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Abstract

Let (Z,)n>0 be a supercritical Galton-Watson process. The Lotka-Nagaev estimator Z,41/Z, is a common
estimator for the offspring mean. In this paper, we establish some Cramér moderate deviation results for the
Lotka-Nagaev estimator via a martingale method. Applications to construction of confidence intervals are also
given.
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1. Introduction

Let (X;);>1 be a sequence of independent and identically distributed (i.i.d.) random variables with mean 0
and positive variance 0. Denote by S, = Y| X; the partial sums of (X;);>1. Assume Eexp{co|X:|} < o0
for some constant ¢y > 0. Cramér [3] has established the following asymptotic moderate deviation expansion:

for all 0 < x = o(n'/?),
3
O(lj/ﬁx > as n — 00, (1.1)

where ®(z) = \/% J* . exp{—t?/2}dt is the standard normal distribution. The results of type (1.1) are usually

P(S,, > zo+/n)
1—®(x)

In

called as Cramér moderate deviations. After the seminal work of Cramér, a number of Cramér moderate devi-
ations have been established for various settings. See, for instance, Linnik [11] and [6] for independent random
variables, Fan, Grama and Liu [4] for martingales (see also Puhalskii [18] for large deviation principles), Grama,
Liu and Miqueu [8] and Fan, Hu and Liu [5] for a supercritical branching process in a random environment, and
Beknazaryan, Sang and Xiao [2] for random fields. In this paper, we are going to establish Cramér moderate
deviations for a supercritical Galton-Watson process.

A Galton-Watson process is defined as follows

Zn
Zo=1, Zpp1= ZX,” for n >0, (1.2)
=1

where X, ; is the offspring number of the i-th individual of the generation n and Z, stands for the total
population of the generation n. Moreover, (X, ;);>1 are independent of each other with a common distribution
law P(X,,; = k) = pg, k > 0, and are also independent to Z,,. Denote by m the offspring mean of an individual,
then it holds
o0
m=EZ =EX,; =Y kpr, m,i>1
k=0
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Denote by v the standard variance of Z7, then we have
=E(Z, — m)? = Var(X,,;) = Var(Z,). (1.3)

To avoid triviality, we assume that v is positive. The Lotka-Nagaev estimator Z,11/Z, is a common estimator
for the offspring mean m. Throughout the paper, we assume that py = 0, then the Lotka-Nagaev estimator
Zn+1/Zp is well defined P-a.s. Athreya [1] has established large deviation rates for the Lotka-Nagaev estimator
with Z; satisfying Cramér’s condition. See also Ney and Vidyashankar [16, 17] with a much weaker assumption
that P(Z; > x) ~ az' =%,z — oo, for two constants o > 2 and a > 0. Fleischmann and Wachtel [7] considered a
generalization of the Lotka-Nagaev estimator Sz, /Z,, where S, = Y ' | X; is independent of Z,, and P(Z; >
r) =P(X; > ) ~ax~?,2 — oo, for a constant 3 > 2. See also He [9] when X is in the domain of attraction
of a stable law. For the Galton-Watson processes with immigration, we refer to Liu and Zhang [13] and Li and
Li [12] for the rates of convergence of the Lotka-Nagaev estimator. In this paper, we establish some Cramér
moderate deviation results for the Lotka-Nagaev estimator via a martingale method. Notice that the Cramér
moderate deviation results for a supercritical branching process in a random environment (BPRE) stated in [8]
do not implies our results, because the random environment for BPRE cannot be degenerate and they considered
the estimator % In Z,, instead of the Lotka-Nagaev estimator.

The paper is organized as follows. In Section 2, we present our main results, including Cramér moderate
deviations and moderate deviation principles for the Lotka-Nagaev estimator. In Section 3, we present some
applications of our results in statistics. The remaining sections are devoted to the proofs of theorems.

2. Main results

2.1. The data (Zy)no<k<no+n can be observed

Let ng,n € N. Denote
no+n—1

Hngn = f > \/Zik(ZZ;l*m)'

k=no

In usual, one takes ny = 0. Here we consider the more general cases that ny may depend on n. It is easy to

check that 7 p
E{\/Zk( Zl —m)‘Zo,...7Zk} —0 and Var(\/Zk( 2‘1 —m)) — 2

Thus H,, , is a standardized martingale. Denote

no+n—1

N Zk+1
Mn = W Z vV Zi( (2.1)
Zk 70 k=ng

the random weighted Lotka-Nagaev estimator. Then H,, ,, can be rewritten in the following form

n0+n 1

Hypm=——— > 2.

k‘no

Thus (Hp, n)n>1 is the standardized process for the estimator m,,. We have the following Cramér moderate
deviation result with respect to Hy, 1.

Theorem 2.1. Assume that there exists a positive constant ¢ such that

1
E|Z, —m|' < S - )22 R(Z, — m)?, 1> 2. (2.2)



Then the following equalities hold for all 0 < x = o(y/n),

P(Hpon > 2)| _ (2% omn
lnilffb(x) —O(\/ﬁ—l-(l—i— )\/ﬁ> (2.3)
and
]P)(Hno,n S —.’L‘) _ -7573 T hll
IHW —O(\/ﬁ-i-(l—i— )\/ﬁ> (2.4)
as n — o0.

Remark 2.1. Let us make some comments on Theorem 2.1.

1. It is worth noting that if Zy < m + ca, then condition (2.2) is satisfied with ¢ = %23/2 max{m, ca}.
2. Sub-Gaussian random variable also satisfies condition (2.2), that is, if there exists a positive constant
c1 > 0 such that
P(Zy—m>z)<c¢ eXp{—mZ/cl}, x>0,

then condition (2.2) is satisfied. Indeed, it is easy to see that for all l > 2,

E|Z, —m|' < mlP(Z, —m <0) +/ 127 P(Z) —m > x)de
0
oo o0
< ml—i—/ 127 ey exp{—2?/c1 }dx = m' + ¢ ( %)l_l/ 1y'~exp{—y?/2}dy
0 0
< ml+c1(,/%)l*1(171)!!.

By Stirling’s formula n! = \/%n"efneﬁ for some 0 < 0,, <1, we deduce that for all | > 2,
(- <VII <11(1—1)"Y22=2,
Thus, we have E|Z; —m|' < m! + 11(1 — 1)4/201(\/%)1*121*2, which implies (2.2) with ¢ large enough.
It is easy to see that for all n > 3,

a3 Inn Inn
41 —— <21+ —= > 0.
\/ﬁ+( +x)\/ﬁ_ ( +x)\/ﬁ, r >

Using the inequality |e* — 1| < e®|z| valid for |z| < «, from Theorem 2.1, we obtain the following result about
the equivalence to the normal tail.

Corollary 2.1. Assume the condition of Theorem 2.1. Then for alln >3 and all 0 < x < n'/6,

X Is nn —T 1‘3 nn
%:1+0(\/ﬁ+(1+@1\/ﬁ) and ]P%zlJrO(ﬁJr(ler)l\/ﬁ). (2.5)

In particular, it implies that

P(Hpyn > )
1—®(x)

P(Hno,n < —x)

=1+o0(1) and (=)

=1+o0(1) (2.6)

holds uniformly for 0 < x = o(n'/%) as n — oo.

Theorem 2.1 also implies the following moderate deviation principle (MDP) result. An analogy for a BPRE,
but with respect to In Z,,, we refer to Huang and Liu [10].



Corollary 2.2. Assume the condition of Theorem 2.1. Let (ay)n>1 be any sequence of real positive numbers
satisfying an, — 0o and an/\/n — 0 as n — co. Then for each Borel set B,

2 1 Hyg 1 Hyg 2
— inf r <liminf — InP| —/>* € B | <limsup — InP{ —/2" € B ) < — inf x—, (2.7)
rEB° n—oo a2 an, n—oo Q2 n ©€B 2
where B° and B denote the interior and the closure of B, respectively.
The proof of Corollary 2.2 is given in Section 5.
2.2. The data Z,4+1 and Z,, can be observed
For the Galton-Watson process, it holds

E[(Znt1 — mZn)2|Zn] = ]E[(Z(Xn,z - m))2|Zn] = ZnU2~

Thus the following one

R, =

()

is a normalized process for the Lotka-Nagaev estimator. When Z; satisfies the Cramér condition (cf. (2.8)), we
have the following Cramér moderate deviation result for the normalized Lotka-Nagaev estimator R,,.

Theorem 2.2. Assume there exists a constant kg > 0 such that

Eexp{roZ1} < oo. (2.8)
Then
P(R, >z)| /1+a°
‘1111@(3;) _o( NG ) (2.9)

holds uniformly for 0 < x = o(y/n) as n — oco. In particular, it implies that

P (Rn > 1:)

e Lt o(1) (2.10)

holds uniformly for 0 < x = o(n'/%) as n — occ.

Clearly, the ranges of validity for (2.9) and (2.10) coincide with the case of classical Cramér moderate
deviation result [3].

As Z; > 0, we still have the following Cramér moderate deviation result for the normalized Lotka-Nagaev
estimator R,, under a weaker moment condition.

Theorem 2.3. Assume that EZ; TP < oo for some p € (0,1]. Then

P(R, < —x)| (142t
b=y |~ (“) (2.11)
holds uniformly for 0 < z = o(y/n) as n — oo. In particular, it implies that
P(Rn < fx)
— =1 1 2.12

holds uniformly for 0 < x = o(n?/4+20)) as n — cc.



Clearly, condition (2.8) implies that EZ{ < co. Thus, with condition (2.8), Theorem 2.3 implies that (2.11)
holds with p = 1. By an argument similar to the proof of Corollary 2.2, we have following MDP result for R,,.

Corollary 2.3. Assume the condition of Theorem 2.2. Let (an)n>1 be a sequence of real numbers satisfying
an — 00 and an/+/n — 0 as n — co. Then for each Borel set B,

2

1 . 1 n 2
— inf —< liminlenIE”<R e B) < limsup21nP(R c B) < — inf %, (2.13)

z€B° n—0o0 Qg ap, n—oo Oy (£79) z€B
where B° and B denote the interior and the closure of B, respectively.

Under the Linnik condition [11] (instead of Cramér’s condition (2.8)), we have the following Cramér type
moderate deviation result for the normalized Lotka-Nagaev estimator R,.

Theorem 2.4. Assume that there exist two constants 1o > 0 and T € (0, %] such that

4T
Eexp{toZ{"} < . (2.14)
Then
P(R, > z)
— =1 1 2.1
1= 1) (2.15)

holds uniformly for x € [0, o(n™)) as n — oco.

Inequality (2.15) states that the relative error of normal approximation for R, tends to zero uniformly for
x € [0,0(n7)). The range of validity for (2.15) coincides with the Cramér moderate deviation of Linnik [11] for
i.i.d. random variables.

3. Applications to construction of confidence intervals

3.1. The data (Zy)ng<k<no+n can be observed

Cramér moderate deviation results can be applied to construction of confidence intervals for m. Recall m,,
defined by (2.1). By Theorem 2.1, we have the following result for the confidence interval for m.

Proposition 3.1. Assume the condition of Theorem 2.1. Let k., € (0,1). Assume
’111 I{n’ = o(nl/?’). (3.1)
Then [Apg ns Bng.nl, with

@_1 1-—- n 2 Ny @_1 1— n 2
v\/ﬁn0+n(fl a / ) and Bno,n = Mn + v\/ﬁn0+n(71 . / )’
Sz ST 7

is a 1 — K, confidence interval for m, for n large enough.

~
Ano,n =MmMpn —

Proof. Notice that 1 — ® () = ® (—x). Corollary 2.1 implies that

P(Hpyn > )
1—®(x)

P(Hpyn < —x)
®(—x)

uniformly for 0 < z = o(n'/6). Notice that the inverse function ®~! of the the standard normal distribution
function @ satisfies the following asymptotic expansion

11 —p,) =+/In(1/p2) —Inln(1/p2) — In(27) + o(pn),  Pn 0.

=1+o0(1) and =14o0(1) (3.2)




By (5.2) and (3.1), it is easy to see that the upper (k,/2)th quantile of a standard normal distribution ®~1(1 —
kin/2) = =@~ (k,/2) = O(\/|Ink,]) is of order o(n'/6). Then applying the last equality to (3.2), we have

P(Hpyn > @711 — £,/2)) ~ £,/2  and  P(Hppp < =@ (1 = K,/2)) ~ Kn/2

as n — oo. Clearly, Hyyn < ®7 (1 — k,/2) means that m > A, ,, while H,,, > —®71(1 — k,,/2) means
m < By, . This completes the proof of Proposition 3.1. O

3.2. The data Z,4+1 and Z, can be observed

When Z,, 11 and Z,, can be observed, we can make use of Theorem 2.4 to construct confidence intervals.

Proposition 3.2. Assume the condition of Theorem 2.4. Let r, € (0,1). Assume
|In k| = o(n’7). (3.3)
Let

DL rn/2)

A, =
Zy,

Then [An, By, with

Zn+1 Zn+1
A, = — A, d B,= A,
Z. an Z. +

is a 1 — Kk, confidence interval for m, for n large enough.
Proof. Theorem 2.4 implies that

P(R, > )

P(R, < —x)
1—®(x)

=1+0(1) and =

e =W (3.4)

uniformly for 0 < z = o(n"). When &, satisfies the condition (3.3), the upper (k,/2)th quantile of a standard
normal distribution satisfies ® 7' (1—k,/2) = O(y/|In ,]), which is of order o(n"). Using (3.4), by an argument
similar to the proof of Proposition 3.1, we obtain the 1 — x,, confidence interval for m. |

4. Proof of Theorem 2.1

Let (&, Fi)1<i<n be a finite sequence of martingale differences. In the sequel we shall use the following
conditions:

(A1) There exists a number ¢, € (0, 5] such that
k Loy k—2pre2 .
B | Fiz1]] < ik!en E[¢/|Fi—q], forall k>3 and 1<i<m;

(A2) There exists a number 6, € [0, 1] such that |37 | E[¢2|F;_1] — 1] < 62

In the proof of Theorem 2.1, we make use of the following lemma which gives a Cramér moderate deviation
result for martingales. See Theorems 2.1 and 2.2 of Fan, Grama and Liu [4].



Lemma 4.1. Assume conditions (A1) and (A2). Then there exits an absolute constant a € (0,1) such that for
all0 <z < ae,‘ll and 0, < a,

]P)(Z?:l §i > )
1—®(x)

In

< C, ($3€n + 2252 + (14 2) (e, [Iney,| + (5n))

and
P, & < —x)
In (I>1(—ac)

<C, (x3en + 2262 + (14 2) (€n |In€y| +5,) >,

where the constant C, does not depend on (&, F;)i=o,... n, 7 and .

Denote R
Set1 =V Zk(Zk+1/Z) —m),
Tno = {0,Q} and Fy41 = 0{Z; : np <i <k + 1} for all k > ng. Notice that X} ; is independent of Zj. Then it
is easy to verify that E[¢x4+1|§k] = 0. Thus (§k, §k)k=ne+1,...,no+n 1S & finite sequence of martingale differences.
Notice that X}, ; —m, i > 1, are centered and independent random variables. Thus, the following equalities hold

no+n—1

E[&p 1|8k =0 and Y E[G,,[8k] = no’. (4.1)

k:no

By Rio’s inequality (cf. Theorem 2.1 of Rio [19]) and the fact that X}, ; is independent to i, we have for any
p=1,

Zk Zk:

2/(2p) 2/(2p)
(BD> (X = m)*I4]) 20 -1 (ElXpi—m>)" .
=1 =1
The last inequality implies that for any p > 1,
Zk Zk 1/p\p
Bl Y (X —m)* 5] < (20— 17( Y (BIXes —mi*) )
i=1 1=1

< (2p—1V)PZLE|X1 — m|*.
Hence, the following inequalities hold for any p > 1,

Z
E[ler1l*(8k] = 2 "B Zksr — mZi*[8k) = Z; "B Y (Xki — m)|*[3%]

i=1

IN

(20 — 1)PE[Xp1 —m|*.

The last inequality becomes equality when p = 1. Notice that X} ; has the same distribution as Z;. Thus, by
condition (2.2), we get for all [ > 2,

A

. 1

E[l§kanl'[86] < (1= DVPEXp s —ml' < (1= 12500 (1= )72 P E(Xpy —m)?
1 o

Net=292 = 3 12 E[fl%-H 1S x]-

Set & = Engin/v/nv and F, = Fnorr It is easy to see that conditions (A1) and (A2) are satisfied with
€n, = ¢/y/nv and 6, = 0. Applying Lemma 4.1 to ({k, Fk)1<k<n, We obtain the desired inequalities.



5. Proof of Corollary 2.2

We first show that for any Borel set B C R, it holds

1 H, 2
limsup2lnIP(n°’n EB) < — inf T (5.1)
n—oo QA an zeB 2
When B = (), the last inequality holds with —inf,cy “”2—2 = —oo. Hence, we only need to consider the case

of B # . Let z9 = inf,ep |z|, then we have z9 = inf 5z |z|. Then, from Theorem 2.1, it follows that for

an = o(y/n),
2(1— @ (a,0) ) exp {0(“‘””30)3 1+ (anxo))lnn> }

IN

P<|Hno,n| Z anxO)

IN

H
IP’("O’” € B)
an
NG NG

Using the following two-sided bound for the normal distribution function

1
V2r(1+ z)

and the fact that a,, — oo and a,/y/n — 0, we obtain

—/2 ] ) < 2 > 5.2
e = (m)i\/;‘l'(lﬁ-l‘)e , T2 U, ()

1 HTL n 2 2

limsup — InP( —> e B) < Y x—,

n—o00 a% (7% 2 xEE 2

which gives (5.1).
Next, we show that the following inequality holds
1 Hpom 2
liminlen]P’<°’ € B) > inf = (5.3)

n—oo a; Ap z€B° 2

When B° = (), the last inequality holds obvious, with —inf ¢ ”2—2 = —o0. Hence, we may assume that B° # ().
Since B° is an open set, for any given small positive constant €1, there exists an xg € B°, such that
2 2
x x
0< 2 < inf — 4.
2 ~aepe 2 !

By the fact that B° is an open set again, for zp € B° and any 3 € (0, |zol], it holds (xo — 2,9 + €2] C B°.
Without loss of generality, we may assume that xy > 0. Then, we have

Hn n
I[D(O’ c B>
Qnp

v

IP’<HnO,n € (an(wo — £2), an(zo + 52)])

P<Hn07" > an(xo — 62)> - IP’(H,LO," > an(xo + 52)). (5.4)

By Theorem 2.1, it is easy to see that for a,, — oo and a,, = o(y/n),

hm IP)(I_—[ng,n 2 an($0 + 52))

=0.
n—o0 P(Hno,n > an(xO - 52))




By the last line and Theorem 2.1, it holds for all n large enough and a,, = o(y/n),

Hy, n 1
]P)<O7 S B) Z 2]P)<Hn0,n Z an(IO - 52))

an
1 n(xo — 3 1
> 5(1- @ Ganton —ca) e { - (L (1 - e )
Using (5.2) and the fact that a,, — oo and a,/y/n — 0, after some simple calculations, we obtain

HTL(),TL

an

lim inf i 1nIP’<

n—00 a%

1
€ B) 2 —5(5E0 - 52)2.

Letting €2 — 0, we arrive at

1 o 2 2
liminf — InP|{ /2" ¢ B} > _%o > — inf x——el_
n—oo a2 an 2 z€Be 2

Since that &1 can be arbitrarily small, we get (5.3). Combining (5.1) and (5.3) together, we obtain the desired
result. This completes the proof of Corollary 2.2. O

6. Proof of Theorem 2.2

6.1. Preliminary lemmas
Denote by f,,(s) = Es?", |s| < 1, the generating function of Z,,. In the proof of Theorem 2.2, we shall make
use of the following lemma, see Athreya [1].

Lemma 6.1. If p1 > 0, then it holds

n—00 p?

lim Jnls) = iqksk, (6.1)
k=1

where (qx, k > 1) is defined by the generating function Q(s) =Y pe, qxs®,0 < s < 1, the unique solution of the
following functional equation

Q(f(s)) =pQ(s), where f(s)= ijsj, 0<s<1,
j=1

subject to
Q(0) =0, Q1) = oo, Q(s) <o for 0 <s<1.

By Lemma 6.1, we obtain the following estimation for Z,.

Lemma 6.2. It holds
P(Z, <n) < Cyexp{—ncp}. (6.2)
Proof. When p; > 0, by Markov’s inequality, we deduce that for sqg = H% € (0,1),
P(Z, <n)=P(sf" > s0) < 55" fn(s0).
Using Lemma 6.1, we have

P(Zn<n) < C(Z2)"Q(so)

S0
= Crexp{—nco}, (6.3)
where C; = CQ(sp) and ¢y = In(sg/p1). Notice that so € (p1,1), which implies that ¢y > 0. When p; = pg = 0,
we have Z,, > 2", and (6.2) holds obviously for all n. O

In the proof of Theorem 2.2, we also make use of the following lemma of Cramér [3].



Lemma 6.3. Let (X;);>1 be i.i.d. and centered random variables. Assume that Eexp{A|X1|} < oo for some
constant A > 0. Set S,, = > | X; and v?> = EX?. Then

1 B/ (/) 2 2)| _ 1+

6.4
1—®(x) - n (64)
uniformly for 0 <z = o(y/n).
6.2. Proof of Theorem 2.2
By the definition of R, it is easy to see that R,, can be rewritten as follows:
R, = #(Zn+1 _mZn> = #i (an —m).
v\ Ly, v\ Ly, = ’
By the total probability formula, we have
> 1
P(R, > x = P(Z, = k)P — Xni—m)>x
(m2s) = et we( g 2 (s ) 22
=t Y P(Z, = k)Fi(x). (6.5)
k=1
Notice that X, ;, 1 <14 <k, have the same distribution as Z; and Z; > 0. By (2.8), it holds
EefolZ1—ml < grom | p=romeroZt o o
When k > n, by condition (2.8) and Lemma 6.3, we get
Fy(x) 1423 14 23
1 <C <C 6.6
ol R L o0
uniformly for 0 < 2 = o(y/n). Returning to (6.5), by (6.6), we have for all 0 < z = o(y/n),
= 1+ 2% &
>z) > - > (1- _ _
]P’(Rn > x) > ;:%P(Zn k) Fi(z) > (1 <I>(:17)) exp{ = }k_n P(Z, = k)
14 a3
> — — _ — < . .
> (1 @(x)) exp{ Cy NG }(1 P(Z, < n)) (6.7)
By Lemma 6.2, we have
P(Z, <n) < Cyexp{—Csn}. (6.8)
Applying the last inequality to (6.7), we obtain for all 0 < z = o(y/n),
]P’(Rn > x) > (1 — tb(x)) exp{ - 1+a° } (1 — (s exp{—C'gn})
> > NG
1+23
> — — . .
> (1 (I’(x)) eXp{ i } (6.9)

10



Returning to (6.5), by (6.6) and (6.8), we deduce that for all 0 < 2 = o(y/n),

P(Rn > x) < nfp(zn = k)Fy(z) + ip(zn = k)Fy(2)
k=1 k=n
< P(Zy<n-1)+(1-0@) e {cy ! J\;Tifg } ép(zn — k)
< Cyexp{—Csn} + (1 - <I>(a:)) exp {C’l ! \—;53 }
< (1 - (I)(J])) exp {04 ! \.;;3 } (6.10)

Combining (6.9) and (6.10) together, we obtain the desired inequality, that is (2.9).

7. Proofs of Theorems 2.3 and 2.4

The proof of Theorem 2.3 is similar to the proof of Theorem 2.2. However, instead of using Lemma 6.3, we
should make use of the following lemma of Fan [6].

Lemma 7.1. Let (X;);>1 be i.i.d. and centered random variables. Assume that X1 > —C and E|X1]?t* < oo
for some constants C >0 and p € (0,1]. Let S,, = > | X; and v* = EX?. Then

P(S,/ (o)) < —2)| _ 1422
In O(—x) ¢ np/?

holds uniformly for 0 <z = o(y/n).

The proof of Theorem 2.4 is analogous to the proof of Theorem 2.2. However, instead of using Lemma 6.3,
we should make use of the following lemma of Linnik [11].

Lemma 7.2. Let (X;);>1 be i.i.d. and centered random variables. Assume that Eexp{LO\Xﬂﬁ} < oo for two
constants 1o > 0 and 7 € (0, 3]. Let S, = 31" | X; and v* = EX{. Then

P(Sn/(vy/n) > )
1—®(x)

=1+40(1)
holds uniformly for 0 <z = o(n").
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