lemma 2.1. (Kato-Ponce inequality) Let f, g
00, and 1 < P1,DP2,P3,P4 < oo with 1% = p% + p%

be the Schwartz functions. Then for s > 0,1 <p <

, % = i + p%, the following inequality holds:

1G9 < C(1° Fllos lglizre + 17l 1104 )

where the constant C > 0 depends on s,p,p1,--- ,ps4. In particular, when s > %, then

172 (f)ll o < CIT Fllze T gll Lo,
where the constant C' > 0 depends on s, p.

Remark 2.2. The estimate above was originally obtained in whole space case, but it also holds for
the periodic functions, via replacing f by f(z) — f(0) and the zero extension.

Lemma 2.3. The following inequalities hold:
(i) For anyy > 0, 1 > &, f(x) € H(T), g(x) € HI*7+1(T), then

(VT f - 9)) SUFIF gl o -
(ii) For any v > %, f(z) € H'(T), g(x) € H**7(T), then

(VIO - 9)) S NFIr gl errsn
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2.2. Direct exponential integrators. To motivate our new scheme in the next section, we con-
sider here some direct exponential integrators for the KdV equation and point out their limi-
tations.

In the framework of exponential-type integrators [I1], we begin with the Duhamel formula of

[CD):

T o (r—8)0

u(tnﬂ):effaiu(tn)—/o —0 (u(tn + s)*) ds. (2.1)

The simplest approach is to directly use u(t, + s) ~ u(t,) in the above integral, which apparently
costs three spatial derivatives of the solution. Denote u™ = u(t,), we obtain the scheme that will
be referred as EI1:
1-— 677—82 k
= e Ty T Ty , n>0. 2.2

) > (22)
Concerning the operator 0, in the integrant of (2.1)), EI1 in total needs four additional derivatives
of the solution to guarantee its accuracy. The request of four derivatives of the solution is too much

3

for rough data case. Therefore, one comes up with the filtered variable u(t) := e'®=u(t) and (2.1)
becomes

T e(tn‘i‘s)ag

3 k
u (tn+1) =u (tn) _ / Taw (e_(tn"!‘s)awu (tn —+ s)) ds.
0

Now the approximation u(t, + s) a u(t,) loses only one derivative, and so

T e(t,ﬁ»s)@i

3 k
Wb s1) A () — / S0, (e (1) ds, (2.3)

0

which costs in total two additional derivatives at this level. To close the scheme, one needs to
further evaluate the above integration on the right-hand-side. Note that with the Fourier expansion
of u(t,), this integral can always be done exactly in the frequency space, but that would involve
k-th many convolutions. Certainly the direct computing of convolution is not welcome for practical
implementations, and one therefore look for chances to apply the fast algorithms.

For k = 2, the convolution can be factorized thanks to an elegant algebraic structure: (I + 12)3 —
I3 —13 = 3(l1 + l3)l1l5 [12], and so the integral in can be done precisely in the physical space
where the fast Fourier transform (FFT) can then be applied. In the case, several low-regularity
integrators have been designed [41], [42]. For k£ = 3, although the algebraic structure for the three-
frequency case fail, a low-regularity integrator has also been established [38] very recently under the
help of Miura’s transform.

However for k > 4, the previous techniques will all fail. There is no algebraic structure for factor-
izing nor magic Miura-type transform to reduce the power of nonlinearity. Further approximations
to the integral in is definitely needed, which is quite difficult because of the complex resonance
structure from the high order nonlinearity. More precisely, one has to further approximate the op-
erator eX(tn+s)92 ip , and this will certainly cost more derivatives. In such way, here we briefly
write down an approximation for (2.3) in the same spirit as in [38]: replace the Airy operator with
s0 is02

a Schrodinger operator [34], i.e., €% & "% and

1 T ) k
u(tn_H) %u(tn) _ %Re/o etn3g+zsaiaw (e—tnaiu(tn)) ds

k
By inverting the filtered variable, it leads to the scheme that will be referred as FEI2:

1 ) k
() + Re [+a (e %u(t,) } .

, 1 3.
uttl = e—ng’un + ERe [ie—702+zrdi8$—1 (un)k} . n>0. (2.4)

The EI2 is proved to give the first order accuracy with the cost of three spatial derivatives in [38]
for the case k = 3. The result and proof can be straightforwardly extended to the case k > 4.
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3. THE NEW SCHEME AND MAIN THEOREM

In this section, we shall begin with the construction of our new exponential integrator for the
gKdV equation (|1.1)) based on the gauge transform. So in the following, k > 4 is considered. Then,
we shall give the main result of the paper on the convergence of the scheme.

3.1. Gauge transformation. We introduce the gauge transform for the solution of (1.1)) as

w(t, z) = u(t,x + % /OtAu(p,x)k_ldxdp). (3.1)

Note that u(t, ) is a periodic function in 2 on T for every ¢, so [ (u(t o) de = Jp (w(t L2))"  da
The transformation is invertible. Indeed, we have the inverse transform as

u(t,z) =wl(t x——/ / w(p, )"~ 1dxdp) (3.2)

Under the gauge transform (3.1]), the equation (1.1 is transformed into the following equivalent
form,

1
ow(t,z) + BPw(t,z) = —0,w(t, x) - wt, )" + d,w(t, x) - Py / w(t,z)da, (3.3)
™
with the initial value w(0,2) = up(x) unchanged.
The purpose of this transform is to eliminate the resonance term coming up from the approxima-
tion of the nonlinearity later, which is the key to avoid the stability issue. This will become clear in

the detailed derivation below and the proof in the next section. Our strategy is to first construct the
numerical solution to (3.3]), and then obtain the one of (1.1]) by the inverse gauge transformation.

3.2. Derivation of the scheme. Based on (3.3)), we construct the numerical solution in the frame-
work of the exponential-type time integrator. The Duhamel formula of (3.3 at some ¢, reads

w(taen) =0 ) = [ IR it ) w 0t
0

T 5 1 _
+ / e~ (7—9)0; [69311} (t, +58) - — / w (t, + s)k ! dx] ds.
0 2w T

By introducing the twisted variable v(t) := ewiw(t), the above formula can be rewritten as

T k—1
v (tna1) =0 (tn) — / o(tn+s)02 [ (e—(tn+s)aiaxv(tn + S)) . (e—(tn+s)aiv (tn + 5)> ]ds
0
T 1 s k—1
+/ Op (tn + 8) - —/ (e_(t"+é)awv (tn + s)) dxds. (3.4)
0 2m Jp
Applying the approximation v (¢, + s) = v (t,), we have

U (tng1) = v (tn) + L(tn) + I2(t,) + RY, (3.5)

where we denote
T P . k—1
Li(t,) = — / (tn+5)0; [(e (t"“)a;@xv(tn)) : (e’(t"“)aﬁiv(tn)) }ds, (3.62)

5 k—1
/ Oy v(t /(e_(t”+s)awv(tn)> dxds, (3.6b)
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and

e - /T e(tn+s)82 { (e*(tn+s)32&6v(tn + 5)) . (e*(tn+s)82v (tn + 8)) k—1
0

(o) () s

4 1 k—1
+ / e(tn-&-s)ai |: (e—(tn-&-s)ag Dyv (tn + 8)) R / (e—(tn-&-s)agv (tn + S)) dx
0 2w Jp

—(e_(t"+‘9)82811}(tn)) 1 /T(e_(t"+‘“)aiv(tn))k71dx}ds. (3.7)

o

The term R} would be the truncation term. We shall show later in the detailed analysis that
R? = O(7?) and it depends on the second order derivative of the solution. Then to derive the
scheme based on , it remains to evaluate I (¢,) and I2(t,). In order to get a practically efficient
scheme as we discussed before, one should avoid convolutions in the Fourier frequency space. A
closed form with point-wise definition in the physical space would be the ultimate goal and the key
for approximating I (t,,) and I(t,), because that would possibly allow us to apply fast algorithms.
This will be further cleared in the derivation below.

Before we step into the detailed calculations, let us first briefly describe the main ideas and their
motivations. By taking the Fourier transform on I (t,), we get

L(tn, 1) = — / ST e N B (G )5t 1 )Tt ) Ot )ds, (3.8)
O I=lyiflot 41y

where I, 11,12, -+ ,lx € Z. As mentioned, the phase function [* — I3 —I3 —--- — 3 is the obstacle if we
integrate directly, since it cannot be factorized. To overcome this difficulty and meanwhile reduce
the cost of derivatives, we need to find a new technique to approximate the exponential term

e—is(ls‘—l‘;’—lg—m—li).
With the EI2 (2.4) in mind which costs three derivatives for the first order accuracy, here we thus
aim for a first-order scheme with the cost of two derivatives at most. We begin by rewriting
P -05— =5 =a+8,
where
a=0P-B—(lo+-+1)? B=(>o+ - +L)>-15—-- -1
Then, we split the exponential term into:

e is(atp) — g—isa + (e—isﬁ _ l)e—isa

b

and so (3.8)) is split into

Ii(tn,1)
=— > et G5ty 1) Oty b2) - Dt L) / e (3.92)
I=litlot -+l 0
— 3 e B )5 (b, 1) (s L) - Dty L) / (e7"F — 1)e o ds.
I=l1+lat- 41 0

(3.9b)
Noting I =1y + o + - -+ + I, is factorable:
a=3l(la+ - +1).
If1#0,1; #0,and lo + -+ - + I # 0, we then find

T . e—iTa -1 e—iTa -1
—lSOéd — — 310
/0 e — —iBl Iy + -+ 1) (310)
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which implies that (3.9a]) can be exactly defined pointwisely in the physical space. The three special
cases [ =0orl; =0orly+ -+ =0 will have to be considered separately for (3.8). Let us here
quickly check the case lg + -+ = 0 in (3.8]), where we can find

/ S e BB 1 5t 1)t ) (b, )
0

Iotr4in=0

= Y (ill)ﬁ(tn,ll)/T —iltn ) (BG4, 1) - Dt ) ds
0

=l
lo+-+1p=0

T 5 k—1
=0, v(t / ! / ~(tnt)0y )) dxds.

The above term matches precisely with the I5(t,) that we introduced in , and so it will be
cancelled in by I5(t,). Note that the term I5(t,) comes from which is in fact induced by
the gauge transformation. Now our motivation to introduce the transformation becomes clear. If
one works directly on without using the gauge transformation, the term 9, v(t,) in the above
will present explicitly in the final scheme, which would cause unbalanced norms in the numerical
solution from n to n+ 1 and consequently lead to instability. As for , it can be treated directly
as a truncation, since

(7% — e~ | < 5| and |8 < Y [Pkl
kA

The truncation error is therefore O(72) with the cost of only two spatial derivatives.
Now we are ready to present the derivation for the scheme. By the above discussion, we divide

(3.8)) into the following terms:

/ o=+ @B) (1 VG (1 11 )D(Ens ) - - D, L) (3.11a)
0 = ll+12+ ~+r=0
- e {tnt)(tB) (GLNG (4, 1) 0t o) - - D(tn, I )ds 3.11b
Z 1 nstl nyt2 nylk
0 l:ll+z?+~~+zk¢o
1=0

/ Zef’bt @) (G5 (b, 110 (Eny b) - - - Tk, Ui )ds (3.11c)

(U

/ et OHB) (G Y3 (1 )0t o) << Bt Le)ds. (3.11d)
0

= l1+12+ ~+1x#0
117#0,lo+ 41, #0

For (3.11al]), by the symmetry within [y, ..., I, we find

17 ‘
3.11d] :>74¥/ > et @B (NG (1, 1) 0ty L) - Tt i) ds = 0.
0

k
I=li+la++1k=0

It is direct to have (3.11b) = 0 and (3.11d) = —I(ty,1). Hence, we have
I (tn, 1) + Io(ty, 1) = (B-11d).

For (3.11d)), it can be approximated as

B11d) = e~ (O+B) 0150 (i1 Y5t 1)t L2) - - D(tn, )ds + R (D), (3.12)

0 = 11+52+ 1 H#0
117#0,lo4 -+ #0
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where

/ e~ (@FB) (07196 1) e (il )0(tn, 11)0(tn, l2) - - D(tn, Iy )ds.
0

= ll+l2+ A+ #0
117#0,lo+-- 411 #0

(3.13)
Therefore, (3.12) combined with (3.10)) yields

—I1TQ
B-11d) = > e in <a+ﬂ>—_1@(tn,ll)a(tn,lg) Bty i) + RE(D).
1=l +lo - +15£0 Sllla -+ k)
117#0,la4-+1x#0
The restriction /3 # 0 can be removed, since when [; = 0, we have @ = 0 and the corresponding
term vanishes. Hence,

. —iTQ 1 N
(B-11d) = > e*”"@*ﬁ)?)”e—lﬁ(tmll)ﬁ(tmlz)~~-ﬁ(tn,zk) L),
I=ly+lo+-+1#0 ( 2 —|— . + k)
lo+-+1,#0

The inverse Fourier transform of the above gives

L(tn) + Io(tn) = — %etw@ia;l (et %20(ta)) - (%0, (% u(ta) )]

+ %et"ai@;l [(e*tnai’v(tn)) : (8;1(e’t"83v(tn))k 1)} YR (3.14)

Plugging (3.14) into (3.5)), we obtain
1 _
0 (tun) =0 (ta) — g0, [(e7m%hu(t,)) - (77207 (e 0(t)) )]

+ %et"aiaz_l [(e—tnaféu(tn)) 1 (e—tn@iv(tn))’“‘lﬂ +RP 4Ry (3.15)

tc'?

By inverting the twisted variable w(t) = v(t) and dropping R}, RS, we find the approximation:

(n-i-l) ~P(w(tn)),

with

B(f) rme~ P f — 73;1 [(Q_Tagf>.(e_fagaglfk_l)}+%e_faga;1(f,8;1fk_1). (3.16)

Finally, we invert the gauge transformation. Approximating the time integral in (3.2]) by a Riemann
sum/left-rectangle rule, we obtain

(tn,x)Nw(tn,x sz/ (tj, )"~ 1dx)

Accordingly, the detailed final form of the scheme is summarized as follows. Denote u™ = u™(x) ~
u(tn,x) as the numerical solution of (1.1)) for n > 0. The first-order gauge-transformed exponential
integrator (GTEI) for solving the gKdV equation (1.1)) reads: w®(x) = ug(x), and for n > 0,

ntl *wnleLn w!(z))*tdx w' (z) = & (w™(z)). .
u (@) = w QFJ_EOA( (@) dr), W @) = (@) (317

Practically, the above GTEI can be implemented as follows. The propagator ® in in space
can be discretized by the Fourier pseudo-spectral method [36]. With the help of the FFT, the
computational cost from w™ to w™*! is O(N log N) with N the number of spatial grid points. If one
is only interested in the value of u(t, z) at a specific time ¢, GTEI can proceed completely in w™ till
t = t,, and then perform the shift in space which can be done by trigonometric interpolations. Such
trigonometric interpolations can be accelerated via the non-uniform FFT [10] if the intermediate
values of u within [0, ¢] is frequently needed. Note that inside the space-shift in 7 one only needs
the average value of (w’(x))*~! in space, so there is no need to store the full function w’(x) for all
j. The average of (w’(x))*~! corresponds the zero-mode of its Fourier coefficient, or equivalently it
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can be obtained by a direct Riemann sum on the spatial grids. Concerning that the gKdV equations
may generate finite-time blowups, e.g., [5 27], so the scheme (3.17)) in principle would work before
the occurrence of blowups.

3.3. Main convergence result. For the proposed GTEI scheme, we have the following main result
on its convergence.

Theorem 3.1. Consider the gKdV equation for any k > 2. Let u™ be the numerical solution
obtained from the GTEI scheme up to some fized time T € (0,T*) with T* > 0 the maximum
time for the existence of the solution. Under the assumption that ug € H Y 2(T) for some v > 0,
there exist constants 19,C > 0 such that for any 0 < 7 < 19 we have

T
lu(tn, ) —u"|zr <C1, n=0,1..., gt

where the constants 7o and C depend on T, k and ||u| g (0,1);7+2)-

The above theorem tells that the proposed GTEI scheme is indeed first order accurate with the
cost of only two derivatives as desired, and so its regularity requirement is lower than the direct Els
in Section This fact would make it more accurate for solving the gKdV equations under
the rough data case, and we will further illustrate this by numerical experiments later. The next
section will be devoted to the rigorous proof of Theorem

4. THE FIRST-ORDER CONVERGENCE ANALYSIS

In this section, we give the rigorous proof of Theorem for the convergence of the proposed
GTEI scheme (3.17). To do so, it is essential to firstly consider the convergence result on the
transformed equation ([3.3). This is stated in the following proposition.

Proposition 4.1. Under the same assumptions of Theorem [3.1], let w™ be the numerical solution
from (3.17)) for the gauge-transformed gKdV equation (3.3 up to the fited T > 0. Then, there exist
constants 19, C > 0 such that for any 0 < 7 < 79,

T
lw(ts, ) —w"|gy <C1, n=0,1,...,—, (4.1)
T
where the constants 1o and C depend on T, k and ||wl| poe ((0,1); H2+7)-

To establish (4.1), it is more convenient to work on the twisted variable v(t) = e!@w(t), since our
approximations in Section are mainly made based on (3.4). Under the assumption of Theorem
or Proposition note that we have u, v, w € L>((0,T); H'*2(T)). We shall denote L°H? =
L>((0,T); H*(T)) for short. Defining v™ := e»%w", we have

[w(tn, ) = w"™ ||y = [Jo(tn, ) = 0" [,

and so it reduces to consider the difference between the numerical solution v™ and the exact solution
) of (3.4). Noticing the calculations in (3.11))-(3.14]), it is direct to check that

() )
) ()

3

ol

3

— [ e D ) 1, 1), ) D, ) (42)
0

I= l1+l2+ -+ #0
1170, lo+- 41, #0

=— /T e(tn+s)0; { e (tnts 838 v) . (e_sai (e_tnaiv) k_1>] ds + lamv / <e_t"aiv) k_ldx.
0 27 T
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By (3.15)), we then define the numerical propagator ®" for the twisted variable as

e
0

+ i@w : /11‘ (e_t”agv)ki1 dx, (4.3)
and so we have
v(tnt1) — " (v(tn)) = RY + RY. (4.4)
We rewrite
V(tng1) =" = 0(tnsr) — " (v(tn)) — [@"(v™) — @™ (v(tn))] (4.5)

and the proof of Proposition then breaks down into the following two estimates:
e Local error: ||v(tn+1) — o (v(tn)) HH7 < Cr%
e Stability: [|®"(v") — @™ (v(tn))|| 4, < 1+ C7)[Jo(tn) — ™|l a~.
4.1. Local error. The local error estimate is established in the following proposition.

Proposition 4.2. Let v > 0 and v € L°H2Y, then for any vo € [v,1 + 7], there exists some
constant C = C’(||11||LOQH2+W) > 0 such that

|| ( ”Jrl) (v(t”))HH’m SCTI—HX? fOTOzz 1+’7_’YO~

By (4.4)), the proof of Proposition consists of the estimates for R} and R} given in the
following two lemmas in a sequel.

Lemma 4.3. Under the same setup as in Proposition [{.3,
| RY < ortte.

Proof. According to the definition of R} in (3.7), we rewrite

. /T oltnt5)07 { (e (tnt5)03 g (0(tn + 5) — v(tn))> . (ef(t,ﬂrs)é)zv (tn + 5))k_1} ds (46)

0
+ other similar terms,

[

where “other similar terms” are the terms that contain the difference v(t, + s) — v(t,) similar as
in (4.6). They can be estimated by the same manner presented below and so we omit the details
for them here for brevity. For (4.6]), by Lemma and Sobolev’s inequality, we have that for any
1

s5<m<1

2 )

@D < [ (Hﬁoaz(vwsw Dl 20t +)

110w (0t + 8) — 0() | o [l (e 3v<tn+s>>’“*||m)ds

< [ (ot +9) = o000 s 055 + 100 0 +-9) = w000 Dl 2 )
S 06t + 5) = 0t g0 an’;;H;oH.

Denote a frequency decomposition as v = Zm<M vel® 4 Zu|>M vellr = =: P<prv + Py v with some
M > 0 to be determined. Then,

[v(tn + ) = v(tn)ll oo+ < HPSM (v(tn + ) —v(tn)) HHwOH + HP>M (v(tn +5) —v(tn)) HHon'
By the Bernstein inequality, we have
|P<ns (0t + ) = 0(t)) [ oosr < M= 0(tn + ) = () 000
[Poar (v(tn +5) = v(tn)) [| oo s < M7 [u(tn + 8) = v(tn) | oo s1se
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On the one hand, by (3.3) the twisted variable v = v(t) satisfies v = O,v - 5= fT(e_taiv)k_ldx -
3 3 3
!9z [(0,e7 %) - (e7"%w)*~1] and so by Lemma we find
k
lo(tn + ) — v(tn) | grote ST ”atU”LgOH;O*" <7 Hv||L§ngo+a+1 )
Then,
- k
||P§M (v(tn 4+ 8) —v(tn)) HH70+1 < Mimor HU||L§°HZ°+"+1 ) (4.7
On the other hand, clearly ||v(t, +s) — () || grotite S HU||L?0H;0+1+&. Therefore,
| Psar (0(tn + 8) = v(tn)) || oo < M*a||v||L§x,H;0+1+a. (4.8)
Combining the estimates (4.7) and (4.8), we get
_ k _
[v(tn + 8) = v(ta) | prrors SMTT (V] paotass + MT[0]] o pootava
Choosing M = 7~! and noting 7o + 1 + a = 2 + v, we have

k
[v(tn +8) = v(tn) || oo < 7% ||UHL;>CH;+2 + TuHUHLgOHZ,“'

This implies that ||(4.6)[| g+ < C(HUHL?CH?V)THQ and the proof is completed. O
Lemma 4.4. Under the same setup as in Proposition[{.2,
172 ] 7o < O

Proof. By Plancherel’s identity, we have ||Ry||%, = > [I]*7 ’@(1)’2 By (3.13)) and noting that
]

|eisﬁ — 1 S(slB)* for 0<a=1+y-7<1,
we find

301 S/O > (s1BD* L |[o(En, W)|[0(En, 12)] - - - [0(En, 1) ds.

I=l1+lp+-+1p#0
117#0,l2+- 41, #0

By symmetry, we may assume that |l3| > |l3] > -+ > |lx|. Then we get
18] S 2115,

which gives

[BE)| <7 3l s[5t 1) Bt b2 - [B(Ens )]-

I=li+lo++lk
[l2|>]l3]2 =1k |

To sirilplify the notations for presentations below, we denote o(t,z) = >, o, **[0(t, k)|. Then, we
have 0(t, k) = |v(t, k)| and
- = 02 ~
19130 =270 (1 + &) [0k (6)]” = 21 ) (1 + &%) [0 ()] = [[olfFr0.-
kez keZ

Hence, we may abuse the notations and assume directly that ©(¢,,l) > 0 for any | € Z, otherwise
one may replace v by 9. According to this reduction, we further control R} () as

[REOIS T D0 el Bt )3t 1) - (tn, Ii)-
1=ty o+,
Then by Plancherel’s identity, we have
||R;L <7'1+D‘||J7° (J1'U~J2°‘v-JO‘U~Uk73)

||H’Yo ~ (49)
Now the estimate of (4.9) is split into the following two cases:

Iz

1 1
Case1:0§a§§; Case2:§<oz§1.
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Case I: 0 < o < 2

< 5. In this case, to apply Lemma we take the following parameters: let
0<ex 1,
2, when a =0 +o00, whena=0,
=4 ,1 - =93 _
b (5 —€) 1, when a > 0; P et when o > 0.

[ lze S Sl es

By Sobolev’s inequality and choosing € small enough, we have the following embedding inequalities

172 fllzee Sl aase. (4.10)
Therefore, by (4.9), Lemma ([#.10) and Sobolev’s inequality, we obtain
1BE ||y ST IO

t)|[ o (17270 )| o |7

+ 7T o) | o 7700 )| 1 |

()| o 0 ()5
|70 (tn) || oo 0 (En) 5

571+a||UHLocH1+vo+a HU”L“’HHO‘ HUHL‘X’HHa HU”LOOHI

N

+ T ol| oo g [0]] oo grrtote 0] oo grave 017 050
< 1+o¢||v

HLoc H2+’Y

Case 2: 5 < a < 1. Noting that 2a <14+ o, 14+ v +a =2+~ and H*(T) — L*>®
then have

T), by (1.9) we
1RG0 i S0

otn)l| o | 7%
+ 7T )| e[| 720 ) ] o

”LOOHHVO*“

U(ta) || o 1740 ) || oo 0 () |22
| Tt

)|l e llo ()7

||LooH2a HU||LQQH1+11 HU”LooHl

+ T 0l| oo g l191] oo graoae [Vl oo prave 0117
< 1+o¢||v

St

||Loc H2+’Y
This finishes the proof of the lemma

O
Proposition is therefore proved by combining the results of Lemmas 4.4

4.2. Stability. For short, we denote e, = wv(t,) — v™ as the error, and we have the following
proposition stating the propagation of the error under two different norms

Proposition 4.5. Let v > 0,7 € (

Hq)n (U(tn)) -
H(I)n (U(tn)) -

where Q(f) = Z_:4C

,14+7) and v € L°H2, then

n 2

" (") || gy <[+ 7QUlenllzo0)] lenllmr + 75 Qlenll o) llenll i,
" (0") [ o0 <[1+7Qlenllmro)]llenll o + 7 llealli,

1ft for some positive constants C; depend only on k and V]| 700 g2+~
Proof. By (4.3) and recalling that w(t,)

3 3
=e %y(t,), w" = e %" we have

" (v(ty)) — @™ (v") =en —/ e(tn+8)3§[ -s929, w(ty) -e_sagw(tn)k—l}ds
0
+/ e(tn+s)83{ —9338 w" —sag (wn)k_qu
0

L k—1 0 n\k—1
+ 27T81v(tn)/ﬂ‘w(tn) dx 27r6 v /T(w )" dx.
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—t, 02

Denote é, = w(t,) —w", and then &, = e en. By merging suitably the terms, we further obtain

o (U(tn)) _ P (,Un>
=€n — / e(tw+s)8g {e_sagazUJ(tn) . e—sai [Clénw(tn)k_Q + C2€iﬂ)(tn)k_3 44 Ck—léfl_1:| }dS
0

+ T ou(ty) - / [Crtmuta) = + Couw(tn) = 4 + Cprél ™ do
2 T
— / etn+9)0 {e—saiawén o503 [C’lw(tn)k_l + C~'2'énw(tn)k_2 +- 4 C'kéﬁ’_l} }ds
0
+ lo”'wen - / [C’lw(tn)k_l + Colpw(ty) 24+ C’kéﬁ_l}dx,
2T T

for some positive constants C;,j =1,--- ,k —1 and C’j,j =1,---,k. Moreover, we denote

So ;=—/ eltn+s)2: { “0dw(t,) e [Clenw( t0)* 7% + Coepuw(t )’“‘3+"'+Ck*155_1] }ds
0

+%3zv(tn)./ [Clénw(tn)k—Q+02éiw(tn)k—3+_,,+Ck71é7/§—1:|d$’
T

and
S ::Cj%&gen . /Té{fl w(t,)* I dx — C, / (tn )02 fo=s02 6, . o502 [é{flw(tn)k*j] }ds,
(4.11)
for j =1,...,k. Then, we may write
D" (v(tn)) — " (v") = €n + So+ S1 + -+ + Sk,
and for k =y or 7y, we have
k E
@7 (u(tn)) — D" (v") |30 <llenlZre +2 3 [(Ten, IS+ (k+1) 3 ||S5][3,.- (4.12)

j=0 j=0
The estimates for the right-hand-side of are separated into the following three lemmas.
Lemma 4.6. For the part of Sy in , with kK =~ or vy we have
[(J%en, I°So)| + [1SollFx < TQ(llenllro)llenl |-
Proof. By Lemma [2.1] Sobolev’s and Cauchy-Schwarz’s inequalities, we obtain that for any v > 0,
I1Sollzrv S TlOzw(tn) v+ 18nll 2 (lw(ta) |57 + 1€nll 55 )
+7l|0pw(tn) s [|Enl o (ot 157 + l1€nllFT)
+ 70w (ta) |l 1Enll e llw(tn) o (lw(ta)llFms + 18all57) -

Here v, > 3 is an arbitrary constant. By choosing v1 = min{yo, 1} and noting ||&,|/z~ = |len |,
we get

1Soll+ < Crllenllzr (L + llenllF) (4.13)

where the constant C' depends only on k and ||w||; « ;2+~. Similarly, since v > % and noting that
o H2
Yo < 1+, we have

IS0l g0 S 710w ()l v l1Enll o (lw(ta) 50 + llEnllfie)
< CT”enHHWJ ( + ”enHHvo) . (4-14)

The estimates ) and (£.14) together show that || Sy = < C7llen| s (1 + |lenllfme) for k =7
or vp. Then, we ﬁnd 1S0l1%= < CT2lenl|%e (1 + |lenll3re’) and

|<J’€em JKSO>| < lleallm=l1Solla~ < CT”enHHh (1 + HennH'VO) .
This proves the lemma by noting the definition of Q(-) in Proposition O
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Lemma 4.7. For the part of S1 in (4.12)), with k = or 7o, it holds that
[(J*en, J*S1)| + |1+ < CTllenllFn-

Proof. We shall estimate the two quantities <J“en,J“Sl> and ||51 2

[
<Jnem Jn51>, we have
<4 /T <J en, JEe(tn+9)? 3{ _9835 €n - [ _Sagw<t”>k_l}}>‘d8

—&—Cl—‘/ k 1dac J“en,J”8$6n>

:C‘l/o ’<e_381Jﬁén,Jﬁ{e_sagawén' {e_saiw(t”)k_l} }>‘ds’

where we have used the fact (J"e,, J®0,e,) = 0. Then from Lemma (i) with any v > 5 ,
have that for kK = v,

in a sequel. Firstly, for

[(J*en, J*S1)

(T en, 7782 S Tllealld ot i hoser < Crllenlfns (4.15)

where we have used the relationship v+ v + 1 < 24+, and the constant C' = C(||v(t,)]| g2++). On
the other hand, by Lemma (i), since o > % we have that for k = 7,

|<JVOem J7051>| S Tllenll7ro lw(t )HH’Y()+1 < C7llenllFo- (4.16)
The estimates (4.15) and (4.16)) together give
|(J"€n, J*S1)| < C7llen |- (4.17)

Next, we estimate H51 2 By similar calculations as in (4.2)), the Fourier transform of S; reads

[

Si(l) = —Cy / S ettt e (1)D(t, 12) - Dtn, ) ds,
0

I=li+lot+lk
Lo+, #0

and it is straightforward to find out that
1~ : 1~
Sp=— fClet"“aza;l {(e*Tagén) : (e*Taiaglw(tn)kfl)] + gClet"ag(?;l [€n - 07 w(t,) ]

— %CI/T . [et"awaxw(tn)k_l]dx.

By Lemma [2.1] Sobolev’s and Hélder’s inequalities, we obtain

||J“axsl>|L25\J“ (%) - (e ot ) ]|+ 107 [en- 00 ot ]
+7 [ le, - [et"amajw(tn)k_l] ‘ dx
T
Sllenllmelw(tn) 57t + llenllesllwta) [t - (4.18)

Then, based on (4.11)) and using integration-by-parts, we find
HSlHi{n _ <J'€S1, Jn51> _ 01/ <Jn51’ JEaltats)02 { sasa g [ 7582w(tn)k71:| }>d$
0

+ éll/w(tn)kfldz : <J”Sl,J”8xen>
27T T

:él /OT <J"3w5’17 J;@e(tn+5)32 {e—sai’ €n [e_sagw(tn)k_l} }>d5

+C /OT <J'€5’1, Jreltnts)0; {e_sazén . [e—sagaww(tn)k_l} }>d$

s T k—1 . K K
Cigy | witn)da <J 0,51, J en>.
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By Cauchy-Schwarz’s inequality, we get

1402, 5 [ 17508 e ez, et 1]

+/0 HJ,-;Sl”L2 Jﬁe(thrS)az{e*Sa:én, [e—saﬁaxw(tn)kﬂ]} . ds
7wt [ | 7001 o llenl e
Hence, from (4.18)), Lemma and Sobolev’s inequality, we get that for any v >0, 3 <y <1,
2
15115 STl 0S| 2 len o )| oo + 7177 S0 pallen ] o En) [ om0
7wt | 177021 | s lew v
Srlleals () [ recs-
Similarly, we get that for any % < <1l+n7,
15150 I8 81| 2 llew oo [0+ 71770 S ol oot
7wt | o 177001 | lew 2o
2k—2
STHenHH% Hw n HH2+~/'
Therefore, it infers that for k = v or ~g,
15117 < Crllen|Fn-
This combining with , yield the desired estimate of the lemma. O
Lemma 4.8. For the part of S; in with j > 2, we have the following two estimates
(T en, J°85)] + 118130 < QUllenllro)llenllzrvo [len]l 5 + 7QUlenll o) llenlFma,  (4.192)
[(Pew 7S]+ 185 < 72 QUllenllzro) lea .- (4.19b)
Proof. H"-estimate for . Similarly as for S;, we can find for S; with j > 2 in ,
S;=— %C'jet"“ag@;l {e_Tagén . e—Tf’iagl (ézl_lw(tn)k_j)]
+ %C‘jet"azﬁgl € - 8;1(é£*1w(tn)k*j)] - %C’] / en - en%9, [é{flw(tn)k*j]dl’.
T
For the last term in the above, by integration-by-parts we have the identity:

/ en - €0, [ w(t,) ] da = / e - O [F0 V() 7] dor = % / & - 0, [w(t,)*7] dr.
T T T

Therefore, we further get that
1 A

8 = = 3Ciel ot [T, e TR0 (@ w(t,) )]
1 L0 (4.20)
- 3 . . , . .
+ = Cjetrd: 91 [En - 8;1(6%_111)(15”)’“_])] - —— / el - Oy [w(tn)k_]]dx.
3 21 J
Noting that % <7 <1+, by Lemma and Sobolev’s inequality, we get

195 e - e 7050 [ 0]+ [ 05 65 ) ]|
4] [ ot )
T

SHGnH?ﬁ”enHHvon ||H'y0 +7'||en||L2Hen||H70||w ||Hwo+1

<Qlenllrmo) lenl s, + TQClenll o) lenl -
Then (4.19a]) follows from the estimate above and the Holder inequality.

H~
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H7-estimate for (4.19b)). With some M > 1 to be determined, we consider a frequency decom-

position to (4.11)) as:

S;=— éj/ eltnt9)0; {efsag(?ngMén Lo 50 {é{flw(tn)k*j} }ds (4.21a)
0

_ C'j / e(thrs)Og {efsagar}gMén . efsz‘?f; [éﬁ‘;lw(tn)kfj} }ds + %azen . / éf‘;lw(tn)kijdx,
0 m T
(4.21b)

and then we estimate the above two parts as follows. For (4.21al), by Lemma we have that for
any 7 > 0,

ds
H~

.
IE-2Ta) | - 5/ o220, Persn - e % [ (ta) 7] |
0

ds

o & twee ]|

L L2

-
.93 ~
5/ HJ”e_“’arBIPSMen
0
3

JVem 5% {éﬁ;‘l (tn)k_j} ds.

g

r
_sd3 ~
+/ He SawazPSMen
0

Lee ‘ L?

Note that by Bernstein’s inequality, we have

_s93 ~
HJ’YG SazaxPSMen

1 503 ~
s Hﬁe 302 9, P r1én

3
LS MY el
and similarly,

— 3 ~
He saaﬁaxPSMen

3
. S M3 Hen”L’z-

Using these two estimates, Lemma and Sobolev’s inequality, we further obtain that for any
Y 2 07 Y1 > %7

k—j

|EZTD o 02 en] o llenllarn en |3 i) |72 -
Choosing 1 = min{vo, 1}, then we have
IE2TD 1 < M3 Qlenllirro)enl] - (4.22)
For , similar as , we rewrite it as

1~ . .
@21n) = — gCjet"+1aif);1 [e’T82P>Mén : e’”r)zé);l(éiflw(tn)k’])} (4.23a)
1 =~ . .
+ gcjetnf"?éa;l [Ponrén - 0 (80 w(t,) )] (4.23b)
+ éjL81P<Men . / é%_lw(tn)k_j dx (4.23¢)
2T - T
— lé’j / Pcpyr0ze, - etn: [é%_lw(tn)k_j]dx (4.23d)
2w T
C. . .
- iTJ /T & Oy [w(ty) 7] da, (4.23e)

and we estimate these five terms one by one.
For (4.23a]), according to the frequency restriction, there exists some constant ¢ = ¢(k) > 0 such
that

1~ . .
@23a) = — gcjefnﬂ@ia;lch [e*””?é Popéy e 705071 (éf;lw(tn)kﬂ)}

1~ : )
— SOyt RO [T Py - €O Pt (8 () )
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Therefore, by Beinstein’s inequality, Sobolev’s inequality and Lemma we have that for any
Y Z 07 71 > %7

| @Dy, 37 o7 Posetn - e 0, @ e ),
* HJ7 [67782P>Mén : 67782851P>6M (ég;lw(t")kij)} ‘ 2!
S e 8 ) |, + e - M [P (& 0t

M leall7 llen 5 e [520 < M7 QCllenllzro) a7

Here 1 = min{~vo, 1} is chosen in the last step. The term in (4.23b]) can be treated similarly as
(4.23a), and we have

_ 2
1E230D[ y, <M Qllenllzo)len|[-
For (4.23c)), using Lemma Bernstein’s and Sobolev’s inequalities, we can find that for any v > 0,

% <7 < 1+ Y,
/é{flw(tn)k*j dx
T

[1(4.23¢) ||+ <7

STM||6"”H”H€"HL2H€"| H“ron HHm < TMQ(|lenll o) He”HHW

For (4.23d)), by Lemma and Sobolev’s inequality, we get that for any v > 0, 1 5 <7 <1+,

L atn03 751 k—j
s ~ r=n n
IE23d) ] <7 / PenOyen - % (& w(tn)* ™ de

S 710x P<nsenl gy
H~Y

O P<men '/éiflw(tn)k*j dx
T

S 7110z Penrenll 2 [[E w(tn) |

vallenlln [t lmn < MQlenl o) eal |-
For 7 by Holder’s and Sobolev’s inequalities, we obtain that for any 5 <y <147,
1E23 e+ Srlenllrallenl G o (tn HHmO < 7Qlenllzro) lenl [+

Then combining with the above five estimates for , we have
| @2 |, < (a7~ +TM> @(iiennm)l|en!|;- (424)
With the estimates and together, we obtain
150, < (M7 + 7222 ) QUllenll o) enl [
Choosing M = 7'_%, it gives

2 2
155117 < T8 QUllenllzro)[lenl|
Again, (4.19b) follows from the estimate above and the Hélder inequality.

Now we continue to prove Proposition
H7-estimate. By Lemmas [4.6][4.8] we conclude that

||<1>"(v tn)) =" (v") |3, <[1+7QUlenll o) lenlF + 75 Qenll o) llen o

where Q(f) = Z C, f! for some C; > 0 depending only on k and Hv||Loon+w Using the facts

1=0
\/A—FB—\/ZSmin{B/\/Z, \/E}, for any A, B > 0, (4.25)
and v/14 C7 ~ 1+ C1 when 7 is small enough, we get

2
|7 (v(tn)) = " (v")|| o <[1+ 7QUllenllzz0 ) llenll 7 + 75 Qllenllzr0 ) lenl|F-
H7o-estimate. Similarly as the above H7-estimate, using Lemmas [{.6}[1.8] we can get

[@" (v(ta)) = " (") |50 <[1+7Qlenll )] lenlFro + QUllenll o )llenll o llenlo-
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By Holder’s inequality, we further obtain
@7 (v(tn)) — @™ (v™) |50 <[1+7Qlenllr0)]llen |0 + 7 lenllto-
Then by , we have
[@" (0(tn)) — @™ ()] ;e <[+ 7QUlenll o) llenll o + 77 len 7
This finishes the proof of Proposition O
4.3. Bootstrap and proof of Proposition Recall that e, = v™ — v(¢,). Then by ,
lensallre < (@7 (") = @™ (u(tn) || g + [0 (Ens1) = @7 (0(En)) [ 7
for K =7 >0 or k =79 with max{3,7} < 7 < 14 7. Therefore by Propositions [4.2%4.5| we get
lensalls < [1+7Q(llenll )] lenllr + 75 QUlenl o) llenllFr + 72, (4.26a)
lensillzmo < [1+7Qlenllmo)]lenllzmo + 77 lenllfn + 717, (4.26b)
for « =14 v — 7. Now we fix 79 = 0.6 + v (thus a = 0.4) and let
Xn =17 lenllmr + 77" lenl| 70,
then by , we can get
Xn+1 < [1 +7Q (70'4Xn)] X+ T%Q(TOAXR)XEL 4+ 727043 4 Or
Denote Q>1(f) == Q(f) —Co = 2;2_:4 C;f'. Then choosing 7 < 1, the estimate above is simplified as
=1
Xn41 < [1+ Cor + Q1 (7 X,) 7] X, + O, (4.27)

for some C > 0 depending only on ||v| Lo H2H
Now we claim that for some 79 > 0 satisfying

Q1 (79 Cy 0T <y, (4.28)
we have for any 0 < 7 < 79,
X, <Ot Z(l +2Cy7)’, forall 0<n<—. (4.29)
=0 T

Noting that Xy = 0, we use induction and assume that it holds till some 0 < ng <T/7 — 1, i.e.,

X, < CTZ(]. + QC’OT)j7 for any 0<n < ng.
=0

Note that n < T'/7, we have the uniform bound of X,, as X,, < CglCe2COT. Thus by (4.28), it
implies that @>1(7%4X,,) < Cy for any 0 < n < ng, and then by ([4.27) we can find

Xngr1 < [14Cot + Q1 (77 X ) 7] Xy + C7 < (14 2Co7) Xy + CT

no no+1
<(1+42Cy7)Cr Z(l +2Cy7) +Cr =CT1 Z (14 2Cy7)’.
=0 =0

Therefore, the claim ([@:29) holds, and we have X,, < C5*Ce?“T for any 0 < n < T/7. By the
definition of X, this yields that for some C > 0,

N

[[v™ —v(t) ||y < Cr, forany 0<n<—.
T

This completes the proof of Proposition O
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4.4. Proof of Theorem Now, we can use Proposition to give the proof of Theorem
Let t = 41 in (3.2), and then by subtracting it from (3.17)), we find

u" () = u(tni, @)

="t (x - % jzzjo /T(wj(a:))k_ldx> - w(tn+1,x - i jgo/qr(wj (x))k_ldx) (4.30a)
+ w(tn+1,x - ;rjz:)/ﬂ‘(wj(x))k_ldx) — w(tn+1,w - % /Otn+1 /Tw(p,ac)k_ldxdp) (4.30b)

Hence, we have

[ = (tni1) [ < [|@-302) || 1+ + || @30B) | 21+ (4.31)
({4.30al) "1 — w(tp41)| m. From Proposition
there exit constants C, 79 depending on T', k and ||w|| ;e ((0,1); 2+~ (T)) such that
(4.304)) 0<7 <. (4.32)
For , we further write it as

(4.30D)
<n+1, - Z/ (w (x))F~ 1da: —w( ntl1, T 7rzn:/w(tj,a:)’“_ldas> (4.33a)
=T

+ w( ntl, T Z/ w(t;, )k 1dx> — w( T o nﬂ/ w(p, )~ 1dxdp> (4.33Db)

Then,

1300 | v <

(@339

[-33b)

(4.34)

For (4.33al), we have
T ~ . _ _
IE33a) 1 < [|Oww(tn ) 5= D /T |<wﬂ<x>>’“ b= w(ty, ) 1\dm. (4.35)
j=0

By Lemma we have for 7o € (3,1+17),
/T|(wj(ff))k*1 —w(ty, )" de Sllw’ () — w(ty)llzz (o’ (@) 58 + w5 -

From (4.1, we have |[w" ||gv0 < C, where the constant C' depends on T', k and ||w|| e ((0,1); zr2+~ (1))
This estimate combining with Proposition [d.1] yield that

/E |(wj(:c))k*1 - w(tj,a:)k*1|dx < Cr.

Inserting the above into (4.35), we obtain

(.33a)
For (4.33b)), similarly as (4.33a)), we can get

1 & ti+1
IEZD s < ooty 5= 3| [ [ [yl =l Jaodg].  (a3m
—0 “tj

(4.36)
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Moreover, noting (3.3) we have for p € [t;,¢;11],

[ZEE

’/ /[w(tj,z) w(p, )] dwdp‘ <
ti1

N‘ / / / PPw £)k= 2dtdxdp‘ (4.38a)
t;

tjt1
/ dyw(t) - w(t)*2dtdzdp

tit1
/ 8ww(t,x)-w(t)k_2dtdxdp‘ (4.38D)
tj
ti+1 p 1
/ 8xw(t,x)—/w(t,:z:)kildx-w(t)kadtda:dp‘. (4.38¢)
T Jt; 2 Jr

For (4.38a)), by integration-by-parts, Holder’s inequality and Lemma we get

tj+1 p
@ s| [ [ Euw 0wt s
< )

02w l10: [w®* ]l 2 S 7wl <o, iz

For (4.38b)), again by Holder’s inequality and Sobolev’s inequality, we have

M2

(4380) < 72| 0. w(t)
Similarly for (4.38¢)), we have
({389 < 2 llwlly s 0wl e [[w®) 2] o S 2NN Ze, 1, ystr240)-

Combining the three estimates, we obtain from (4.38)) that

ti+1
[ ot = o)t dzap
t; T

where C' depends on T', k and |[w|| Lo ((0,7); 2+~ (T))- Putting this estimate into (4.37), we get
| (@33D) || 7~ < Cn7? < COT. (4.39)
Combining (4.34)), (4.36]) and (4.39)), we get

| [E300) | 4+ < C. (4.40)
Finally, plugging (4.32)) and (4.40) into (4.31), we obtain that for 0 < 7 < 79,

HL2 Hw(t)k_sz < 72||w||’z:o1((tn,tn+1);H2+w)~

<cr?,

[u" = (tug) | < Cr,

where the constants 79, C' depend on T, k and ||u|| e ((0,7);z2+~(T)). This proves Theorem O

5. NUMERICAL RESULTS

In this section, we will carry out numerical experiments of the presented schemes. They will be
devoted to verifying the convergence result in Theorem [3.I] and illustrating the advantage of GTEI
for solving the gKdV equation . The two direct schemes, i.e., EI1 and EI2 ,
will be considered as the benchmark for comparisons.

To get an initial data with the desired regularity, we construct ug(z) for the gKdV equation
by the following strategy [30]. Choose N > 0 as an even integer and discretize the spatial domain

= (0,2m) with grid points z; = j2F for j = 0,..., N. Take a uniformly distributed random vector
L[N =rand(N, 1) € [0,1]V. Then, we define

|8w7N|_SMN
110z, 5 | ~OUN | oo’

uo(x) := x €T, (5.1)
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s=4 s=3 - s=2
....... El e 3 P 10 ,
- —ED , 10 S ’
GTEI e % 7
2 -
) -0 | N 7 . o
g 104 ,/ X g ““““““““ o/ g 103 ............. / /‘/\
9] P 7 13) . 7/ 0 _- -
P o 7
) . 4 )
"""" L 10 / 7 g
““““ ’ 7
4 ‘ 10
10° 102 103 10 10° 10
T T T

FIGURE 1. Temporal error ||u—u"||zz/|u|p2 of EI1, EI2, GTEI at t,, = 1 for (1.1)
with k =4 under up € H® for s =4, s =3, s = 2.

107 —k=5
5 0
810-3 ’/’( —
[0} - ~—
3
_ - —k=5
-7 - —k=6
10 - k=7
10° 10 2 0 2
T

FIGURE 2. Temporal error ||u — u™||p2/|lu|lr2z of GTEI at ¢, = 1 (left) and the
solution profile u(t = 1,z) (right) for (1.1) with k =5, 6, 7 under ug € H?.

where the pseudo-differential operator |0, n|~% for s > 0 reads: for Fourier modes I = —N/2,.. .,
N/2 -1,
=, if i #0,
Oz n|7F%), =
(12.317), {m if 1 =0.

Thus, we get ug € H*(T) for any s > 0.

We implement the spatial discretizations of the numerical methods within discussions by the
Fourier pseudo-spectral method [36] with a large number of grid points N = 2 in the torus
domain T. We present the error u(t,,z) —u™(x) in the L% norm at the final time t,, = T = 1, where
the ‘exact’ solution is obtained numerically by the EI2 scheme with 7 = 1075, Firstly, we fix
k = 4 in the gKdV equation . Figure (1| shows the errors of GTEI , EI2 and EI1
by using different time step 7 for the initial data ug in H* or H® or H? as defined in (5.1). In
Figure [2) we show the error of GTEI for solving with several different k under ug in H2.

The numerical results illustrate that the proposed GTEI scheme is always first order
accurate in the L?-norm for solving with ug € H?, which verifies the theoretical result. In
contrast, the two direct ElIs need the solution to be smoother to reach the first order convergence
rate. Thus as a conclusion, the GTEI scheme is more accurate for the gKdV equation
under rough data.
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