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Abstract

Regime-switching processes contain two components: continuous component and discrete
component, which can be used to describe a continuous dynamical system in a random
environment. Such processes have many different properties than general diffusion processes,
and much more difficulties are needed to be overcome due to the intensive interaction between
continuous and discrete component. In this work we give conditions for the existence and
uniqueness of invariant measures for state-dependent regime-switching diffusion processes.
Also, the strong convergence in the L'-norm of a numerical approximation is established
and its convergence rate is provided. A refined application of Skorokhod’s representation of
jumping processes plays a substantial role in this work.
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1 Introduction

The regime-switching diffusion processes have drawn much attention owing to the demand of
modeling, analysis and computation of complex dynamical systems. Classical models using de-
terministic differential equations and stochastic differential equations alone are often inadequate,
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and recently many models having considered the random switching of the environment are ex-
tensively proposed and investigated in stochastic control and optimization, queueing networks,
filtering of dynamic systems, ecological and biological systems, mathematical finance, risk man-
agement etc. See, for instance, [4, 14, 19, 23, 41, 43] and references therein. This kind of process
has been studied by Skorokhod [35], where it was called a process with a discrete component to
emphasize the difference caused by the application of discrete topology for some component of
the investigated process. Precisely, the regime-switching diffusion process (RSDP) concerned in
this work has two components (X (¢), A(t)). (X (t)) is used to describe the continuous dynamical
system satisfying the following stochastic differential equation (SDE):

AX(t) = b(X(8), A())dt + (X (1), A®))dW(t), t>0,Xo=z€R", A(0)=ieS, (L1)

where b : R" xS - R", 0 : R" xS - R"®@R", and § = {1,2,..., N} with N < co. (A(t)) is
used to describe the switching of regimes or the change of environment in which (X (¢)) lives.
(A(t)) is a jumping process on S with the transition rate satisfying

Qij(x>A + O(A)7 J 7é i

(1.2)
L+ qu(@)A +o(A), j=i

PA(t+A) = jlAQ®) =i, X(t) =) = {
provided A | 0. When g;;(x) is independent of z for all i, j € S, (X (t),A(t)) is called a
state-independent RSDP or a RSDP with Markovian switching. Otherwise, it is called a state-
dependent RSDP.

Although the RSDPs are similar to the well-known diffusion processes with time-dependent
coefficients, their properties are quite different from those of the usual diffusion processes. Com-
pared with the diffusion process in a fixed environment, the RSDP owns much more complicated
behavior. The random switching of the environment has essential impact on the properties of
this system, for example, the properties of recurrence, stability, and tail behavior of the sta-
tionary distribution. Pinsky and Scheutzow in [29] constructed two examples on the half line,
which showed that even if the RSDP in every fixed environment is recurrent (or transient), this
process itself could be transient (or recurrent respectively) under certain random switching rate
of the environment. Similar phenomenon appears in the study of stability of the RSDP, and
we refer to the works [2, 3, 15, 20, 30] and references therein for the study of stability of the
RSDP. The monographs [24] and [43] provide good summaries of the recent progress in the
study of state-independent and state-dependent RSDPs respectively. As shown in [13], [7] for
the Ornstein-Uhlenbeck process with Markovian switching, and in [19] for the Cox-Ingeroll-Ross
process with Markovian switching, the stationary distributions of the corresponding processes
with switching could be heavy-tailed. However, without switching it is well known that the sta-
tionary distributions of these processes are all light-tailed. Therefore, the heavy-tailed empirical
evidence promotes the application of models with regime-switching.



The recurrent property of RSDP has been extensively investigated; see, for example, [8,
12, 28, 30, 31, 32] for the setting of state-independent switching processes, [8, 12, 31] for the
setup of bounded state-dependent switching processes, [22] for the framework of unbounded and
state-dependent switching processes. So far, there are several approaches to explore ergodicity
for RSDPs; see, for instance, [8, 31] via probabilistic coupling argument, [12, 22] by weak
Harris’ theorem, [28, 31, 32] based on the theory of M-matrix, Perron-Frobenius theorem and
the Fredholm alternative. In particular, to study the ergodicity and stability of RSDP with
infinitely countable regimes, we have proposed two methods in [30, 31, 32], i.e. finite partition
method based on the M-matrix theory and the principal eigenvalue of bilinear forms method.

Recently, previously introduced RSDPs have been extended in two directions: one is to
extend SDEs driven by Brownian motion to those driven by general Lévy processes (e.g. [36,
42, 38]); anther is to extend SDEs to functional SDEs (e.g. [23, 34, 6]) or the discrete switching
process depending on the past of the continuous process in order to deal with the past dependence
of the system in practice (e.g. [26]).

The purpose of current work is two folds:

1. Provide sufficient conditions to ensure the existence and uniqueness of invariant measure
for state-dependent RSDPs;

2. Prove the strong convergence of a numerical approximation to the state-dependent RSDP
and estimate its convergence rate.

For RSDPs with Markovian switching, these two problems have relatively been well studied. See,
for instance, [12, 31, 5] for existence of invariant measures, [40, 25] for numerical approximation
of state-independent RSDP under Lipschitz or non-Lipschitz conditions. However, these two
problems for the state-dependent RSDPs are not well studied. The difficulty lies in the lack of
proper methods to distinguish the role played by the continuous component and the discrete
component due to the close interaction between them. At the first stage, by viewing (X (¢), A(t))
as a special kind of jump-diffusions, some known results on the Markov processes can be extended
to regime-switching diffusion processes. For instance, in [43], some sufficient conditions on the
recurrence and stability of state-dependent RSDPs were provided in terms of Foster-Lyapunov
conditions. However, it is even harder to find suitable Lyapunov functions for (state-dependent)
RSDPs than for diffusion processes without switching, which is essentially due to the complexity
of weakly coupled differential systems. See, for instance, [11] and references therein for the
connection between regime-switching processes and weakly coupled differential systems. In
current work, we propose a new comparison method based on Skorokhod’s representation (cf.
[35], [43]) to control the evolution of the state-dependent jumping process (A(t)) (see Lemma



2.1 below), then prove the convergence of the distribution of (X (¢),A(t)) in the Wasserstein
distance by the coupling method which guarantees the existence of a unique invariant measure.

Owing to the complexity of the regime-switching systems, it is usually impossible to give
out explicit solutions of such systems. Thus, the numerical approximations are very important
alternative of the exact solutions of such systems. However, there was few work besides [39] on
the numerical approximation of state-dependent RSDPs. Compared with RSDPs with Marko-
vian switching, the main difficulty for state-dependent RSDPs is caused by the fact that the
transition rate matrices of (A(t)) may be different for every step of jump due to its dependence
on (X(t)). In [39], a new type of numerical approximation (X%(t),A%(t)) was established by
constructing a sequence of discrete-time Markov chains, and its weak and strong convergence
to the exact solution (X (), A(t)) was proved. Furthermore, this method was extended to deal
with regime-switching jump diffusions in [18]. In [43, Theorem 5.13], the convergence rate of
this type of approximation was estimated, i.e. Esupy<;<p |X(t)— X9(t)]2 = O(5) as § — 0. The
following estimate plays the key role in the argument of [43, Theorem 5.13]:

E[Liazas syl For] <D Laamiy O [4ii(X (0k))(s — 6k) + ols — 6k)]
€S i

for s € [ko,(k 4+ 1)0). Note that the right hand side of above estimate depends only on the
value of the process (X (t)) at time k. This is obscure since two processes (X (t)) and (X9(t))
should play a consistent role in this estimate. Here, we use the notation A(t), A%(¢), X%(¢) in
lieu of a(t), a®(t), X°(¢) in [43]. In current work, based on further investigation on Skorokhod’s
representation of (A(t)), we can handle the mixture of (X (¢)) and (A(t)). As an application, we
construct a numerical approximation sequence (X?(t), A%(t)) of (X (t), A(t)) by time discretizing,
which is a little different to (X°(t), A%(¢)) (see Section 3 for details). Then we establish the strong
convergence of this numerical approximation and estimate its order of error. However, unlike
[39] or [43], we can only deal with regime-switching processes with additive noise. Precisely,
we shall show that Esupg<;<7 [ X (t) — X°(t)| < C(T)6"/? in Theorem 3.3 below. The following
estimate plays the key role in our method:

t t
| Blinesasiayds < 082+ [ BIX() - X ()las
0 0

for some constant C' > 0.

This paper is organized as follows. In Section 2, we investigate the existence of the invariant
measure for state-dependent RSDPs. We apply the coupling method to prove the convergence
of the distributions of (X (¢), A(t)) in the Wasserstein distance to its unique invariant measure.
We construct the coupling by reflection for RSDP. To guarantee this coupling to be successful,
we improve the result in [37] by providing weaker and more explicit conditions. Owing to the



state-dependence, the transition rate matrices of the jumping process (A(t)) may be different for
every step of jump. The usual technique to handle Markovian switching diffusions, i.e. ensuring
first the discrete component meet together, then the continuous component meet together, does
not work any more. For the state-dependent case, we have to make two components meet
together at the same time, which is the main challenge for state-dependent RSDPs. In order to
control the state-dependent jumping process (A(t)), we construct a state-independent Markov
chain (A(t)) so that almost surely A(t) < A(t) for all + > 0 and provide explicit condition in

terms of (A(t)) to control the exponential functional of (A(t)), i.e.

EefOt AA(S)ds

where A : § — R. The limitation of our construction is that the jumping process for each
continuous-state « should be of birth-death form, i.e. g;;j(x) = 0 for any ¢, j € S, |i — j| > 2,
and z € R™.

In Section 3, we explore the time discretizing numerical approximation for state-dependent
RSDPs. The key point is the estimate given in Lemma 3.2. The strong convergence of such
approximation is presented in Theorem 3.3 with the order of error being 1/2. Note that this
order of error consists with the order of error provided by [40] for numerical approximation of
Markovian regime-switching diffusion processes.

2 Invariant measures

Consider the state-dependent RSDP (X (t), A(t)) defined by (1.1) and (1.2). The assumptions
used in this work on the coefficients and the transition rate matrix are collected as follows.

For the transition rate matrix Q(x) := (¢;;(x))i jes, we shall use the following conditions:

(Q1) For each = € R", (¢;j(x)) is conservative and irreducible.
(Q2) H := max;cs Sup,ern ¢i(%) < 00, where g;(z) = 3_;; ¢;j(z) for i € S, x € R".

(Q3) There exists a constant ¢q so that |g;;(z) — ¢ij(y)| < ¢qlz —y|, Vz, y € R™, i, j €S.
Concerning the coefficients of SDE (1.1), we shall use the following conditions:

(A1) There exist constants «; € R, ¢ € S, such that

2<'I -V, b(.I,’L) - b(ya 7’)> + 2"0-(1:72) - U(y?Z)H%IS < Oéi|l’ - y‘Q, T,y € Rna i€S.



(A2) There exists a constant C; such that

Ib(z, 1) + |o(z,4)|us < C1, = €R™, i€ S.

(A3) There exists a constant Cy > 0 such that
uo(r,i))'u>Cy VYueR" |u=1 zeR" icS.
(A4) There exist some state ig € S, constants p > 2, C3 > 0 and 5 € R such that
(& =y, b(x,i0) — by, i0)) + o (2, i0) — a(y,io)lfis < Ble — y* = Cale — y[P, z,y € R™.

The conditions (Q1)-(Q3) and (A1)-(A2) are used to guarantee the existence of unique non-
explosive strong solution of (1.1) and (1.2) (cf. for example, [33]). Besides, condition (Q3)
also plays important role in the estimation of IP’( fg 1{A(s)#A/(S)}dS) when studying numerical
approximation of state-dependent RSDPs. Condition (A4) is used to guarantee our constructed
coupling processes of the state-dependent RSDP to be successful, which improves the result in
[37] on successful coupling in two aspects: first, the condition (A4) is more explicit than the
condition (T1) in [37], and hence is easier to be verified; second, in this work one only needs
that (A4) holds for at least one state of S, however, [37] demands that condition (T1) holds for
all states in S.

Next, we introduce Skorokhod’s representation of A(t) in terms of the Poisson random
measure as in [35, Chapter II-2.1] or [43]. For each z € R", we construct a family of intervals
{T';j(x); i,5 € S} on the half line in the following manner:

[i2(x) = [0, q12(x))
Ii3(2) = [q12(7), q12(x) + qu3(z))

N-1
Tin(x) =) q(@), q1(x))
j=1

[o1(7) = [q1(2), q1(2) + g21(2))
Dog(2) = [q1(z) + g21(2), q1(z) + g21(®) + go3(z))

and so on. Therefore, we obtain a sequence of consecutive, left-closed, right-open intervals
I';j(x), each having length ¢;;(x). For convenience of notation, we set I';;(z) = () and T';j(x) = 0
if ¢;j(x) = 0. Define a function h: R" x § x R — R by

h(x,i,2) = > (1= i) 1y, @) (2)-

leS



Then the process (A(t)) can be expressed by the SDE

dA(t) = /[0 y h(X (£), A(t—), 2) Ny (dt, dz), (2.1)

where M = N(N —1)H, N;(dt,dz) is a Poisson random measure with intensity d¢ x m(dz), and
m(dz) is the Lebesgue measure on [0, M]. Let p1(t) be the stationary point process associated
with the Poisson random measure N;(dt,dz). Due to the finiteness of m(dz) on [0, M], there is
only finite number of jumps of the process p;(t) in each finite time interval. Let 0 = ¢y < ¢ <
... < ¢y < ... be the enumeration of all jumps of pi(t). It holds that lim,, . ¢, = +00 almost
surely. Due to (2.1), it follows that, if A(0) = 4,

Alsr) =i+ Y (1= D)1py (x(e)) (Prs1))- (2.2)
les
This yields that (A(t)) has a jump at ¢; (i.e. A(s1) # A(s1—)) if p1(s1) belongs to the interval
I'i1(X(61)) for some [ # i. At any other cases, (A(t)) admits no jump at ;. So the set of jumping
times of (A(t)) is a subset of {¢1,¢2,...}. This fact will be used below without mentioning it
again.

To make our computation below more precise, we give out an explicit construction of the
probability space used in the sequel. Let

O = {w| w:[0,00) = R" is continuous with w(0) = 0},

which is endowed with the locally uniform convergence topology and the Wiener measure Py
so that the coordinate process W (t,w) := w(t), t > 0, is a standard n-dimensional Brownian
motion. Let (Q9,.%2,Py) be a probability space and IIx be the totality of point functions on R.
For a point function (p(t)), D, denotes its domain, which is a countable subset of [0,00). Let
p1 : Q2 — Ilg be a Poisson point process with counting measure Ny (dt,dz) on (0,00) x [0, M]
defined by

Ni((0,8) x U) = #{s € Dy | s < t, pi(s) € U}, t >0, U € B([0, M]), (2.3)

and its intensity measure is dt x m(dz). Set (2, #,P) = (21 x Q2, B(Q1) x Fa,P1 x Py), then
under P = P; x Py, for w = (w1,w2), t — wi(t) is a Wiener process, which is independent of
the Poisson point process ¢ — pi(t,ws2). Throughout this work, we will work on this probability
space (2, #,P).

To proceed, we provide an estimate on the exponential functional of the state-dependent
jumping process by comparing it with a state-independent Markov chain through constructing
a coupling process of (A(t)) using its Skorokhod’s representation (2.1). This estimate plays an
important role in controlling the evolution of this regime-switching system.



Lemma 2.1 (Estimate of exponential functional of (A(t))) LetS ={1,2,..., N} with2 <
N < co. Assume g;j(x) = 0 for every i, j € S with |i — j| > 2 and every x € R™. Assume
(Mi)ies is a nondecreasing sequence. Let ;41 = SUPyern Gi,i+1(2), Git1,i = infrern git1,4(x),
G = —Qii = Zj# gij for i € S. Suppose that the matriz (g;j) is irreducible. Assume

or1 <1< N =2, gi11(x) + qir1:(x) is independent of x,
f S>> Qz,erl( ) Qz+1,z( ) D f (2.4)

qn-1,N + v N—1 < gnoin (@) + gvv—1(z), Vo € R™.

Let
Q/\ = (le]) + diag()\b RN )\N)v

where diag(A1, ..., An) denotes the diagonal matriz generated by the vector (A1,...,An). Let

7=— max_ Rer.
YEspec @

Then there exists a constant C' > 0 such that

Eefot As)ds < Gt for all t > 0. (2.5)

Proof  Corresponding to (g;;), we define T;; as follows: I'1o = [0,q12), T21 = [q12, q12 + @21),
Doz = [q12 + @21, @12 + @21 + G23),

i-1 i1 i—1 i
D1 = [Z%’,Z%’ +Gii1), Diip1= [Z@j + Giji-1, Z@j), >3
Jj=1 Jj=1 j=1 j=1

Put
i) = S (0~ i)1p, (o),
leS
and
dR(t) = / R(A(t—), 2)Ny(dt, dz),  K(0) = A(0), (2.6)
0.0

then (A(t)) is a continuous time Markov chain with transition rate matrix (g;;). Recall that ()
denotes the jumping time of the Poisson point process (p1(t)), so

A(Spr1) = Ag) +1 (Pr(Sr+1)) = Loy v o (Prlsesn). (2.7)

TR (o), Atsp) +1
Note that (2.4) implies

Tijit1 + @1, = Gii1(T) + qip1i(x), Ve eR" 1<i<N -2 (2.8)



Indeed, denote by e; = g; i+1(x) + git1,i(x) for 1 <i < N —2. Then, by the definition of g;;, for
any € > 0, there exists z., 2. € R™ such that

Giit1 + Git1,i < Gii1(ze) + Jof Gi+1,i(z) +¢€

< Giiv1(2e) + Gipri(xe) + €

=e; t¢,

and

Giiiv1 + Giv1,i > Sup Giit1(x) + gipr(xl) — €
reR"™

> Qi1 (L) + Giyr(al) — ¢

=e€; —€&.
Letting € | 0, we obtain (2.8).

Moreover, by (2.8) and the definition of g;;, it holds that for every x € R",

i—1 i—1
Z qj(7) + gii1(z) = Z (75+1(x) + gjr14(x))
p= =1

i—1

i—1
= (Gjs1+ Grrg) = Zq_j + Giji-1, 2<i<N-1,
j=1

=1
and
i i1 i1
> @) = (@ + Grrg) + @@ <D (@G + Grag) + G, 1<i<N -1
j=1 j=1 j=1

Therefore, for every x € R™,

Diit1(z) CTiip1, 1<i<N—-1; T30 Clyma(x), 2<i < N.

Case 1: A(s;) = A(g). For simplicity of notation, denote A(sx) = A(sx) = 4.

o If A(Gk+1) = i+ 1, then it must hold p1(sgt1) € i1 (X (Sk+1)), and further py(cpy1) €

[ it1. Thanks to (2.7), A(sky1) =i+ 1 = A(Sk41)-

o If /_\(ck_H) =1¢—1, then py (gk—i-l) € fi,i—l‘ As Fi,i—l C Fi7i_1£X(§k+1)), we have p1(§k+1) S
FLi—l(X(gk—i-l)) and A(§k+1) =7—1. Therefore, A(§k+1) = A(§k+1) =1 —1.



Consequently, if A(sy) = A(sx), we always have A(spi1) > A1)

Case 2: A(s;) > A(sk). As the processes (A(t)) and (A(t)) can both jump forward or backward
at most 1, we only need to consider the situation that A(sz) = i — 1 and A(g;) = i for some
i € S. For other cases, it obviously holds A(sxy1) > A(Skr1)-

o If A(ky1) =i+1, the{l p1(skr1) € Tiit1(X(sks1)), and hence pi(sgy1) € [iiy1. This
implies that A(gxy1) = A(sk) =@+ 1.

Therefore, when A(s;) > A(y), it must hold A(sgr1) > A(Sps1)-

In all, we have shown that
A(t) < A(t) a.s. (2.9)

t
According to (2.9), and invoking the monotonicity of (\;)ies, it holds Eelo M©ds < Eelo e ds,
Applying [7, Proposition 4.1], there exists a constant C' > 0 such that

Eelo Mds < Felo Mwds < e ¢ > 0,
The proof is complete. O

Remark 2.2 If ()\;) in Lemma 2.1 is a nonincreasing sequence, one can modify the definition
of the auxiliary Markov chain to provide an upper control of E[exp ( fot )\A(S)ds)]. Precisely,
define ¢; ;11 = infrern ¢ii11(%), Giv1,: = SUPLegn Gir1,i(x) for 1 <4 < N — 1. Suppose (g;;) is
irreducible and

for 1 <i < N —2, ¢ it1(x) + git1,(x) is independent of z,

_ _ (2.10)
gn-1,N +dn.N—1 > gv-an(T) + gy n-1(x), Vo € R™.

Then, similar to (A(t)), we can define a Markov process (A(t)) associated with (§;;) satisfying
A(0) = A(0) such that
A(t) > A(t), Vt>0, as.. (2.11)

Applying [7, Proposition 4.1] again, one can derive the control of E[exp ( fg AA(S)ds)] from
above as desired. Furthermore, if ();) is not monotone, one can reorder the set S according to
the order of (\;). Then, one needs to check the conditions in Lemma 2.1 on (g;;(«)) in this new
order so that one can construct the auxiliary Markov chain to control E[exp( fg A A(S)ds)].

Example 2.1 The following two transition rate matrices satisfy condition (2.4) in Lemma 2.1.

Oy +cos?x  —0y —cos® x

a2 . 92
1 Q(x)z( 61 —sin“zx 91+Sln2:L‘>’ b1 0y > 1.
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2

12 x
2. Q(x)=<_091+;5xz 91_1"‘{?22), 01, 65 > 1.
2+ T2 —by — Tia?

In this work, the existence and uniqueness of the invariant measure for (X(t),A(t)) is
deduced by analyzing the convergence of its distribution in the Wasserstein distance along
the line of [12] and [32]. However, the dependence of the transition rate of (A(t)) on the
process (X (t)) makes it more difficult to ensure the coupling process to be successful. Now
we introduce our coupling process for (X (t),A(t)) and prove it will be successful after some

necessary preparations.

Let (X%i(t), A% (t)) and (XY (t), AYJ(t)) denote the solutions of (1.1) and (1.2) starting
from (z,7) and (y, j) respectively. We introduce the coupling by reflection as follows: set

) =o(x,1)o(x,1)*, alx,i ) = alw, 1) c@,%,9,7)
o) = o(a, ) (2,1)", a(zi,y.) (C(x’iw)* o ) (2.12)

for x,y € R™, i,57 € S, where
c(x,i,y,5) = o(x,1) (I — 211@*)0(y,j)*,

= (x —y)/|xr —y| and T denotes identity matrix. Here A* denotes the transpose of the matrix
A. The coupling by reflection for diffusion processes is due to Lindvall and Rogers [21], and we
refer the readers to Chen and Li [10] which showed that such coupling is a successful coupling.
The choice of ¢(z,1,y,j) ensures that a(z,,y, ) is nonnegative definite. Let

H(z,y) = (I-2uu"), and G(z,i,y,j)= (g(yj():[_;fl()gc Y) 8) '

Then the matrix G(z,1,y, j) satisfies G(z,1,y, j)G*(x,i,y,j) = a(z,i,y, 7). Consider the follow-

ing SDEs:
X))\ [b(X(t),At) / i
‘ (Y(t)) - <b(Y(t),A’(t))) + GX (1), A1), Y (1), N' () dW (1), (2.13)

where (W(t)) denotes the 2n-dimensional Wiener process;

dA(t) = /[0 XA N 02),

(2.14)
AN (1) = /[0 OV, N ), 2Nl ),

satisfying (X (0),A(0)) = (z,7) and (Y(0),A'(0)) = (y,j), where Ni(dt,dz) and Na(dt,dz) are
mutually independent Poisson random measures with intensity measure d¢ x m(dz). The exis-
tence of solution to SDEs (2.13) and (2.14) can be established in the same way as (1.1) and (1.2).

11



Then (X (¢), A(t),
and (XY (t), A% (t)).

Y (t), N'(t)) is called a coupling by reflection of the processes (X% (t), A% (t))

Lemma 2.3 Assume that (Q1)-(Q3) and (A1), (A2) hold. Suppose (&;)ics is a nondecreasing
sequence. (g;j) is defined as in Lemma 2.1. Assume the conditions on (¢;;) and (gi;) in Lemma

2.1 still hold. Let

Qo = (gij) + diag(av, . ..

Assume

,ON),

N > 0.

Then there exists a constant C' > 0 such that

E|X(#)

Proof  For simplicity of notation, set Z(t)
a(x,i,y,7), it holds

tr(a(z,4,y,5))

~Y (1)) < Cla —y[e™™,

— X(t) - Y (1)

and N = —

max Re(.
(€spec(Qa)
(2.15)
t>0. (2.16)

According to the construction of

— trotaote.) + ol Dolr.)” ~ 20w i)o0)") + 4oy 0t ) Y
o) — o 2 (x—y)" m(:c—y)
= |lo(z,1) — oy, j)lls +4 P o(y,5) o ( )‘x_y‘-
By (A1), (A2) and Itd’s formula, we obtain, for any v > 0,

dIZ(t)]* = {2(Z(t),b(X (1), A(t)) — b(Y (), A'(1)))

+ tr(a(X(t), A(), Y (t),A'(t)) }dt + dM,

< {an 1 Z(0)F +2(2(1),b(Y (1), A®) = b(Y (), ' (1))
+2[|o (Y (£), At)) — o (Y (£), A'(1)) s (2.17)
(X(t) - \ (X(t) - Y(t)
A Ty @Y 0 A0) (X (1), AW) ‘X(t)_y(t)’}dt+th

2

Y ()"
)

<{(y +aap)Z(®)f +

—L +12CF }dt + dMM,

where (M) is a martingale with My = 0. By Lemma 2.1, we can define a Markov chain (A(t))
associated with the transition rate matrix (gi;) such that ayg) < agy for all ¢ > 0 almost

surely. Hence, for every A > 0,

Ep, [¢™1Z (1))
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t t
<oyl + / (477" +12)Ce Nds + Ep, / (=X + 7 + ang)e | Z(s) 2ds
0 0

(4y~ 1 +12

C2 t Y
<lo -yt + T [t ag)e s Z()Pds

By Gronwall’s inequality, we get

—1 2
VB, |20 < (o -y + TRl rsanas

Then, taking expectation w.r.t. Py in both sides of the previous inequality and applying [7,
Proposition 4.1], we obtain that there exists a C' > 0 such that

(471 4+ 12)C}
)

By the arbitrariness of v and A, letting first A — +oo then « | 0 in (2.18), we obtain that

E|Z(t)]* < Cle —yl* + Jelrme)t

, t>0. (2.18)

E|Z(t)] < Clz — y[*e™ ™, (2.19)
and further that

supE|Z(t)|* < 00
>0

due to the positiveness of 7. O

Lemma 2.4 Under the same assumptions and notation of Lemma 2.3, it holds that

supE| XTI ()2 < C(1+ |z*), ze€R%ieS, (2.20)
>0

where C' is a constant.

Proof Note that condition (A1) implies that for any ¢ > 0, there exists a constant C. > 0
such that
2(x, b(x,1)) + Ha(x,i)”%s <C:+ (e+ ai)\xlz, reR” ieS. (2.21)

By (2.21) and applying It6’s formula to X (t) = X% (t), we get
AX(1)? < (Ce + (e + an) X @))dt +2(X (1), o (X (2), A(t)) AW (2)).
For every A > 0,

dle ™ MX @] e M{=ANX )P+ Cet(etanm) | X @) Fdt + 2 (X (t), (X (t), A(t))dW (2)).

13



Taking expectation in both sides w.r.t. 1 and noting a ) < @y a.s. by Lemma 2.1, we can
deduce that

_ C ! —s
N [X(O < [of? + 5+ Be{ [ (e angy ~ Ve NIX(5)ds)
0

(2.22)

C t
<|z|* + 75 + / (e+ age) — Ne MEp, | X (s)]?ds.
0
Using Gronwall’s inequality, this yields
Ce C\)ds
e N Ep, X (D < (Jol? + <2l Fono N,

Therefore, by [7, Proposition 4.1], there exists a constant C' such that

E|X (t)]* < (Jz? + %)Eef5€+ws>ds <O(|z)* + %)e*("ﬁ)t. (2.23)
Setting & = 27, > 0, we can deduce from (2.23) that the desired estimate (2.20) holds. O

Next, we go to show that our constructed coupling process is a successful coupling process.

Lemma 2.5 Assume the conditions of Lemma 2.3 are fulfilled. In addition, assume (A3) holds
fori € S and (A4) holds forig = 1. Then the coupling (X(t),A(t), Y (t),A'(t)) determined by
(2.13) and (2.14) is a successful coupling, that is,

7o = inf{t > 0; (X(#),A@t)) = (Y(t),A'(t)} <o a.s.

Proof If (A(0),A’(0)) # (1,1), the proof is divided into three steps. Otherwise, we can start
directly from the second step below.

Step 1: Let
T =inf{t > 0; A(t) = N'(t) = 1}, (2.24)

and we shall first show the stopping time 7 is almost surely finite. Recall that
Gii+1 = SUD Gii+1(®), Git1i= zieann ¢it1i(r), 1<i<N -1,

reR”

and h(i,z) = Y cg(f —i)1f,,(2), which are defined in Lemma 2.1. Define

dAM (¢) = / (AW (t-), 2)N1(dt, dz), AD(0) = A(0),

o (2.25)
dA®) (¢) = / (AP (t—), 2)Ny(dt,dz), AP (0) = A'(0).
[0,M]

14



According to (2.9) in Lemma 2.1, it holds almost surely A(t) < AM(¢) and A'(t) < A@)(t),
t > 0. The mutual independence of Nj(dt,dz) and No(dt,dz) yields that (A (t)) and (A (2))
are also mutually independent. Put

= inf{t > 0:A0(1) = A®(1) = 1}.

Then it is easy to see that
<7, as. (2.26)

Moreover, (A (t), A®)(t)) is an independent coupling corresponding to the operator Q = (Gij)
and itself (cf. for instance, [9]). Due to the irreducibility of @ and the finiteness of S x S, there
exists a positive constant 6 such that

Invoking (2.26), it holds that
P(r>t)<P(r' >t)<e % >0, (2.27)

and hence P(7 = o0) = 0.

Step 2: Using the notation introduced in (2.13), let (XM (¢), Y1 (¢)) be the solution of the
following SDE:

(M M -
d (i(l)g;) = <Z((§f(1)((g 3) dt + G(XW(t),1,Y D (t), 1)dW (¢), (2.28)

satisfying (X1 (0), Y1 (0)) = (x,y), which is the process corresponding to (X (t),Y (t)) in the
fixed environment (i,5) = (1,1). We shall use the criteria established in [10] to verify the
successfulness of this coupling. To estimate the coupling time, as done in [10], we introduce the
following notation:

( ) - ( >+a(y71)_26(xa1ay7 1)7
B(z,y) = (z —y, (b(z,1) = by, 1))(z —y)),
Alz,y) = ((z —y), Az, y) (= —y))/le —yl, = #y.

By the condition (A3), it holds
Jnt Alwg) = inf[(oe1) — ofy. 1) + 45" (o D) (a0 (s, 1))
T—y T—y|=r

> 4C3,

15



where @ = (z — y)/|z — y|. According to the condition (2),

tr(A(z,y)) — A(z,y) + 2B(z,y)

sup

|lz—y|=r A(‘Ta y)
12 P 2 _ D
< sup Aoy -Gile—wl B ggr
|z—y|=r A(:C,y) 402

Set a(r) = 4C3, y(r) = 57"2703’@, and

4C3
C(r) =exp [/; Mdu}

Analogous to [10, Theorems 4.2 and 5.1], for positive integers ¢ and k, set
D =inf {t > 0; XD (t) = Y(l)(t)},

Sp = inf {t > 0; | XV (t) - YD (t)| > ¢},

Tk:mf{t>0 |X (t) (t)]<1/n}.

Put Ty, o = Tj, A Sy, and

Then it holds

Applying Dynkin’s formula, we get that
oy Fro(IXV (A Thoe) = YD (A Tio)]) = Frellz — y))

tA\Thi
= ;Ez,y/o AXW (), YD () FL (12D (s)]) + FfL (120 (5)]) [trA(X D (s), Y (s))

— AXW(s), YD (s)) +2B(XWV(s), vy I(5))] /|1 2V (s)] ds

> —Eay(t A Thy).

N

Letting t — oo, this yields that

EoyThe < —2Fo(|z —yl).
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Set

F(r) = lim lim F, = — / Cl(s /OO C(u)du>ds.

k—o0 £—00

Letting £ — oo and then & — oo, we obtain
Eoy e < —2F (|2 — y)).

It is simple to check that

a(u)

o0
C(s)_l/ Clu) du ~ s7P, ass— oo.

a(u)

As p > 2, this yields that

}HEOF / C(s / (OZ((Z; du)ds > —00,

and further

sup Ew,ch(l) < 00.
z,yerR”

(2:29)

(2:30)

Therefore, by Chebyshev’s inequality, there exists ¢ty > 0 such that for any initial point (z,y),

P(rY < o) > 5

Step 3: Define

m =inf{t > 0; (A(t), A'(t)) # (A0),A(0))}.

By (2.14) and the property of Poisson point process, it is easy to see that 71 > ¢

(1) (2)

(231)

(15 (@

where ¢; 7 and ;™ are the first jumping times of the Poisson point processes (p1(t)) and (p2(t))

associated with the Poisson random measures N;(d¢,dz) and Na(dt,dz) respectively. So

Pl > t) > P\ > PP > ) =M ¢ >0,

Set C(] = 0,
= inf{t > 0; (A(t), A'(t)) # (A(0), A'(0))},

(1))
sz = inf{t > Cam—13 (A(t), A'(t)) = (A(0), A'(0))},

(
Cam1 = Inf{t > Goms (A(t), A'(2)) # (A(0),A(0))}, m=1,2,.

We have the following estimate on the coupling time 7¢:

Py (z, € [0,¢1)) = POLY (7 € [0,m))

€ [0,m)lm = to)

2 zvl»yvl)(nl > t ) mzlayzl)(
> P@LYD () > t0)PEY) (7D < 1)
>e Moo —: 5, > 0,

17
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where g is determined by (2.31) and is independent of the initial point of (XM (t), Y1 (¢)).
Therefore,

P(Izivy:j) (TC — OO) — P(Izivyvj) (1{T<OO}P(X(T)’A(T)7Y(T)7AI(T)) (7- — OO))

K
< P(m,z,yd) (1{7—<oo}IP)( (7),1,Y (7),1) g U C2ma C2m+l )
m=0

K-1

< P(z,i,y,j) (1{T<OO}P(X(T)’1’Y(T)’1) ( ¢ [C2m7 C2m+1))
= (2.33)

. IP)(X(CQK)vLY(CQK)’l)( [0,(1)))

K-1
< P(@i,y.5) (1{T<oo}]P’(X(T)’1’Y(T)’1)(Tc ¢ U [Com, C2m+1))>(1 — 0)
m=0

S (1 - 52)K+1a

where in the last step we have used the estimate (2.32) recursively. Letting K tend to oo, we
finally get the desired estimate that P(*#%J) (7, = 00) = 0, and complete the proof. O

Remark 2.6 In [37], together with F. Xi, we have discussed the question on the existence of
successful couplings for state-dependent regime-switching processes. In that work, we imposed
a condition (Assumption 2.4 (i) therein) which means in some sense that the corresponding
coupling process in every fixed environment is uniformly successful relative to the initial points.
This condition is weakened in Lemma 2.5 by supposing only the corresponding coupling process
to be uniformly successful in a fixed environment.

Now we introduce the Wasserstein distance used in this work. Define the distance p on the
space R™ x S by

p(( ) (y> ))_117&]+|x_y| l‘,yERn, Za]ES
The Wasserstein distance between every two probability measures v, v on R x § is defined

by
W)= int L[ pl), )0 00) (2.34)

TEE (v1,v2)

where € (11, v2) denotes the set of all couplings of v; and v5 on (R"xS)?2. This kind of Wasserstein
distance has been used in [32] to investigate the recurrent property of regime-switching diffusion
process. [12] used further a truncation from above on p to define the Wasserstein distance.

Theorem 2.7 Let (X(t),A(t)) be the solution of (1.1) and (1.2) with N < co. Under the same
conditions of Lemma 2.5, there exists a unique invariant probability measure p on R™ x S such

18
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that pP, = p for every t > 0, and
lim W,(8(z4) P, 1) =0 for any (v,i) € R" x S.

t—o00

Proof  In order to estimate the Wasserstein distance between d(, ;)P and d, ;P with @ # j,
we use the coupling process determined by (2.13) and (2.14).

For x € (0,1), it holds that
W (O(ai) Prs 0.y Pr) S E[IX (1) = Y ()] + Liay2ar o)y
=E[(IX(#) = Y ()| + Lamyea o)) Lr<nty]
E[(|X(t) = Y ()] + 1a@zn @) Lirsnty)
<E[1emB[(IX (1) = YO + Liagen o)) | F+]]
+E[(1+ X ()]+ !Y( )!)1{T>m}]
< E[1{<mE[| X (2) H Al +E e Lamen o]
+VE[(1 + | X( )]+yY 2]/ P(T > kt)
<1+ Jz| + [y) (e + e—ﬂ "N 4 E[1 < Law2no))

where in the last step we have used the estimates (2.27), Lemma 2.3, and Lemma 2.4.

Note that after the stopping 7, the processes (A(t)) and (A’(t)) do not necessarily move
together due to the dependence of (g;j(x)) on the component x. But, after the coupling time 7,
defined in Lemma 2.5, the processes (X (t), A(t)) and (Y'(¢),A’(t)) must move together. Hence,
by Lemma 2.5, we have

E[1<ayiamzn )] < Elmenliawzvmy] +El < liamen @))]

<
- (2.35)
<E[lfr>y) — 0, ast— oo
Consequently, we have
tliglo Wp(é(x7i)Pt, 5(y,j)Pt) = 0. (2.36)

According to Lemma 2.4, E[|X,|?] is bounded for all ¢+ > 0, which yields that the family of
probability measures () %)i>0 is tight. Moreover, this yields that (¢ ;)P;)i>0 is uniformly
integrable w.r.t. the Euclidean metric |- | in R™. Hence, (6 Ft)t>0 is compact in Z(R")
w.r.t. the Wasserstein distance W, (cf. for instance, [1, Proposition 7.1.5]). There exists a
subsequence (5(:c,i)Ptk)k21 with ¢, — 0o as k — oo converging to some probability measure p on
R™. Moreover, (2.36) implies that for all (y, j) € R"™ % 8, 0(y,5) P converges in W-metric to p as
k — oo, and further that voPy 4 := 3 cs5 Jpn Piiv0(dy) converges in W-metric to u for every
probability measure vy on R" satisfying [o. [y[vo(dy) < co. Invoking Lemma 2.3, we get that
for every s > 0, §(, ) Ps Py, converges in Wy-metric to p. Since (, ) PsPt, = 64,4, Ps and the
latter term converges weakly to pPs, this yields that uPs = p. Hence, p is the unique invariant
measure of the process (X (t), A(t)). O
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3 Euler-Maruyama’s approximation

Due to the complexity of the regime-switching systems, numerical approximation is frequently
an important alternative of closed-form solutions of such systems. Being extremely important,
numerical methods have drawn much attention. Starting from the work [40], numerical ap-
proximation of state-independent regime-switching processes has been studied. See also [25].
Besides, the approximation of the invariant measures was investigated in [5]. Unlike the state-
independent regime-switching diffusions, less result is known for the state-dependent case since
the transition rate matrix of the switching process may be different at every jumping step due to
its dependence on the continuous-state process. To overcome the complex caused by the mixture
of (A(t)) and (X (t)), [39] used the local analysis to construct a sequence of discrete-time process
to approximate in weak and strong topology to the state-dependent regime-switching diffusions.
Later, in [43, Theorem 5.13], the convergence rate of this approximation in strong topology was
given. In this work, we investigate a numerical approximation (X°(t), A%(t)), defined by (3.1)
and (3.2) below, of the state-dependent RSDP (X (t), A(t)), and show its strong convergence in
L'-norm. The order of error is also estimated which is consistent with the order obtained in
[40] for the state-independent RSDP in suitable sense. Our approximation sequence (X°(t)) is
just a time discretizing of (X (¢)), which is a little different to that defined in [39]. Precisely, in
lieu of discretizing a Brownian motion, [39] generated a sequence of independent and identically
distributed normal random variables to approximate Brownian motion. Meanwhile, [39] used
I+0Q(x) to approximate exp(dQ(z)) to facilitate the computation. However, we use exp(dQ(x))
directly in the computation. Similar to the previous section, our approach here also strongly
depends on the refined estimate of the switching process based on its Skorokhod’s representation.

Consider the following numerical approximate solution to equations (1.1) and (1.2): for
5 €(0,1),
QY (£) = B(Y (t5), A'(t5))dt + o(V (ts), N (£s)) AW (1), (3.1)

_z—i—/ /[OM 5, A (5=, 2) Vs (ds, dz), (3.2)

where t5 = [t/0]d, [t/d] denotes the integer part of ¢/, Ni(dt,dz) is a Poisson random measure
used in (2.1) to determine the process (A(t)) with A(0) = 4. Here and in the sequel, for the ease
of notation, we use (Y (t), A’(t)) instead of (X?(t), A°(t)) to denote the numerical approximation
of (X (t),A(t)) for some given § € (0,1). Then, by Skorokhod’s representation, it holds

o (auwAteld), k4
Sy =)= {1 F WA o(d), k=j

provided A | 0. Set (Y (0),A’(0)) = (X(0),A(0)) = (x,i). Note that (A’(¢)) is a continuous time
jumping process whose transition rate depends on the process (Y(¢)). In (3.1), the evolution of

P(A/(t+ A) = kA (t) = (3.3)
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Y (t) depends only on the embedded chain (A’(kd))g>1 of the process (A’(t)), which coincides
with the numerical approximation to state-independent regime-switching process studied in [24,
Chapter 4].

In this section, we will use the following conditions on ¢ and b:

(H1) There exists a constant Cy > 0 such that

[b(z,7) = by, )] < Cafr —yl, z,yeR", icS.
(H2) o(x,i) = o is a constant matrix, and |b(z,4)| < Cs.

Moreover, it is easy to see that under the conditions (Q1)-(Q3), (H1) and (H2) the existence
of the solution of (3.1) and (3.2) is easily established by considering recursively these equations
for t € [ko, (k+1)0), k > 0.

The main difficult and different part to study the time discretizing numerical approxima-
tion of state-dependent regime-switching diffusions against the state-independent ones is the
requirement of the estimation of the term

/0 P(A(s) # A'(s))ds. (3.4)

We shall use Skorokhod’s representation to provide a suitable estimate of (3.4). Let us recall
Skorokhod’s representations of (A(t)) and (A’(¢)) defined by (2.1) and (3.2):

A =i+ /0 /[OVM]h(X(s),A(s—),z)Nl(ds,dz),

N =i+ /0 /[OyM]h(Y(s(;),A’(s—),z)Nl(ds,dz).

To make our calculation clear, we present a more concrete construction of the Poisson point
process (p1(t)) associated with the Poisson random measure Nj(d¢,dz) introduced in Section 1
(cf. for example [27, Chapter 1]).

Let &,1 = 1,2,..., be random variables supported on [0, M] satisfying Po(¢; € dz) =
m(dz)/M. Let 7;,i = 1,2,..., be nonnegative random variables such that Po(7; > t) =
exp(—tM), t > 0. Suppose that (§;), (7;) are mutually independent. Set

G1=T1, =T1+T2.. ., Sk =T1F+ ... F+Tky...,

Dpl = {§1,§2,---,§k,...}7
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and
pi(se) =&, k=1,2,....

Then (pi1(t)) is a Poisson point process as desired. Let N(t) = #{k;sx < t} standing for the
number of jumps of the process (pi(t)) before time ¢, which is a Poisson process with rate M.

We also need a preliminary result, which was first shown in [31].

Lemma 3.1 Assume the conditions (Q2), (Q3) hold. Denote AAB = (A\B)U(B\A) for Borel

measurable sets A and B, and |AAB| its Lebsegue measure. Then
Ty (2)ATy;(y)| < K|z —y|, for everyi, j €S, (3.5) |o-2

where K = 2(N — 1)Ne¢, + 1.
Since the proof of this lemma is similar to that of [31, Lemma 2.1], we omit it here.

Lemma 3.2 Assume (Q1)-(Q3) and (H1) hold. Assume that there exists some constant ||o||Lip

such that
lo@,3) - o(y, )lls < loluple —l, #,ycR?, i€ s, (3.6)
Let (X(t),A(t)) and (Y (t),A'(t)) be determined by (1.1), (1.2) and (3.1), (3.2) respectively.
Then, for any t > 0, there exists a positive constant C = C(t, K, Cy, llo||Lip) independent of 6
such that

/tIP(A(s) # N'(s))ds < Co2 + C’/tE|X(s) —Y(s)|ds. (3.7) |s-3.9
0 0

Proof We divide this proof into three steps, and in the proof we shall use C' to denote a generic
constant whose value may be different from line to line.

Step 1: For t € (0, 4], noting that A(0) = A’(0) = 4, we have

B(A(t) # ' (8)) = P(A(t) # A'(t), N(t) > 1)
— B(A(t) # A'(£), N(t) = 1) + B(A(t) # (), N () > 2).

For the first term, it is easy to check that there is some C > 0 so that

, R (MO)* s
PIA® # N0, N0 2 2) S POV 22) = 3 (3.8)

=1—e M _ Mse M < 052,
To deal with the second term, since A(0) = A’(0), we get

{wi A(t) # A(2), N(t) =1}
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= {w; T <t,1m+1>tp(n) ¢ Ujeg(rij(X(Tl)) ﬂrij(Y<T15))}.

Hence,
P(A() # N (0, N(1) = 1) = /;P(Au) £ N(t), 71 € ds,m > 1)
/ (51 # U 5)) NT35(Y (s5))), 71 € ds)e_M(t—S).

jES

By virtue of Lemma 3.1, the Lebesgue measure of I';;(x)AL';;(y) can be controlled by |z — yl.
Hence,

P(61 € Ty(X(s))ATy (¥ (ss))lm € ds) < T-EIX(s) ~ ¥ (s5)], (3.9)

where we have used the fact that both X (s) and Y'(s) are independent of £; under the condition
71 = 5. Indeed, as 71 = s € (0,6), we have

X(s)=a+ /0 b(X (r),i)dr + /0 odW (),
Y(s)=x+ /0 b(z,i)dr + /0 odW (7).

Above equations show that X (s) and Y (s) are completely determined by (W (r), 0 < r < s).
Then the independence between (W (t)) and &; yields that both X (s) and Y'(s) are independent
of & . Consequently, for ¢ € (0, 9],

P(A(t) # A (t) < Co? + K/06E|X(s) — Y (s5)|ds. (3.10)

Step 2: We proceed to estimating P(A(kd) # A'(kd)) for k > 2 recursively. Denote by N([s,t))
the number of jumps of (p1(t)) during the period of [s, ). Note that (p1(t)) is a stationary point
process. Let Tf be the first jumping time of (p;(t)) after time ¢, then Tf has the same law as 71,
i.e. Po(r{ > s) = exp(—Ms) for s > 0. We have

P(A(20) # A(20)[A(6) = A'(6))
— P(A(20) # A'(25), N([5,26)) > 2/A(8) = A'(5))
+ B(A(20) # A'(20), N(5,28)) = 1]A(5) = A'())
< B(N([5,26)) > 2) + B(A(26) # A'(26), N(5,28)) = 1]A(5) = A'(5))

N 26
<Cs +/5 P(& & Ujes(Ta@)(X(5)) NTars);(Y(36)), 70 € ds))e M=)
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20
<Co*+ K/ E|X(z) —Y(ss)|ds
Combining with the estimation in Step 1, we obtain that

P(A(20) # A'(26))
< P(A(20) # N'(20)|A(0) = A'(9)) +P(A(d) # A'(9))

26
< K/ E|X(s) — Y(s5)|ds + G52 + P(A(8) £ A'(8))
é
< K/ E| X (s) — Y (ss)|ds + 2C5°.
0
Deducing recursively, we have
ko
P(A(kS) # N (k6)) < K’/ E|X (s) — Y (ss)|ds + kC&*, k> 1. (3.11)
0

Step 3: For ¢t > 0, for the convenience of notation we denote by t;, = kd for &k < N(¢) and
tN(r)—i—l =1. Then,

[ B # X 6)1AG3) = )
g/t<~/6E|X(55+r) Y (sg)ldr + G5 ds

N(t)

tea1 ~
=K Z / / E|X (s5 +7) — Y (ss)|drds + C6%t
ti

N(t) tkr1  fle+1 N
/ / E|X(r) = Y (r)|drds + C6%
tr tr

—K5/0 E|X (s) — Y (ss)|ds + C6%t.

(312)

Therefore, by (3.11) and (3.12),
t
/0 P(A(s) # N'(s))ds

= [ BN (0).As5) =N (s | PUA) # X(5) Asg) #4(55) s
< [ B(AG) £ A(5)1A(s5) =N (s5))ds | PUA(s5) # (s
0 0
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t K

B(A(s) # A'(5)[A(s5) = A(s5))ds + 3 SB(A (k) # A'(k))

k=0

P(A(s) £ A (s)|A(s5) = A’ (s5)) ds+z(s[ / E|X (s) — Y (ss)|ds + kC

IN
S—

t

IN
S—

P(A(s) £ A'(s)|A(s5) =N (s5))ds + Cd(t;‘s) +(t+ 5)1%/0 E|X(s) — Y (s5)|ds

Co(t + o)t
—

IN
S—

t
< K(t+26) / E|X (s) — Y (s5)|ds + C6>t +
0

Furthermore, by the conditions (H1) and (3.6), it is standard to show (cf. e.g. [24, Lemma
4.1])

E[ sup |Y(s)]P] <C, p>1,
0<s<t

where C' = C(t, p, C4, ||o||Lip). Thus, for s € (0,1],

1
E|Y(s) — Y(ss)] < E/ |b(Y (rs, N'(rs))|dr + / |lo(Y(rs), r(g))HHSdr> ’
1
< c/ (1+ ¥ (rg)|)dr + E/ C(1+1Y (rs)P)dr) (3.13) [s-3.6
Ss S5
< C62
Invoking the triangle inequality,
t t
/ E|X(s) —Y(ss)|ds < / E|X(s) — Y(s)|ds + Coz.
0 0
Consequently,
t
JRCERYEIE
0
. -
< K (t + 26) / E|X(s) — Y(s)|ds + CK(t + 25)52 + C8% + C(t;‘g)té (3.14)
< o/ E|X(s) — Y (s)|ds + Co3,
where C' = C(t, K, Cy, ||o||Lip) independent of 6. The proof is complete. O

Theorem 3.3 Assume (Q1)-(Q3), (H1) and (H2) hold. Let (X(t),A(t)) and (Y (t),A'(t)) be
determined by (1.1), (1.2) and (3.1), (3.2) respectively. Then for every T > 0,

E| sup |X(t) - Y(t)|| < C62, (3.15) [5-3.3
0<t<T
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for some constant C depending on T and independent of §. In particular, this implies that

nmﬂz[ sup | X (t) —Y(t)\] —0. (3.16) [s-3.4
6—0 0<t<T

Proof Let Z(t) = X(t) — Y (t) for t > 0, then Z(0) = X(0) — Y (0) =0 and

2(1) = /0 B(X(5), A(s)) — b(Y (35), A (s5))ds, ¢ > 0.
By virtue of (H1) and (H2), it holds

E sup [Z(s)]
0<s<t

<E /0 DX (), A(s)) — (Y (s5), A(s5))ds
<E / {IB(X (. A(5)) — (Y (), A + DY (). A(8)) — B(Y (s), A(s)) (317) [s-3.5
DY (55). A(S)) (Y (), A (8)) | DY (s A(5)) —b(Y (35). A (55)) }

t
S EA {C4(‘Z(S)| + |Y(S) - Y(S(s)‘) + 205(1{/\(3)#/\/(5)} + 1{A’(s);éA’(55)})}d5-
For t > 0, set K = [t/d], tx, = kd for k < K and tx; =t. Then, due to (3.3) and (Q2),

t K ey
/0 E1 (o pareyds = 3 /t P(A'(s) £ N (t))ds < H6t + o(5). (3.18) [s-3.7
k=0""k
According to the Lemma 3.2, there exists a positive constant C' depending on ¢ such that
t . ¢
/ P(A(s) # N (s))ds < CH2 + C’/ E|Z(s)|ds. (3.19) |s-3.8
0 0
Inserting (3.13), (3.18), (3.19) into (3.17), we obtain

E[ sup |Z(t)|] <C(5§—|—C/O E[ sup |Z(r)|]ds.

0<s<t 0<r<s

Then Gronwall’s inequality yields that

E[ sup |Z(1)]] < C(T)s2,
0<t<T

which is the desired conclusion. O
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