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Abstract

In terms of a nice reference probability measure, integrability conditions on the
path-dependent drift are presented for (infinite-dimensional) degenerate PDEs to have
regular positive solutions. To this end, the corresponding stochastic (partial) differ-
ential equations are proved to possess the weak existence and uniqueness of solutions,
as well as the existence, uniqueness and entropy estimates of invariant probability
measures. When the reference measure satisfies the log-Sobolev inequality, Sobolev
estimates are derived for the density of invariant probability measures. Some results
are new even for non-degenerate SDEs with path-independent drifts. The main results
are applied to nonlinear functional SPDEs and degenerate functional SDEs/SPDEs.
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1 Introduction

It is well known that hypoelliptic differential operators with smooth coefficients share similar
properties with the elliptic ones. For instances, the Hérmander theorem [12] ensures the
smoothness of heat kernels (see Malliavin [I7] for a probabilistic proof), the Index theorem
has been proved by Bismut [4]. See also [B, 22| 23] and references within for Harnack
inequality for hypoelliptic equations and asymptotics of heat kernels. In this paper, we
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investigate estimates of positive solutions to (infinite-dimensional) hypoelliptic equations
with singular and path-dependent drifts.
Consider, for instance, the following second order differential operator in R%:

3:=in+XO,

i=1

where Xg, - -+, X,, are locally bounded vector fields. A function p € Lloc(Rd) is called a weak
solution to Z*p =0 if

/R (L) =0, e CRRY)

Similarly, a locally finite signed measure v is called a solution to the equation Z*r = 0 if

ZLfdv =0, fecCFMRY).

R4

When Xy, - -, X, are smooth such that Lie{ Xy, -, X, } hasrank d (i.e. {Xy,---, X,,}
satisfies the Hérmander condition), a positive solution p to the equation Z*p = 0 is locally
Holder continuous with respect to the intrinsic distance and satisfies the local Harnack
inequality, see [5] and references within.

When the operator is non-degenerate, i.e. rank{ Xy, -+, X,,} = d, the drift X is allowed
to be very singular. More precisely, rewrite .Z = tr(aV?) + b - V, where b € L} (R? — RY)

loc

and a = oo* for some o € L} (R? — RY®@R?) such that a > A\ for some A € C'(R% (0, 00)).

loc
If a is differentiable in the distribution sense and |Va| + [b| € LI (R?) for some p > d, then
any positive solution to the equation .Z*r = 0 for measures has a strictly positive density
p € WEP(R?), see [2, B] and references within for more results in the literature. Recently,
explicit integrability conditions are presented in [33] to imply the existence, uniqueness and
global regularity estimates on probability solutions to the equation Z*v = 0.

Here, we investigate probability solutions to Z*v = 0 for more general and more
singular situations. For instance, we consider differential operators on the path space
¢ = C(|-7,0;R?) for some 7 > 0 (in the following, R? will be extended to an Hilbert
space). For any h, g € L*([—7,0];R%), let (b, g)s = [° (h(0), g(8))dd. We introduce the class

Z C' of cylindrical functions of type B

§— f(5(0)7 <h1a§>27 Y a<hna§>2)> n>1h; € Cl([_77 0];Rd)'

Consider the following path-dependent operator .Z, ;: for the above type function f € .#C
and £ € €,

Zunf(©) 1= (3 ay(€0)00; + S 0EA) £ (- (o (s €)2) (€(0)

n

+ 3 {{(0),£(0)) = (=), E(=7)) = (B, €2 H{ O F(€(0), ) (R, E)os -+, (I, €)2),

k=1



where a := (a;;)1<ij<a > 0 (maybe degenerate) is C* but b := (by,--- ,bg) : ¢ — R? only
satisfies an integrability condition with respect to a probability measure p. So, b might be
only p-a.e. defined without any continuity. We will construct the Markov semigroup gener-
ated by .Z,, (i.e. weak solutions to the corresponding SDE), and investigate the invariant
probability measures. In general, an invariant probability measure v of the semigroup solves
the equation £, = 0 in the sense that

[g (Lo f)Ew(de) =0, e FC.

To explain how far we will go beyond the existing study, let us briefly recall the main
result in [33]. Consider the following SDE on R%:

(1.1) AX () = {Zo + o Z}(X (1)dt + o(X(£))dW (2),

where W (t) is the d-dimensional Brownian motion; Z : R? — R? is measurable; o € C?(R? —
R? ® RY) such that o(z) is invertible for every x € R? and the intrinsic metric

po(z,y) == sup{|f(:c) —f(y)|: feC®RY,|*Vf| < 1}, z,y € RY
is complete; and
T
(12) ZO = 5 Z{aj(aa*)ij — (O'O'*>ij8jV}€i
i,5=1

for some V' € C?(R?) and the standard orthonormal basis {e;}¢, of RY. Let jo(dz) =
e V@ dg, and let HY%(j0) be the closure of C5°(R?) under the norm

12y = {0l FP + 107 VA2 )2,

The following result is taken from [33, Theorem 2.1 and Theorem 2.3] where the constant x
is replaced by 2k as the noise therein is v/2W (¢) rather than W (t).

Theorem 1.1 ([33]). Let 0 € C?*(R? — RY @ R?) such that o(x) is invertible for every
v € R, let Zy be in (L) for some V € C*(RY), and let po(dz) = eV @ dz.

(1) If for some constant ¢ € (0,1)
/ L@ 0002 (40 < oo,
Rd

then for any initial points the SDE (1)) has a unique non-explosive solution, and the
associated Markov semigroup PZ is strong Feller with at most one invariant probability
measure.



(2)

Let o be a probability measure satisfying the (defective) log-Sobolev inequality

(1.3) po(f*log f2) < kpol(lo™V fI?) + B, f € C5°(RY), mo(f?) =

for some constants k > 0,3 > 0. If
(1.4) po(e1o1” 4 NZ7) = [ feflol® 1 N2 qug < oo
Rd

holds for some constants € > 0 and \ > &, then P? has a unique invariant probabil-
ity measure v, which is absolutely continuous with respect to pg and p = ;7”0 has a

continuous, strictly positive version such that \/p, log p € H*(po) with

1o (lo*V/p?) < —{loguo (€M) + 8} < oo,
po(|o*Viog pl*) < dpo(|Z]7) <

(1.5)

Since an invariant probability measure v of PZ solves the equation .Zjv = 0, due to
the integration by parts formula, Theorem [[LT[(2) provides regularity estimates on positive
solutions to the singular elliptic PDE

(%Tr(aa*vz) +(Zy—02) - V)P =0.

We will improve and extend the above assertions in the following four aspects:

The noise may be degenerate: [0*V f| = 0 does not imply Vf = 0, so that the log-
Sobolev inequality ([[3) is invalid. Moreover, o is not necessarily C?-smooth.

The drift Z may be path-dependent, for which the corresponding SDE is called func-
tional SDE.

The state space may be infinite-dimensional such that the study applies to nonlinear
or semilinear functional SPDEs.

Derive stronger estimates on the density of the invariant probability measure.

We now introduce the framework of the present study in details.

Reference SDE. Let H and H be two separable Hilbert spaces, and let .2 (H; H) be the
class of bounded linear operators from H to H. The cylindrical Brownian motion on H is
formally defined by

= Bi(t)é

i>1

where {&;};>1 is an orthonormal basis of H, and {B;(t)};>; are independent one-dimensional
Brownian motions on a complete filtration probability space (£2,{.%#}i>0,P). Let V be a



Banach space densely embedded into H, and let V* be its dual space with respect to H. We
call V.C H C V* the Gelfand triple. Consider the following reference SDE on H:

(1.6) AX () = Zo(X (8))dt + (X (£))dW (1),

where Zyp : H —- V' and o : H —» & (]ﬁl, H) are measurable. A continuous adapted process
X(t) on H is called a (variational) solution to (@) with initial value X (0), if

E/Ot{

for all t € (0,00) and v € V, and P-a.s.

v (Zo(X(5)),v)v| + [{o(X(s))}v[*}ds < 0o

(X (1), ) = <X(0),U>H+/O v Zo(X (), )y ds+/0 {o(X()} 0, dW(s))g, veEV,t>0.

See [16] and reference within for the existence and uniqueness of variational solutions under
framework of monotone SPDEs due to [21], [13]. When the initial value X (0) = z, we denote
the solution by X*(t). When the initial value X (0) has distribution vy on H, we also denote
the solution by X"°(¢) to emphasize the initial distribution.

When H = V = R¢, the variational solution reduces to the usual strong (i.e. pathwise)
solution of SDEs. When V = H and Zy(z) = Az + Zo(z), where Z, € C(H;H) and A is a
self-adjoint operator on H generating a Cy-contraction semigroup 7; such that

E/Ot (Z |T,_so(X(5))é;*ds + |Tt_SZQ(X(S))|)dS < o0, t>0,

it coincides with the mild solution in the sense of [§, 9.
Throughout the paper, we assume:

(A) Let Zy : H — V* and o - H — Z(H; H) be measurable such that for any Fy-measurable
random variable X (0) on H, the SDE (L)) has a unique variational solution, and the
associated Markov PP given by

PPf(a) =E[f(X*()], ¢> 0.2 € H, f € (H)
has a unique invariant probability measure fi.

Under assumption (A), for any probability measure v on H, we have

HﬂWWMZ/EWXWMW@w=MH%-

H

In particular, E[f(X"(t))] = po(f) for t > 0 and f € %,(H).
Let 7 > 0. For any £ € C([—7,00);H) and ¢t > 0, define & € ¢ := C(|—7,0]; H) by

&(0) =&(t+0), 6¢e[—T0].
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We call (&;):>0 the segment of (£(t))s>—,. For an .#y-measurable random variable £ on &, let
XE(t) = €O r)(t) + X O (D) 000) (1), > —T,

recall that X¢©)(¢) is the solution to (ILH) with initial value £(0). Let (X£);>o be the segment
process of (X¢(t))i>_,, i.e.

(1.7) X5(0) = XS(t+6), 0¢c[-7,0]

When ¢ has distribution v, we also denote Xf by X} to emphasize the initial distribution.
Then

(1.8) SF(€) =E[f(X])], €E€C,f€B(€),t>0

gives rise to a Markov semigroup SY on %,(%).

Reference probability measure p. Let p be the distribution of the %-valued random
variable X*0 defined by X#0(0) := X* (1 +0),0 € [—7,0]. Recall that X*(¢) is the solution
to (6] with initial distribution pg. It is easy to see that p is the unique invariant probability
measure of the Markov semigroup S}.

Since X5(0) := X¢(t) = X¢O(¢) for t > 0,

(St+7'f)(x> = (S?+Tf)(£)7 5 € (575(()) =, f € ’%b((g)

provides a family of contractive linear operators (Si;,)i>o from %, (%) to %,(H). By the
Markov property, this implies

(St f)(E(0)) = (SP-£)(€) = EI(S2F)(XF)] = E(S,£)(X;(0))]

(19) = E[(S-)(X5O1)] = BXS.f)(E0), £€C.1>0,f € ().

Singular and path-dependent SDE. Consider the following SDE on H:
(1.10) dX(t) = {ZO(X(t)) + O’(X(t))Z(Xt)} dt + o (X (t))dW (1),

where Z : € — H and (X;);»0 is the segment process of (X(t));>_,. Even in the path-
independent case, when o is degenerate or H is infinite-dimensional, to ensure the strong
existence and uniqueness one needs certain continuity conditions on the drift, see [6], [7, 30,
35, B8] and references within for details. So, to investigate (LI0) by using integrability
conditions of Z with respect to the reference measure p, we only look at the weak solution.

Definition 1.1. Let { € €. A %-valued continuous process (X8)i=0 under a complete
filtration probability space (Q,{.Z}i20,P) is called a weak solution of (LI0) starting at &,
if it is .#-adapted with X0 — ¢ and for some H-cylindrical Brownian motion W(t) on the
same probability space P-a.s.

(XE(t), v)m :<€(0)aU>H+/O v (Zo(X4(5)) + o (X5(5)) Z(XE), v),,ds

6



b [ (o v i), 1200 ew.

The equation is said to have weak uniqueness if any two weak solutions with same initial
point are equal in law.

When (LI0) has weak existence and uniqueness, let P¢ denote the distribution of the
weak solution starting at &, and define

SED@= [ ) B, feBmE) e 120

A probability measure v on % is called an invariant probability measure of S7, if v(S7 f) =
v(f) holds for all t > 0 and f € %,(%).

The remainder of the paper is organized as follows. Under condition ju(efl?I*) < oo for
some £ > 0, we prove the weak existence and uniqueness of solutions (Section 2) as well as the
uniqueness of invariant probability measure (Section 3). Moreover, the existence of invariant
probability measures and entropy estimate of the density are proved in Section 4 using the
hyperboundedness of P?. Finally, the existence of invariant probability measures and Sobolev
estimates on the density are addressed in Section 5 by using the log-Sobolev inequality (L3]),
for which the Hérmander condition is adopted. The main results are applied to concrete
models of degenerate functional SDEs/SPDEs. We emphasize that some estimates in Section
5 are new even for non-degenerate SDEs with path-independent drifts, see Theorem [5.1] and
Theorem below for details.

2 Weak solutions

Let pu(ef?’) < oo for some constant ¢ > 0. We will prove, for p-a.e. & € €, that the
equation (LI0) has a unique weak solution with distribution P¢ satisfying

(2.1) IP’5<{7 € 0([0,00);F) : /OT | Z(7y,)|?ds < 00, T > 0}) =1.

When 7 = 0 and P? satisfies the Harnack inequality (23) below, the assertion holds for all
initial point x € H (in this case ¢ = H).
To formulate the associated Markov semigroup, we introduce the process

t 1 t
(22) B0 = e | [ (209w -5 [ 1zeaoe] ez

0 0
where X* is the segment solution to (L6 with inital value ¢ € €. By u(ef1?") < oo, this
process is well defined for p-a.e. & We will use SZ to denote the semigroup of segment
solutions to (LI0). But when 7 = 0, we use PZ to replace SZ for the notation consistency
with Theorem .11



Theorem 2.1. Assume (A) and p(e€171°) < oo for some constant ¢ > 0.

(1) For p-a.s. £ € €, R&(t) is a martingale and the equation (LIQ) has a weak solution
starting at & satisfying @1)). Moreover, the associated Markov semigroup SZ is given

by
(2.3) (SHE) =E[f(XHR®)], t=0, fe LX)

(2) For any &€ € ¢, (LIQ) has at most one weak solution with distribution P¢ satisfying
@D).

(3) Let 7 = 0. If there exist p > 1 and ®, € C((0,00) x H?) such that

ds

2.4 !
(24) /0 {po(exp[—®, (s, x,)])} 7

<oo, t>0,r€eH,

and P? satisfies the Harnack inequality
(2.5) (P fP(x) < e™E=0P)fP(y), ¢>0,f € Y (H),z,y € H,

then for any x € H, R*(t) is a martingale, the equation (LIU) has a unique weak
solution satisfying (21)) starting at x, and the Markov semigroup is given by

(2.6) (PZf)(z) =E[f(X*(t))R"(t)], t>0, x € H, fe B (H).

Remark 2.1. Although the reference measure y is less explicit, the condition p(ef1# |2) < 0
can be verified by using the marginal distribution p, which is explicitly given in applications,
for instance, in (L) po(dr) = e™V@dx for H = R?. Let, for instance,

7€) = / hEB))A0, €€,

T

where h is a measurable function on H. Then

(e5171) — ReslZPOXE) — e | S0, hxm (r6))a6|”

M pr—
< Ees J7 Ih(X M ()Pds < 1 /T Eee™ IMX 0 () 1g — Mo(eaﬁ\hlz)‘
T Jo
Therefore, u(eemz) < oo follows from uo(e”zhz) < 00.

To prove Theorem 2.], we first present the following lemma.

aIZF)

Lemma 2.2. Assume (A) and p(e < oo for some constant £ > 0.

(1) The process

w0 = e | [ zx.aws) - [ 2P0, 120

is a martingale. Consequently, for u-a.e. £ € €, R&(t) is a martingale.

8



(2) Let 7 = 0. If Z8) holds for some p > 1 and ®, satisfying (Z4), then R*(t) is a
martingale for any r € H.

Proof. (1) By the stationarity of X/ and u(ef?I") < oo, we have
T
IE/ |Z(X"M)|*ds = Tu(|Z]*) < o0, T > 0.
0
So, P-a.s.

t
:inf{tz():/ |Z(Xf)|2d82n}Too as n T oo.
0

By Girsanov’s theorem (see e.g. [18]), (R*(t A 7,,))t>0 is a martingale for every n > 1, so
that Fatou’s lemma gives

E(R*(t)|.7,) = E(lim inf RA(E A T)

n—oo

gz) < lim ianE(R“(t A )

n— o0

= liy{f_l)glfR“(s AT,) = R'(s), t>s>0.
Thus, (R*(t));>0 is a supmartingale. Since EfOT |Z(X")|*ds < oo implies EfOT |Z(X$)|?ds <
oo for p-a.e. &, the above argument also implies that (R%(t))>o is a supmartingale for p-a.e.
¢. Noting that ER“(t) = [, ER*(t)du, we conclude that (R*(t))i=0 and (R(t))eo for p-a.e.
¢ are martingales prov1ded ERH(t) =1 for all £ > 0.
By the stationarity of X}* and Jensen’s inequality, we have

2e
RezJo 1217 (XE)ds < 2_1&:/ Ees?P X s = p(efl?") < oco.
0

Then Girsanov’s theorem ensures that (R*(t)):cjo,2] is a martingale. In particular,
(2.7) ER*(t) =ERS(t) =1, t € 0,2¢], p-ae. £.

Assuming that ER*(t) = 1 for t € [0, 2ke| and some k > 1, it remains to prove ER!(t) = 1
for t € [2ke,2(k + 1)e]. Let t; = 2ke and

W(t)=W(t+t)—W(t), t>0.

Then W( t) is a cylindrical Brownian motion on the same probability space with respect to
filtration Jtlth By (A), (L6) with W (t) replacing W (¢ ) has existence and uniqueness as
well. Let X¢ be the segment process of the solution with X§ = £ defined as in (7). By the
Markov property,

E(t) (‘ftl XM dW(S ——ftl‘Z| XM dS|J )

_ {E(e o HZXAW () =1 3 |Z[P(XE)ds )H

e=Xt.

= {ERs(t—tl)}\&Xﬁ, t>t.



Since the law of X/ is p, this and ([27) imply =(¢) = 1 a.s. for all ¢ € [t1,t; + 2¢], so that
E(R* ()| F1,) = B*(t)Z(E) = R (f).

So, by the assumption ER*(t;) = 1, we obtain ER¥(t) = 1 for ¢t € [2ke, 2(k + 1)e].
(2) By Girsanov’s theorem and the Markov property, it suffices to find out a constant
t > 0 such that

(2.8) Ee? Jo ZOCEPs « o6 4 € HL
By (Z.3), we have
pofe”®02) (PR 1) (2) < prg(e77) < o0,

Combining this with (2.4]) and Jensen’s inequality, for any A > 0 and ¢, := p%\ we obtain

t
B[ 1200 0P0) < / " PO (1)ds

15
(2.9) - N 0 1
< t—/ {mo(e?7)}7 {po (7))} 7 ds < 00, 2 € H.
AJO
In particular, (Z.8)) holds for some constant ¢ > 0. O
Proof of Theorem[21]. (1) By Lemma and Girsanov’s theorem, for p-a.s. &,

We(t) .= W(t)—/tZ(Xf)ds, te0,T]

is a cylindrical Brownian motion on H under the probability measure Q¢ defined on .Z., by
Q*(A) =E[14R(T)], T >0,A€ Fy,

and (X¢(t));>0 is a weak solution of ([LI0) with respect to the cylindrical Brownian motion
WE(t). Note that Q¢ is well defined according to the martingale property of R¢(t) and the
Kolmogorov consistency theorem. Therefore, the associated Markov semigroup of the weak
solution is given by (23)).

(2) For ¢ € € and each i = 1,2, let (X®(t));>0 be a weak solution to (LI0) starting
at & with respect to the cylindrical Brownian motion W@ (¢) under a complete filtration
probability space (0, {Z},50,PD), such that the distribution P satisfies ). We
intend to prove P = P5. By (), we have

t
7 ::inf{tEO:/ |Z(X8(i))|2dszn}TooasnToo, i=1,2.
0
For every ¢+ = 1,2 and n > 1,

O A
. n . . 1 n .
RY)(t) := exp {— / (Z(X0),aw(s)) — - / 1Z]P(XM)ds|, t>0
0 0

10



is a P@)-martingale. Define the probability measure @,(f) on FY by letting
QV(A) = Epw[14aR(T)), T>0,4e .7

By Girsanov’s theorem,
t/\T,gi)
W) = wO(t) + / Z(X$)ds, t>0
0

is a Q,(f)—cylindrical Brwonian motion on H. Therefore, up to time r,&“, X@(t) solves the
SDE (L6) with the QY-cylindrical Brownian motion W (t) replacing W (t). By the path-
wise (also weak) uniqueness of (ILG) according to (A), (X@(t), W@ (1)) | under QY
coincides in law with (X¢(¢), W (1)) ; under P, where T > 0 and

te[0,TArSY

te[0,TATS

t
78 = inf {t >0: / |Z(X5)|ds > n}
0
Therefore, for any F' € %,(C([0,T]; H) x C([0,T]; H)),
Ep 1,00, F (X0, 7)), WO([0, 7))

I AN WO )= [ 170 )as

=Eqp [1{f5 12(xX72ds<n}©

< P(x0@0 1), (W9 [ 20x05) 070

0

-F ll{fT \Z(X5|2ds<n}ef°T<Z(X§)’dw(s)>—% Iy 1212(X$)ds
0 s >~

< F(X¢(0. 7)) (W—/'Z(Xg)ds)([o,T]))], i=12.

0
Consequently,

Epo [1 sy P (XD (0, 77), WO (o, T]))} — o [1 -

F(X([0, 7)), W ((0,7)))]
holds for any n > 1. Letting n — oo we obtain

Epon |[F(X0 ([0, T]), WO([0, T]) | = Beew [ F(X® (0, T]), W([0,T7)) |
for any T > 0 and F € %,(C(]0, T];H) x C([0,T]; H)). Therefore, P$ = P5.

(3) Let 7 = 0. By Lemma [2.2(2) and the Girsanov theorem, (X*(t));>o is a weak solution
to (LIQ) satisfying (2.1]) for the H-cylindrical Brownian motion

W (t) = W(t) — /OtZ(Xm(s))ds, £>0

under the probability measure Q®, which is defined on %, by
QI(A) = E[IARI(T)L T>0A¢ Fr.
Then the proof is finished by combining this with (2). O

11



3 Uniqueness of invariant probability measure

Since by Theorem 211 SZ is a Markov semigroup on L> (), it is meaningful to consider the
class of invariant probability measures absolutely continuous with respect to p:

Py = {pp: p>0,ulp) =1, u(pSEf) = p(pf) for t >0, f € B,(€)}.
Recall that when 7 = 0 we use PZ to replace S7.
Theorem 3.1. Assume (A) and p(ef1?”) < co for some £ > 0.

(1) If there exists t > 0 such that P has a strictly positive density p?(x,y) with respect to
o, then v € Py implies that p = 3—; has a strictly positive version, and &2, contains
at most one element.

(2) In the situation of Theorem BIN3), the Markov semigroup PZ defined on %, (H) has
at most one invariant probability measure.

Proof. (1) Let v = pu € &5. We first prove that p has a strictly positive version; i.e. p is
absolutely continuous with respect to v. For measurable A C € with v(A) = 0, we intend
to prove u(A) = 0. Since v is SZ-invariant, we have

| BIRS( + L (XEIA) = v(S7La) = v(4) =0,
@
Noting that RS(t + 7) > 0 for p-a.e. (hence, v-a.e.) &, this implies

(St o) = [ BILCXE () =0,

Letting po(z) = p(p|€(0) = z) be the regular conditional expectation of p with respect to p
given £(0), from this and (L9) we obtain

po(({PP} po)Sr1a) = po(po P (S-14)) = V(S 1) =0,

where due to p) > 0 and po(po) = 1,

(P = [ s Im(in(ds) >0,

So, po(S;14) = 0. Combining this with (I9) and that g is S%invariant, we obtain p(A) =
((S71a) = po(S714) = 0.

Next, according to [34, Proof of Proposition 3.1(3)], the uniqueness follows if SZ  has
a strictly positive density with respect to v. Since pu is equivalent to v as proved above,
and S7.. is equivalent to S, according to (2.3)), it suffices to prove that Sy, has a strictly
positive density with respect to . Let (S2)* be the adjoint operator of S? in L?(u), and let

P, 1) = pP(E(0), n(0). For any f € B(%), ([T) yiclds
S0, F(€) = PY(S.£)(€(0)) = /H (S0 F)()PY(E(0), y)po(dy)
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- [g (S°F) (mp2(E, m(cn) = /ﬁg Fm)(SO)*52(E, ) ()l dn).

Since p) > 0 implies p{ > 0, this implies that S, has a strictly positive density (£, 7) —
(S B (&, ) ().

(2) By [34, Proposition 3.1], P? has at most one invariant probability measure if there
exist £ > 0,¢ > 1 and a measurable function ¥ : H? — (0, c0) such that

(3.1) PZf(x) < (PZf(y)oU(z,y), fe€ Z(H),z,yeH
By ([29), for any r > 1 there exists a constant ¢(r) > 0 such that
Uo(z,t) :==E[(R*(t))" + (R*(t))"] < oo, te€0,t(r)],z€H.
Then (Z0) and (Z3]) yield
P () = E[f(X*()R( ¢r2 (0, )PP F2() < /o, 1) (PP £ () e ™t

(s
sm«c,t><E[f4p<Xy<t>>Ry<t>1> (B[R (1))71]) et ®attaw
Da(w, ) (Ta(y, 1) PeF ™0 (7 f2(y)) 5.

Therefore, (B1]) holds for ¢ = 4p and some function ¥, and the proof is thus finished. O

4 Entropy estimate using hyperboundedness

In this section, we assume that P? is hyperbounded, i.e. there exist py > 1 and t, > 0 such
that

1
(41) HP’t(())||L2(UO)—>L2pO(MO) = Sup M0(|R%f|2p0)2p0 < 0.
po(f?)<1

According to Gross [10], when P is symmetric in L?(pg), for instance, Z; is given by (I.2)) and
po(dz) = e”V@dz, [@T) is equivalent to the defective log-Sobolev inequality (3] for some
constants k > 0,5 > 0. However, in the non-symmetric case, the latter is strictly stronger
than (A1), see Examples 4.1 and 4.2 below for hypercontractive Markov semigroups without
the log-Sobolev inequality. So, the following result is new even for 7 = 0 and H = R

Theorem 4.1. Assume (A) and @) for some ty > 0 and po > 1. If u(eN?F) < 0o for

some constant \ > % then there exists v := pu € Py such that

(to + T)(3p0 — 1) IOg ,u,(e)\\Z|2> + 4)\])0 lOg ||Pt(3) ’|L2(M0)—>L2p0(uo) ‘

(4.2)  plplogp) < 2A(po —1) = (Bpo — 1)(to +7)

Proof. Let ¢ =ty + 7 and

cn

1
(4.3) Up = — pSEdt, n>1,
en J
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where the probability measure pS7? is defined by (uS?)(A) = u(Sf14),A € B(€). It
suffices to find a subsequence n; — oo such that v, — v weakly for some probability
measure v := pu with density p satisfying (£2]). We complete the proof by the following

three steps.
(a) Let co = | P2 12(u0)— 1200 (ug) < 00 and p =1+ pgT_ol > 1. We first prove

c(3po 1)f n(pp—1)

(4.4) Blef" 10900] < i {u(e W)L f e #(@).

Since p is an invariant probability measure of the segment process Xy, (L9) implies

o) = | ELACXEDutae) = [ BLFKEIude) = BIFXE ) = )
fort > 0 and f € %,(%). Combining this with (I.9) and using Jensen’s inequality, we obtain

1o(|Sef170) = u(|PY(S- )[#°) < 7 po((Sr f)?)P°
< i {po(S- 7)1 = {u(f)}",  f € L ().

For any F' € %,(%), we consider the Feymann-Kac semigroup

(4.5)

(STA)(E) = B[ f(XF)elb FOD] | f e (%),
By the Hoélder/Jensen inequalities, (L9) and (X)), we obtain
SvF 2p\ E Jo F XS ds d
(L) = [ (BLAOxeels 7o) uag)
B[ fP( X¢ Rerzt Jo F( F(X5)ds)2(p—1) d
< [ {Eroc)’ e ) batag)

< [ reon(t [ as) " g

< ([ mrman )" { (5 [ Bl e9es) T o) "
H ¢ \CJo
cBro—1) p po—1

<@u(m TN} <o

So, SF is bounded in L? () with

_ 1 (3po—1) o1
185 1 iangey < e {uufe ™7 )}

By the semigroup property, this leads to

C(3PO 1) F n(P()*l)

Relo " F(X¢ (SF ) < ||S§L||L2p(u) < ||Sf||7£2p(u) < Cg{'u(e o )} o

14



Therefore, ([£4) holds.
(b) For any ¢ € (0,1), we intend to prove

(4.6) E[R"(cn)log R*(cn)] < p(lni 5 log [co{u(eéi?ifﬁiilﬁ) pgpol].

We will apply the following Young inequality (see [I, Lemma 2.4]): for a probability measure
A on a measurable space M,

(4.7) A(fg) < M(flog f) +1log A(e?), f.g € BT(M),A(f) =1.
By the Young inequality and (4.4,
E[R"(cn) log R (cn)] = %E {R”(cn) / h |Z(X5)|2ds]
0
< eE[R"(cn)log R*(cn)] + &tlogIE[e2ls gn‘Z(Xg)'st]

c(3pg—1)

< eE[R"(cn)log R"(cn)] + % log [co{u(ezsua()D'ZQ)}pgpol}

When Z is bounded we have E[R¥(cn)log R*(cn)] < 2{|Z||%, < oo, so that this implies
[@G). In general, let Z,, = Z1{z/<m}, m > 1. Define R (t) as R*(t) using Z,, replacing Z.
Then the assertion for bounded Z implies

ne

E[RE (cn)log RE (cn)] < P T log [co{u(em

c(Brog—1) |2 ro—1
‘Z|)}2poi|’ le

Due to Fatou’s lemma, we prove ({.G) by letting m — oo.

(c) By 23), [@5), (£8) and (£1), for any f > 0 we have

%mzifEWMWMM@

cn

1 1 S
(4.8) < —E[R¥(cn) log R*(cn)] + — logE[eli” /X%]

< £
~op(l—¢)

po—1
c(3pg—1) po—1 c@ro—1) s J

log [co{u(ezf@oﬂ)‘zw)} 2P0 ] + ciplOg [co{u(eﬁ )} 0 }

__ dup

This implies that v, is absolutely continuous with respect to u, and (4.2) holds for p,, := i
replacing p. Indeed, taking f = R14 in (48) for u(A) = 0 and R > 0, we obtain

c¢(8pg—1) po—1

log [co{u(ezf(f’o*)‘Z'z)} 270 } + % logco), R >0.

1 €
W(A) < S| ———
)< (G
Letting R — oo we prove v,(A) = 0 for u(A) = 0, so that v, has a density p, with respect

to u. Next, applying ([L8) to f = c(ggo__ll) log(p, Am +m™!) and letting m — oo, we obtain

c(3pp—1) po—1

log [co{u(e%@rl)lz‘z)} 2P0 ] +$log00.

Po —1 £
ZYEEEEEEY nlo n S T N
(o — 1y P08 Pn) <
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Taking ¢ = <82=U ¢ (0 1) such that L¥2=Y — 1 we arrive at

2A(po— 1) 2e(po—1)
£(3po — 1) AZ[2y ) B 3po — 1
nlog pn) < log [co{p(eMN?M)} 20 | 4+ —2——log ¢
2cpo(3po — 1) NERE = Po

= log |c N4l 200 | + log ¢
230 1) — o~ Do 1) B Lol [ S g

c(3po — 1) log p(e?") + 4Apylogey

2X(po — 1) — ¢(3pg — 1) ’ -

Therefore, {p, }n>1 is uniformly integrable in L' (), so that for some subsequence nj — oo
we have p,, — p weakly in L'(u). Then v, — v := pu strongly and p satisfies ([£2). O

We first consider a simple example to show that the integrability condition in Theorem
.1l is asymptotically sharp for small t.

Example 4.1 LetH = Rd, T=0,0= \/§I and Zy = —xz. Then ,U()(d!lﬁ') = (277)_d/2e_%|x|2d1»
is the standard Gaussian measure. It is well known by Nelson [20] (see also Gross [10]), we
have

1P 12 (0)— 1200 (o) = L, to > 0,po = = (1 +€*0).

ST [\.’)I)—‘

321’((;)5950 - g(égff—l? — % as to — 0, for any A\ > 5 there exists ty > 0 such that

A > 3”0 L) to . By Theorems BTl and @] if [, eM#(® i %|x|2dx < oo then there exists a unique
v = ,o,uo E 322 and

Since

(3e2to _ 1) logﬂo(eA‘le) t0(3e2to _ 1)
< :
(p logp) 1Ilf{ )\(e2t0 _ 1) _ to(gezto _ 1) 2(e2t0 — 1> < >\}

On the other hand, for any A < %, there exists Z with uo(e’\mz) < oo but PZ does not have

A|Z\2)

any invariant probability measure. For instance, when Z(x) = = we have (e < oo for

any A\ < % but PZ = e® does not have invariant probability measure.

Below we consider three more examples. The first two are degenerate SDEs and semilinear
SPDESs for which the defective log-Sobolev inequality does not hold, and the last belongs to
monotone SPDEs where the defective log-Sobolev inequality is unknown. See [15] 26] [30]
for more examples of hyperbounded Markov semigroups without the defective log-Sobolev
inequality:.

Example 4.2 (Infinite-dimensional stochastic Hamiltonian system). Let H; be a
separable Hilbert space. Consider the following SPDE for (X (¢),Y(¢)) on H := H; x Hj:

dX(t) = {Y(t) — LX(t)}dt,
dY (1) = {Z(X,, ) — LY (t)}dt + dW (1),
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where W (t) is the standard cylindrical Brownian motion on Hy, Z : ¢ ~— H) is measurable,
(L,2(L)) is a positive definite self-adjoint operator on H; with discrete eigenvalues 0 < A\; <
Ay < --- satisfying > %, A% < oo for some constant § € (0,1). Then the reference SDE
with Z = 0 has a unique invariant probability measure o = N(0, (2L)~') x N (0, (2L)71),
where N (0, (2L)71) is the centered Gaussian measure on H; with covariance (2L)~!. By [32|
Theorem 4.1] with Z = 0,A = 0,B = I,L; = Ly = L such that 6 = 0, the associated
Markov semigroup P? is hypercontractive. So, Theorem ET] applies. Moreover, the Harnack
inequality in [32, Lemma 4.2] implies that P? has a strictly positive density with respect to
to- Then Theorem Bl implies the uniqueness of invariant probability measure of SZ.

Example 4.3 (Finite-dimensional stochastic Hamiltonian system). Consider the
following degenerate SDE for (X (¢),Y(t)) on H = R

dX () = Y()dt,
dY (t) = {Z(Xs, Y1) — X(t) = Y(¢)}dt + dW(2),

Let P? be the Markov semigroup for the SDE with Z = 0. By [I1, Theorem 4.4], for any
p > 1 there exists a constant ¢ > 0 such that

cle—y|?

(PSP (@) < (PfP)(y)e i,

' — clz—y?
Since @, (s, z,y) = s

t>0,z,y € R* f e BT (R™).

satisfies
pole™ 7)) > e pg(Bla, 1A s7)) 2 a(@)(1A)F, s> 0,0 € R
for some positive o € C(R??), (Z4) holds for p > 3¢. Therefore, when yi(el” *) < oo for some
e > 0, Theorem B.II(2) implies that P? is a Markov semigroup on %,(R??) having at most
one invariant probability measure.
Moreover, by [32, Example 5.1] with W = 0, P? has unique invariant probability measure
po(dz) = (27)~%e 21" dz on R, and

||Pt(())||L2(Mo)—>L4(uo) =1

holds for some constant t, > 0. Therefore, by Theorem ET], if p(et? |2) < oo for some
A > 4ty then PZ has a (unique, as observed above) invariant probability measure v with
density p := f_/z) satisfying

Aty log pu(eN 1)

A — 4t

to(plog p) <

Example 4.4 (Monotone SPDE). Let 0(0) € Zys(H, H), the class of Hilbert-Schmidt
operators from H to H, and let & > 2 be a constant. Assume that r — v« (Zo(rvy + v9), v3)v
is continuous in r € R for any vy, v9, v3 € V, and there exist constants C,¢§ > 0 such that

2y (Zo(v1) — Zo(va),v1 — va)y + [lo(v1) — o (v2)||7,. < Cllvr — vl — 6llor — vall¥,
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| Zo(v)|ly= < C + Cllv]|&™! for all vy, vy, v € V.

According to [I5, Theorem 1.4], the equation (L) has a unique variational solution for
any initial value and the Markov semigroup P? is hyperbounded with respect to the unique
invariant probability measure po. Moreover, according to [34], the Harnack inequality in
[T5, Theorem 1.2] implies that PP has a positive density with respect to ug. So, Theorem
B.II(1) and Theorem AT apply. When a > 2, [I5] Theorem 1.4] ensures (1)) for any to > 0
and pg > 1 > 0, so that by these results ,u(e’\‘ZF) < oo for some A\ > 47 implies that &,
contains a unique measure v, which has a strictly positive density p with respect to p, and

1(plog p) < oo.

5 Sobolev estimates using log-Sobolev inequality

In this section, we aim to extend Theorem [T to degenerate SDEs with path-dependent
drifts. When 7 > 0, we will consider the Sobolev regularity of the marginal density of the
invariant probability measure. For a probability measure v on ¢ and 6 € [—7,0], let vy be
the f-marginal distribution of v, i.e.

vo(A) =v({£ €€ :£00) e A}), Aec B(H).

In particular, by the stationarity of X*#0(t), we have py = o for 6 € [—7,0].

We mainly consider the finite-dimensional case, but make a simple infinite-dimensional
extension in §5.4. Let H = R? and H = R™ for some d,m > 1, and let V € C?(R%) such
that po(dz) := e”V@dz is a probability measure on R?. Let 0 € C?(R? — R? ® R™) and
let Zy be in (L2). Then the operator

d d
1
(51) D%O = 5 E (O'O'*)Z'j&iaj + E <Z07€i>ai
ij=1 i=1

defined on Cg°(RY) is symmetric in L?(p); namely,
—po(f%09) = &(f,9) = po({o"V f,0"Vg)), [f.g€ CSO(Rd)-
Let H?(ug) be the closure of C5°(R?) with respect to the Sobolev norm
. 1
11 220y 2= {po(LF1* + 0"V 7)) 2.

Then (&, H*(j10)) is a symmetric Dirichlet form on L?*(pg) and the associated Markov
process can be constructed as the solution to the SDE

(5.2) AX () = Zo(X (8))dt + o(X (£))dW (1),

where W (t) is the m-dimensional Brownian motion.
As in Section 4, we investigate the following functional SDE

(5.3) dX(t) ={o(X (1) Z(Xy) + Zo(X(t)) }dt + o(X (t))dW ()
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by using integrability conditions on the measurable map Z : 4 — R™. Besides the existence
of invariant probability measure and the entropy estimate presented in Theorem [l we aim
to derive more and stronger density estimates including those given in Theorem [Tl To this
end, we make the following assumption (H), where the log-Sobolev inequality is essentially
stronger than the hyperboundedness of P used in Section 4.

Let Lie{Uy,---,Uy,} be the Lie algebra induced by vector fields {Uy,---,U,}. More
precisely, let oy = {U; : 1 <i < m} and

= {[UU] = UU' —U'U : U,U' € Upmazrr i}, k> 1.
Then Lie{Uy,--- ,U,} is the linear space spanned by Ug>0.9%.
(H) Let V € C*(RY) such that po(dz) := e~V @dx is a probability measure on RY. There
exists k > 2 such that o € C*(R? — RY @ R™) and vector fields

d
UZ‘ = Zaji8j7 1 S 1 S m
j=1

satisfy the Hormander condition up to the k-th order of Lie brackets. Let Zy be in
[T2). Moreover, 1 € H(ugy) with &(1,1) = 0, and the log-Sobolev inequality (I3
holds for some constants k > 0 and 3 > 0.

This assumption implies that the solution to (5.2)) is non-explosive, the associated Markov
semigroup P? has strictly positive symmetric density p?(z,y) with respect to the unique
invariant probability measure p, and P? is hyperbounded. Since the Dirichlet form is

irreducible, the hyperboundedness of P is equivalent to ||P?||12(u0)—r4(uy) = 1 for large
t > 0 (i.e. the hypercontractivity), see [19], 28]. Consequently, the Poincaré inequality
(5.4) po(f?) < CE(f, f), [ e Hy* (o), po(f) =0

holds for some constant C' > 0.

5.1 Main result and examples

Let 7 > 0 and let 4 on ¢ := C([—7,0]; R?) be the unique invariant probability measure of
the segment solution to (5.2). We will need the condition pu(eM?”) < oo for A big enough in
terms of k and 7. Let

Ao = inf {A> i (14 V/T+83/7) (1= Vi/A) > 16},
When 7 = 0, we have A\, o = . Then for any A > )\, ; we have

2v/\ >¢X

—ﬁ—ﬁﬂ/(ﬁ—\/ﬁ)z_lff(li\/%ﬁ_ﬁ—ﬁ

> 1.

ax:
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Theorem 5.1. Assume (H). If u(eMN?’) < oo for some A\ > A, then P, contains a unique
probability measure v = pu. Moreover:

(1) For any p € (1, ;25), there exists a constant k = k(p, A) > 1 such that

(5.5) u(p”) < kp(eN2hE,

(2) The marginal density py := gﬁ does not depend on 0 € [—7,0], and has a continu-

ya
ous, strictly positive version such that log po, p¢ € HY*(uo) for p € (1, qfil) with the
following estimates holding for some constant k = k(p, \) > 1:

pollo"Vy/7l?) < 5 { log () + B} < oo

— K
(5.6) po (0" V log pol*) < 4p(]Z]%) < oo;

w7 5 2\
Ho(lo"Vd|* + o) < k{p(e 1)}
Since Theorem [Tl does not imply pz € H 2(u0), the last estimate is new even in the non-

degenerate case without delay (i.e. 7 = 0). We present below two examples of degenerate
diffusion processes satisfying the log-Sobolev inequality such that Theorem [5.1] applies.

Example 5.1 (Gruschin type diffusions). Let d =2 and [ € N. Let
Ul(z) =0y, Us(x) =240y, x=(xy,15) € R
Then the Hormander condition is satisfied. Let m > 2,¢; € R, ¢y # 0 and c¢3,¢4 > 0 such
that po(dz) := e~V@dx is a probability measure for
V(x) :=c1 + (cs|zy — 1|+ cqad)™.

Obviously, 1 € H?(uy) with &(1,1) = 0. Moreover, by [27, Proposition 4.1], (3] holds
for some constant £ > 0 and § = 0. Therefore, assumption (H) is satisfied.

Example 5.2 (Diffusions on Heisenberg group). Consider the following vector fields
on R3:
Ur(z) = 01 — %83, Us(z) = 02 + %83, x = (x1,72,73) € R’

tAg

Then the Hormander condition is satisfied. The Markov semigroup e'*° generated by the

Kohn-Laplacian Aq := U? + U2 has a strictly positive smooth density p:

©0)0) = [ n@f@ds, feBE)t>0
R3
For fixed to > 0, let V(z) = —log py, () so that po(dz) := e V@ dx = p,, (z)dz. Obviously,
1 € HY* (o) with &(1,1) = 0. Moreover, according to [I4, Corollary 1.2], there exists a

universal constant ¢ > 0 such that the log-Sobolev inequality (3]) holds for k = tyc and
B =0 (see [31] for more results on functional inequalities). So, assumption (H) holds.

In the next two subsections, we prove Theorem [B.1] for 7 = 0 and 7 > 0 respectively.
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5.2 Proof of Theorem B.1] for 7 =0

When 7 = 0, Theorem [5.1] reduces to the following result where S7Z is replaced by PZ for
notation consistency with Theorem [L.1]

Theorem 5.2. Assume (H) and let 7 = 0. For any A > x and p € (1, %), there exists

a constant C,, such that pg(eMN?") < oo implies that Py has a unique element v = ppq,
where p is continuous, strictly positive satisfying log p, pP/* € HY?(uo), (LH) and

(5.7) po(|0*VpE 2+ p7) < Cpa{po(eM?1)} .

We first prove this result for bounded Z with compact support. Let £ = £+ (0Z) -V,
where % is in (BI)). Then an invariant probability measure v of PZ solves the equation
Z7v =0 in the sense that

Lyfdv =0, fe C(RY).

Rd
The following lemma extends [33, Lemma 4.2] to the present degenerate case.

Lemma 5.3. Assume (H) and let 7 = 0. If |Z] € Nyepoo)LL(RY) and v = ppo is a

probability measure such that Ly,v = 0, then p has a continuous, strictly positive version. If
moreover Z is bounded and has compact support, then p € H?(ug) and

(5.8) /R {0V £, 0"V p)dpo = 2 /R 2,0V Popdpo, T € HE o).

Proof. We first prove that p has a continuous, strictly positive version using results in [5].
Let v; stand for the i-th component of a vector v, and let

Ai(z,u, &) =& —2uZi(z), r€RLueR EER™, 1<i<m.

It follows from the integration by parts formula and .ZJv = 0 that

(5.9) =t i=1
=1
Obviously,

A, u, &) =Y |Ailw,u, &) < 2ul - |Z|(x) + €],
i=1

Alw,u,8) & > € = 1Z](2)]ul - |¢] > %\5\2 = 2[uf*|Z[*(z),
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where |Z| € L} (p) for any p € [1,00). Then by [5, Theorem 3.1 and Theorem 3.35], p
has a locally Holder continuous version (denoted again by p) with respect to the intrinsic
distance induced by o. By the Hormander condition, the intrinsic distance induces the
classical topology in R%, so that this version p is continuous. Moreover, for any compact set
K there exists a constant C(K) > 0 such that

sup p < C(K) + C(K) inf p.
K K
Since the equation (5.9) is linear in p, this inequality also holds for np replacing p, so that
C(K
sup p < ClK) + C(K)infp, n>1.
K n K

Letting n — oo we obtain
sup p < C(K)inf p,
K K

which implies that p is strictly positive since po(p) = 1.

Now, let Z be bounded with compact support. Since p is locally bounded due to the
continuity, pZ is globally bounded. In particular, pZ € L?(R? — R% ). By (5.4) and the
completion of H!?(yug), {o*Vh : h € H?(ug)} is a closed subspace of L?(R? — RY; ).
Let h € H}?(uo) such that 0*Vh is the orthogonal projection of pZ on this subspace. Since
Zyv =0, we have

mo(pof) = v(Zzf) —v((Z,07Vf))

= ~10((pZ, 0"V f)) = =&o(h, f) = mo(hLf), | € CF(R).
By GA), {&f: f € C(RY)} is dense in {f € L*(u0) : po(f) = 0}, so this implies p = h+c
for some constant c. Hence, p € H? (1) and

L (0" p, 0"V 1)) = o p(Z, 0"V f)), | € CE(RY.

2
Due to the boundedness of pZ, this is equivalent to (G.8]). O
Lemma 5.4. Assume (H) and let 7 = 0. For any A > k and p € ( there ezists a

constant C, 5 such that for any bounded Z with compact support, if a proba{lzty measure v :
ppo solves Ly = 0, then p has a continuous, strictly positive version such that log p, pp/2

H;Q(IUO); (I’fld (m); (m) hold.

Proof. By Lemma [5.3] p has a continuous, strictly positive version such that p € H?(ug)
and (5.8) holds. According to step (a) in the proof of [33, Theorem 2.3, (5.8) implies
log p,/p € HY*(po) and (LH). To prove (1), let f, :== (n=' + pAn)P~', n > 1. Then
fu € Hy*(po) and by (B8,

I, = ,u(](

p2

)= T Ll T Tl

p % p *
(5.10) — s [ 2oV i < 5 (e A2 107V )

a*V(pAn+n1)E|)

P

o*V(pAn+nt):

<ppo(|Z|(pAn+nt)t

< py/ L (1Z2(p A+ n=1)p).

22



Next, it follows from (L7) and (3] that

VAN —Lp 2
o122 nm ) — LOULAT T poy (@077

(pAn+ntyP )
o((pAn+n-1)p)

1
(5.11) < THo ((p/\n+n_1)p log

| =

1
)\I + f,uo((p/\n +nh)P).

Noting that the log-Sobolev inequality (L3)) implies the super Poincaré inequality (see [24]

or [25])

(5.12) 1o(f%) < rpo(|o"V F12) + e Dpg(|f)%, 7> 0, f € Hy*(uo)

for some constant ¢ > 0, we obtain

[NJ4S)

(5.13) to((p An+n~1P) <rl, + ec(lwfl),uo((p/\ n+n"t) )2, r > 0.

Combining (5.10)-(5.13)), we arrive at
L < p*po(|Z]*(p A +n)P)
B + log o (M%)
< p? P
<p*(5h+ : pol(p A+ n7')) )
(2P .
{rl 4 e+ ((p/\n+n_1)§)2}>
)

<p
_b AZ|?
= ({4 (8 + log (@ ),

+ {8 4 log o (M) o (0 Am+ 0~ )g)z}, r > 0.

(5.14)

(A] +5+logﬂ

Now, we are ready to complete the proof by induction in p as follows.
(i) Assume that p < 2. Since po(p) = 1, we have

(5.15) po((pAn+n 8 < {uo(p+ 1)} <22 =4, n>1.

So, (B.14) implies
Y [{K 78 + log o)}, + {0+ (B + log (M) Y], 7> 0.
Since p? < 2, letting
A — P’k
p2(6 + log i (eM#1))

rT=Tp\ = > 0,

we obtain

8p2ec+720) (B + log pio(eM?1))

I, <
A — P32k

< apapig(M?F)ra >
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for some constant «,, > 0. Combining this with (B.I3)) for e.g. » = 1 and (5.15), we may
find out a constant C), x > 0 such that

(5.16) Ly + p((p An)P) < Cyapo(eN?)rr | n > 1.

Letting n — oo we conclude that p?/? € H?(j1y) and (5.7) holds.
(ii) Assume that (5.7) holds with p € (1, \/—5) N [0, k] for some k > 2, we aim to prove it

for p € (1, \\/—g) N [0, 2k]. Tt suffices to consider p € (1, %) N (k,2k] and k < \\% In this case,
by the assumption there exists a constant ag y > 1 such that

po(ph) < Oék,wo(eklz‘z)a“-

Since p < 2]{5, we have
P p D Z 2 [e%
/JO((p /\ n + n 1) /2)2 < {/,L()(pk)} /k < Cl{k)\uo(e)\‘ I )p k’>‘.

Substituting this into (5.I4]) and repeating the argument in (i), we prove (B.1) for some
constant Cy, y > 0. O

Proof of Theorem[5.2. By the Hormander theorem, (H) implies that P? has a strictly posi-
tive density with respect to jg. So, the uniqueness of v € & follows from Theorem B.IJ(1).

To prove the existence, for any n > 1, let Z,, = Z1yz|4+|.|<n}- Then Z,, is bounded with
compact support. By Theorem A Tland Lemma[5.4] PtZ" has an invariant probability measure
Vn = pajto, where p, is continuous, strictly positive such that log p,, p&/> € H (1) and
(LH), (57) hold for p,, replacing p. In particular, {pfﬂ}nzl is bounded in H}?(110). Then, as
explained in step (b) in the proof of [33, Theorem 2.3(1)], the defective log-Sobolev inequality
(I3) implies that {p%*},s1 is relatively compact in L2(gg). So, up to a subsequence, g > —
pP2 in L?(pg) for some probability density p with respect to po. Moreover, logp, pP/? €
HY?(110) and (LH), (57) hold. It remains to prove that v := pug is an invariant probability
measure of PZ, where p has a continuous, strictly positive version according to Lemma [5.3

For any f € %,(R%), by v, (P f) = vn(f), pn — p in L'(jg) and the boundedness of

to(pl), we obtain

W(PZf) = ()] = | Tim po(pu(PZS = 1))

1
< limsup po(po| P2 f — P77 f]) < Climsup po(|P7 f — P2 f|9)

n— oo n—oo

(5.17)
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for some constant C' > 0 and ¢ := 5. By (Z3) and 7 = 0, we have

uo(|P7f — PtZ"f\q)
— [ R[F(X7(#) {efo ZEXT().AW ()= F [5 1Z(X7(s)[?ds
[ Bl er %

— oJo(Zn(X7(s).AW (9)) =5 [y Zn (XGPS |0 (dar)
(5.18) < E[|f(XF0(t)){elo @I AW =3 fy 12X 0 (o) ds

_ efo (Zn(XF0(s)),dW ()= [, \Zn(XMo(s))Pdqu]

< || £l (Be2a fo (20D AW ()=a 71 2(X¥0(s))ds) &

<E‘ef0 (Z—2Zn)(XH0(5)),dW ()= 5 [ [(Z—Zn)(XH0(s))[2ds _ 1} )

2
A Z| )

Since po(e < 00, for any a > 1 and measurable function g with |g| < |Z],

Fe20 atg(X0 (5)),dW (s))—a [ |g(XH0 (5))|2ds

1

{(Ee4a 3 (a(X70 (). AW () =80 [ |a(X70(3)) P ds) g (S ~20) [ ‘Q(X“O(S))‘%F

< (802—20)tZ[2\)3 < Nz < < S
= (Mo(e )) < \/tole ) <oo, t< 302 — 200

So, for small enough ¢ > 0, by (5I8) and the dominated convergence theorem we prove

limy, o0 10 (| P2 f — PtZ"f|q) = 0. Then (5I7) implies v(PZ f) = v(f) for small ¢t > 0 and all
f € By(R?). Therefore, v is an invariant probability measure of PZ. O

5.3 Proof of Theorem [5.1] for 7 > 0

Again we start from bounded Z.

Lemma 5.5. Assume (H) and let Z be bounded. Then SZ has an invariant probability
measure v = pp such that p € Nye(1,00)LP (). Moreover, vy = vy for 0 € [—T, 0] and it has
a continuous, strictly positive density py with respect to g such that log pg, p = HY2 (1)
for any p > 1. Moreover, for any X > k and p € (1, ‘f) there exists k = k:(p, A) > 0 such
that (5.6) holds.

Proof. Since (L3) implies the hyperboundedness of P2, the existence of invariant probability
measure v = pp is ensured by Theorem [ which is the weak limit of a subsequence of
{Vn}n>1 in [@3). Below we first prove the assertion on the marginal density, then prove
p € LP(n) for all p > 1.

(a) The marginal density. Let § € [—7,0]. Since v is SZ-invariant, for any f € %,(R?)
and fo(§) := f(£(0)), we have

vo(f) = vifa) = V(5% fy) = L E[f5(X¢ ) RE(—0)] w(de)
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_ é FOXE(=0 + 0))(de) = /ﬁg FEO)V(AE) = ().

Therefore, vy = vy.
Moreover, for any f € C5°(R%) and fy(€) := f(£(0)), we have

E[f(X"(0)R"(1)] = WS fo) = v(fo) = w(F). 2 0.

On the other hand, let Z|¢o) = v(Z]£(0)) be the regular conditional expectation of Z under
probability v given £(0). By Ito’s formula,

t

E[f(X"()R"(t)] —Vo(f)Z/0 E[(LzE(O)f)(X”(S))R”(S)]dS=/0 (L izl f)ds.

Therefore, vy(Lg,,, f) = 0 for all f € C5°(RY), ie. LYoo = 0. We then finish the proof
by considering the following two situations.

(i) Z is supported on a bounded subset of €. Then Z|¢) has compact support. Since
by Jensen’s inequality

pio(eMNZle0 ) = M(eklu(zlf(o))lz) < u[u(e*mz\ﬁ(O))} = u(eM?”) < oo,

the desired assertion on pg follows from Lemma [5.41

(i) In general, let Z™ = Z1y <,y for n > 1. Then for every n > 1, 7" has an invariant
probability measure v = p{™ with the marginal density pém satisfying (5.6]) in place of
p. As shown in the proof of Theorem E.I] that up to a subsequence p™ — p weakly in
L*(p), v := pp is an invariant probability measure of S7, and p, satisfies (5.6]). Note that
by Lemma 53] py has a continuous, strictly positive version, so that the Poincaré inequality
(54) implies log py € L*(j1o), see step (a) in the proof of [33, Theorem 2.3(1)] for details.

Therefore, after proving p € LP(u) (hence, py € LP(ip)) in the next step, we conclude that

log po, p3 € Hy* (o) )
(b) p € LP(p) for p > 1. Let f > 0 with u(fr-1) < 1. Since Z is bounded, for any
a > 1 there exists a constant c¢(«) > 0 such that E[(R"(7))?] < c(a) < oo. Let ¢ € (1, 5).

Combining this with (L9)) and (23] and using py € L*(pg) for any o > 1, we obtain

v(f) = v(S?f) = B[f(X)R"(7)] < e {E[f1(X2)]}7

1 P p—1 +71q p—(p—1)g
(5.19) = cr{po(poS-f4)} 1 < er{po((S-fH)T@) } 7 {po(ps " "*)}
<e{up(fr)}7 . feBt (@)
for some constants ¢1, co > 0. Therefore, p € LP(pu). O

Proof of Theorem[51l By Hormander’s theorem, (H) implies that P has a strictly positive
density with respect to pg. So, the uniqueness of v follows from Theorem B.I|(1). Below, we
prove the existence and assertions (1) and (2).
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(a) We first assume that Z is bounded. By Lemma [5 it remains to prove (&3] for

p<pyi= . Since A > A, ;, we have
1 4\
—(1 1 A
4( +v1+8 /7') \/_ 7R
and

2\ VN VR

5
Since pfil = q», when p € (1, p,) is close enough to p, we have

P 1 9 4p3\/X
< — < — _—_—— <
aqx p—l 2<p3+ b3 \/X—\/E Ps,

so that
P \2  Dpsp psVA
2 —
(5.20) (p— 1> RV VK =
and

o ps(p—1)

- > 1.
pr—p pilp—1)—p

pri=ps(p—1)>p, po:=

It is easy to see that (G.20) is equivalent to

V3
ﬁ_lz\/x—\/go_ p )>p—1
P22 VA p3(p—1) p

Then there exists 6 € (1, \F) depending on p, A such that 9 = ijl. By (L9) and Lemma
B0l there exists a constant k: = k(p, A) such that

b2

[g (€ ELF (XE(AE) = jolpoSe f7) < {olp)}¥ (ol S, 525)} 7
< (kMNP Y Ry u(F7E) YT < k(X 2PV F >0, u(f7T) < 1

(5.21)

Noting that

1 1 1 1+ —1)—p+p-—1
Sy p3(p ) pTp :1’
Pr P2 P3 P3(P— 1)

by Holder’s inequality and (5.21]), we obtain

v(f) = v(P7f) = L P(©)ELF (X9 RE()]u(de)

(5.22) < ) ([ OB et i)

< k(@28 (o) (BI(RE()P]) 7, f 2 0,u(f7T) < 1
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To estimate E[(R*(7))P?], recall that for any continuous martingale M (t) we have

EepsM(n)—3-(M)(r) < (Ee2psM(7)—2pg<M>(T))%(Eep3(2p3—1)(M>(T))% < (Eeps(zps—meT))%_

Taking M (t) = f(f(Z(Xg‘), dW(s)) and noting that p3(2p; — 1)7 = A by the definition of pj,
we obtain

(E(R“(T))p3)2 < E[eps@p:’)—l)fg \Z(X5)|2ds]

< 1 /TE[GP3(2P3—1)TZ(X§L)2}dS — Iu(eA\ZF)‘
0

T

Combining this with (522]), we arrive at

_ L MNZ|2\k 2
plpf) = v(f) < p(p")rrkp(e™ D)%, f = 0,u(fr1) <1
for some constant k = k(p, \). Since p; > p and p € LP(u) due to Lemma [5.5] this implies
the desired estimate (B.3]).

(b) In general, for any n > 1, let Z™ = Z 1{1z|<n}- Then SZ ™ has an invariant probability
measure v\ := p{™  such that (5.5) and (5.6) hold for p{™ and pém replacing p and py with
constants independent of n. In particular, p™ converges weakly in L'(x) to some p, and as
shown in the proof of Theorem [Tl that v := py is an invariant probability measure of S7
satisfying (B.5) and (5.6]). Moreover, applying Lemma to the marginal distribution 1

(recall that L*Zlg(o) 1o = 0), we conclude that py has a continuous, strictly positive version.
O

5.4 The infinite-dimensional case

By finite-dimensional approximations, it is easy to extend Theorem [.J] to the infinite-
dimensional case. For simplicity, here we only consider an Ornstein-Uhlenbeck type reference
process on H.

Let W (t) be the cylindrical Brownian motion on H, and let L, o be self-adjoint operators
such that for some orthonormal basis {e;};>; of H

Le; = Nieg,  oe; = qie;, 12>1
holds for some constants \;, ¢; satisfying
2
. . 2 qi
A _%Sf&' > 0, g{ql > 0, ;A_f < oo for some ¢ € (0,1).
Then for any initial point, the SDE
(5.23) dX(t) = —=LX(t)dt + odW (t)

has a unique continuous mild solution, and the associated Markov semigroup P? is symmetric
in L?(uo) for py being the centered Gauss measure on H of covariance operator @ with
2

Qe; = ;—/{iei, ¢ > 1. When 7 > 0, let i be the distribution of X*° as introduced in Section 1.
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Next, according to [10], we have the following log-Sobolev inequality

(5.24) po(f*log f?) < —M0(|0'*Vf‘ ), [ e€FCr ml(f?) =1,

where ZC° = {z — f((z,e1), - ,(x,e,)) : n>1,f € CP(R™)} is the class of smooth
cylindrical functions.
Below we extend Theorem [B.] to the SDE

(5.25) dX(t) = {0 Z(X;) — LX(t) }dt + odW(2)
by using finite-dimensional approximations.

For any n > 1, let m, : H — H,, := span{ey, - - - , e, } be the orthogonal projection. Then
T, X (t) is a Markov process on H, which is symmetric with respect to ,ug") = po o, L,

and (£24) implies the same log-Sobolev inequality for ,ug") on H,, replacing po on H. Let
7 % — H be measurable satisfying conditions in Theorem [G.1] Then Zn = Zlg, also
satisfies these conditions, where %), := C([—7,0];H,) C €. So, letting ™ be the marginal
distribution of 1 on %, the corresponding finite-dimensional Markov semigroup S7" has an
invariant probability measure v = p ™ with p™ and p((]") satisfying (B3] and (5.6
respectively. Thus, up to a subsequence, p™ o m, — p weakly in LP(u), and (SP"f) o m, —
SZfin Lot () for any bounded cylindrical function f on H. Therefore, v := pu € &, with
p and pq satisfying (5.5]) and (5.6) respectively.

Moreover, let P? be the Markov semigroup of the linear equation (5.23)). According to
e.g. [29, Theorem 3.2.1], P? satisfies the following Harnack inequality for some constant

C > 0: i 2
(Pf (@) < (Pf"(y)) exp [H

By [29, Theorem 1.4.1], this implies that P2 has a strictly positive density with respect to
1o. Therefore, by Theorem Bl v € &5 is unique, and the density p has a strictly positive
version. In particular, the marginal density py has a strictly positive version as well. This
together with the Poincaré inequality (5.4]) implies log pg € L?(j1), see step (a) in the proof
of [33, Theorem 2.3(1)].

In conclusion, we have the following result, where )\, ; and gy are given before Theorem

6.1

Theorem 5.6. In the above framework, let Kk = /\% If uw(eN?P) < 0o for some X\ > \,.,, the
Py contains a unique measure v = pp, where p is strictly positive such that ([B.0]) and (5.0])

hold for any p € (1, qjil) and some constant k = k(\, p) > 0.

}, t>0,p>1,[fe€ B (H).
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