arXiv:2109.01189v1 [math.NA] 2 Sep 2021

A SECOND ORDER LOW-REGULARITY INTEGRATOR FOR THE
NONLINEAR SCHRODINGER EQUATION

ALEXANDER OSTERMANN, YIFEI WU, AND FANGYAN YAO

ABSTRACT. In this paper, we analyse a new exponential-type integrator for the non-
linear cubic Schrédinger equation on the d dimensional torus T¢. The scheme has
recently also been derived in a wider context of decorated trees in [3]. It is explicit
and efficient to implement. Here, we present an alternative derivation, and we give a
rigorous error analysis. In particular, we prove second-order convergence in H7(T9)
for initial data in HY*2(T9) for any v > d/2. This improves the previous work in [17].

The design of the scheme is based on a new method to approximate the nonlinear
frequency interaction. This allows us to deal with the complex resonance structure
in arbitrary dimensions. Numerical experiments that are in line with the theoretical
result complement this work.

1. INTRODUCTION

The nonlinear Schrodinger equation (NLS) arises as a model equation in several
areas of physics, see, e.g., Sulem and Sulem [20]. In this paper, we are concerned with
the numerical integration of the NLS equation on a d dimensional torus:

iopu(t, x) + Au(t,z) + Mu(t, z)[*u(t,z) =0, t>0, €T
u(0,7) = uo(x), x €T

(1.1)

where T = (0,27), A = £1, u = u(t,z) : Rt x T? — C is the sought-after solution,
and uy € HY(T?) for some v > 0 is the given initial data. Here we only consider the
case A = 1; the case A = —1 can be treated in exactly the same way. Note that the
well-posedness of the nonlinear Schrédinger equation in H?(T%) has been established
for v > ¢ — 1. For details, we refer to [2].

Numerical aspects of the NLS equation have been studied by many authors. A
considerable amount of literature has been published on splitting methods and expo-
nential integration methods. For a general introduction to these methods, we refer
to [9, 0] 1T, 12] [18]. Tt is well known that schemes of arbitrarily high order can be
constructed by assuming that the solution of is smooth enough. For instance,
second order convergence in H” was obtained by requiring four additional derivatives
of the solution for the Strang splitting scheme in [16]. Further convergence results for
semilinear Schrodinger equations can be found, e.g., in [1L 4 5] 6] &, 13} [14], 21].

For classical methods and their analysis, strong regularity assumptions are un-
avoidable. Recently, however, so-called low-regularity integrators have emerged as a
powerful tool for reducing the regularity requirements. The first breakthrough was
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made in [I9], where the authors introduced a new exponential-type numerical scheme
and achieved first-order convergence in HY(T?) for H¥*1(T?) initial data. Later, a
first-order integrator was proposed in [22]. It converges in H7(T) without any loss
of regularity and conserves mass up to order five. A second-order Fourier-type inte-
grator was given by Knoller, Ostermann and Schratz [I7]. The integrator is based
on the variation-of-constants formula and makes use of certain resonance based ap-
proximations in Fourier space. For second-order convergence, the scheme requires two
additional derivatives of the solution in one space dimension and three derivatives in
higher space dimensions. In this paper, we present and analyse an improved integrator
which enables us to get the desired second-order accuracy with only two additional
bounded spatial derivatives in dimensions d > 1.

There are two main difficulties in designing low-regularity integrators. The first
one is to control the spatial derivatives in the approximation while keeping the non-
linearity point-wise defined in physical space rather than in Fourier space. The second
one is to overcome the difficulties caused by the complicated structure of resonances in
higher dimensions. To explain this, let

E=(¢ et Em=8&nt gt € =¢-¢
and consider the phase function
03 = €7 + |& ] — [&7 — 1&]*.
In [17], letting
@ = 2|£1‘2> B=28 & +26 & +26,- &5,
the authors approximated the phase function by

eis¢3 _ eisa+isﬁ _ eisa + eiSﬁ S ’R/l(a’ 67 5)’ (1.2)

where |Ry(a, 8,s)] < s?|al|8]. This choice requires three additional derivatives in
higher space dimensions for second-order convergence.

Now we explain our present approach, for which we consider a slightly more general
situation. Assume that « has a “good” structure which means fOT e ds is point-wise
defined (as in the above example) while $ has a “bad” structure but still has a low
upper-bound, e.g., consisting of mixed derivatives (as in the example above). Then we
employ the following approximation

eis(aJrﬁ) ~ else + iﬁeisBMT(eia-)’ (13)
where the operator M. is defined by
1 T
Me(g) =~ / og(c) do. (1.4)
0

The mean MT(eio") can be regarded as an approximation to 7e*7 for small 7.
Using the approximation ((1.3) has several advantages. First, its integral has a
point-wise interpretation in physical space,

/OT <ei5a + B’ M., (em’)> ds = rp(ita) — 7( — 1)y (ita), (1.5)
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see Lemma below. Here, the functions ¢ and 1 are defined as
=1 ze?

z __ 1 €

‘ ) z # 07 22 ’ & 7é 07
o(z)={ 2 b =3 (16)

17 = 07 - -, Z = 0

2
Secondly, it is a high-order approximation and requires less regularity. Indeed, we
get

/T 00 ds = rp(ita) — (e — 1)y (ita) + Ra(a, B,7), (1.7)
0

where |Ro(a, 3,7)] < 72|8|%. This will be proved in Lemma below. Relying on
this structure, the scheme requires only two additional derivatives for 72, which gives
convergence in H?(T¢) for initial data in H?*2(T?).

Finally, it does not require any specific structure of 5. In particular, 5! is not
contained in the expression . This is another advantage compared to , for
which the integration (or a further approximation) of [ e™?ds is needed.

Now we state the main result of this paper. We define the new low-regularity
integrators with second-order accuracy as

u’ = o,

Wt = Ay z’re”A{ [p(=2iTA) +p(=2iTA)]a" - (u”)Z} (1.8)

2
T [eiTA¢(_2iTA)an} ) (eiTAun)Q _ %ezm Dun‘4un]

for n > 0. For this method, we have the following convergence result.

Theorem 1.1. Let u™ be the numerical solution (1.8) of the Schrédinger equation
(m) up to some fived time T > 0. Under the assumption that ug € HY"2(T4) for some
v > g, there exist constants 19, C > 0 such that for any 0 < 7 < 71 it holds

|u(ty, ) —u"||g < CT2, 0<nr<T. (1.9)
The constants 7o and C' only depend on T and |[ul| Lo ((0,1);mr+2(Ta))-

Having finished the analysis of this paper, we became aware of the recent work
[3] by Bruned and Schratz, in which low-regularity integrators for dispersive equations
are discussed in a wider context. In particular, using the formalism of decorated
trees, various numerical methods for the nonlinear Schrodinger equation are proposed.
The above method is stated there in formula (5.17). Nevertheless, we give here
alternative (and brief) derivation of the method because the employed approximations
form the basis of our rigorous error analysis.

The paper is organized as follows. In Section [2| we introduce some notation and
collect some useful lemmas. In Section |3} we discuss the construction of the method
and analyse accuracy and regularity requirements of each single approximation step.
Collecting all these results, we proof our convergence result (Theorem in Section .
This theoretical result is illustrated with some numerical experiments in Section [5}
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2. PRELIMINARIES

In this section, we introduce some notation, recall a result from harmonic analysis
and give some elementary estimates. All this will be frequently used in the following
sections.

2.1. Some notation. We start with notation, some of it borrowed from [7]. We write
A < Bor B 2 A to denote the statement that A < C'B for some constant C' > 0
which may vary from line to line but is independent of 7 or n, and we write A ~ B for
A < B S A We further denote

(&) =V1+&-¢&, E=(¢--, ez’

and define (d€) to be the normalized counting measure on Z< such that
[ a©)de)= 3 ate)
£czd

The Fourier transform of a function f on T¢ is defined by

€)= e @ f(x) dx

Instead of f , we sometimes also write F f or F(f). The Fourier inversion formula takes
the form

fle) = [ e=¢i(e) (o)
We recall the following properties of the Fourier transform:

| fllL2(ray = (27)2 HfHL2 (de)) (Plancherel);

(f.9) = /f (@) dz = 2n)" [ (€)3(€) (d€) (Parseval);

~ [ (€~ mtm) (n)  (convolution).

For the Sobolev space H*(T¢), s > 0, we consider the equivalent norm
s d s a
1 s ray = 17 2y = (@)% || (14 1€19)2 7€)
where J® = (1 — A)3.

£2((dg))’

2.2. Some estimates. First, we recall the following inequality, which was originally
proved in [I5].

Lemma 2.1. (Kato-Ponce inequality, [15]) The following inequalities hold:
(i) For any v > 4 and f,g € H", we have
17Dz S Wl avllglla
(ii) For any 6 > 0,~ > %l and f € H, g € H°, we have

17°(f )z S N flssllgl s

The next lemma plays a crucial role in the analysis of this paper.
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Lemma 2.2. Let M, be the operator defined in (1.4) and o, B € R. Then, the following
properties hold.

(i) For ¢, defined as in (L.6)), we have
/T (eiso‘ + iﬁeisBMT(em')> ds = ro(ita) — 7(e7 — 1)y (ita). (2.1)
(ii) Thereoezists a function Ra(a, B,7) such that
/OT ois(at+B) o — /OT <eisoc + weisﬁMT(em.>> ds + Ra(a, B, 7), (2.2)
with |Ra(a, B,7)] < 73|82
Proof. (i) The left-hand side of is equal to
/OT e ds + /OT i3e'*P M. (') ds. (2.3)

For the first term in (2.3]), we have that

eiTa -1

/ e ds = a 704 _ To(iTa). (2.4)
0

T, a=10

For the second term in (2.3]), using integration-by-parts, we find that

iTQ elta _q

(&

. 1 T .
M (") = —/ oe"7% s = ¢ i« + a2 70, (2.5)
T Jo ir a=0
27 :
Thus, from the definition of v, we infer that
M, (") = =Ty (iTa). (2.6)
In addition,
/ iBe™? ds = '™ — 1. (2.7)
0

Therefore, combining ([2.4) with (2.6) and ([2.7)) proves the first part of the lemma.
(ii) From ({2.2)), we obtain

Ro(a, 5, 7) :/ (eis(aﬂj) — el _ iﬂeisﬁ/\/lf(em'))ds. (2.8)
0
First, we decompose
/ <eis(a+ﬁ) . eisa ( is(a+B) o isﬁem‘) ds + Zﬁ/ Seisa ds
0 0

/ (e — 1 —isB)ds + iBT M, (")
0

and thus get
Ro(a, B, 7) :/ e (e — 1 —isp) ds—i—zﬂ/ — MY ds - M, (e'). (2.9)
0
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Note that
e (e — 1 — isﬂ)‘ < §%1B)%, ‘1 — e <518, [M(e)] ST
Therefore, (2.9) can be controlled by C'73|5]?. O

3. CONSTRUCTION OF THE METHOD

Now we derive a second-order numerical method for . Since the employed
approximations form the basis of our error analysis, we present some details of the
construction. For an alternative derivation of this method, we refer to [3].

Let 7 > 0 be the time step size and ¢, = n7, n > 0 the temporal grid points.
First, by employing the twisted variable v = e~#*4 and Duhamel’s formula, we get

v(t, +0) =v(t,) + z/ e iltntp)A (!ei(t”“mv(tn +p) ‘ZGi(t”er)Av(tn + p))dp. (3.1)
0

Then, freezing the nonlinear interaction by approximating e(t»+P)A ~ giltnto)A and
v(t, + p) = v(t,), we get

v(t, +0) = v(t,) + iae_i(t"+”)A<

ei(t"+U)Av(tn)|Qei(t”+U)Av(tn)> +Ri(v,0).  (3.2)
The remainder term R (v, o) satisfies the following estimate.

Lemma 3.1. Let v > 4, 0 €[0,7] and v € L>((0,T); H'*2). Then,

27
HRQ(UJ)HHW IS T2(||U||L°°((0,T);HV+2) + HUH%OO((O,T);HW“))'

We postpone the proof of the lemma to Section [3.1]
Next, we derive a second-order expansion of Duhamel’s formula

v(t, +71) =v(t,) + 2/ e iltnto)A (|ei(t"+"mv(tn +0) |Qei(t"+")Av(tn + U))da. (3.3)
0

Replacing v(t, + o) by (3.2), we infer that
O(tni1) = v(tn) + Litn) + I(t,) + Ry (v), (3.4)

where

Li(t,) =i / e*i“n*s)ﬂ(|ei<tn+8>%(tn)\Qei“n*s)%(tn))ds,
0

Lt,) = — / se—i<tn+8>A(|ei<tn+8>%(tn)\4ei<tn+s>%(tn))ds. (3.5)
0

The remainder term R} (v) can be bounded as stated in the next lemma. Again, the
proof of this lemma is postponed to Section [3.1]

Lemma 3.2. Let vy > % and 0 < 7 < 1. Then, for v e L>=((0,T); H'?),
IR @)| < C7,

where the constant C' only depends on ||v|| poo o,y 7+2)-
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Due to the complexity of the phase functions

= &1 + 18117 = &l — &7, &5 = 161" + & 1" + [&,]" — [€° — 164" — €5,

we note that the terms in I; and /5 can not be easily expressed in physical space.
Therefore, we consider I; first in Fourier space and write

Tyt &) =i / / SOANIE (1 €10t E)i (b £5) (dE,)(dEy) ds
0 JE=E1+€5+E5

The main problem concerns the handling of the phase e®*?:. Defining

= 2|€1|27 B=28 & +28 - &+ 28, &5
allows us to write
eis¢3 — eiscx—s—isﬁ'

Applying the formulas presented in Lemma [2.2] we get
fl(tmﬁ) = iT/ SO(iTO‘)eith@(tm51)@(%7 &2)0(tn, &3) (d€1)(d€s)
£=€1+€,+E;

- ”/ (eiTﬁ - l)w(iTa)eit"¢3ﬁ(tn,51)17(75”,52)@(15”, &) (d§,)(d&,)
£=€1+€>183
+REW)(©), (3.6)

where the remainder term RZ(v) obeys the bound given in the following lemma. Its
proof will be postponed to Section [3.1]

Lemma 3.3. Let v > ¢ and v € L>((0,T); H'?). Then,
IR ()

||H7 S T3||UHL°°((O,T);H‘Y+2)'

Using § = ¢3 — a, we transform (3.6)) back to physical space to get
‘ 2
1 = ire A fp(—2irA)e 2 o(t,)] - (e 2u(t)) |
, 2
—ire & [y (=2irA)e 1 2u(t,)] - (e Ru(ty)) | (3.7)

+iTe_’t"A{ [¥(—2iTA)e —itnA o(t,)] - <eit"Av(tn)>2} + RE(v).

The term I, is of higher order in 7. Therefore, it is sufficient to freeze the linear flow
and approximate the term as

Lo(ty) = — /0 J ({e”” v(tn)\“eitn%(tn))ds+Rg<v) (3.8)
——%Tzelt" (Je™2o(tn)[ o2 0(ta)) + Ri(w), (3.9)

where the remainder term Rg(v) obeys the bound given in the following lemma. Again,
its proof will be postponed to Section [3.1]

Lemma 3.4. Let v > £ and v € L>((0,T); H'*?). Then

”Rg(U)HHv S 3HUHLO<> ((0,T); HV+2)-
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Now combining (3.4, (3.7) and (3.9, we have that
V(tn1) = " (v(tn)) + Ri(v) + RE(v) + Rg (v), (3.10)

where the operator ®" is defined by
" (f) = f +ire AL (p(=2irA)e A T) - (0 f>2}
—ire ] (y(=2ir A)e AT - (ot f)Q}
+ z’m*“ﬂﬁ{ (w(—zz’rA)e*“nA f) . (e“nA f)g}

1,2 —itnA [ | itnA |4 itnA
—5Te <‘e" f‘e” f)

(3.11)

Our second order low-regularity integrator is obtained by dropping the remainder
terms R}, RZ, Rg in (3.10). The method for the twisted variable is summarized as
follows: let v° = ¢ and

"t =@"(v")  for n > 0. (3.12)

Finally, setting u" = e®*®¢", we obtain the announced numerical scheme ([1.8)) for the

NLS equation (|1.1)).
3.1. Estimates of the remainder terms. Now we prove Lemmas [3.1] to [3.4]
Proof of Lemma[3.1 By (3.2)), we have that

Ry (v, s) = z/ (e—i(tn+a)A _ e—i(tn+s)A> (}ei(tn—‘ra)AU(tn + O_)}Qei(tn-&-a)Av(tn + 0)) do
0

+ z/ e—z‘(tn+s)A(\ei(two)AU(tn + 0)‘2 B }ei(tn+s)AU(tn + 8){2>ei(tn+U)Av<tn +0)do
0

+ 2/ g itnts)A (‘ei(t”smv(tn + 5) ‘2 (ei(t””)Av(tn +0) — ei(t"“)Av(tn))) do.
0

Note that from (3.1)), Lemma (i) and Sobolev embedding, we get

S [o(tn +0) = v(ta)|| ;1 S THONZ0(0,28)-

Moreover, for any f € H?,
H (e—i(tn—‘ra)A . e_i(tn+S)A>fH 5 |0 B 5|||f||H7+2‘ (313)
HY
Applying these two estimates, we obtain
and thus

HRQ(% S)HHW S T2(HUHL°°((0,T);HW+2) + HUHioo((o,T);mH))-

This is the desired result. O
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Proof of Lemma (3.9 Inserting (3.2) with o = p in (3.1)) and using (3.4)) shows that the

remainder R} (v) consists of terms of the form
@'/T e_i(tn+s)A< i(tn+s AW tn+s)AW i(tn+s AW )d ] Ny A > 57
0

where
Wi =o(t,), W, =ise itnta)a <|e t"*‘S)Av(tn)‘2ei(t"+5)Av(tn)>, Ws = Ri(v, s).

By Lemma [3.1{ and Lemma [2.1{ (i), we thus get

HRZ(U)HHw ~ <H HL°°(0t HW+2)) g

This finishes the proof of the lemma. U

Proof of Lemma[3.3 Without loss of generality, we may assume that 9(t,) and v(t,)
are positive (otherwise one may replace them by their absolute values).
From Lemma [2.2, we have

RE(0)(€) = / Ralr, B.7) 69351, €,)0 (b, £5)0 (1, £5) (dEy) (dE)

£=€,+&,1¢;

and further
R2(0)(€)] < / B2 (b, €)0(t, £2)0(tn, E5) (A€,)(dEy).
£=€,+£>+€3

By symmetry, we may assume that €] > €] > |€;|. This yields

(€)% < <£>7(|€1|2|£2‘2 + &, P1€s]? + |€2‘2|€3‘2)
S & PTE )%

Using this estimate, we get
€)[R3(v)(©)]

ST / &[T €a*0(tn, €1)0(tn, €2)0(tn, &5) (dE)(dEs)
§=€1+£5+€3,1611>1€21> (€3]

S 73]:((—A) Mg (-A)v- U> (tn, &).
Therefore, by Plancherel’s identity and Lemma (ii) with 6 = 0, we obtain that for

d
any v > 3,

Ry S 7° [ (-8) 70 (a0
|| ||H’Y )U v Lo ((0,T);L2)

S T3||U||L°°((0,T);HW+2)Hv”L‘X’((O,T);H“/l*Q) HUHLOO((O,T);H‘H)'

Since v > 4, choosing 71 = 7, we get the desired result. U
Y>3 g7 Y
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Proof of Lemma([3.4 By (3.5) and (3.8), we have that
R = — / S(eﬂ'(tﬁs)A _ e%t@) (‘ei(tn+s)Av<tn)|4ei(tn+s)AU(tn>>d8
0

_ / ge Und ( [‘ei(t"+8)AU(tn)‘4 o |eitnAU(tn)|4] ei(tn-i-s)Av(tn))ds
0

i / Se—z’tnA (}eit"AU(tn)r ) (e—z‘(tn+s)A . e_it“A)U(tn)>d8.
0
Then, the claimed result follows directly from (3.13) and Lemma [2.1] (i). O

4. PROOF OF THEOREM [1.1]

Taking the difference between the numerical scheme (3.12)) and the exact solution
gives

V" = 0(tngr) = D" (v(ty)) — v(tagr) + @™ (V") — @™ (v(ty))
=L" 4+ 0" (v") — " (v(t,)),

where £" = ®"(v(t,)) — v(tn+1) is the local error.
4.1. Local error. The following bound on the local error holds.
Lemma 4.1. Let v > % and 0 < 7 < 1. Then,

e, < o
where the constant C' only depends on ||v|| oo o,y m7+2)-
Proof. By , we get that

L' = —Rj(v) = Rg(v) — RE(v)-

Thus, the desired estimate follows from Lemmas [3.2] 3.3} and [3.4] O

2+

4.2. Stability. The main result in this subsection is the following stability estimate.
Lemma 4.2. Let v > g. Then,

|®"(v™) — q)”(v(tn))”m < (14 C7)|[v" = v(tn)Hm +COr|jv" - v(tn)Him,
where the constant C' only depends on ||v|| oo o,y m7)-

Proof. For short, we denote g, = v"™ — v(t,). Then, using (3.11]), we have

(") — " (v(tn)) = gn + i (@7 (v") = (v(tn))),
where h
1 (f) = ire A (p(=2irA)eT A ) - (et '}
o8 (f) = —@'Te_it”“A{ (¢(—2i7A)e_it"*1A f) - (e”nHA f>2}
@3(f) = ire AL (v(-2irA)e A T) - (o2 ) 2}
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1 . . )
(I)Z(f) _ _§T2e—ztnA <|eztnAf|4eztnAf> )
Note that by the definition of ¢ and ¢ in ((1.6)), we have that

(=20 Al oo S Wiy J (=207 D) f]| o S I F Il
Hence, by Lemma [2.1](1),
[T (0") = @ (v(tn))]| <OT(Hgnllm + HgnHm),

where C' only depends on HUHLOO((O T:H7)
Similarly, we get that

4
Sl = @5ty < O7(ll9all + lonl ) (4.1)
=2

Combining the above estimates, we finally obtain

" (w(ta)) = @ (") s < Ngnllrs +C([l9all e + ol ).
which is the desired result. O

4.3. Proof of Theorem Now, combining the local error estimate with the sta-
bility result, we give the proof of Theorem [I.1l From Lemma and Lemma we
infer that there exits a constant C dependlng only on ||v|| gee((o,r);mr+2y, such that for
0 <7 <1, we have

|v(tns1) = 0"y < CT° + (L4 C7)|Jo(ta) = 0"||,,, + C7||v(t n > 0.

n) =" HHW’
By recursion, we get from this the bound

n

[o(tn) = v+, < CT I+ C7Y | [[0lta-g) — 0", + C72).

=0
From this estimate we infer that there exist positive constants 7y and C', such that for
any 7 € [0, 7o),

Hv nt1) "HHm < Cr8 Z (1+C7)Y <O n>0.
7=0

Note that the constants 75 and C' only depend on T" and ||w|| Lo ((0,7);s~+2). This proves
Theorem [I.1] O

5. NUMERICAL EXPERIMENTS

In this section we carry out some numerical experiments to illustrate our con-
vergence result in two space dimensions. For this purpose, we consider the nonlinear
Schrodinger equation (|1.1) with initial data

_1_._ .
up(wr,m2) = Y (L4 VE+2) 27 (L 4i)elbntt) 25, (5.1)
(k,0)ez?

where v is used to set the regularity of the data. This choice guarantees that u° €
H7(T?). In the experiment, we set ¢ = 0.
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We choose N = 27, i.e. 2! grid points, and measure the temporal discretisation
error w = u(t,, ) — ul y in the discrete H”-norm

llli, = || (1 + V=2)"w]

L3,
where .
47T2 _ . . 271'] 27Tm

Our results for initial data uy € H772(T?) are presented in Fig. 1. We choose the three
different values v = 1, 1.5, 2 to illustrate the convergence rate of our scheme . As
expected, the slopes of the error curves are 2 whenever  is bigger than 1. The slope
of the curve for v = 1 is slightly less regular. This is also expected because the value
~v =1 is the limit case in two space dimensions. Thus, the results agree well with the
corresponding results of the theoretical analysis, given in Theorem [I.1]

temporal discretization error

—9—7:1
104 |~ *—v=15 ////A
7:2 ///
--=-0(? -
100 ¢
108
10'10

1072 - 107t

FIGURE 1. Temporal discretisation error in H” for initial data in H7*?
for various values of . The errors are measured at 7' = 1 for various
step sizes 7. The dashed line has slope 2.
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