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Abstract

In this paper, we are concerned with convergence rate of Euler-Maruyama scheme
for stochastic differential equations with Holder-Dini continuous drift. The key con-
tributions lie in (i), by means of regularity of non-degenerate Kolmogrov equation, we
investigate convergence rate of Euler-Maruyama scheme for a class of stochastic dif-
ferential equations, which allow the drifts to be Dini-continuous and unbounded; (ii)
by the aid of regularization properties of degenerate Kolmogrov equation, we discuss
convergence rate of Euler-Maruyama scheme for a range of degenerate stochastic dif-
ferential equations, where the drift is Holder-Dini continuous of order % with respect to
the first component, and is merely Dini-continuous concerning the second component.
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1 Introduction and Main Results

In their paper [24], Wang and Zhang studied existence and uniqueness for a class of s-
tochastic differential equations (SDEs) with Hélder-Dini continuous drifts; Wang [23] also
investigated the strong Feller property, log-Harnack inequality and gradient estimates for
SDEs with Dini continuous drift. So far there are no numerical schemes available for SDEs
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with Holder-Dini continuous drifts. So the aim of this paper is to prove the convergence of
Euler-Maruyama (EM) scheme and obtain the rate of convergence for these equations under
reasonable conditions.

It is well-known that convergence rate of Euler-Maruyama for SDEs with regular coeffi-
cients is one-half, see, e.g., [12]. With regard to convergence rate of EM scheme under various
settings, we refer to, e.g., [1] for stochastic differential delay equations (SDDESs) with polyno-
mial growth with respect to (w.r.t.) the delay variables, [6] for SDDEs under local Lipschitz
and also under monotonicity condition, [15] for SDEs with discontinuous coefficients, and
[26] for SDEs under log-Lipschitz condition. Whereas, for SDEs with non-globally Lipschitz
continuous coefficients, see, e.g., [3, 8, 9, 10], to name a few. On the other hand, Hairer et
al. [7] have established the first result in the literature that Euler’s method converges to the
solution of an SDE with smooth coefficients in the strong and numerical weak sense without
any arbitrarily small polynomial rate of convergence, and Jentzen et al. [11] have further
given a counterexample that no approximation method converges to the true solution in the
mean square sense with polynomial rate.

The rate of convergence of EM scheme for SDEs with irregular coefficients has also gained
much attention. For instance, Adopting the Yamada-Watanabe approximation approach, [5]
discussed strong convergence rate in LP-norm sense; Using the Yamada-Watanabe approxi-
mation trick and heat kernel estimate, [17] studied strong convergence rate in L'-norm sense
for a class of non-degenerate SDEs, where the bounded drift term satisfies a weak mono-
tonicity and is of bounded variation w.r.t. a Gaussian measure and the diffusion term is
Holder continuous; Applying the Zvonkin transformation, [19] discussed strong convergence
rate in LP-norm sense for SDEs with additive noise, where the drift coefficient is bounded
and Hoélder continuous.

It is worth pointing out that [17, 19] focused on convergence rate of EM for SDEs with
Holder continuous and bounded drifts, which rules out Holder-Dini continuous and unbound-
ed drifts. On the other hand, most of the existing literature on convergence rate of EM
scheme is concerned with non-degenerate SDEs. Yet the corresponding issue for degenerate
SDEs is scarce, to the best of our knowledge. So, in this work, we will not only investigate
the convergence of the EM scheme for SDEs with Hoélder-Dini continuous drift, but will also
study the degenerate cases. For wellposedness of SDEs with singular coefficients, we refer
to, e.g., [14, 23, 24, 28] for more details.

Throughout the paper, the following notation will be used. Let n, m be positive integers,
(R™, (-,-),] - |) the n-dimensional Euclidean space, and R™ @ R™ the family of all n x m
matrices. Let || - || and || - ||us stand for the usual operator norm and the Hilbert-Schmidt
norm, respectively. Fix 7" > 0 and set || f|1.00 = Supse(o 1) zerm [|.f(t,2)]| for an operator-
valued map f on [0,7] x R™. C(R™;R") means the continuous functions f : R™ — R"™. Let
C?*(R™;R" ® R") be the family of all continuously twice differentiable functions f : R™ —
R"™ ® R™. Denote M” by the collection of all nonsingular n x n-matrices. Let .#; be the
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collection of all slowly varying functions ¢ : Ry — R, at zero in Karamata’s sense (i.e.,
lim;_, % =1 for any A > 0), which are bounded from 0 and oo on [g, 00) for any £ > 0.



Let %, be the family of Dini functions, i.e.,
" o(s)
Dy = {¢‘¢ : Ry — R, is increasing and / —=ds < oo}.
0 S

A function f : R™ — R" is called Dini-continuity if there exists ¢ € %, such that |f(x) —
f(y)] < ¢(|z — y|) for any x,y € R™. We remark that every Dini-continuous function
is continuous and every Lipschitz continuous function is Dini-continuous; Moreover, if f
is Holder continuous, then f is Dini-continuous. Nevertheless, there are numerous Dini-
continuous functions, which are not Holder continuous at all; see, e.g.,

L x>0
o(z) = { Goglcta H)TF
(@) 0, z=0

for some constants § > 0 and ¢ > 3729 Set,
D :={¢ € Dy|¢? is concave} and P :={¢pc _@|q§2(1+5) is concave}

for some € € (0, 1) sufficiently small. Clearly, ¢ constructed above belongs to 2¢. A function
f:R™ — R" is called Holder-Dini continuity of order o € [0, 1) if

|f(@) = fW)l < |z —y["o(lz —yl), |rv—y[<1

for some ¢ € Y; see, for instance,

1
F(z) = { (o) (ogleta=)TF z >0
0, =0

for some constants ¢, > 0 and a € (0,1).

Before proceeding further, a few words about the notation are in order. Generic constants
will be denoted by ¢; we use the shorthand notation a < b to mean a < c¢b. If the constant
¢ depends on a parameter p, we shall also write ¢, and a <), b.

1.1 Non-degenerate SDEs with Bounded Coefficients

In this sebsection, we consider an SDE on (R", (-,-),| - |)
(11) dXt = bt(Xt)dt + O't(Xt)th, t> 0, XO =x,

where b : Ry xR" — R", 0 : Ry xR" - R*"®R", and (W;);>¢ is an n-dimensional Brownian
motion defined on a complete filtered probability space (€2, . F, (%)i>0, P).

With regard to (1.1), we suppose that there exists ¢ € & such that for any s,t € [0, 7]
and z,y € R",



(A1) o, € C*(R";R" @ R"), 04(z) € M7, and
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(1.2) [bll70c + D IV llr00 + 1V0 ™ 700 + o |70 < 00,
1=0

where V¢ means the i-th order gradient operator;

(A2) (Regularity of b w.r.t. spatial variables)
bi(z) — be(y)] < ol — yl);
(A3) (Regularity of b and o w.r.t. time variables)

[bs(2) = be(2)| + [los(2) — ou()[[us < @(|s — ).

Under (A1) and (A2), (1.1) admits a unique non-explosive strong solution (X;)ico,1; see,
e.g., 23, Theorem 1.1].

Without loss of generality, we take an integer N > 0 sufficiently large such that the
stepsize § := T'/N € (0,1). The continuous-time EM scheme corresponding to (1.1) is

(1.3) dY; = by, (Y;,)dt + o, (V,,)dW,, t>0, Yo =X =z

Herein, t5 := [t/0|d with |t/0] being the integer part of ¢/4.

The first contribution in this paper is stated as follows.

Theorem 1.1. Let (A1)-(A3) hold. Then

(E( sup 1x, - }ft]?))m <1 S(Cr/3)

0<t<T
for some constant Cr > 1.

Remark 1.2. In Theorem 1.1, by taking ¢(z) = 2 for x > 0 and 8 € (0, 1], and inspecting
closely the argument of Theorem 1.1, the concave property of ¢? can be dropped. Moreover,
we have

]E( sup | Xy — Yt\Z) <p &
0<t<T
So, our present result covers [19, Theorem 2.13], where the drift is only Holder continuous.
In particular, for g = 1, it reduces to the classical result on strong convergence of EM scheme
for SDEs with regular coefficients; see, e.g., [12].



1.2 Non-degenerate SDEs with Unbounded Coefficients

As we can see, in Theorem 1.1, the coefficients are uniformly bounded, and that the drift
term b satisfies the global Dini-continuous condition (see (A2) above), which seems to be a
little bit stringent. Therefore, concerning the coefficients, it is quite natural to replace uni-
form boundedness by local boundedness and global Dini continuity by local Dini continuity;,
respectively.

In lieu of (A1)-(A3), as for (1.1) we assume that for any s,¢ € [0,7] and k& > 1,

non?

(A1) 0, € C*(R™";R" @ R"), for every x € R", o(x) € M",_, and
2
Be(@)] + Y IV ou() s + [Vor (@) s + lloy (@) llus < K(L+|a]), = €R
=0

for some constant Ky > 0;

(A2%) (Regularity of b w.r.t. spatial variables) There exists ¢, € 2 such that
[b:(2) = be(y)| < Pelle —yl), 2|V Iyl < K
(A3’) (Regularity of b and o w.r.t. time variables) For ¢, € & such that (A2’),

[bs(2) = be(2)| + [|os(2) — ou(@) s < @lls —t]),  |a] < k.
By the cut-off approach, Theorem 1.1 can be extended to include SDEs with local Dini-

continuous coefficients, which is presented as below.

Theorem 1.3. Assume (A1’)-(A3’) hold. Then it holds that

(1.4) hmE( sup |X; — Yt|2> = 0.

6—0 0<t<T
c 4
In particular, if ¢y (s) = €° " g s> 0, for some a € (0,1] and ¢y > 0, then

(1.5) E( sup |X; —Y}]Q> < inf {(loglog(é_af))_% +(5°‘(1_E)}.
0<t<T e€(0,1)

Remark 1.4. Theorem 1.3 has improved the result in [18] since the drift involved is allowed

to be unbounded and local Dini continuous, while the drift in [18] is merely bounded and

Holder continuous.



1.3 Degenerate SDEs

So far, most of the existing literature on convergence of EM scheme for SDEs with irregular
coefficients is concerned with non-degenerate SDEs; see, e.g., [17, 18, 19] for SDEs driven
by Brownian motions, and [19] for SDEs driven by jump processes. The issue for the setup
of degenerate SDEs has not yet been considered to date to the best of our knowledge.
Nevertheless, in this subsection, we make an attempt to discuss the topic for degenerate
SDEs with Holder-Dini continuous drift.

Consider the following degenerate SDE on R?*"

(1.6)

dxM =M (xM, xP)a, X§V = 2™ e R,
dx? =2 (XM, XPdt + oy (X, XP)aWh, X = 2@ e R7,

where bi”, bEQ) (R — R", 0, : R*™ — R ® R™, and (W;);>0 is an n-dimensional Brownian
motion defined on a complete filtered probability space (€2, .F, (% )i0,P). (1.6) is also
called a stochastic Hamiltonian system, which has been investigated extensively in [25, 27]
on Bismut formulae, in [16] on ergodicity, in [22] on hypercontractivity, and in [24] on
wellposedness, to name a few. For applications of the model (1.6), we refer to, e.g., Soize
[21].

For notational simplicity, we shall write R?" instead of R® x R™. Write the gradient
operator on R?" as V = (V) V@) where VI and V) stand for the gradient operators
w.r.t. the first and the second components, respectively.

We assume that there exists ¢ € 2° N .7 such that for any = = (21, 2?) y =
(yM,y@) € R* and s,t € [0,T],

(C1) (Hypoellipticity) [V®bM (2)], 0,(x) € M7, and
1 2 2)7(1 2)7(1)]-1
1600 + 116|700 + [VEOD 17,00 + [[[VEBH] Y]
+lolre + IVollre + 107 700 < 005
(C2) (Regularity of b*) w.r.t. spatial variables)
2 :
0 (2) = 0 ()] < |2 =y ig(a —yO)) if o =y,
[(VOB) (@) = (VOB @)llns < 6(12® =@ it a® =y,
(C3) (Regularity of b® w.r.t. spatial variables)
2 7
07 () = b7 )] < oD =y Do ® —y V) + 63 (12— y2));
(C4) (Regularity of 6", b® and o w.r.t. time variables)

bV () = b0 (@) + 2 (@) — b2 (@) + o) — o) s < (]t — s]).



Observe from (C2) and (C3) that b (-,2?)) and 6@ (-, 2?)) with fixed 2® are locally
Holder-Dini continuous of order 2, and (V@pW)(z(M), ) and b@ (2, ) with fixed =) are
merely Dini continuous. According to [24, Theorem 1.2], (1.6) admits a unique strong
solution under the assumptions (C1)-(C3). In fact, (1.6) is wellposed under (C1)-(C3)
with ¢ € Py N .4 in lieu of ¢ € ° N .#. Nevertheless, the requirement ¢ € 2° N .7 is
imposed in order to reveal the order of convergence for the EM scheme below.

The continuous-time EM scheme associated with (1.6) is as follows:

1 1 1 2 1 n
an {dYé D= (v, V), X5 = e R,

ls
av,? = b2 (v, vt 4 o, (Vv Phaw, X = 2@ e R7,

ts ts

where ¢; is defined as in (1.3).
Another contribution in this paper reads as below.

Theorem 1.5. Let (C1)-(C4) hold. Then

(( sup |x; - m))m <1 S(Cr/3)

0<t<T

for some constant Cp > 1, in which

X(l) Y(l)
X, = ¢ and Y, = ¢ .

Remark 1.6. By applying the cut-off approach and refining the argument of [24, Theorem
2.3] (see also Lemma 5.1 below), the boundedness of coefficients can be removed. We herein
do not go into details since the corresponding trick is quite similar to the proof of Theorem
1.3.

The outline of this paper is organized as follows: In Section 2, we elaborate regulari-
ty of nondegenerate Kolmogorov equation, which plays an important role in dealing with
convergence rate of EM scheme for nondegenerate SDEs with Holder-Dini continuous and
unbounded drifts; In Sections 3, 4 and 5, we complete the proofs of Theorems 1.1, 1.3 and
1.5, respectively.

2 Regularity of Non-degenerate Kolmogorov Equation

Let (e;);>1 be an orthogonal basis of R™. For any A > 0, consider the following R"-valued
parabolic equation:

(2.1) atui\ + Ltui\ + b + Vbtu? = /\ui‘, u% =0y,
where Vj,u; means the directional derivative along the direction b;, 0y, is the zero vector in
R™ and

Lii= 5 ((@0)()ei ) V..V,

i?j



with o} standing for the transpose of o;. Consider the coupled forward-backward SDE

(2.2) Az = oy(27)AW,, 23" =,
AV = LAY = B(Z07) — Vizen) Y0 A+ Z77AW,, Y2 = 0y

for any ¢ € [s,T] C [0,T]. By the chain rule, it follows from (2.2) that

d(e_)\tY;A’S’I) _ —/\e_)\tY?\’S’wdt + e_AtdY?\’s’w
= —eM{b(Z)7) + Viyzon) Y0 Mt + N 207 AW,.

Integrating from ¢ to T" and, in particular, taking s =t yields that
T
EYM* — / e NDELB(Z17) + Va4 Y
¢
Noting from [2, Theorem 5.5] that Y,""* = u}(Z!"), P-a.s., and Z;"* = x, so we arrive at

T
(2.3) - / N9 PO [, + Vb,

where the semigroup (P?,)o<s<: is generated by (Z;)o<s<: which solves an SDE below
(2.4) dZ)" = ol(Z)5)AW,, t>s, Z9Y =x

For notational simplicity, let

T

(2.5) Arg = eIVl |77
and

]\T — 48288 T2Vl {6\/‘eTHVJIITw||U ||Too+T||v —1||TOo
(2.6)
+ 27| V20 o [ eIV e |

Moreover, set

(2.7) Ty = \/E{za +2fbllree + 28 (Are + /Ao ) a0 )
The lemma below plays a crucial role in investigating error analysis.
Lemma 2.1. Under(A1) and (A2), for any A > 97AZ _||0]17. o + 4(|[bl| 1,00 + A1o)?,
(i) (2.1) (i.e., (2.3)) enjoys a unique strong solution u* € C([0, T}; C}(R™; R"));
(ii) Vet < 33
(iii) [|[V2uM |70 < TTUf ?tgb |0]|7.00V/t)dt, where b(s) := \/P?(s) + s, s > 0.

8



Proof. To show (i)-(iii), it boils down to refine the argument of [23, Lemma 2.1]. (i) holds
for any A > 4(]|b||7.00 + Ar)? via the Banach fixed-point theorem.

In what follows, we aim to show (ii) and (iii) one-by-one. Observe from [13, Theorem
3.1, p.218] that

(28) dants,z = (vaniS’zO-t)(ZtS7x>th7 t Z S, anSs,z =1 e R™.
Using [t0’s isometry and Gronwall’s inequality, one has
(2.9) E|V,Z "2 < |nf2e1Volte.,

Utilizing the BDG inequality, we deduce that

t
BV, 27 < 8{jal" + 36(t — )| Vot [ EIV,Zifdu),

s

which, combining with Gronwall’s inequality, yields that
(2.10) E|V,Z5"* < 8|n| 288 T IVellt o
Recall from [23, (2.8)] that the Bismut formula below

ey v =L [onzmw,znan). e am

holds. By the Cauchy-Schwartz inequality, the 1t6 isometry and (2.9), we obtain that
Ag oIl Poy 2 ()
t—s ’

where Ar, > 0 is defined in (2.5). So, one infers from (2.3) and (2.12) that

(2.12) IV, PYf1P () < f € % (R"),

T
IVl < [ NIV, b+ )

T e—)\t

—dt¢
Vi

< AT VTAL B0 (1 + [V [ 7,00)-
Thus, (ii) follows by taking A > 97A% |01 -

In the sequel, we intend to verify (iii). Set v, := V,V,,Z;* for any 1,7’ € R". Notice
from (2.8) that

< Az (1+ [Vt |7,00) Bl 7,00
0

dYer = {Va,,00(Z)7) + anzf’””vvn,zfvmt(zts’x)}de t>s, 7ss=0n

By the Doob submartingale inequality and the Ito isometry, besides the Gronwall inequality
and (2.9), we get that

(2.13) sup Elye|? < 167 V20 |7, o IVt 2TVl 2|2
s<t<T

9



From (2.11) and the Markov property, we have

) (P&TS,tfo%) 2 ~1( s 8,
VP f () = ( (t—s)/2 / o, (2 >V"ZT”dW’">)'

This further gives that

(V VP f)(2)

=E

(Vy, 73 o Pl 23 e
( / <U7«_1(Zf’z)anﬁ’x,dWT>>

t—s

(P NZE) o
* ( t—s

| e oz, 2 aw)

(P N2 5
+E( | @,z an)

t—s

Thus, applying Cauchy-Schwartz’s inequality and It6’s isometry and taking (2.10), (2.12)
and (2.13) into consideration, we derive that

Vo Vo Pl f P (2)
—112 Elvthrs f|2(Z%>
§12{6HO_ HT,oo (t )5/2
t+s

< (E|Vy 22| )1/2(/ E|V, Z”|4dr>
(2.14) 0 £2(z) tte
2o B [ G 2 I 2
02 (@), * o
T N AR

A s f2( )
< Ago |’ P 5
! (t—s)
where A7, > 0 is defined as in (2.6).
Set f(-) := f(-) — f(z) for fixed € R" and f € %,(R") which verifies
(2.15) [f(@) = fWl < o(lz —yl), zyeR"
for some ¢ € . For f € %,(R™) such that (2.15), (2.14) implies that

0 r(2 0 F|2 ]\T,U|n|2|77/|2 s,x 2
IV VP fI5(2) = [V Vo Py fP(2) < WEV(Z{ ) — f(2)]
(2.16) ;
Azon?|n'|?

< P lolractt = )7,

10



where in the second display we have used that
¢
Z) —x = / o (Z77)dW,,

and utilized Jensen’s inequality as well as [t6’s isometry.
Let fy = b+ Vi,up. For any A > 9rA7 [16]17. o +4([|b]l7,00 + Ar,o)?, note from (ii), (2.12)
and (2.14) that

[fe(@) = fi@)] < 1+ IVurllree) oz = y]) + 1070V () = Ve (1) 11410 y1213
+ 0]l 7,00 [V (2) = Ve () |1 qj0-y1<1y

5 ¢(lz = yl) + [1bllz.00 V7 = y[1ga—yi=1y
T 1
10(Arg o\ A )01 Ve =yl T = w08 (e =) geuisn

< {34 20bllre +28(Ars + /R ) Il 12 = )

with &(s) = \/@%(s) + s, s > 0, where in the second inequality we have used [23, Lemma
2.2 (1)}, and the fact that the function [0,1] 5> z — \/zlog(e + 1) is non-decreasing. As a
result, (iii) follows from (2.16). O

Remark 2.2. By checking carefully the argument of Lemma 2.1, the concave property of
#? can be removed whenever ¢(z) = z” for # > 0 and 8 € (0,1], i.e., the drift b is Holder
continuous.

3 Proof of Theorem 1.1

With Lemma 2.1 in hand, we now in a position to complete the

Proof of Theorem 1.1. Throughout the whole proof, we assume A > 97A% [|b|7 ., +
4(||bll7.00 + Ars)?* so that (i)-(iii) in Lemma 2.1 hold. For any ¢ € [0,T], applying Ito’s
formula to x + u}(z), 7 € R", we deduce from (2.1) that

(1) X+ uMX) = 2+ ud(x) + A /O W(X,)ds + /0 Tan + (Vi) ()} (Xa)oru (X)W,
where I,y is an n X n identity matrix, and that

Y+ ud (V) = 2+ ud(z) + A / WA (Y)ds + / (Ten + (V) ()} (Vo) oy (Ve )V,
(3.2) n / (Tosen + (V02 ()} (Vo) by (V) — bo(Y2) s

/ [(0405,) (Vas) — (0,00 (Vo) Yo €) (Vo Veyud) (Vi) ds.
0 &

J
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For notational simplicity, set
(3.3) M)} = X, =Y+ u} (Xy) — u} (V7).

Using the elementary inequality: (a + b)? < (1 +¢)(a? 4+ e~ 'b?) for arbitrary €,a,b > 0, we
derive from (ii) that

|1 Xe = Yil? < (L) (IMD? + e up (Xp) — u (Ya)[?)
—1
< (1 +e) (1M + S 1X - VP?).

In particular, taking ¢ = 1 leads to

1
X =Y < 5| Xe = Y2+ 2| M

As a consequence,

(3.4) E( sup X, - ;) < 4E( sup [M?).
0<s<t 0<s<t

In what follows, our goal is to estimate the term on the right hand side of (3.4). Observe
from the definition of the Hilbert-Schmidt norm that

2

ds

| B[ X Moo )) = (@) (¥allen, ) (92, TV
(3.5) Ok

t
St IIVQUAIIZT,OO/ El|(05,0%)(Ys;) = (0500 (Ys) [[fisds.
0

Thus, by Holder’s inequality, Doob’s submartingale inequality and It0’s isometry, it follows
from (3.1), (3.2) and (3.5) that

t
E( sup (M) < CT{AZ/ Elu}(X,) — u} (Vs)|’ds
0<s<t 0
t
(14 V) | Blbe (V) = b (13l
t
14 [Vulf ) [ BBV - b (V)Pds
0
t
+ [ BT = (Tud) ) o (Kl

t
Va2 / Ellos, (X.) — 0, (Vay) [Bsls

t
+ HVQuAHQT,oo/O El{os;(Ya) = 04, (Y;) o3, (Vo) s ds

12



IV [ Bl ()02, 02) = 0, (V) sl
F O IVl [ Bl = o (X0 st
IV [ Bl (Yo%) - 01,00 s
IV [ Bl 0%) = 2, 001, (2 s

— O ( i [l-(t)>

for some constant Cp > 0. Also, applying Holder’s inequality and It6’s isometry, we deduce
from (A1) that

(3.6) E|Y; — Y, | < Bré

for some constant Sy > 1. By Taylor’s expansion, it is readily to see that
t
(3.7) Li(t) + Ia(t) S AN VU |[F0 + HVZUAHZT,OOIIUH%,OO}/ E|X, — Y|*ds.
0
From (A3) and due to the fact that ¢(-) is increasing and ¢ € (0, 1), one has
10
(3.8) I3(t) + Y Li(t) Sr {1+ V|G + V20N F 011700 167 (V).
=8

In view of (A2), we derive that

t
< {14 IV / Eo (Y, — Y, |)2ds
(3.9) 0 t
{1+ VAR Vol / E|X, — Yi[*ds
0
t
{1 [V B + 920 2l 2 Vo / EJY, - Y,, [ds.

Thus, taking (3.6)-(3.9) into account and applying Jensen’s inequality gives that

t
B( sup [M2P) Sr Croald + 6(5rV)) + Cron | BIX, - YiPs,
0

0<s<t

13



where

)
(3.10) Cron = {1+ Vol 3 {5 + @+ VIV ol -

Owing to ¢ € Z, we conclude that ¢(0) = 0, ¢ > 0 and ¢” < 0 so that, for any ¢ > 0 and
d€(0,1),
¢(cd) = ¢(0) + ¢(§)cd > ¢'(c)cd,

where & € (0,¢d). This further implies that

t
E( sup |M3\2) < Croad®(BrV8) + Cron / E|X, — Y;|ds.
0

0<s<t

Substituting this into (3.4) gives that

t
E( sup ’Xs - szP) ,ST CT,O’,A¢2(6T\/S) + CT,J,)\/ Ele - Y;’st'
0

0<s<t

Thus, Gronwall’s inequality implies that there exists Cr > 0 such that

(3.11) E( sup | X, — Ys|2> < CrOrppeCrCrong?(BrV/3).

0<s<t

So the desired assertion holds immediatelly.

4 Proof of Theorem 1.3

We shall adopt the cut-off approach to finish the

Proof of Theorem 1.3. Take ¢ € C;°(Ry) such that 0 < ¢ < 1, ¢(r) =1 for r € [0,1]
and ¢ (r) = 0 for r > 2. For any ¢t € [0,7] and k > 1, define the cut-off functions

b (0) = @) (lal/k) - and  0i(x) = aula)u(al/k), @R
It is easy to see that b®) and o satisfy (A1). For fixed k& > 1, consider the following SDE
(4.1) dX® = b (xMdt + o (Xaw,, t>0, X =Xy,==.
The corresponding continuous-time EM of (4.1) is defined by
(4.2) v = o (v\dt + o (v aws, 1 >0, v =X =

Applying BDG’s inequality, Holder’s inequality and Gronwall’s inequality, we deduce from
(AY’) that

(4.3) E( sup |Xt|4> —i—E( sup \Yt|4) —|—E( sup |Xt(k)|4> —i—E( sup |Yt(k)|4) < Cr

0<t<T 0<t<T 0<t<T 0<t<T

14



for some constant Cr > 0. Note that

E( sup IXt—Yt!?> < 2E< sup IXt—Xt(’“’F) +2E( sup | X —Yt(k)|2)

0<t<T 0<t<T 0<t<T

+2E( sup ¥, — Y PP)
0<t<T
= [1 + [2 -+ Ig.

For the terms [; and I3, in terms of the Chebyshev inequality we find from (4.3) that

Li+13 3 E( sup 1X; = X\ Lsupoc,c, |Xt\2k})
0<t<T -

+ E( sup [Y; — Y;(k)|21{supo§t§T |Yt|2k}>

0<t<T
\/E ( SUPo<¢<T |Xt|2>
)

k

< \/]E< sup |Xt|4> +E< sup |x*

0<t<T 0<t<T

\/E(SUPogth ’Y;P)
WE( sup [¥i[4) +E( sup [P}

0<t<T 0<t<T k

1
~T EJ

where in the first display we have used the facts that {X; # Xt(k)} C {supgcsey | Xs| = k}
and {v; # v,\M} c {supg<,; [Ys| > k}. Observe from (A1°) that 97AZ . [[6®|Z  +
A(|[DP| 700 + Ag g )? < e for some ¢ > 0. Next, according to (3.11), by taking A = e’

there exits Cr > 0 such that

I < WA (Brv3).

Herein, C 0, > 0 is defined as in (3.10) with ¢ and u* replaced by o®) and u**, re-
spectively, where uMF solves (2.3) by writing b*) instead of b. Consequently, we conclude

that

(4.4) E( sup [X, = ¥iP) < 2+ a0 et (55)

0<t<T

for some ¢y > 0. For any € > 0, taking k = 2% and letting ¢ go to zero implies that

lim]E( sup |Xt—Y;|2) <e.

6—0 0<t<T

Thus, (1.4) follows due to the arbitrariness of ¢.
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For ¢p(s) = eoot 5% s >0, with « € (0, 1], we deduce from Lemma 2.1 (iii) and Remark
2.2 that

(4.5) IV 70 <

N | —

whenever

onkd 2/
A2 {200 (¢ oI5 LT(a/2) + o2 T(1/4)) }
+ 97 (A2 1B 12, + A1 1700 + A0

(4.6)

Since the right hand side of (4.6) can be bounded by ™" for some constant Cr > 0 due

to (A1’), we can take \ = "™ 5o that (4.5) holds. Thus, (4.4), together with (4.5) and
(A1), yields that

18 N
E( sup |X; — Yt]2> < % + CTeeCTk 0

0<t<T

for some constants Cr, Cp > 0. Thus, (1.5) follows immediately by taking

k = (Crloglog 6 ).

5 Proof of Theorem 1.5
For simplicity, for any f: R™ — R™2 let

|z =y

;N fllos = sup [f(2)],
TH#Y rzeR™1

[-]1 is the Lipschitz constant of f.
The proof of Theorem 1.5 relies on regularization properties of the following R?"-valued
degenerate parabolic equation

(5.1) oup + LPu) + by = M), u)p =0gn, t€[0,T], X>0,

where 04, is the zero vector in R?",

b bo, A
by = bZEQ) and Z7u” =

The following lemma on regularity estimate of solution to (5.1) is taken from [24, Theorem
3.10, (4.4)] and is an essential ingredient in analyzing numerical approximation.

> ((0107)(Jer, ) VEVEu + vgf)m + vgg) u,

1,j=1

DN | —
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Lemma 5.1. Under (C1)-(C3), (5.1) has a unique solution v* € C([0,T]; CL(R*"; R?"))
such that for all t € [0, T,

T edlt?)
(5:2) Vil + VOV (V20 < €0 [ e

0

where C' > 0 is a constant.
From now on, we move forward to complete the

Proof of Theorem 1.5. For notational simplicity, set

X(l) Y(l)
X = ! Y, = d b =
t (Xt(2)> t (Yt@) an t(2)

Then (1.6) and (1.7) can be reformulated respectively as

dXt = bt<Xt)dt + (03Xn> (Xt)th, t > 0, X() =T = (J;l) S RQTL,

t X2

where 0,4y, iS an n X n zero matrix, and

dY; = by, (Y;,)dt + (0““) (Y,)dW,, t>0, Yy=uxecR™

O-t(;

Note from (5.2) that there exists Ay > 0 sufficiently large such that for any ¢ € [0, 77,
1
(5.3) IVilloe + IVEVER o + VO] < 50 A2 Ao

Applying Itd’s formula to = + u}(z) for any x € R?", we deduce that

t t t
01’1><1’1
(5.4) Xp+u)(X,) = z+ud () +) /0 uM(X,)ds+ /0 ( )(XS)dWSJr /0 (Vo ud)(X,),

S

and that
Y +up (V) = o+ uy(w) + )\/t u) (Yy)ds
[ T+ () HFHD(Y2) = bV s

7 (0 t (2) A
+/0 ( n><n> (Y;a)dWs‘i‘/O (Vo (vpyaw, Ua) (Y)

Oss

n

+ %/0 Z {(04;05,)(Ys;) — (asa;*)(Ys)}ek,eﬁ(vi)vg)u?)(ys)d&

k,j=1
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where Isnxon is an 2n x 2n identity matrix. Thus, using Holder’s inequality, Doob’s sub-
martingale inequality and 1t6’s isometry and taking (3.5) into consideration gives that

B sup M) < Cor{ [ B0 - 200
O 190 [ Bl (1) — b (s
#1900 [ B — b3
+ [ BITOR)X) — V0o (X s
O IV [ Bl () - 00 (02 lsds
IV [ Blon(X) = o (Xl
VOV [ B0 (1) ~ 0w Voo, 00 s
VOV [ B0, (02)(07, %) - 7, 0 Hifsds
VOV [ Bl (Yo%) — o (V) sl
FIVOT s [ B o) — 00 (20}, 0 s |

10 "
= Co,T ( Z J,»(t))
=1

for some constant Co7 > 0, where M} is defined as in (3.3). By using Hélder’s inequality
and the BDG inequality, (C1) implies that

(5.6) ElY; - Vi,|P S 6%, p>1.
Utilizing Taylor’s expansion, one gets from (3.6), (5.3) and (5.6) that

t
Ji(t) + Ja(t) + J5(t) S {1+ [IVe |7 + IVVERNF o700} / E|X, — Y,|*ds
0
t
LT} [ BV - s
0
t
<46 +/ E|X, — Y,|*ds.
0

Next, (C1), (C5) and (5.3) yield that
Ja(t) + Jo(t) + Jo(t) + Jro(t) S 6*(V5),
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where we have also used that ¢(-) is increasing and 6 € (0,1). Additionally, by virtue of
(C1), (C2), and (5.3), we infer from (C3) that

t
Jo(t) + Jo(t) + Js(t) S 6+ / Elb,, (v, v®) — b, (v, ) 2ds

0 %
/0 Efb,, (Y, Y/?) — b, (YD), Y 2ds

S s§ )

< {5+ [ EBPOD.Y) -0, ) Pas
0

Ss

t
+/0Eybg§>(sg<1> vy — (v v 2ds

t
+ [ BRI V)~ v s

S S§ 77 8§

t
+/0Eybg§>(3g<;> vy — (v Y2>)|2ds}
4
= Cl,T (5 + ZAZ(t))

i=1
for some constant Cy r > 0. From (C2), (C3), (5.6) and ¢ € Z°, we derive from Hélder’s
inequality and Jensen’s inequality that

Z w% Y0¥ - by (1 Ve
SRy vy e

2
% \Y;” _ YOy — Y;;)r)) s

YYD = v D) ds

\\

Eqﬁ |Y y( )|)2(1+6)) Tie <E|Y(1 Y(1)|4(1+5)> e ds

55
5% 2(Co,rV0)
for some constant Cy 1 > 0. With regard to the term A3(¢), (C1) and (5.6) leads to
¢
5:5) Malt) £ [VOH G, [ BV~ VOPds 5
0
Due to (C3), observe from Jensen’s inequality and (5.6) that

|b(2)( v 7YS(Q)) 5(2)(YS(5),YS(3))| ) ) 2
no s [ STy Loy X 6V X)) ds

t
S [ By - v)ras
0
S ¢ (Ca V)
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for some constant Cs > 0. Consequently, we arrive at

¢
E( sup | X, — Y;|2> <r ¢2(C4,T\/3) +/ E sup |X, — Y,|*ds

0<s<t 0 0<r<s

for some constant Cy r > 1. Thus, the desired assertion follows from the Gronwall inequality.

O
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