
Bismut Formula for Intrinsic/Lions
Derivatives of Distribution Dependent SDEs

with Singular Coefficients∗

Xing Huang a), Yulin Song b), Feng-Yu Wang a),c)

a)Center for Applied Mathematics, Tianjin University, Tianjin, 300072, China

b)Department of Mathematics, Nanjing University, Nanjing, 210093, China

c)Department of Mathematics, Swansea University, Bay Campus, Swansea, SA1 8EN, United Kingdom

xinghuang@tju.edu.cn, ylsong@nju.edu.cn, wangfy@tju.edu.cn

May 20, 2022

Abstract
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1 Introduction

Due to wide applications in the study of nonlinear PDEs and particle systems, dis-
tribution dependent stochastic differential equations (DDSDEs for short), also called
McKean-Vlasov or mean-field SDEs, have been intensively investigated, see for instance
[7, 10, 11, 4, 5, 16, 6, 12, 14, 17, 18, 19, 20, 21, 24] among many other references.
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To characterize the regularity of DDSDEs, Bismut formula and derivative estimates
have been presented for the distribution of solutions with respect to initial data, see for
instance [27, 2, 13, 23, 3, 25]. See also [12] for the study of decoupled SDEs where the
distribution parameter is fixed as the law of the associated DDSDE, and the resulting
regularity estimates apply to the DDSDEs as well (see Remark 2.2 below).

In this paper, we aim to establish Bismut formula for the Lions derivative of singular
DDSDEs, such that existing results derived in more regular situations are extended. This
type formula was first found by Bismut [8] in 1984 using Malliavin calculus for diffusion
semigroups on manifolds, then reproved by Elworthy-Li [15] in 1974 using martingale ar-
guments. Since then the formula has been widely developed and applied for SDEs/SPDEs
driven by Gaussian or Lévy noises. Recently, Bismut formula was established in [28] for
SDEs with singular drifts by using Zvonkin’s transform [29], which is a powerful tool
in regularizing singular SDEs. In this paper, we aim to extend this result for singular
DDSDEs.

Let P be the set of all probability measures on Rd. Consider the following distribution-
dependent SDE on Rd:

(1.1) dXt = (Bt + bt)(Xt,LXt)dt+ σt(Xt)dWt,

where Wt is the d-dimensional Brownian motion on a complete filtration probability space
(Ω,F ,P; {Ft}t≥0), LXt is the law of Xt under P, and

B, b : R+ × Rd ×P → Rd, σ : R+ × Rd → Rd ⊗ Rd

are measurable. We will consider the SDE (1.1) with initial distributions in the class

P2 :=
{
µ ∈P : µ(| · |2) <∞

}
.

It is well known that P2 is a Polish space under the Wasserstein distance

W2(µ, ν) := inf
π∈C (µ,ν)

(∫
Rd×Rd

|x− y|2π(dx, dy)

) 1
2

, µ, ν ∈P2,

where C (µ, ν) is the set of all couplings of µ and ν. In the following we will assume that
B is regular and b is singular in the space variable.

We call (1.1) strong (resp. weak) well-posed for distributions in P2, i.e. for any initial
value X0 ∈ L2(Ω → Rd,F0;P) (resp. initial distribution µ ∈ P2), if (1.1) has a unique
strong (resp. weak) solution with X· ∈ C([0,∞); P2). When (1.1) is both strong and
weak well-posed (note that unlike in the classical setting, the strong well-posedness does
not imply the weak one), we call it well-posed. In this case, for any µ ∈ P2, denote
(P ∗t µ = LXt)t≥0 for the solution (Xt)t≥0 with initial distribution LX0 = µ ∈ P2. For
any f ∈ Bb(Rd), the class of bounded measurable functions on Rd, we aim to establish
Bismut formulas for Ptf(µ) in µ ∈P2, where

Ptf(µ) := (P ∗t µ)(f) :=

∫
Rd
f(y)(P ∗t µ)(dy), t > 0.
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To this end, we first recall the intrinsic/Lions derivatives for real functions on P2.

Definition 1.1. Let f : P2 → R.

(1) If for any φ ∈ L2(Rd → Rd;µ),

DI
φf(µ) := lim

ε↓0

f(µ ◦ (Id + εφ)−1)− f(µ)

ε
∈ R

exists, and is a bounded linear functional in φ, we call f intrinsic differentiable at
µ. In this case, there exists a unique DIf(µ) ∈ L2(Rd → Rd;µ) such that

〈DIf(µ), φ〉L2(µ) = DI
φf(µ), φ ∈ L2(Rd → Rd;µ).

We call DIf(µ) the intrinsic derivative of f at µ. If f is intrinsic differentiable at
all µ ∈P2, we call it intrinsic differentiable on P2 and denote

‖DIf(µ)‖ := ‖DIf(µ)‖L2(µ) =

(∫
Rd
|DIf(µ)|2dµ

) 1
2

.

(2) If f is intrinsic differentiable and for any µ ∈P2,

lim
‖φ‖L2(µ)→0

f(µ ◦ (Id + φ)−1)− f(µ)−DI
φf(µ)

‖φ‖L2(µ)

= 0,

we call f L-differentiable on P2. In this case, DIf(µ) is also denoted by DLf(µ),
and is called the L-derivative of f at µ.

Then intrinsic derivative was first introduced in [1] on the configuration space over
a Riemannian manifold, while the L-derivative appeared in the Lecture notes [9] for the
study of mean field games and is also called Lions derivative in references.

Note that the derivative DIf(µ) ∈ L2(Rd → Rd;µ) is µ-a.e. defined. In applications,
we take its continuous version if exists. The following classes of L-differentiable functions
are often used in analysis:

(a) f ∈ C1(P2) : if f is L-differentiable such that for every µ ∈ P2, there exists a
µ-version DLf(µ)(·) such that DLf(µ)(x) is jointly continuous in (x, µ) ∈ Rd×P2.

(b) f ∈ C1
b (P2) : if f ∈ C1(P2) and DLf(µ)(x) is bounded.

(c) f ∈ C1,1(Rd ×P2) : if f is a continuous function on Rd ×P2 such that f(·, µ) ∈
C1(Rd), f(x, ·) ∈ C1(P2) with ∇f(·, µ)(x) and DLf(x, ·)(µ)(y) jointly continuous
in (x, y, µ) ∈ Rd × Rd ×P2. If moreover these derivatives are bounded, we denote
f ∈ C1,1

b (Rd ×P2).

We will state the main result in Section 2 and prove it in Section 3.
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2 The main result

We will assume that bt(·, µ) is Dini continuous for which we introduce the following class
as in [26]:

D =
{
ϕ : [0,+∞)→ [0,+∞)|ϕ2 is concave and ϕ is increasing with

∫ 1

0

ϕ(s)

s
ds <∞

}
.

The condition
∫ 1

0
ϕ(s)
s

ds < ∞ is known as the Dini condition. Clearly, for any α ∈ (0, 1
2
)

the function ϕ1(s) = sα is in D . Let ϕ2(s) := 1
log1+δ(c+s−1)

for constants δ > 0 and c > 0

large enough such that ϕ2
2 is concave, then ϕ2 is also in D . For any (real or Rd-valued)

function f on Rd, let

[f ]ϕ := sup
x 6=y∈Rd

{
|f(x)|+ |f(x)− f(y)|

ϕ(|x− y|)

}
, ϕ ∈ D .

For a function f : [0,∞)× E → R, where E is an abstract space, we denote

‖f‖T,∞ := sup
t∈[0,T ]×E

|ft(x)|, T > 0.

Throughout this paper, we make the following assumption.

(H) For each t ≥ 0 and x ∈ Rd, bt(x, ·) ∈ C1(P2) with DLbt(x, µ)(y) continuous in
(x, y, µ) ∈ Rd × Rd ×P2, Bt ∈ C1,1(Rd ×P2), σt ∈ C1(Rd) is invertible, such that
for any T > 0,∥∥(‖σ‖+ ‖σ−1‖+ |B(0, δ0)|+ [b]ϕ + ‖∇σ‖+ ‖DLb‖+ ‖∇B‖+ ‖DLB‖)

∥∥
T,∞ <∞

holds for some ϕ ∈ D , where δ0 is the Dirac measure at 0 ∈ Rd, [·]ϕ is the modulus
of continuity in x ∈ Rd, and DL is Lion’s derivative in µ ∈P2.

The following is a simple example for b satisfying (H).

Example 2.1. Let h(x) = arctan |x|α, x ∈ Rd for α ∈ (0, 1
2
), let f = (f1, · · · , fm) ∈

C1
b (Rd;Rm) for some m ≥ 1, and let

F : [0, T ]× R× Rm → Rd

be measurable and locally bounded such that

c := sup
r∈R,z∈Rm,t∈[0,T ]

{
|∂rFt(r, z)|+ |∇zFt(r, z)|

}
<∞.

Then

bt(x) := Ft(h(x), µ(f)), µ(f) :=

∫
Rd
fdµ
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satisfies (H). Indeed, we have

|bt(x, µ)− bt(y, µ)| ≤ c|h(x)− h(y)| ≤ c|x− y|α,

and

DLbt(x, µ) =
m∑
i=1

〈
∂ziFt(h(x), z)|z=µ(f),∇fi

〉
satisfies

sup
t∈[0,T ],x∈Rd,µ∈P2

‖DLbt(x, µ)‖ ≤ c
m∑
i=1

‖∇fi‖∞ <∞.

Remark 2.2. With the second inequality in (3.6) replacing [19, (27)], and with t re-
placing At in [19, (35)], the proof of [19, Theorem 1.1(2)] yields that (H) implies the
well-posedness of (1.1) for distributions in P2. We will show that this assumption also
ensures the intrinsic differentiability of PTf for T > 0 and f ∈ Bb(Rd). To prove the
L-differentiability of PTf , we make the following additional assumption.

(C) For any T > 0, there exists p > 2 such that

sup
(t,x,µ)∈[0,T ]×Rd×P2

∫
Rd
|DL(b+B)t(x, µ)(y)|pµ(dy) <∞.

Obviously, (C) holds ifDL(bt+Bt)(x, µ)(y) is bounded in (t, x, y, µ) ∈ [0, T ]×Rd×Rd×P2.
For any T > 0, let CT := C([0, T ];Rd) be equipped with the uniform norm. For

ε ∈ (0, 1) and η,X0 ∈ L2(Ω → Rd,F0;P), let {Xη,ε
t }t≥0 solve (1.1) with initial value

X0 + εη. The main result of the paper is the following.

Theorem 2.3. Assume (H). Then the following statements hold.

(1) For any T > 0, the limit

∇ηXt := lim
ε→0

1

ε
(Xη,ε

t −Xt)(2.1)

exists in L2(Ω→ CT ;P), and there exists a constant CT > 0 such that

E

(
sup
t∈[0,T ]

|∇ηXt|2
)
≤ CTE|η|2, η,X0 ∈ L2(Ω→ Rd,F0;P).(2.2)

(2) PTf is intrinsically differentiable for any T > 0 and f ∈ Bb(Rd), and

(2.3) DI
φ(PTf)(µ) = E

(
f(XT )

∫ T

0

〈ζφt , dWt〉
)
, µ ∈P2, φ ∈ L2(Rd → Rd;µ)
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holds for Xt solving (1.1) with LX0 = µ, and

ζφt := σt(Xt)
−1
{
g′t∇φ(X0)Xt + gtE

[
DL(Bt + bt)(y,LXt)(Xt)∇φ(X0)Xt

]∣∣
y=Xt

}
for t ∈ [0, T ] and g ∈ C1

b ([0, T ]) with g0 = 0, gT = 1. Consequently, there exists an
increasing function C : [0,∞)→ (0,∞) such that

(2.4) ‖(DI
φPtf)(µ)‖ ≤ Ct√

t

{
Ptf

2(µ)− (Ptf(µ))2
} 1

2 , t > 0.

(3) Assume further (C). Then PTf is L-differentiable for any T > 0 and f ∈ Bb(Rd).
As a result, for any t > 0 and µ, ν ∈P2,

(2.5) ‖P ∗t µ− P ∗t ν‖var := sup
‖f‖∞≤1

|(P ∗t µ)(f)− (P ∗t ν)(f)| ≤ Ct√
t
W2(µ, ν).

Remark 2.1. When b = 0, the Bismut formula and the L-differentiability of PTf for
any f ∈ Bb(Rd) have been proved in [23]. This is now included in Theorem 2.3 as a special
case. When b 6= 0, to manage this singular term we have to use Zvonkin’s transforms
depending on the parameter in initial distributions.

Remark 2.2. For fixed µ ∈P2, consider the following decoupled SDE:

dXx,µ
t = bt(X

x,µ
t , P ∗t µ)dt+ σt(X

x,µ
t , P ∗t µ)dWt, Xx,µ

0 = x ∈ Rn.

Let pµt (x, y) be the distribution density function of Xx,µ
t . Derivatives of pµt (x, y) in both x

and µ have been presented in [12], where b and σ are assumed to be η-Hölder continuous
for some η ∈ (0, 1] with respect to the spatial variable. In particular, these estimates
imply estimates on DLPtf(µ) for f ∈ Bb(Rd). In fact, let P µ

t be the transition semigroup
of Xx,µ

t . Then we have

Ptf(µ) =

∫
Rn
P µ
t f(x)µ(dx) =

∫
Rn×Rn

f(y)pµt (x, y)dyµ(dx).

Consequently,

DLPtf(µ)(z) =

∫
Rn×Rn

f(y)
{
DLpµt (x, y)(z)

}
dyµ(dx) +

∫
Rn
f(y)∇zp

µ
t (z, y)dy.

This combined with [12, (3.9),Theorem 3.6] yields

‖DLPtf(µ)(·)‖∞ ≤ C‖f‖∞
(
t−

1
2 ∨ t−

1−η
2

)
.
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3 Proof of Theorem 2.3

By (H), (2.3) implies that PTf is intrinsically differentiable for T > 0 and f ∈ Bb(Rd),
and (2.4) holds for some increasing function C. Then (2.5) follows from the estimate (see
[9]):

(3.1) |f(µ)− f(ν)| ≤ sup
γ∈P2

‖DLf(γ)‖W2(µ, ν), µ, ν ∈P2.

To prove (3.1), let X, Y be two random variables such that

LX = µ, LY = ν, E|X − Y |2 = W2(µ, ν)2.

Then by taking Xs = (1− s)X + sY for s ∈ [0, 1], (3.1) follows from the following chain
rule for distributions of random variables, which is taken from [3, Theorem 2.1], see also
[9, Theorem 6.5] and [23, Proposition 3.1] for earlier results under stronger conditions.

Lemma 3.1. Let {Xε}ε∈[0,1] be a family of random variables on Rd such that Ẋ0 :=
limε↓0

1
ε
(Xε − X0) exists in L2(Ω → Rd;P). Let f be a real function on P2. If either

µ := LX0 is atomless and f is L-differentiable at µ, or f ∈ C1 in a neighborhood U of µ
such that

|DLf(µ)(x)| ≤ c(1 + |x|), x ∈ Rd, µ ∈ U

holds for some constant c > 0, then

lim
ε↓0

f(LXε)− f(µ)

ε
= E〈DLf(µ)(X0), Ẋ0〉.

Therefore, it suffices to prove Theorem 2.3(1), the formula (2.3), and Theorem 2.3(3).

3.1 Proof of Theorem 2.3(1)

We first explain that we may assume

(3.2) Bt(·, µ) ∈ C3(Rd),
3∑
j=1

‖∇jB‖T,∞ <∞, T > 0.

Indeed, for 0 ≤ ρ ∈ C∞0 (Rd) with
∫
Rd ρ(x)dx = 1, let

B̃t(x, µ) :=

∫
Rd
Bt(y, µ)ρ(x− y)dy, t ≥ 0, x ∈ Rd, µ ∈P2.

By (H), this implies (3.2) for B̃ replacing B, and that Bt − B̃t is bounded with ‖∇(B −
B̃)‖T,∞ <∞. By combining Bt− B̃t with b, we may and do assume that B satisfies (3.2).
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Next, we make the following distribution dependent Zvonkin’s transform to regularize
the SDE (1.1). For any λ ≥ 0, T > 0 and µ̂ ∈ CT,P2 := C([0, T ]; P2), let

bµ̂t (x) := bt(x, µ̂t), Bµ̂
t (x) := Bt(x, µ̂t) t ∈ [0, T ], x ∈ Rd,

and consider the following PDE for uλ,µ̂ : [0, T ]× Rd → Rd:

(3.3) ∂tu
λ,µ̂
t +

1

2
Tr(σtσ

∗
t∇2uλ,µ̂t ) +∇bµ̂t +Bµ̂t

uλ,µ̂t + bµ̂t = λuλ,µ̂t , uλ,µ̂T = 0.

To solve this equation, we consider the flow induced by Bµ̂
t :

∂tψt = Bµ̂
t ◦ ψt, ψT (x) = x, t ∈ [0, T ], x ∈ Rd.

By (3.2), ψt is a diffeomorphism on Rd and

(3.4) sup
t∈[0,T ],µ̂∈CT,P2

3∑
j=1

{
‖∇jψt‖∞ + ‖∇jψ−1

t ‖∞
}
<∞.

Let

σ̄t =
√

(∇ψt)−1(σtσ∗t )(ψt)[(∇ψt)−1]∗,

b̄µ̂t = (∇ψt)−1bµ̂t (ψt)−
1

2

d∑
j=1

Tr[(σtσ
∗
t )(ψt)[(∇ψt)−1]∗∇2ψjt (∇ψt)−1](∇ψt)−1

j .

By [26], (H) and (3.4) imply that the PDE

(3.5) ∂tū
λ,µ̂
t +

1

2
Tr(σ̄tσ̄

∗
t∇2ūλ,µ̂t ) +∇b̄µ̂t

ūλ,µ̂t + bµ̂t ◦ ψt = λūλ,µ̂t , ūλ,µ̂T = 0

has a unique solution with

lim
λ→∞

sup
µ̂∈CT,P2

‖∇ūλ,µ̂‖T,∞ = 0, sup
λ≥0,µ̂∈CT,P2

‖∇2ūλ,µ̂‖T,∞ <∞.

So, uλ,µ̂t := ūλ,µ̂t ◦ ψ−1
t solves (3.3) with

(3.6) lim
λ→∞

sup
µ̂∈CT,P2

‖∇uλ,µ̂‖T,∞ = 0, sup
λ≥0,µ̂∈CT,P2

‖∇2uλ,µ̂‖T,∞ <∞.

By the uniqueness of (3.5) and that a solution uλ,µ̂t to (3.3) also gives a solution ūλ,µ̂t :=
uλ,µ̂t ◦ ψt to (3.5), (3.3) has a unique solution. By (3.4) and (3.6), there exists a universal
constant λ0 > 0 such that

(3.7) sup
µ̂∈CT,P2

‖∇uλ,µ̂‖T,∞ ≤
1

5
, sup

µ̂∈CT,P2

‖∇2uλ,µ̂‖T,∞ ≤ λ0, λ ≥ λ0.
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For any µ ∈P2, let X0 be F0-measurable with LX0 = µ, and simply denote

uλ,µt := uλ,µ̂t for µ̂t = P ∗t µ, b
µ
t (x) := bt(x, P

∗
t µ), Bµ

t (x) := Bt(x, P
∗
t µ), (t, x) ∈ [0, T ]×Rd.

Let θλ,µt (x) = x+ uλ,µt (x). By (3.3) and Itô’s formula, we derive

(3.8) dθλ,µt (Xt) =
{
Bµ
t (Xt) + λuλ,µt (Xt)

}
dt+

{
(∇θλ,µt )σt

}
(Xt) dWt.

Then

(3.9) Yt := θλ,µt (Xt), t ∈ [0, T ]

solves the SDE

dYt = b̃µt (Yt)dt+ σ̃µt (Yt) dWt, Y0 = θλ,µ0 (X0)(3.10)

where

b̃µt := (Bµ
t + λuλ,µt ) ◦ (θλ,µt )−1, σ̃µt :=

{
(∇θλ,µt )σt

}
◦ (θλ,µt )−1, t ∈ [0, T ].(3.11)

By (H) and (3.7), we have

sup
µ∈P2

{
‖∇b̃µ‖T,∞ + ‖∇σ̃µ‖T,∞

}
<∞.(3.12)

Let η,X0 ∈ L2(Ω→ Rd,F0;P). For any ε ≥ 0, let Xε
t solve the SDE

dXε
t = (Bt + bt)(X

ε
t ,LXε

t
)dt+ σt(X

ε
t )dWt, Xε

0 = X0 + εη.(3.13)

By Itô’s formula and (3.11), Y ε
t := θλ,µt (Xε

t ) solves the SDE

dY ε
t =

{
b̃µt (Y ε

t ) +
[
∇θλ,µt [(Bt + bt)(·,L·)− (Bµ

t + bµt )]
](

(θλ,µt )−1(Y ε
t )
)}

dt

+ σ̃µt (Y ε
t )dWt, t ∈ [0, T ], Y ε

0 = θλ,µ0 (X0 + εη).
(3.14)

Lemma 3.2. Under (H), the family {ξεt := ε−1(Y ε
t − Yt)}t∈[0,T ],ε∈(0,1] is L2-uniformly

integrable, i.e.

lim
n→∞

sup
ε∈(0,1]

E

(
sup
t∈[0,T ]

|ξεt |21{ sup
t∈[0,T ]

|ξεt |2≥n}

)
= 0.(3.15)

Proof. By (3.1), (3.11), (3.12) and (3.14), we find a constant c > 0 such that for any
ε ∈ (0, 1], the Itô’s formula gives

(3.16) d|ξεt |2 ≤ c
(
|ξεt |2 + E|ξεt |2

)
dt+ c|ξεt |2dM ε

t , t ∈ [0, T ], |ξε0|2 ≤ c|η|2,

9



for some martingale M ε
t with d〈M ε〉t ≤ dt. By BDG’s inequality, this implies

E
[

sup
t∈[0,T ]

|ξεt |2
]
≤ c1E|η|2, ε ∈ [0, 1](3.17)

for some constant c1 > 0. Combining this with (3.16) we obtain

d
{
|ξεt |2e−c(t+M

ε
t )
}
≤ cc1(E|η|2)e−c(t+M

ε
t )dt,

so that for

Nε :=
1

2
sup
s∈[0,T ]

e2cMε
s +

1

2
sup
s∈[0,T ]

e−2cMε
s ,

we find a constant c2 > 0 such that

Dε : = sup
t∈[0,T ]

|ξεt |2 ≤ ecT |η|2Nε + cc1(E|η|2)T ecTNε

≤ c2(|η|2 + E|η|2)Nε, ε ∈ (0, 1].
(3.18)

For any n > m > 1, by BDG’s inequality and d〈M ε〉t ≤ dt, we find a constant K > 0
such that this implies

E(Dε − c2n)+ ≤ c2E
[
((|η|2 + E|η|2)Nε − n)+

]
≤ c2mE

[
1{|η|2+E|η|2≤m}(Nε − n/m)+

]
+ c2E

[
(|η|2 + E|η|2)1{|η|2+E|η|2>m}E(Nε|F0)

]
≤ c2m

n/m
E(N2

ε ) +KE
[
(|η|2 + E|η|2)1{|η|2+E|η|2>m}

]
, ε ∈ (0, 1].

Taking supremum with respect to ε ∈ (0, 1] on both sides, and letting first n → ∞ then
m→∞ we finish the proof.

For (L-)differentiable (real, vector, or matrix valued) functions f on Rd and g on P2,
let

Ξ̃ε
g(t) :=

1

ε
(g(LXε

t
)− g(LXt))− E〈DLg(LXt)(Xt),∇(θλ,µt )−1(Yt)ξ

ε
t 〉,(3.19)

Ξε
f (t) :=

1

ε
(f(Y ε

t )− f(Yt))−∇ξεt
f(Yt), ε > 0, t ∈ [0, T ].(3.20)

The following lemma can be proved by using Lemma 3.1, (3.2) and the argument in the
proof of [23, Lemma 3.4], we omit the details to save space.

Lemma 3.3. Assume (H). For any function f ∈ C1(Rd) and g ∈ C1
b (P2) with ‖∇f‖∞+

sup
µ∈P2

‖DLg(µ)‖ <∞, there exists a constant C > 0 such that

|Ξε
f (t)|2 ≤ C‖∇f‖2

∞|ξεt |2, |Ξ̃ε
g(t)|2 ≤ C‖DLg‖2

∞E|ξεt |2, t ∈ [0, T ],

and
lim
ε→0

(E|Ξε
f (t)|2 + |Ξ̃ε

g(t)|2) = 0, t ∈ [0, T ].
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Lemma 3.4. Assume (H). Then the limit

∇ηYt := lim
ε→0

1

ε
(Y ε

t − Yt)(3.21)

exists in L2(Ω→ CT ;P), and is the unique solution to the linear equation

vηt = [∇θλ,µ0 ](X0)η +

∫ t

0

{
∇vηs b̃

µ
s (Ys) + F µ

s

(
Xs

)
vηs

}
ds

+

∫ t

0

∇vηs σ̃
µ
s (Ys) dWs, t ∈ [0, T ],

(3.22)

where for any random variables X, v on Rd and s ∈ [0, T ],

(3.23) F µ
s (X)v := {∇θλ,µs }(X)E

[
DL(Bs + bs)(y,LX)(X)(∇θλ,µs )−1(X)v

]∣∣
y=X

.

Consequently, for any p ≥ 1 there exists a constant c > 0 such that

E
(

sup
t∈[0,T ]

|∇ηYt|p
∣∣∣F0

)
≤ c
(
|η|p + (E|η|2)

p
2

)
, η,X0 ∈ L2(Ω→ Rd,F0;P).(3.24)

Proof. For the existence of ∇ηYt in L2(Ω→ CT ;P), it suffices to verify

lim
ε,δ→0

E
(

sup
t∈[0,T ]

|ξεt − ξδt |2
)

= 0.(3.25)

By (3.23), (3.14) and (3.20), we obtain

(3.26) ξεt =
1

ε
(θλ,µ0 (X0 + εη)− θλ,µ0 (X0)) +

∫ t

0

Aεsds+

∫ t

0

Bε
sdWs,

where for (Ξ, Ξ̃) in (3.19) and (3.20),

Aεs :=
1

ε

{
(b̃µs (Y ε

s )− b̃µs (Ys)) + [∇θλ,µs [(Bs + bs)(·,L·)−Bµ
s − bµs )]]((θλ,µs )−1(Y ε

s ))
}

= Ξε
b̃µs

(s) +∇ξεs b̃
µ
s (Ys) + F µ

s (Xε
s )ξ

ε
s + {∇θλ,µs (Xε

s )}Ξ̃ε
(Bs+bs)(Xε

s ,·)(s),

Bε
s :=

1

ε
(σ̃µs (Y ε

s )− σ̃µs (Ys)) = Ξε
σ̃µs

(s) +∇ξεs σ̃
µ
s (Ys).

Since ‖∇2θλ,µ0 ‖∞ <∞ due to (3.7), we have

lim
ε,δ↓0

E
∣∣∣∣θλ,µ0 (X0 + εη)− θλ,µ0 (X0)

ε
− θλ,µ0 (X0 + δη)− θλ,µ0 (X0)

δ

∣∣∣2 = 0.

11



Moreover, by Lemma 3.3, (H) and (3.7) imply

lim
ε,δ→0

E
{
|Ξ̃ε

(Bs+bs)(Xε
s ,·)(s)|

2 + |Ξε
σ̃µs

(s)|2 + |Ξε
b̃µs

(s)|2

+ Ξ̃δ
(Bs+bs)(Xδ

s ,·)(s)|
2 + |Ξδ

σ̃µs
(s)|2 + |Ξδ

b̃µs
(s)|2 + |F µ

s (Xε
s )− F µ

s (Xδ
s )|2
}

= 0.

Combining these with (3.26) and applying BDG’s inequality, we find a constant c > 0
such that

lim sup
ε,δ↓0

E
[

sup
s∈[0,t]

|ξεs − ξδs |2
]
≤ c

∫ t

0

lim sup
ε,δ↓0

E
[

sup
s∈[0,r]

|ξεs − ξδs |2
]
dr, t ∈ [0, T ].

Since Lemma 3.2 ensures

lim sup
ε,δ↓0

E sup
s∈[0,T ]

[
|ξεs − ξδs |2

]
<∞,

by Gronwall’s lemma we prove (3.25).
Finally, by (H), Lemma 3.3 and the definitions of F µ

s ,∇ηYs, A
ε
s, B

ε
s and the fact Xs =

(θλ,µs )−1(Ys), we may let ε ↓ 0 in (3.26) to derive (3.22), which together with (H) implies

E|vηt |2 ≤ c1E|η|2, t ∈ [0, T ].

Combining this with (3.22), (H) and BDG’s inequality, we prove (3.24) for some constant
c > 0.

Proof of Theorem 2.3(1). By (3.21), Lemma 3.3 and (3.7), we can find a constant c > 0
such that

lim
ε→0

E

(
sup
t∈[0,T ]

∣∣∣∣1ε (Xε
t −Xt)− {∇(θλ,µt )−1}(Yt)∇ηYt

∣∣∣∣2
)

= lim
ε→0

E

(
sup
t∈[0,T ]

∣∣∣∣1ε ((θλ,µt )−1(Y ε
t )− (θλ,µt )−1(Yt))− {∇(θλ,µt )−1}(Yt)∇ηYt

∣∣∣∣2
)

≤c lim
ε→0

E sup
t∈[0,T ]

|ξεt −∇ηYt|2 = 0.

This implies

(3.27) ∇ηXt := lim
ε→0

1

ε
(Xε

t −Xt) =
{
∇(θλ,µt )−1

}
(Yt)∇ηYt

exists in L2(Ω→ CT ;P), together with (3.7) and (3.24), yields (2.2).
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3.2 Proof of (2.3)

Lemma 3.5. Assume (H). Let k ∈ [0, T ) and g ∈ C1
b ([0, T ]) with gk = 0 and gT = 1.

Then

∇ηE(f(YT )|Fk) := lim
ε→0

E(f(Y ε
T )− f(YT )|Fk)

ε

= E
(
f(YT )

∫ T

k

〈ζηt , dWt〉
∣∣∣∣Fk

)
, f ∈ Bb(Rd), η ∈ L2(Ω→ Rd,F0;P),

(3.28)

where

(3.29) ζηt := σt(Xt)
−1
{
g′t∇ηXt + gtE[DL(Bt + bt)(y,LXt)(Xt)∇ηXt]|y=Xt

}
.

Consequently, it holds

∇ηE(f(XT )|Fk) := lim
ε→0

E(f(Xε
T )− f(XT )|Fk)

ε

= E
(
f(XT )

∫ T

k

〈ζηt , dWt〉
∣∣∣∣Fk

)
, f ∈ Bb(Rd), η ∈ L2(Ω→ Rd,F0;P).

(3.30)

Proof. Simply denote vt = gt∇ηYt for t ∈ [0, T ]. By Itô’s formula, (3.22) and (3.27), we
obtain

dvt =∇vt b̃
µ
t (Yt)dt+∇vtσ̃

µ
t (Yt) dWt + g′tvtdt

+ gt∇θλ,µt (Xt)E[DL(Bt + bt)(y,LXt)(Xt)∇ηXt]|y=Xtdt, vk = 0, t ∈ [k, T ].
(3.31)

On the other hand, let ht =
∫ t
k
ζηs ds for t ∈ [k, T ]. By (3.12) and [22, Theorem 2.2.1], the

Malliavin derivative DhYt of Yt along h satisfies

dDhYt = ∇DhYt b̃
µ
t (Yt)dt+∇DhYtσ̃

µ
t (Yt) dWt + σ̃µt (Yt) dht, DhYk = 0, t ∈ [k, T ].

By the definition of h we see that DhYt solves (3.31), so that the uniqueness implies
vt = DhYt. In particular, ∇ηYT = vηT = DhYT . Thus, for any f ∈ C1

b (Rd), by the
dominated convergence theorem due to (3.24), and the integration by parts formula for
Malliavin derivative ([22, Lemma 1.2.1]), we obtain

∇ηE(f(YT )|Fk) = E(∇vηT
f(YT )|Fk)

= E(∇DhYT f(YT )|Fk)

= E(Dhf(YT )|Fk) = E
(
f(YT )

∫ T

k

〈ζηt , dWt〉|Fk

)
.

So, (3.28) holds for f ∈ C1
b (Rd). By an approximation argument (see [23, Page 4764]),

the formula also holds for f ∈ Bb(Rd). Since θλ,µT = Id, we have (XT , X
ε
T ) = (YT , Y

ε
T ) so

that this implies (3.30).
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Proof of (2.3). Let η = φ(X0). We have

LXε
0

= LX0+εφ(X0) = µ ◦ (Id + εφ)−1, ε ∈ [0, 1].

Moreover, (3.29) with η = φ(X0) implies ζηt = ζφt for ζφt in (2.3). So, letting k = 0 in
(3.30) and taking expectation on both sides, we prove (2.3).

3.3 Proof of Theorem 2.3(3)

Let uλ,µ̂ solve (3.3) for µ̂ ∈ CT,P2 . We first characterize the Lipschitz continuity of uλ,µ

in µ.

Lemma 3.6. Assume (H) and let T > 0. There exists a constant c > 0 such that for
any µ̂, ν̂ ∈ C([0, T ]; P2),

‖uλ,µ̂s − uλ,ν̂s ‖∞ + ‖∇uλ,µ̂s −∇uλ,ν̂s ‖∞ ≤ c

∫ T

s

e−λ(t−s)
√
t− s

W2(µ̂t, ν̂t)dt, s ∈ [0, T ].(3.32)

Proof. Let P ν̂
s,t be the Markov semigroup associated with the SDE:

dXs,t = {Bν̂
t + bν̂t }(Xs,t)dt+ σt(Xs,t)dWt, t ≥ s ≥ 0.

By (2.4) with B+ b ≡ Bν̂ + bν̂ and µ = δx for x ∈ Rd, we find a constant c1 > 0 such that

(3.33) ‖∇P ν̂
s,tf‖∞ ≤

c1√
t− s

‖f‖∞, f ∈ Bb(Rd), 0 ≤ s < t ≤ T.

Next, by Duhamel’s formula, the unique solution to (3.3) satisfies

uλ,µ̂s =

∫ T

s

e−λ(t−s)P ν̂
s,t(∇Bµ̂t +bµ̂t −Bν̂t −bν̂t

uλ,µ̂t + bµ̂t )dt, µ̂ ∈ CT,P2 .

Moreover, by (3.1) and (H), we find a constant c > 0 such that

‖Bµ̂
t + bµ̂t −Bν̂

t − bν̂t ‖∞ ≤ cW2(µ̂t, ν̂t), t ∈ [0, T ].

Combining these with (3.7) and (3.33), we find a constant c2 > 0 such that

|uλ,µ̂s − uλ,ν̂s | ≤
∫ T

s

∣∣e−λ(t−s)P ν̂
s,t(∇Bµ̂t +bµ̂t −Bν̂t −bν̂t

uλ,ν̂t + bµ̂t − bν̂t )
∣∣dt

≤ c2

∫ T

s

e−λ(t−s)W2(µ̂t, ν̂t)dt,

|∇uλ,µ̂s −∇uλ,ν̂s | ≤
∫ T

s

∣∣∣e−λ(t−s)∇P ν̂
s,t

(
∇Bµ̂t +bµ̂t −Bν̂t −bν̂t

uλ,ν̂t + bµ̂t − bν̂t
)∣∣∣ dt

≤c2

∫ T

s

e−λ(t−s)
√
t− s

W2(µ̂t, ν̂t)dt, t ∈ [0, T ].

Therefore, (3.32) holds for some constant c > 0.
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For r ∈ [0, 1], µ ∈ P2, X0 ∈ L2(Ω → Rd,F0;P) and φ ∈ L2(Rd → Rd;µ), let Xr
t be

the solution of (1.1) with initial value Xr
0 = X0 + rφ(X0), and denote

(3.34) µrt := LXr
t
, t ∈ [0, T ].

We have

(3.35) µ0
t = LXt , µr0 = LX0+rφ(X0) = µ ◦ (Id + rφ)−1, r ∈ [0, 1], t ∈ [0, T ].

Let θλ,µ
r

t := Id + uλ,µ
r

t for uλ,µ
r

t solving (3.3) with µr replacing µ̂, and let

(3.36) Y r,ε
t := θλ,µ

r

t (Xr+ε
t ), r, ε ∈ [0, 1], t ∈ [0, T ].

Then

(3.37) Yt := Y 0,0
t = θλ,µt (Xt), Ỹ r

t := Y r,0
t = θλ,µ

r

t (Xr
t ), r ∈ [0, 1], t ∈ [0, T ].

By (3.22) and (3.27) for the solution to (1.1) with initial value X0+rφ(X0) and η = φ(X0),
we obtain

(3.38) ∇φ(X0)X
r
t = (∇θλ,µ

r

t )−1(Xr
t )vφ,rt , vφ,rt := ∇φ(X0)Ỹ

r
t ,

vφ,rt = [∇θλ,µ
r

0 ](X0 + rφ(X0))φ(X0) +

∫ t

0

∇vφ,rs
σ̃µ

r

s (Ỹ r
s ) dWs

+

∫ t

0

{
∇vφ,rs

b̃µ
r

s (Ỹ r
s ) + F µr

s

(
Xr
s

)
vφ,rs

}
ds, t ∈ [0, T ], r ∈ [0, 1],

(3.39)

where F µr is defined in (3.23) with µr replacing µ.

Lemma 3.7. Assume (H).

(1) There exists a constant c > 0 such that

(3.40) sup
r∈[0,1],t∈[0,T ]

W2(µrt , µt) ≤ c‖φ‖L2(µ), φ ∈ L2(Rd → Rd;µ).

Moreover, for any p ≥ 2 there exists a constant c(p) > 0 such that

sup
r∈[0,1]

E
(

sup
t∈[0,T ]

(
|Ỹ r
t − Yt|p + |vφ,rt |p + |Xr

t −Xt|p + |∇φ(X0)X
r
t |p
)∣∣∣F0

)
≤ c(p)

(
|φ(X0)|p + ‖φ‖pL2(µ)

)
, φ ∈ L2(Rd → Rd;µ).

(3.41)
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(2) Let k ∈ [0, T ) and g ∈ C1
b ([0, T ]) with gk = 0 and gT = 1. For any f ∈ Bb(Rd) and

φ ∈ L2(Rd → Rd;µ),

d

dr
E(f(Xr

T )|Fk) = lim
ε→0

E(f(Xr+ε
T )− f(Xr

T )|Fk)

ε

= E
(
f(Xr

T )

∫ T

k

〈ζφ,rt , dWt〉|Fk

)
, r ∈ [0, 1]

(3.42)

holds for

ζφ,rt = Nt(X
r
t )∇φ(X0)X

r
t , r ∈ [0, 1], t ∈ [0, T ],(3.43)

where for X, v ∈ L2(Ω→ Rd;P),

(3.44) Nt(X)v := σt(X)−1
{
g′tv + gtEDL(Bt + bt)(y,LX)(X)v

∣∣
y=X

}
, t ∈ [0, T ].

Consequently, it holds

d

dr
PTf(µ ◦ (Id + rφ)−1) = E

(
f(Xr

T )

∫ T

0

〈ζφ,rt , dWt〉
)
, r ∈ [0, 1].(3.45)

Proof. (1) Recall that Y r
t = θλ,µt (Xr

t ). Since W2(µrt , µt)
2 ≤ E|Xr

t − Xt|2, (3.40) follows
from (3.17) and (3.7). To prove (3.41), let η = φ(X0) and denote µ = LX0 . By (3.36) for
ε = 0, we have

(3.46) Xr
t = (θλ,µ

r

t )−1(Ỹ r
t ), r ∈ [0, 1], t ∈ [0, T ],

and by (3.18),
εξεt = Y ε

t − Yt, t ∈ [0, T ], ε ∈ [0, 1].

Then (3.18), (3.32), (3.40), (3.39) and Lemma 3.4 with Ỹ r
t , µr replacing Yt, µ respectively

imply

E
(

sup
t∈[0,T ]

{
|Ỹ r
t − Yt|p + |vφ,rt |p

}∣∣∣F0

)
≤ c(p)E

(
sup
t∈[0,T ]

{
|Ỹ r
t − Y r

t |p + |Y r
t − Yt|p + |vφ,rt |p

}∣∣∣F0

)
≤ c(p)

(
|φ(X0)|p + ‖φ‖pL2(µ)

)
for some constant c(p) > 0. By (3.7) and (3.46), this implies (3.41).

(2) By (3.36) and Lemma 3.5 for Ỹ r
t replacing Yt and µr replacing µ, we obtain

∇φ(X0)E(f(Ỹ r
T )|Fk) := lim

ε↓0

E(f(Y r,ε
T )− Ef(Ỹ r

T )|Fk)

ε

= E
(
f(Ỹ r

T )

∫ T

k

〈ζφ,rt , dWt〉|Fk

)
, f ∈ Bb(Rd), r ∈ [0, 1], k ∈ [0, T ).

(3.47)
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Combining this with (3.34), (3.36) and (3.37), we derive

d

dr
E(f(Xr

T )|Fk) = lim
ε↓0

E(f(Xr+ε
T )− Ef(Xr

T )|Fk)

ε

= lim
ε↓0

E((f ◦ (θλ,µ
r

T )−1)(Y r,ε
T )− E(f ◦ (θλ,µ

r

T )−1)(Ỹ r
T )|Fk)

ε

= E
(
f(Xr

T )

∫ T

k

〈ζφ,rt , dWt〉|Fk

)
.

In particular, for k = 0, taking expectation on both sides of (3.42), we get (3.45). Then
the proof is finished.

Having Lemmas 3.6 and 3.7 in hands, we prove the L-differentiability of PTf as follows
by modifying step (c) in the proof of [23, Theorem 2.1].

Proof of Theorem 2.3(3). Let {ζφ,rt }r∈[0,1] be in Lemma 3.7. By (H), (3.41) and the Riesz
representation theorem, there exists γ ∈ L2(Rd → Rd;µ) such that

〈γ, φ〉L2(µ) = E
(
f(XT )

∫ T

0

〈ζφ,0t , dWt〉
)
, φ ∈ L2(Rd → Rd;µ).

By (3.45) and (3.35), we obtain

|PTf(µ ◦ (Id + φ)−1)− PTf(µ)− 〈γ, φ〉L2(µ)|
‖φ‖L2(µ)

≤ 1

‖φ‖L2(µ)

∫ 1

0

∣∣∣∣E(f(Xr
T )

∫ T

0

〈ζφ,rt , dWt〉 − f(XT )

∫ T

0

〈ζφ,0t , dWt〉
) ∣∣∣∣dr

≤ ε1(φ) + ε2(φ) + ε3(φ),

where, by (3.43) and (3.38)

ε1(φ) :=
1

‖φ‖L2(µ)

∫ 1

0

∣∣∣∣E((f(Xr
T )− f(XT )

) ∫ T

0

〈ζφ,0t , dWt〉
)∣∣∣∣dr,

ε2(φ) :=
‖f‖∞
‖φ‖L2(µ)

∫ 1

0

E
∣∣∣∣ ∫ T

0

〈
{Nt(X

r
t )−Nt(Xt)}(∇θλ,µt )−1(Xt)v

φ
t , dWt

〉∣∣∣∣dr,
ε3(φ) :=

‖f‖∞
‖φ‖L2(µ)

∫ 1

0

E
∣∣∣∣ ∫ T

0

〈
Nt(X

r
t )
{

(∇θλ,µ
r

t )−1(Xr
t )vφ,rt − (∇θλ,µt )−1(Xt)v

φ
t

}
, dWt

〉∣∣∣∣dr.
So, it suffices to prove

lim
‖φ‖L2(µ)→0

{
ε1(φ) + ε2(φ) + ε3(φ)

}
= 0.
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a) We first modify the proof of [23, (2.3)] to verify

(3.48) lim
‖φ‖L2(µ)→0

ε1(φ) = 0.

Denote

Ik :=

∫ k

0

〈
ζφ,0t , dWt

〉
, Iφ,rk =

∣∣E[Ik{f(Xr
T )− f(XT )}]

∣∣, k ∈ (0, T ), r ∈ (0, 1].

By (3.42) with gt := t−k
T−k for t ∈ [k, T ], (H), (3.27) and (3.41), and noting that Ik is

Fk-measurable, we find constants c1, c2 > 0 such that

Iφ,rk =

∣∣∣∣E[Ik ∫ r

0

d

dε
E(f(Xε

T )|Fk)dε

]∣∣∣∣
≤ E

[
|Ik| ·

∣∣∣∣ ∫ r

0

E
(
f(Xε

T )

∫ T

k

〈ζφ,εt , dWt〉
∣∣∣∣Fk

)
dε

∣∣∣∣]
≤ c1‖f‖∞

∫ r

0

E
[
|Ik|
(∫ T

k

{∣∣∇φ(X0)X
ε
t

∣∣2 + E|∇φ(X0)X
ε
t |2
}

dt

) 1
2
]
dε

≤ c2‖f‖∞‖φ‖2
L2(µ), k ∈ [0, T ), f ∈ Bb(Rd).

So,

lim
‖φ‖L2(µ)→0

1

‖φ‖L2(µ)

∫ 1

0

Iφ,rk dr = 0, k ∈ (0, T ).

Combining this with (3.41) and (3.43), we obtain

lim
‖φ‖L2(µ)→0

ε1(φ) ≤ lim
‖φ‖L2(µ)→0

1

‖φ‖L2(µ)

∫ 1

0

∣∣∣∣E((f(Xr
T )− f(XT )

) ∫ T

k

〈ζφ,0t , dWt〉
)∣∣∣∣dr

≤ c‖f‖∞
√
T − k, k ∈ (0, T )

for some constant c > 0. By letting k ↑ T we prove (3.48).
b) For any φ ∈ L2(Rd → Rd;µ), s ∈ [0, T ] and r ∈ [0, 1], let

hs,r(φ) :=
(
E|DL(Bs + bs)(y,LXr

s
)(Xr

s )−DL(Bs + bs)(z,LXs)(Xs)|2
) 1

2
∣∣
(y,z)=(Xr

s ,Xs)
.

Noting that hs,r(φ)2 < 4(‖DLB‖2 + ‖DLb‖2)T,∞ due to (H), by (C), (3.41) and the
dominated convergence theorem, we obtain

(3.49) lim
‖φ‖L2(µ)→0

hs,r(φ) = 0, sup
(s,r)∈[0,T ]×[0,1]

sup
‖φ‖L2(µ)≤1

hs,r(φ)2 <∞.
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Moreover, by (H) and (3.44), we find a constant c1 > 0 such that

‖Ns(X
r
s )v −Ns(Xs)v‖

≤ c1

{
|Xr

s −Xs|(|v|+ (E|v|2)
1
2 ) + hs,r(φ)(E|v|2)

1
2

}
, v ∈ L2(Ω→ Rd;P).

(3.50)

Combining (3.41), (3.49) and (3.50), we may find a constant c2 > 0 such that the domi-
nated convergence theorem yields

lim sup
‖φ‖L2(µ)→0

ε2(φ) ≤ lim sup
‖φ‖L2(µ)→0

c2

‖φ‖L2(µ)

∫ 1

0

E
(∫ T

0

{
(|vφs |2 + ‖φ‖2

L2(µ)) · |Xr
s −Xs|2

+ hs,r(φ)2‖φ‖2
L2(µ)

}
ds

) 1
2

dr

≤ lim sup
‖φ‖L2(µ)→0

c2

‖φ‖L2(µ)

∫ 1

0

{(
E
[

sup
s∈[0,T ]

|vφs |2
]

+ ‖φ‖2
L2(µ)

) 1
2

(
E
∫ T

0

|Xr
s −Xs|2ds

) 1
2

+ ‖φ‖L2(µ)

(∫ T

0

Ehs,r(φ)2ds

) 1
2
}

dr = 0.

c) It remains to prove

(3.51) lim
‖φ‖L2(µ)→0

ε3(φ) = 0.

Noting that

|Nt(X
r
t )
{

(∇θλ,µ
r

t )−1(Xr
t )vφ,rt − (∇θλ,µt )−1(Xt)v

φ
t

}
|

≤ c[‖(∇θλ,µ
r

t )−1(Xr
t )− (∇θλ,µt )−1(Xt)‖|vφt |+ |v

φ,r
t − v

φ
t |]

+ cE[|DL(Bt + bt)(y,LXr
t
)(Xr

t )|[‖(∇θλ,µ
r

t )−1(Xr
t )− (∇θλ,µt )−1(Xt)‖]|vφt |]

∣∣
y=Xr

t

+ cE[|DL(Bt + bt)(y,LXr
t
)(Xr

t )||vφ,rt − v
φ
t |]
∣∣
y=Xr

t
,

according to BDG’s inequality, (3.41) and (3.7), it suffices to prove

lim
‖φ‖L2(µ)→0

E supt∈[0,T ]

{
E
[
(1 + |DL(B + b)t(y,LXr

t
)(Xr

t )|) supt∈[0,T ] |v
φ,r
t − v

φ
t |
] ∣∣

y=Xr
t

}
‖φ‖L2(µ)

= 0.

By (C), this is implied by

lim
‖φ‖L2(µ)→0

(
E supt∈[0,T ] |v

φ,r
t − v

φ
t |

p
p−1

) p−1
p

‖φ‖L2(µ)

= 0.(3.52)
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To prove (3.52), we observe that

|F µr

s (Xr
s )vφ,rs − F µ

s (Xs)v
φ
s |

≤ |F µr

s (Xr
s )vφ,rs − F µ

s (Xr
s )vφ,rs |+ |F µ

s (Xr
s )vφ,rs − F µ

s (Xr
s )vφs |+ |F µ

s (Xr
s )vφs − F µ

s (Xs)v
φ
s |

=: J1 + J2 + J3.

By (3.23), (H), Lemma 3.6, (3.7) and (3.41), we find a constant c1 > 0 such that

J1 ≤
∣∣∇(θλ,µ

r

s − θλ,µs )(Xr
s )E[DL(Bs + bs)(y,LXr

s
)(Xr

s )(∇θλ,µs )−1(Xr
s )vφ,rs ]|y=Xr

s

∣∣
≤ c1‖φ‖2

L2(µ),

J2 ≤ c1E[|DL(Bs + bs)(y,LXr
s
)(Xr

s )||vφ,rs − vφs |]
∣∣
y=Xr

s
.

Moreover, similarly to (3.50), by (H), (C), (3.41) and (3.7), we find a nonnegative random
variables {hs,r(φ)}s∈[0,T ],r∈[0,1] satisfying (3.49) such that

J3 ≤ hs,r(φ)‖φ‖L2(µ).

So, there exists a constant c2 > 0 such that

|F µr

s (Xr
s )vφ,rs − F µ

s (Xs)v
φ
s |

≤ c2E[|DL(Bs + bs)(y,LXr
s
)(Xr

s )||vφ,rs − vφs |]
∣∣
y=Xr

s

+ c2(hs,r(φ) + ‖φ‖L2(µ))‖φ‖L2(µ), s ∈ [0, T ], r ∈ [0, 1].

Combining this with (H), (3.7), (3.32), (3.11) and (3.39), we find some constant c3 > 0, a
martingale M r

t with d〈M r〉t ≤ dt and nonnegative random variables {hs,r(φ)}s∈[0,T ],r∈[0,1]

satisfying (3.49) such that

|vφ,rt − v
φ
t | ≤ c3|φ(X0)|(‖φ‖L2(µ) + [∇θλ,µ0 ](X0 + rφ(X0))− [∇θλ,µ0 ](X0))

+ c3

∫ t

0

{
|vφ,rs − vφs |+ E[|DL(Bs + bs)(y,LXr

s
)(Xr

s )||vφ,rs − vφs |]
∣∣
y=Xr

s

}
ds

+ c3

∫ t

0

{
hs,r(φ)(|vφs |+ ‖φ‖L2(µ))

}
ds

+ c3

∣∣∣∣ ∫ t

0

{
|vφ,rs − vφs |+ hs,r(φ)|vφs |

}
dM r

s

∣∣∣∣, t ∈ [0, T ], r ∈ [0, 1].

(3.53)

By BDG’s inequality, Hölder’s inequality, (3.41), (3.7) and (3.49), we find a constant
c4 > 0 and ε(φ) with lim‖φ‖L2(µ)→0 ε(φ) = 0 such that

Ut := sup
s∈[0,t]

|vφ,rs − vφs |
p
p−1 , t ∈ [0, T ]

satisfies

EUt ≤ ‖φ‖
p
p−1

L2(µ)ε(φ) + c4

∫ t

0

EUsds+
1

2
EUt, t ∈ [0, T ].

By Gronwall’s lemma, we obtain (3.52) and the proof is completed.
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