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ON CYCLIC HIGGS BUNDLES

SONG DAI' AND QIONGLING LIZ

ABSTRACT. In this paper, we derive a maximum principle for a type of elliptic systems and apply
it to analyze the Hitchin equation for cyclic Higgs bundles. We show several domination results
on the pullback metric of the (possibly branched) minimal immersion f associated to cyclic Higgs
bundles. Also, we obtain a lower and upper bound of the extrinsic curvature of the image of f.
As an application, we give a complete picture for maximal Sp(4,R)-representations in the 2g — 3
Gothen components and the Hitchin components.

1. INTRODUCTION

Let S be a closed, oriented surface of genus g > 2 and G be a reductive Lie group. Let X be a
Riemann surface over S and denote its canonical line bundle by Ky. A G-Higgs bundle over X is a
pair (E, ¢) where E is a holomorphic vector bundle and ¢ is a holomorphic section of End(F)® Ky,
plus extra condition depending on G. The non-abelian Hodge theory developed by Corlette [9],
Donaldson [12], Hitchin [14] and Simpson [22], provides a one-to-one correspondence between the
moduli space of representations from 71 (S) to G with the moduli space of G-Higgs bundles over X.
The correspondence is through looking for an equivariant harmonic map from 3 to the symmetric
space G/K, where K is the maximal compact subgroup of G, for a given representation p or a given
Higgs bundle (E, ¢).

In this paper, we are interested in the direction of the non-abelian Hodge correspondence from
the moduli space of Higgs bundles to the space of equivariant harmonic maps. More explicitly, given
a polystable G-Higgs bundle (F, ¢) on X, there exists a unique Hermitian metric h compatible with
G-structure satisfying the Hitchin equation

FY" +[¢,6""] =0,

called the harmonic metric, which gives the equivariant harmonic map from % to G/K. So for
a given Higgs bundle (FE,¢), we would like to deduce geometric properties of the corresponding
equivariant harmonic map: % - G/K.

We are particularly interested in the following SL(n,C)-Higgs bundles

0 Yn
_ | m 0 .
E=L1oLy®-—-®L,, ¢= . . E - EQ Ky,
Tn-1 0

where L is a holomorphic line bundle and -4 is a holomorphic section of L;lLkHKZ, k=1,---n
(Lp+1 = L1). Suppose det E = O and v, # 0, k = 1,---,n — 1. Call such a Higgs bundle (F,¢) a
cyclic Higgs bundle parameterized by (71,72, *,vn). For G a subgroup of SL(n,C), we call (E,¢)
a cyclic G-Higgs bundle if it is a G-Higgs bundle and it is cyclic as a SL(n,C)-Higgs bundle.

!The author is supported by NSFC grant No. 11601369.
2Corresponding author, supported in part by the center of excellence grant ‘Center for Quantum Geometry of
Moduli Spaces’ from the Danish National Research Foundation (DNRF95).
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The terminology “cyclic Higgs bundles” first appeared in [2]. Note that the notion here is a
bit different from the one in [2], where the notion “cyclic” there is referred to the group G. One
may also view cyclic Higgs bundles as a special type of quiver bundles in [I]. Cyclic Higgs bundles
are special in G-Higgs bundles for G of higher rank. The harmonic metric for a cyclic Higgs
bundle is diagonal, making it possible to analyze the solution to the Hitchin equation and hence
the corresponding harmonic map. So studying cyclic Higgs bundles could give us hint on predicting
what may happen to general Higgs bundles.

If a representation p: m1(S) - SL(n,C) does not correspond to a cyclic Higgs bundle over one
Riemann surface 3, it is still possible that p corresponds to a cyclic Higgs bundle over another Rie-
mann surface ¥'. By Labourie [17], any Hitchin representation for SL(n,RR) cannot correspond to a
cyclic Higgs bundle over a deformation family of Riemann surfaces and later Collier [5] generalizes
to a more general family of cyclic Higgs bundles.

If n > 3, the associated harmonic map for a cyclic Higgs bundle is conformal and hence is
a (possibly branched) minimal immersion. In [10], the authors studied the pullback metric and
curvature of the minimal immersion for cyclic Higgs bundles in the Hitchin component (the ¢,
case). In this paper, we derive a maximum principle for the elliptic systems. The maximum
principle is very useful for the Toda-type equation with function coefficient, which appears in the
Hitchin equation for cyclic Higgs bundles. With this powerful tool, we generalize and improve the
results in [I0] and discover some new phenomena.

1.1. Monotonicity of pullback metrics. Let (E,¢) be a cyclic SL(n,C)-Higgs bundle param-
eterized by (71,7 ), n > 3. Let f be the corresponding harmonic map and it is in fact branched
minimal. The Riemannian metric on SL(n,C)/SU(n) is induced by the Killing form on sl(n,C).
Then the pullback metric of f is given by

g =2ntr(¢p™)dz ® dz,

where h is the harmonic metric. Though at branch points g = 0, we still call g a “metric”.
There is a nature C*-action on the moduli space Mgyg9s of SL(n,C)-Higgs bundles:

(c* X MHiggs —> MHiggs
t(E7¢) = (Evtqb)

Theorem 1.1. Let (E,¢) be a cyclic Higgs bundle. Then along the C*-orbit of (E,¢), outside
the branched points, as |t| increases, the pullback metric g' of the corresponding branched minimal
immersions strictly increases.

If we integrate the pullback metric, it gives the Morse function f (up to a constant scalar) on
the moduli space of Higgs bundles as the L?-norm of ¢:

f(E,¢) = fztr(gb(b*)\/—_ldz AdZ.

Corollary 1.2. Let (E,¢) be a cyclic Higgs bundle. Then along the C*-orbit of (E, ), the Morse
function f(E,t¢) strictly increases as |t| increases.

Remark 1.3. The Morse function is the main tool to determine the topology of the moduli space
of Higgs bundles, for example, in Hitchin [14], [15], Gothen [13]. The monotonicity in Corollary .2
is not new. In fact, Hitchin in [14] showed that with respect to the Kdhler metric on the moduli
space, the gradient flow of the Morse function is exactly the R*-part of C*-action. Hence, along
C*-orbit of any Higgs bundles (E, ®), the Morse function f(E,t¢) strictly increases as |t| increases.
Here we improve the integral monotonicity to pointwise monotonicity along C*-orbit of cyclic Higgs
bundles.
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Consider the family of cyclic Higgs bundles (E, ¢') parameterized by (v1,---, v, ). For t € C*, the
family (F, ¢') is gauge equivalent to tn (E,¢) = (E, t%¢). If the cyclic Higgs bundle parameterized
by (71,*,¥n-1,0) is again stable, in this case Zle deg(Lp+1-x) <0 for all 1 <k <n-1, we extend
the monotonicity of C*-family to the C-family.

Theorem 1.4. Let (E,¢') be a cyclic Higgs bundle parameterized by (v1,-+,tv,) for t € C. If
the cyclic Higgs bundle parameterized by (v1,+*,Yn-1,0) is stable, then outside the branched points,
as [t| increases, the pullback metric g' of corresponding branched minimal immersions for (E,¢")
strictly increases. So does the Morse function.

Remark 1.5. If the cyclic Higgs bundle parameterized by (v1,+,Yn-1,0) is stable, it lies in the
moduli space of Higgs bundles and is fixed by the C*-action. Note that the fixzed points of C*-action
are ezactly the critical points of the Morse function as shown in Hitchin [14].

1.2. Curvature of cyclic Higgs bundles in the Hitchin component. By Hitchin’s descrip-
tion [I5] of the Higgs bundle in the Hitchin component, the cyclic Higgs bundles in the Hitchin
component are of the following form

0 n

n-3 3-n 1-n 1 0

E-KTeK70-0K? oK, ¢=

1 0
where ¢, is a holomorphic n-differential. We call such a Higgs bundle (E, ¢) a cyclic Higgs bundle
in the Hitchin component parameterized by gp. If ¢,, = 0, the Higgs bundle is called Fuchsian.

The corresponding harmonic map f : ¥ — SL(n,R)/SO(n) is a minimal immersion for n > 3.

We want to investigate that, as an immersed submanifold, how the image f (i) sits inside the
symmetric space SL(n,R)/SO(n).

Theorem 1.6. Let (E,¢) be a cyclic Higgs bundle in the Hitchin component parameterized by qy.
Let o be the tangent plane of the image of f, then the curvature K, in SL(n,R)/SO(n) satisfies

1
“n(n-1)2

Remark 1.7. The sectional curvature K of SL(n,R)/SO(n) and SL(n,C)/SU(n) satisfies —% <
K < 0 (see Proposition [51]). For general Higgs bundles, one should not expect there is such
a nontrivial lower bound at immersed points. For example, in the case of cyclic Higgs bundles
parametrized by (1,72, V), if n—1 terms of v;’s have a common zero point, then the curvature
1

of the tangent plane o at that point achieves the most negative, i.e., Ky =~

<K, <O0.

Remark 1.8. (1) The upper bound is shown in [10]. Here we give a new proof. As shown in [T],
along the family of Higgs bundles parameterized by tq,, K. approaches to 0 away from the zeros of
qn as |t| = oo. So the upper bound K, <0 is sharp.

(2) The lower bound —N(Tl_l)z can only be achieved at some point in the case n =2, 3.

(8) In the Fuchsian case, i.e. qn = 0, the sectional curvature K, is —%. However, it is

strictly larger than the lower bound of K, for g, #+ 0 case when n > 3. Hence, one cannot expect the
curvature in Fuchsian case could serve as a lower bound of K, for general Hitchin representations.

For details one may see the remarks in the end of Section [Bl

1.3. Comparison inside the real Hitchin fibers. Fix a Riemann surface 3, the Hitchin fibra-
tion is a map from the moduli space of SL(n,C)-Higgs bundles over ¥ to the direct sum of the
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holomorphic differentials

n .
h:MHiggs - @HO(EvK])9(Q27Q37"'7Qn)'
=2

(E7¢) e (tr(¢2)7tr(¢3)7"'7tr(¢n))

Note that cyclic Higgs bundles (F,¢) lie in the Hitchin fiber at (0,---,0,7n - ¢,), where ¢, =
(-1)"1det(p). There is one special point in each Hitchin fiber at (0,--,0,n - ¢,): the cyclic
Higgs bundle in the Hitchin component parametrized by g,.

In Proposition 6.1}, we show that the harmonic metric in the cyclic Higgs bundle in the Hitchin
component dominates the ones for other cyclic SL(n,R)-Higgs bundles in the same Hitchin fiber
in a certain sense.

As the applications in lower rank n = 2, 3,4, we compare the pullback metric of the harmonic map
for the cyclic Higgs bundle in the Hitchin component with the ones for other cyclic SL(n,R)-Higgs
bundles in the same Hitchin fiber at (0,---,0,7n - gy).

Theorem 1.9. Let (E,q;) be a cyclic Higgs bundle in the Hitchin component parameterized by qy,
and (E,¢) be a distinct cyclic SL(n,R)-Higgs bundle in Section [Z:3 such that det$ = (=1)""1q,,.
For n=2,3,4, the pullback metrics g,§ of the corresponding harmonic maps satisfy g < g.

Under the assumptions above, the Morse function satisfies f(E,¢) < f(F, (5)

By Hitchin’s work in [I4], all polystable SL(2,R)-Higgs bundles with nonvanishing Higgs field
are cyclic. We can then directly apply Theorem to SL(2,R)-representations, we recover the
following result shown in [11].

Corollary 1.10. For any non-Fuchsian reductive SL(2,R)-representation p and any Riemann
surface X, there exists a Fuchsian representation j such that the pullback metric of the corresponding
Jj-equivariant harmonic map f;: ¥ — H? dominates the one for fo-

Remark 1.11. Deroin and Tholozan in [I1] show a stronger result by comparing Fuchsian repre-
sentations with all SL(2,C)-representations and the condition being reductive can be removed by
separate consideration. Inspired by this result, they conjecture that in the Hitchin fiber, the Hitchin
section maximizes the translation length. Our Theorem [1.9 here is exactly in the same spirit, but
using the pullback metric rather than the translation length.

We expect that Theorem [L.9holds for general Higgs bundles rather than just cyclic Higgs bundles.

Conjecture 1.12. Let (E,(ﬁ) be a Higgs bundle in the Hitchin component and (E,®) be a distinct
SL(n,R)-Higgs bundle in the same Hitchin fiber at (q2,q3,*,qn). Then the pullback metrics g,q
of corresponding harmonic maps satisfy g < g. As a result, the Morse function satisfies f(E, ) <
f(E, ).

1.4. Maximal Sp(4,R)-representations. For each reductive representation p into a Hermitian
Lie group G, we can define a Toledo integer 7(p) satisfying the Milnor-Wood inequality |7(p)| <
rank(G)(g — 1). The representation p with |7(p)| = rank(G)(g — 1) is called maximal. Maximal
representations are Anosov [4] and hence discrete and faithful.

In the case for Sp(4,R), there are 3-229 + 29 — 4 connected components of maximal representa-
tions containing 229 isomorphic components of Hitchin representations [15] and 2¢g — 3 exceptional
components called Gothen components [13]. Labourie in [17] shows that any Hitchin representation
corresponds to a cyclic Higgs bundle in the Hitchin component parametrized by ¢4 over a unique
Riemann surface. Together with the description in [I3} ] and Collier’s work [5], any maximal

representation for Sp(4,R) in the Gothen components corresponds to a cyclic Higgs bundle over a
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unique Riemann surface ¥ of the form

0 v

-1 -1 -1 10

E=NoNK  oeN "KeN ", ¢= L0 ,
10

where g—1 <deg N < 3g—3. Note that if N = K %, the above Higgs bundle corresponds to a Hitchin

representation. As a result, for any Sp(4,R)-representation in the Hitchin components or Gothen

components, there is a unique p-equivariant minimal immersion of S in Sp(4,R)/U(2). Recently,

this result is reproved and generalized to maximal SO(2,n)-representations in Collier-Tholozan-

Toulisse [8].

For each Riemann surface, the above cyclic Higgs bundles with v = 0 play a similar role as the
Fuchsian case: they are the fixed points of the C*-action. We call the corresponding representations
u-Fuchsian representations. The only difference with the Fuchsian case is that they form a subset
inside each component rather than one single point since € H'(N~2K3) has many choices. As a

corollary of Theorem [[4] the space of p-Fuchsian representations serves as the minimum set in its
component of maximal Sp(4,R) representations in the following sense.

Corollary 1.13. For any mazimal Sp(4,R)-representation p in the 2g —3 Gothen components
(or the Hitchin components), there exists a u-Fuchsian (or Fuchsian) representation j in the same
component of p such that the pullback metric of the unique j-equivariant minimal immersion f; :
S — Sp(4,R)/U(2) is dominated by the one for f,.

To consider the curvature, as a corollary of Theorem [L.6] we have

Corollary 1.14. For any Hitchin representation p for Sp(4,R), the sectional curvature K, in
Sp(4,R)/U(2) of the tangent plane o of the unique p-equivariant minimal immersion satisfies
(1) Ky = —%, if p is Fuchsian;

(2) —% <Ky, <0 and 3 p such that K,(p) < —%, if p is not Fuchsian.

Similarly, we also obtain an upper and lower bound on the curvature of minimal immersions for
maximal representations.

Theorem 1.15. For any mazximal representation p for Sp(4,R) in each Gothen ccomponent, the
sectional curvature K, in Sp(4,R)/U(2) of tangent plane o of the uniuge p-equivariant minimal
immersion satisfies

(1) —% <K, < —% and the lower bound is sharp, if p is p-Fuchsian;

(2) —% <Ky <O0, if p is not pu-Fuchsian.

Remark 1.16. As shown in [7],[19], along the family of (E,t¢), away from zeros of det(¢) # 0, the
sectional curvature goes to zero as |t| - oo. So the upper bounds in Part (2) in both Corollary
and Theorem [1.13 are sharp. The sectional curvature K in Sp(4,R)/U(2) satisfies —% <K <0. So
the lower bounds in Corollary and Theorem are nontrivial.

As an immediate corollary of Theorem for n = 4, comparing maximal representations in the
Gothen components with Hitchin representations, we obtain

Corollary 1.17. For any mazimal Sp(4,R)-representation p in the 2g — 3 Gothen components,
there exists a Hitchin representation j such that the pullback metric of the unique j-equivariant
minimal immersion f;: .S — Sp(4,R)/U(2) dominates the one for f,.
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1.5. Maximum principle. We derive a maximum principle for the elliptic systems. It is the main
tool we use throughout this paper.

Basically, we consider the following linear elliptic system

n

Agui+<X,Vui>+Zcijuj=fi, 1<i1<n.

j=1
Roughly speaking, suppose the functions c;; satisfy the following assumptions:
(a) cooperative: ¢;; >0, @ # j,
(b) column diagonally dominant: Yj';¢;; <0, 1<j<n,
(¢) fully coupled: the index set {1,---,n} cannot be split up in two disjoint nonempty sets «, 8 such
that ¢;; =0 foriea,jeB.
Then the maximum principle holds, that is, if f; <0 for 1 < i < mn, then u; >0 for 1 < i <n. The
precise statement is Lemma [3.1]

In the literature, it is common to require there exists a positive supersolution, which is equivalent
to the maximum principle, see [I8]. So for function coefficients, people usually suppose c;; satisfy the
row sum condition ¥ ¢;; <0, 1 <4 <n, say [21]. The column sum condition }iL; ¢;; <0, 1< j <n,
or in other words column diagonally dominant condition, rarely appeared in the literature. The
similar column sum condition first appeared in [I8], Theorem 3.3.

To the knowledge of the authors, the maximum principles in the literature seem not to directly
imply our maximum principle Lemma B.Il We also remark that our proof is more elementary.

Structure of the article. The article is organized as follows. In Section 2l we recall some
fundamental results about the Higgs bundle and introduce the cyclic Higgs bundles. In Section [3],
we show a maximum principle for the elliptic systems, the main tool of this article. In Section H]
we show the monotonicity of the pullback metrics of the branched minimal immersions. In Section
Bl we find out a lower and upper bound for the extrinsic curvature of the minimal immersions for
cyclic Higgs bundles in the Hitchin component. In Section [6] we compare the harmonic metrics
of cyclic Higgs bundle in the Hitchin component with other cyclic SL(n,R)-Higgs bundles in the
same Hitchin fiber. In Section [7, we apply our results to maximal Sp(4,R)-representations.

Acknowledgement. The authors wish to thank Nicolas Tholozan for suggesting the problem of
looking for a lower bound for the extrinsic curvature of the harmonic map. The authors acknowledge
support from U.S. National Science Foundation grants DMS 1107452, 1107263, 1107367 “RNMS:
GEometric structures And Representation varieties” (the GEAR Network).

2. PRELIMINARIES

In this section, we recall some facts in the theory of the Higgs bundles. One may refer [2][10][17].
Let X be a closed Riemann surface of genus > 2 and K = Ky, be the canonical line bundle over .
For pe X, let m; = m1 (X, p) be the fundamental group of ¥. Let X be the universal cover of X.

A SL(n,C)-Higgs bundle over X is a pair (E,¢), where E is a holomorphic vector bundle with
det E = O and ¢ is a trace-free holomorphic section of End(E)® K. We call (E,¢) is stable if
for any proper ¢-invariant holomorphic subbundle F, 95 « 48 e call (E, ¢) is polystable if

' TankF KE
(E, ¢) is a direct sum of stable Higgs bundles of degrerearb. o

2.1. Higgs bundles and harmonic maps.

Theorem 2.1. (Hitchin [14] and Simpson [22]) Let (E,¢) be a stable SL(n,C)-Higgs bundle.
Then there exists a unique Hermitian metric h on E compatible with SL(n,C) structure, called the
harmonic metric, solving the Hitchin equation

(1) FY" +[¢,¢*] =0,
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where V" is the Chern connection of h, in local holomorphic trivialization,
FY" =9(h'on),
and ¢*" is the adjoint of ¢ with respect to h, in the sense that
h(d(u),v) = h(u,¢o™(v)) € K, w,vek
in local frame, ** = h™1 ¢ h.
Denote

G=SL(n,C), K=5U(n)

g=sl(n,C), t=su(n), p={Xesl(n,C):X'=X}, g=top.

The Killing form B(X,Y) =2n-tr(XY)
The harmonic metric h gives rise to a flat SL(n,C) connection D = V" + ® = V" + ¢ + ¢*». The
holonomy of D gives a representation p : m; - SL(n,C) and the bundle (E, D) is isomorphic
to 3 x, C" with the associated flat connection. A Hermitian metric » on F is equivalent to a
reduction i : Px - Pg from unimodule frame bundle Pg = ¥ x, G of E = ¥ x, C" to the unitary
frame bundle Px of E with respect to h. Then it descends to be a section of Pg/K =X x, G/K
over ¥. Equivalently, it gives a p-equivariant map f : ¥ - G/K. Denote the bundle Pk be the
pullback of the principle K-bundle G — G/K by f. Note that 7* Pg = P, where 7 is the covering
map 7 : X — Y. The Maurer-Cartan form w of G gives a flat connection on Pg, we still use w to
denote the connection. It coincides with the flat connection D. Consider i*w, which is a g-value
one form on Pg. Decomposing i*w = A+ ® from g = £ ® p, where A is €-valued and ® is p-valued.

Then A e Q!(Py,t) is a principal connection on Py and @ is a section of T*Y ® (Px x a4, p)- By
complexification, ® is also a section of

(T"2®C) ® (Px xadqy p@C)

(T2 ®C) ® (Pye Xade P)

(K®K)®(Paxaiz 8) = (K ® K) ® Endy(E)

where _Endo(E) the trace-free endormorphism bundle of E. With respect to the decomposition
(Ko K)® Endy(E), D=0+ ¢".

With respect to the decomposition g = €+ p, we can decompose w = w' + wP, where wt €
Q1G,e),wP € QY(G,p). Moreover, wP descends to be an element in Q'(G/K, G x a4, p). In fact, us-
ing the Maurer-Cartan form w? € Q' (G/K, G x a4, p) over G/K: T(G/K) = Gx a4, p. Then g = t@p
gives an Adg-invariant orthogonal decomposition and the Killing form B on g is positive on p. The
Killing form B induces a Riemannian metric B on G/K: for two vectors Y1,Ys € T),(G/K),

B(Y1,Y2) = B(wP(V1),4" (Y2)).
Then f*wP is a section of T*% ® (Pg x a4, p) over X.
By comparing the two decomposition of the Maurer-Cartan form w, we obtain:
frwP =7 .
So for every tangent vector X € TS, under the isomorphism by the Maurer-Cartan form
WP T(GIK) = G x aqy, b,

we have
(2) W (fo(X)) = fruP(X) = 77 ®(X) = ®(7.(X)).

We consider the pullback metric g on ¥, g = 7, f*B. Since [ is p-equivariant and B is G-invariant,
g is well defined. Then VX,Y €T3, locally choose any lift X,Y € T,

9(X,Y) = B(fo(X), fo(Y)) = B(&P(f+(X)),w" (f.(Y)) = B(2(X), 2(Y)).
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Later in the paper, we may ignore this covering map 7 for short. Then we have
Hopf(f) = ¢*° = 2ntr(¢p), g"' = 2ntr(dp*™)dz ® dz.
If Hopf(f) =0, then as a section of K ® K, the Hermitian metric is
g=g"t = 2ntr(pp* )dz ® dz.
The associated Riemannian metric of g is g+ g on X, i.e., 2ntr(¢p¢*")dz - dz, where
dz-dz =dz ® dz + dz ® dz = 2|dz|* = 2(dz? + dy?).

We focus on the cyclic Higgs bundles introduced below.

2.2. Cyclic Higgs bundles. A cyclic Higgs bundle is a SL(n,C)-Higgs bundle (E,¢) of the

following form

0 Tn

E=L1®Ly® & L,, ¢= m 0 . )

Yn-1 0

where Ly is a holomorphic line bundle over > and ~; is a holomorphic section of L;lL/HlK ,
k = 1,---,n. The subscript is counted modulo n, i.e., n+1 = 1. Here det £ = O and v # 0,
k=1, n-1. If v, #0, (E,¢) is automatically stable, which implies the existence of the solution
to the Hitchin equation (). If v, =0, (E, ¢) stable in this case means Zle deg(Lyp+1-i) <0 for all
1<k<n-1.

Following the proof in Baraglia [2], Collier [5] [6], the harmonic metric is diagonal for cyclic Higgs
bundles. We include the proof here for completeness.

Proposition 2.2. For a cyclic Higgs bundle (E,®), the harmonic metric h is diagonal, i.e.
h = dz'ag(hl, hg, seey hn)

where each hy is a Hermitian metric on L.

Proof. For w = e%, consider the holomorphic SL(n,C)-gauge transformation g,:

n-1

9w = w2 . E - F

1-n
w 2

It acts on the Higgs field ¢ as follows
gw"ls:gwgbg;l =w- ¢
Then the metric hg g, is a solution to the Higgs bundle (9.'0rg., 9, ¢9.) = (0, w™-¢). Since
U(1)-action does not change the harmonic metric, hg}" g, is also the solution to the Higgs bundle
(O, ®). Hence, by the uniqueness of harmonic metrics,
h=hg. go-

Then h splits as (h1,h2, - hy). O

Denote L ® L = |L[?, then hy is a smooth section of |Li|™2. Chosen a local holomorphic frame,
we abuse 7y, to denote the local coefficient function of the section =;. Then locally the Hitchin
equation is

Alog hy, + el hy heer = Yo PRyt e =0, k=1,-n,

where A = 0.0., |7|? = 77 as a local function.
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If n > 3, the Hopf differential of the harmonic map Hopf(f) = tr(¢?) = 0. And f is immersed at
p if and only if ¢(p) #0. At point p where ¢(p) =0, f is branched at p. Then outside the branch
points, the harmonic map is conformal, then minimal. The pullback metric is given by

g = 2ntr(¢¢*h) = 27”L( 2 |7k|2h;1hk+1)dz ®dz.
k=1

Remark 2.3. For n =2, we consider the (1,1) part of the pullback metric g instead.

2.3. Cyclic SL(n,R)-Higgs bundles. A SL(n,R)-Higgs bundle over X is a triple (E, ¢, @), where
(E,9) is a SL(n,C)-Higgs bundle and @ is a non-degenerate holomorphic quadratic form on E
such that Q(¢u,v) = Q(u, ¢v) for u,v € E. Such (E,¢,Q) corresponds to a representation

p:m - SL(n,R) - SL(n,C).
Here we consider the holomorphic quadratic form

1
Q= . E > E*

For n = 2m, the cyclic SL(n,R)-Higgs bundle is of the following form
0 v
"o

E=Li¢-oLy,oL e oLl o¢= Ym-1 0

7 0
By the uniqueness of the solution, h = diag(hi, -, A, h;nl, e h[l). Locally, the Hitchin equation is
Aloghy + |1 [hi*ha - [V[*h3 0,
Alog by + kPR et = -1 [Phik b 0, k=2,--m-1,
A log hm + |N|2h;nz - |’Ym—1|2h;nl—1hm = 0.

The pullback metric is g = 2n([v|*h? + |u?h,2 + 2 203 el hi e ) dz © dz.

For n =2m + 1, the cyclic SL(n,R)-Higgs bundle is of the following form
0 v
7o

Ym-1 0

E=Li®-@eL,00eL e oL ¢-= po0

w0
Tm-1 0

7 0



In this case, h = diag(hy,--, hun, 1, h;}, e h[l). Locally, the Hitchin equation is
Aloghy + [y *hthe — VPR3 = 0,

Alog hy, + |’yk|2hglhk+1 - |’yk_1|2h;11hk

A10g huy + 1Py = PRy o

The pullback metric is g = 2n(|v|?h? + 2|u?h,,t + 2 X7 lPhy hisr ) dz ® dz.

1l |
o o
RA

1l
N

|
\.H

2.4. Hitchin fibration and cyclic Higgs bundles in the Hitchin component. Fix a Riemann
surface %, the Hitchin fibration is a map

n
h: MHngS(SL(n7 (C)) - Qé HO(Ev Kj) 3 (Q27 g3, Qn)
j=
given by h([E, 8]) = (tr(6%), .., tr(¢")).

In [15], Hitchin defines a section sy, of this fibration whose image consists of stable Higgs bundles
with corresponding flat connections having holonomy in SL(n,R). Furthermore, the section s, maps
surjectively to the connected component (called Hitchin component) of the SL(n,R)-Higgs bundle
moduli space which naturally contains an embedded copy of Teichmiiller space. The Teichmiiller

locus is corresponding to the image of g3 = -+ = ¢, = 0. Such a (F, ¢) corresponds to a representation
p which can be factored through SL(2,R),

p:m - SL(2,R) = SL(n,R) - SL(n,C),

where ¢ is the canonical irreducible representation.
The cyclic Higgs bundles in the Hitchin component are corresponding to the image of s, at
(0,-+-,0,n - g, ). More precisely

0 In
n-1 n-3 3-n 1-n 1 O
EFE=K70K? o-0K?2 e6K2, ¢= N ,
1 0
where ¢, is a holomorphic n-differential.
If ¢, = 0, the Higgs bundle is Fuchsian. For n = 2m,
1 1
hglhk+1 = Ek(n - k)QO) I<k<m-— 17 hr_n2 = 57’)1290;

for n=2m+1,
_1 1 o1
hy, hk+1=§k:(n—k:)go, 1<k<m-1, h :§m(m+1)go.
Here gg is the hyperbolic metric such that A log gy = go.

3. MAXIMUM PRINCIPLE FOR SYSTEM

The main tool we use in this paper is the following maximum principle for system. We abuse
the same notation g to denote both the metric g(z)dz ® dz and the local function g(z) on the
surface. Define A, = g 'A, which is globally defined, called the Laplacian with respect to the
metric gdz ® dz.

Lemma 3.1. Let (£,9) be a closed Riemannian manifold. For each 1 < i < n, let u; be a C?
function on X\ P;, where P; is an isolated subset of ¥ (P; can be empty). Suppose u; approaches to
+oo around P;. Let P =L, P;. Let c;j be continuous and bounded functions on X\ P, 1<14,j <n.
Suppose c;; satisfy the following assumptions: in X\ P,
(a) cooperative: c;; >0, i# 7,
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(b) column diagonally dominant: Y.j-;¢;; <0, 1<j<n,

(¢) fully coupled: the index set {1,--,n} cannot be split up in two disjoint nonempty sets «, 3 such
that c;; =0 forieca,jep.

Let f; be non-positive continuous functions on X\ P, 1 <i<n and X be a continuous vector field
on Y. Suppose u; satisfies

n
Agui+<X,Vui>+Zcijuj=fiinE\P, 1<i<n.
j=1
Consider the following conditions:
Condition (1) (f1,--, fn) # (0,...,0), i.e., there exists ig € {1,--,n}, po € X\ P, such that f;,(po) # 0;
Condition (2) P is nonempty;
Condition (3) ¥y u; > 0.
Then either condition (1) or (2) imply u; >0, 1 <i <n. And condition (3) implies either u; > 0,
1<i<noru;=0,1<7<n.
Proof. Let A={1,--,n}. For S c A, set ug = Yjesu;. If S = ¢, set ug =0. Let Pg = U;es Pi. Then
Agus+< X, Vug >+ Y cuu <0in B\ P.
i€AleS
Then
Agus+ < X,Vus > + 2 chjuj + 2 chkuk <0in X\ P.
j¢SleS keS leS
Then for S + ¢,
Agug+ < X,Vug >+ Z chj(u{j}us -ug)+ E(Z cr)(us - uS\{k}) <0in X\ P.
J¢SleS keS leS
Set

bs =minus, bs = jglkgs{b{j}u& bs(ky}: b =minbs,
Notice that all these constants are finite. By the assumptions (a)(b), in 3\ P, ¢;; >0 for [ € S,j ¢ S,
and Y g e <0 for ke S, then

Ag65+ <X, VBS >+ Z chj(u{j}ug - Bs) + Z(Z Clk)(i)S - ug\{k}) >0in X\ P.
Jj¢SleS keS leS

Then

Ag(uS —bgs)+ < X,V(ug —bg)>+(- Z chj + E(Z cir))(us —bg) <0in X\ P.
j¢SleS keS leS
Step 1: We show that under condition (1) and (2), ug > bs for any S c A; under condition (3),
ug > bs for S ¢ A. In particular, bg > bg for S ¢ A under condition (1) and (2) and for S ¢ A under
condition (3).
If not, since ug— bs approaches to +oo around Pg and continuous outside Pg, ug— bs must attain
a negative minimum in 3 \ Pg. First, we suppose ug — bs is not a constant. By the assumptions

(a)(b), in X\ P,
—2 Eclj+ Z(chk) <0.
j¢SleS keS leS

Then by the strong maximum principle for the single equation (see [20]), the minimal point p ¢ X\ P.
So pe P\ Pg. Since P is isolated, we consider p,, € X\ P, p, = p. Then

limsup (2, (us = be)+ < X, V(ug = bs) > +(= . Y e+ Y. (3 ) (us ~bs) ) (pa) <0.
Pn—p JES leS keS leS
11



By the continuity,
Iiill_l}p( Ay (ug - bs)+ < X,V (ug - bg) > )(pn) = ( Ag(ug - bs)+ < X,V (ug - bg) > )(p) >0.
So
lim sup ((— Yo ai+ 2O aw))(us - 55))(2%) <0.
Pn—p j¢SleS keS leS

If there exists a subsequence py, such that (=X ;.5 ¥ies €1 + Xges(Xies cir)) (Pn, ) approaches to a
negative number, then

m (=% Y e+ 2 (3 ) (us = bs) ) (pny) > 0.

pny=p j€S leS keS leS

Contradiction. Since Pg is isolated, we have — ¥ ;.g ¥eg €15 + X ges(Xies cir) is continuous in X\ Ps.
Then

Ag(us - 63)4— <X,V(us - 63) > +(- Z chj + Z(Z ar))(us — 63) <0in X\ Pg,
jeSleS keS leS

Then by the strong maximum principle for the single equation, ug — bg cannot achieve its negative
minimum in ¥\ Pg unless it is a constant. Contradiction. Second, if ug—bg is a negative constant,
then by the assumptions (a)(b), in ¥ \ P,

=2 i+ ) (D an) =0.

j¢SleS keS leS

Then in ¥\ P, Ysci =0 for k € S. Then by the assumptions (a)(b), ¢;;j = 0 in ¥ \ P, for
jeS,i¢S, which is a contradiction to the assumption (¢) unless S = A. If S = A, for condition
(2), we have ug cannot be a constant. And for condition (1), ug —bg is a negative constant implies
Yiea fi = 0, which also gives a contraction. So we obtain ug > bs on the whole ¥. For condition
(3), we obtain ug > bg for S ¢ A. So we finish the claim.

Step 2: We show b = 0.

Since ug = 0 for S = ¢, we have b < 0. If b < 0, suppose b is achieved by Sy, and |Sp| is the smallest
among all minimizers. Then Sy # ¢. Under condition (1) and (2), us, > bs, is automatically true.
Under condition (3), we have u4 > 0 and hence Sy ¢ A, ug, > bs,.

Since ¢;; are bounded, suppose — ¥ i¢g) Yies, Cij + LkeSy (Lies, cik) > =M, where M is a positive
constant. Then in X \ P,

Ag(uSo - BS@)"' <X, V(USO - 650) > _M(USO - 650)

< (M= Yaj+ Y (O aw)))(us, —bsy).

j€S0 1leSp keSy €Sy
We have proved ug, — bs, > 0. Then by the continuity,
Ag(uso - BSO)"' < X,V(ug, - 650) >-M(ug, — BSO) <0in ¥\ Pg,.
Since b < l;go < bs, and ug, achieves b, we have 650 = b. Then by the strong maximum principle,
us, = bs, =b. Then

Bgb+ <X, Vb>+ > > epi(ugjus, —0) + Y. (Y cw)(b—ugyqry) <0 in XN P.
J£S0 1eSo keSo 1eSo

Then by the assumptions (a)(b),

(> ar)(b-ugy k) = 0in X\ P, for ke Sp.
lES()
12



If b—ug,\qry = 0 at one point, then BSO\{k} = b, which is a contradiction since |Sp| is the smallest.
Soin XN P, ¥es, ck =0 for k € Sp. As the argument above, it is a contradiction to the assumption
(¢). Then we obtain b = 0, in particular, u; >0, 1 <i < n.

Step 3: We finish the proof.
Since u; > 0, we have in X \ P,

Agui+<X,ui>+ciiui£0, 1<i<n.

Then as the argument above, by the strong maximum principle, there exists a subset Z ¢ A, such
that u; =0 for i € Z and u; > 0 for j ¢ Z. Then for i € Z, in X\ P, 0 < ¥ ez ciju; = f; <0. Since
uj>0for j¢Z, ciyj=0forieZ, j¢Z. Suppose condition (1) (fi,-, fn) # (0,...,0) or condition
(2) P is nonempty holds, we can rule out the possibility Z = A. Suppose condition (3) Y, u; >0
holds, Z must be empty or A. So either u; >0, 1 <i<nmorwu;=0for1<i<n. O

Remark 3.2. Let \; be positive numbers, i =1,---,n. Let uj = \ju;, ¢i; = cij)\i/\]_-l. If c}; satisfy the
assumptions (a)(b)(c), then we still obtain the same results for u;.

Remark 3.3. The assumption (c) is easy to check by the following procedure. If 1 € a, consider
Br=A{j:cj =0}, ar = {1,-,n}~p1. Then oy nfB = ¢. Then aq S . Denote og = {1}. If
a1 € ag, then a = ag gives such a partition. If oq ¢ o, consider B2 = {j : ¢;j = 0,i € ap U a1},
ag = {1,-,n} ~ Ba. Then ay € a. If as € ag Uy, then a = ag U ay gives such a partition. If
as ¢ apgUay, consider B3 ={j:c;j=0,ic¢ U%:o ag}, ag ={1,---,n} ~ B3. Repeat this procedure, then
either we obtain a partition «, 3 such that c;; =0 forica,j € B or we show that 1 ¢ a. If 1 ¢ «,
repeat the procedure above for 2,3,---,n. Then we can show whether such a partition exists or not.

Remark 3.4. The maximum principle above may be applied to the non-linear version under certain
assumptions, by using the linearization

F(u17'“7un7‘r)_F(U17“'7vn7x): Z(UJ_U])A g—(tU1+(1_t)'U1,"',t’U,n+(1_t)1)n,l')dt.
j=1 Uj

For the problems involving poles, we need to check whether the coefficient after linearization is
bounded.

4. MONOTONICITY OF PULLBACK METRICS

In this section, we first consider the family of the cyclic Higgs bundles (E,#') parametrized
by (71, Yn-1,tVn), n > 3 for t € C. We show the monotonicity of the pullback metrics of the
corresponding branched minimal immersions along the family ¢'.

Proposition 4.1. Let (E,¢') be a family of cyclic Higgs bundles parametrized by (Y1, Yn-1,tVn ),
n>3, v, #0,teC* and h' be the corresponding harmonic metrics on E. Then as |t| increases,
h;lh;ﬁl, k=1,-n-1 and t2h;1h1 strictly increase. As a result, outside the branch points, the
pullback metric g* of the corresponding branched minimal immersions strictly increases.

Proof. We show that for 0 < |t| < [¢|, all the terms for ¢ dominate the corresponding terms for ¢'.
Let uy, = h;lhkﬂ, k=1,-n-1,u,=[t|*h, h1. Then

Alogup, + e Purer = 2 un + -1 Pug—r = 0, k=1,--n,

And @y, are similarly defined for ¢, satisfying

Alog iy, + k1 [lrs — 2Pk + o1 Pin-r = 0, k=1,--n,
Let vg, = log(ugiy'), then
AV + Yt Plger (€75 = 1) = 2y P (e — 1) + ypor|Pap_r (e =1) = 0, k=1, n,
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Let .
e = go 1l [0 O[O T A F
Then v;’s satisfy
D gV + Clm1Vg—1 — 20,V + Cy1Vke1 = 0, k=1,---n
It is easy to check that the above system of equations satisfies the assumptions in Lemma B.1] and
condition (3), since Yj_ vg = 2log(‘ ) > 0. One can apply the maximum principle Lemma [3.1],

then v, >0, k=1,---,n. Then we obtam uy, > uk, k=1, n.
Finally, the monotonicity of ¢* follows from ¢' = 2n(z 1 vl h;lh;ﬁl +[Val?t2hthy)dz @ dz. O

For t € C*, the famlly (E gbt) 1s gauge equivalent to t» (E ¢) = (F, tnqS) by the gauge transfor-
mation ¢, = diag(t = o t2n yoeey tom by Jtom ey ), since
0 Yn 0 tYn,
o S .
-1 0 -1 0O
Then we obtain the following results.
Corollary 4.2. Let (E,¢) be a cyclic Higgs bundle parametrized by (71, Yn), 1 2 3. Let g* be the

pullback metric corresponding to to for t € C*. Then outside the branch points, along the C*-orbit,
g' strictly increases as |t| increases.

Consider the Morse function f on the moduli space of Higgs bundles as the L?-norm of ¢:
F(B, ) = fztr(gbgb*)\/—ldz/\dé.

Corollary 4.3. Let (E,¢) be a cyclic Higgs bundle. Then along the C*-orbit of (E,¢), the Morse
function f(E, to) strictly increases as |t| increases.

Applying Proposition 4.1l to SL(n,R) case, we obtain the monotonicity of the harmonic metric.

Corollary 4.4. Let (E, ) be a cyclic SL(n,R) Higgs bundle parameterized by (v,v1, -, Ym-1, M),
v #0. Denote v =g, it = Ym. Consider a family of SL(n,R) cyclic Higgs bundles parameterized
by (Y0, 5t Ym), L = 0,--,m for t € C*. Let h'" be the corresponding harmonic metrics. Then
as |t| increases, h?l strictly increases for k=1,---,1 and h?l strictly decreases for k=101+1,---,m.

If the cyclic Higgs bundles parametrized by (7v1,--,¥n-1,0) is stable, we can extend the mono-
tonicity of the pullback metric of C*-family to C-family.
Proposition 4.5. Let (E,¢) be a family of cyclic Higgs bundles parametrized by (Y1,, Yn-1,7n)»
n >3, v, # 0 and h be the corresponding harmonic metrics on E. If (E,qz;) be a family of cyclic
Higgs bundles parametrized by (y1,-+,n-1,0) is stable, then h;lh;ﬁl, k=1,--n-1 and h;lhl for
(E,¢) strictly dominate the items for (E,$). As a result, outside the branch points, the pullback
metric g of the corresponding branched minimal immersions for (E, @) strictly dominates the one

for (E, ).
Proof. Set n+1 =1, then the equation for hy is
Alog hy, + |’7k|2h];1hk+1 - |’yk_1|2h;11hk = 0, k=1,-,n.
Let uy = h;lhkﬂ, k=1,---,n. Then

Aloguy + [yaluz = 2/mifPur = —|ynl*un <0,
Alogug + kst Purss — 2 up + o1 Puger = 0, k=2,-m -2,
A IOg Up-1 — 2|’7n71|2un71 + |’7n72|2un72 = _|7n|2un <0.
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And flk,&k are similarly defined for ¢ = 0.
Let vy, = log(ugi'), k=1,-+n~-1. Then

Avy + [y lig (e - 1) = 2 Pas (e - 1) < 0,
Avg + P [P (€0 = 1) = 2y P (e = 1) + [y Pigor (e = 1) = 0, k=2, n-2,
Avp_1 -~ 2|7n71|2an71(evm1 -1+ |7n72|2ﬂn72(evn72 -1) <
Let ¢ = gt yn fol e(D%d¢ | =1,---,n —1. Then v}’s satisfy
Agovl —2civ1 + vy <0,
Aggvk + Cp_Vp_1 — 2CLUL + Cly1Vky1 = 0, k=2,---n-2
A gUp-1 + Cp-2Upn-2 — 2¢p1vp-1 < 0.

It is easy to check that the above system of equations satisfies the assumptions in Lemma [3.1] and
condition (1), since v, # 0. Applying the maximum principle Lemma B1], v >0, k = 1,---;n - 1.
Then we obtain ug > ug, k=1,---,n—1. d

Remark 4.6. Proposition [{.1}, [{.9 is a generalization of the metric domination theorem in [10] in
two aspects: (1) from dominating the Fuchsian case to monotonicity along the C-family; (2) from
cyclic Higgs bundles in the Hitchin component to general cyclic Higgs bundles.

5. CURVATURE OF CYCLIC HIGGS BUNDLES IN THE HITCHIN COMPONENT

In this section, we would like to obtain a lower and upper bound for the extrinsic curvature of
the branched minimal immersion associated to cyclic Higgs bundles. Let’s first get to know how
big the range of the sectional curvature of the symmetric space is.

Proposition 5.1. Let G = SL(n,C),SL(n,R),Sp(2m,R)(n = 2m), the mazimal compact subgroup
K = SU(n),SO(n),U(m) respectively. For any tangent plane o in G/K, the sectional curvature
K, for the associated symmetric space G/ K satisfies

Lk, <o,
n

where (1) for SL(n,C),SL(n,R), —% can be achieved by the tangent plane spanned by
Eij+ Ej, By —Ej;  forany1<i<j<n.
(2) for Sp(2m,R) where n =2m, —% can be achieved by the tangent plane spanned by
Eimvi+ Emviis Bii = Empvimei for any 1 <i<m.

Proof. Suppose the Cartan decomposition of the Lie algebra is g = £+ p. The sectional curvature
of the plane spanned by the vectors Y3,Ys € T),(G/K) is (see [16] for reference)

B([wP(Y1),w? (Y2)], [wP (Y1), wP (Y2)])

KM AY) = B ,er () - B (V)P (12)) — BaP (V1) (V) )2

So it is enough by only checking Y7,Y5 € Tox (G/K) = p. The upper bound is obvious since B is
negative definite on ¢, where [wP(Y1),w?P(Y2)] lies.

Now we show the lower bound. Let o be the plane o = span{Y,Z} where Y, Z € p satisfying

tr(YZ) = 0,tr(Y?) = tr(Z?). The Killing form B(Y,Z) = 2n-tr(Y Z). Define U =Y +iZ,V =Y —iZ,
15



then the sectional curvature of the plane o = span{Y, Z} is
e (UVUV) - tr(UV?)
n-tr(UV)?2
_tr(UVUV)
n-tr(UV)?2

1 using tr(A?) < tr(4)%
n

K,

—T
using tr(U2V?) = tr(U2U2 )20

v

The equality holds if and only if U? = 0 and UV = U UT has only one nonzero eigenvalue. In
terms of Y, Z, the equality holds if and only if Y2 =22 YZ + ZY =0, and Y? + Z%2 +i(ZY -Y Z)
has only one nonzero eigenvalue. The rest is by direct calculation. O

For general cyclic Higgs bundles, one should not expect a nontrivial lower bound of the extrinsic
curvature at immersed points since it could achieve the plane of the most negative curvature in
SL(n,C)/SU(n).

Proposition 5.2. For cyclic Higgs bundles parametrized by (v1,7v2, -, V), if there exists a point
such that n—1 terms of v;’s are equal to zero, the sectional curvature of the tangent plane of the
associated harmonic map at this point is —%.

Proof. Firstly, n = 2 case is obvious. Let n > 3. The associated harmonic map is a possibly
branched minimal immersion. The tangent plane o of the minimal immersion at f(p) inside G/K
is spanned by Yy, = f*(a%) and Zy(,) = f*(a%)' Using the formula (2]) in Section [2]

PO) = B(50) = (6467)(55) = (50 +6°(21),
P(2)=8(3) = (94 0")(3) = VTo50) - VLo (52

One may refer the details in Section 2 in [I0]. Hence

0 v, 0 v, 0 0
(WP (Y),wP(Z)] = -2V-1[¢(52): 0" (52)] = -2V -1[¢, " (57, 72)
0z 0z 0z 0z
Since f is conformal, we have Y 1 Z. Then the sectional curvature of the plane o is
B([w(Y),w"(2)], [«"(Y),w(Z2)])
B(wP(Y),wP(Y))B(wP(Z),wP(Z))
B((6:6')[6.0']) __t([9.9"1[6,6"])
B(¢7¢*)B(¢7 qb*) 27’Lt1‘(¢¢*)2
(ha Pyl = hithal i P)? + (A1 halmi P = ha ' halyel?)? + - + (Bl b1 ” = By hal[?)?
2n(hpthalynf? + B halyi 2 + -+ bl B 2)? .
In particular, if at point p, there exists ko such that ~; = 0, for i # kg, and 7, # 0. Then

2(hl;3—1hk0|'7k0|2)2 1

P on. (hlg(}—lhko)2|’ykol2)2 o

Ko

K(YAZ)=

(3)

O
0 0 g

Remark 5.3. For example, consider the cyclic Higgs bundle (L® O @ L™ ,la 0 0]), where
0 o O

degL <deg K,0+ae H'(LT'K),0+ 3e H(L?K). Suppose in addition, zeros of 3 do not contain
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all zeros of a. Then at any point where a = 0,8 # 0, the map is an immersion and the extrinsic

curvature 1s —%.

So instead, we restrict ourselves to cyclic Higgs bundles in the Hitchin components. In this case,
we obtain a nontrivial lower and upper bound on the extrinsic curvature of the associated minimal
immersion into G/K.

Let (E, ¢) be a cyclic Higgs bundle in the Hitchin component parameterized by ¢, # 0 and (E, QSN)
be the Fuchsian case. Let h, h be the corresponding harmonic metrics. For n = 2m even, define

h3lq,? n;l b hyL ik
by = 1J(11n| ’ uk=,k1_—lk, k=2 m—1, ,,m:%;”,
hiThy i hi =
Similarly, define
hilh hlh
=0, Dp==tLE k=2 m-1, By =—mlm
Wit hie hi?

By the explicit description of h, E;1Ek+1 = %k‘(n— k)go for k=1,---;m—1 and h 2= Mgg. Here
go is the hyperbolic metric.

~ - -1 7 ~
For n =2m +1 odd, v, D, hy, are as above except vy, = %ﬁfs’f’m, Uy = hmﬁ’}f’", hl = Mgo-
Proposition 5.4. In the above settings,
k-1)(n-k+1) _
( )( ):Vk<yk<1, k=1,---,m.

k(n-k)

Remark 5.5. The inequality vy < 1 recovers Lemma 5.8, q,, case in [10]. Here we give a new proof
using the maximum principle Lemma [Z 1 directly.

Proof. We only prove the case for n = 2m. The proof is similar for n =2m + 1.
The equation system for hy is

Aloghy +hithy —|ga*h3 = 0,
Aloghy +hi by —hgtihe = 0, k=2, m-1,
Aloghy, +hi2 = ht (hy, =
Let
ug = 10g(|‘]n|2h%)a U = IOg(hglhlﬁl)v 1<k<m=-1, up= IOg(hﬁ)'
By the holomorphicity, A log|g,| =0 outside the zeros of ¢,. Then outside the zeros of ¢,

Aug +2e"t —2e" = 0,
Ay + el — ek 1 = (0, k=1,-,m-1,
Ay, — 2% 4+ 2e¥m1 = ().

To prove v, < 1, let v = Up41 — Uk, Ck = fol etun1+(1-t)up dt, k=0,---,m—1. Then outside the zeros
of gn,

Avg — 3cgug + civ; = 0,
AV + Cp-1Vk-1 = 205V + Cp11Vk1 = 0, k=1, m-2
AUyt + Cp—2Vm-2 = 3Cn-1Vm-1 = 0.

Note that only vy has poles at zeros of g,. To apply Lemma [B.I] we check that ¢y is bounded. In
fact, around the zeros of ¢,

1 1
co = f gtua+(1=t)uo gy f (lgul?h2) e dt < C.
0 0
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It is then easy to check that the above system of equations satisfies the assumptions in Lemma [3.1]
and condition (2), since the set of poles (i.e. the set of zeros of ¢,) is nonempty. Applying the
maximum principle Lemma B vy >0, k =1,---,m — 1. Then we obtain v, <1, k=1,---,m —1.

To prove v > U, define

ug = log(hglh;ﬁl), 1<k<m—-1, wupy=Ilog(h?).

Then
A(ug —uyp) + €% —3e" + 3" = |gu|*h? >0,
A(ugsy —ug) + €2 =3 4 3 — "Rt = (0, k=2, m -2,
AUy — Upy—1) — 3™ + 4etmt —e¥m=2 = ().

And 4y are similarly defined for the Fuchsian case, satisfying
Aty — i) + €™ —3e™ +3e™ = 0,
ATy = Ug) + €92 = 3eMrl 4 3k — -1 = (0 k=2 . m -2
A (T, = Uip-1) — 3™ + 4etm=t — glim=2 0.
To estimate (ugy1 — ug) — (g+1 — Uk ), we have for k=2,--,m -2,
(eMk+2 — 3elk+l 4 Zeltk — gUk-1) — (eﬁmz — 3elk+l 4 3eUk _ eﬁk—1)
= elUk+2 (eumz—ﬂmz _ euk+1—ﬁk+1) — 9eUk+1 (euku—ﬁkﬂ _ euk—ﬁk) + eﬁk(euk—ﬁk _ euk—1—ﬁk—1)
+(eﬁk+2 _ eﬂk+1 )(eumrﬂkﬂ _ 1) _ 2(eﬂk+1 _ eﬁk )(euk*ﬁk _ 1) + (eﬁk _ eﬁk—l )(eukfrﬁkfl _ 1)
= elUk+2 (eumz—ﬂmz _ euk+1—ﬁk+1) — 9K+ (euku—ﬁkﬂ _ euk—ﬁk) + eﬁk(euk—ﬁk _ euk—1—ﬁk—1)
+(euk+1—ﬁk+1 _ euk_ﬁk)(eak+2 _ eﬁk+1) _ (euk—ﬁk — pUk-17l-1 )(eﬁk _ eﬁk—1)
+(e“’fﬁ’“ - 1)(eﬁ’“2 — 3kt 4 3tk — gllk-1 ).
Since 41 — Uy is a globally defined constant function, the equation of 41 — Uy gives
elk+2 _ 3etk+1 4 3otk _ olh-1 = (),
Then
(eUk+2 — 3elk+l 4 Zeltk — gUk-1) — (eﬁmz — 3+ 4 3tk _ eﬁk—1)
— eﬁmz(eumzfﬂmz _ eumrﬂkﬂ) + (eﬁmz _ 3eﬂk+1)(euk+1*ﬁk+1 _ euk*ﬁk) + eﬂk—l (euk*ﬂk — eUk-1 *ﬂk—l).
Similarly, for k=1,
(eu3 —3e¥2 4+ 3eu1) _ (eﬁg _ 36122 + 36121) _ eﬁ3(eu3—ﬁ3 _ euz—ﬁz) + (eﬁ3 _ 3eﬁ2)(eu2—ﬁ2 _ eul—al)7
fork=m-1,
(=3e"™ +4e"m-t —em=2) — (—367:‘7” P . eam’z)
— _3eﬁm(eum*ﬁm _ eum-rﬂm-:l) + (4eﬁm-1 _ 3eﬂm)(eum-rﬂm-1 — pUm-2~tm-2 )
Let vy, = (wps1—up)—(Gge1—0g), k= 1,--,m—1. Let ¢}, = fol et(uk+1_ﬁk+1)+(1—t)(uk—’ak)dt, k=1, m-1.
Then

\Y%

Avy + €3 cug + (€% = 3e"?) ey

Avg + e 2 ep vy + (€92 = 3" ) epup + e e vy = 0, k=2, m -2,

AV = 3" 101 + (451 = 3e%™ ) e oo
To apply the maximum principle, we need to check

e'ht2 — ekl % <0, k=1,,m-2.
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This is from the equation of @41 and the fact @g4q = const +log go, A loggo = go. Other conditions
to apply the maximum principle hold clearly (for "' < e it is from Lemma [5.4]), so we obtain
the desired result. O

The cyclic Higgs bundles in the Hitchin component for n > 3 induce minimal immersions f : S -
SL(n,R)/SU(n). We want to investigate that, as an immersed submanifold, how f(3) sits in the
symmetric space.

Theorem 5.6. Let f:3% — SL(n,R)/SU(n) be the harmonic map associated to Higgs bundles in
the Hitchin component parameterized by q,. Then the sectional curvature K, of the tangent plane
o of the image of f in G/K satisfies
1
——<
n(n-1)>2

The equality can be achieved only if n = 2,3.

K, <0.

Proof. In the case n = 2, the extrinsic curvature is constantly —%. Now we consider n > 3 case.
We only prove the case for n = 2m. The proof is similar for n = 2m+1. Using the curvature formula
@B]), the sectional curvature of the plane o is

(1Rlgnl® — hi'ha)? + (hy'he = h5'hg)? + -+ (B _y T = it )?
n(h2|gn|? + 2hithy + 2hythg + -+ 201 By, + B 2)?
Then K, <0 follows from Proposition [5.41
To show K, > —m, let py = 1/,;1, then
(hi'ha)® + (i ha = hy'hg)? + -+ (hppyhom = hi? )
n(2hytho +2h5 hg + -+ 2k 1 by, + B 2)2
1 () (U= )3 4+ (L= )3,
(2 + 2pug + 2043 + - + floefin )
Define the functions Gy, Hy for 3<k <m+1 as follows. For 3<k<m -1,
Gr= (1= )+ (1= )2+ (1= i)t
Hiy =2+ 2p + 2fup fiigen + - + 2k -1 + K fm

K,

K, >

and
Gm=(1=pm)? Hp=2+pm, Gmi1=0, Hpp=1
The derivatives in uy for 3 < k <m are,
(Gl =201+ Gran) =2, (Hp)p, = Hen
Define F}, as a function of pg, for 3<k<m+1,

1+ Gy
F; = .
So K, > —%Fg. For 3 <k <m,
1+ Gy 1+ (1= p)? + G

) = GG e P~ @O =1 + rH)?

We claim:

Lemma 5.7. F; < F3.

Lemma 5.8. Fj < Fj4q, for 3<k<m.
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Therefore, combining Lemma [5.7] and [5.8] the sectional curvature
1 1 -1
K,>-—F>-——F,,1=——, form>1.
n n n(n—1)>2

Proof. (of Lemma [5.7]) The derivative of Fy in g is
() 2(2(p2(1+Gs)—1) - (2 - pa)Hs) _ 2F
- (1+ (1= p2)? + p3G3) (2 + paHz)3 (1 + (1 - p2)? + p3G3)(2 + pgHz )3’
where F'=2(ua(1+ G3) —1) = (2 - p2)Hs. Then
F o< 2(fa(1+G3)-1) - (2~ fi2)Hs
2(n-2)
n-1
= L(TL—3+2(’I’L—2)G3—H3)
n-1

2(n-2)
n—1

= 2 (1+Gs)-1)-(2- )H3

2
= (=34 20 =2)((L= 1) o+ (L= )Gt 1) = (24 2 + o+ 2fag-pim—1) = i)
2
= ——(n-3+Py),
n-1

where Py = 2(n=2) (1= jig)?+++ (1= )32 ) = (24 2 + o+ 2pgpig1) = (n-+ 1~ 28) agepn,
for 3<k <m.

Claim: Py < Py, for 3<k<m-1.
Pt = 20n-2)((1- )’ + oo (U= g o) = (2 2pig oo 2peogn) = (0= 1= 20
2~ 2)((1 = 1s)? (1~ Vi) = (24 24t -+ )
+3(n = 2)(1 = g2l — (= 1 - 20 )i pnon
The last term 2(n = 2)(1 = pgs1)2p3p2 — (n = 1 = 2k) pg--+ug41 satisfies

2(n = 2)(1 = pre1)* 3o pa = (0= 1= 2k) age-+pigesn
= pgeope(2(n = 2) g pu (1= pein)® = (0= 1= 2k) )
< pgeeepr(20n = 2)fig i (1 = ppan)® = (n = 1= 2k) i)
= pgpir(k(n = k) (1= ) = (0= 1= 2k) )

n—-1-2k
= gk (n = k) (Hjeg — (2+ m)#kﬂ +1)
k+1 -1-k -1-2k
Since 1 < pgs1 < flis1 = ( +k2§zn— B ) 1+ i:(n ) by Proposition [5.41

< =(n—1-2k)pgpup.
Hence Pr1 < Px. So
Pn < Py=2(n-2)(1-p3)*-2-(n-5)u;

Jus +1) <—=(n-3).

n->5
2(n-2)
Hence F' <0 and then ()., <0. Therefore Fy(u2) < Fo(1) = F3. O
Proof. (of Lemma [5.8) The derivative of Fj, with respect to py is

(Fi)u, = 2(2(k = 1) (pe + pGrar = 1) = (2 = i) Hyg11)

(2(k = 1) + peHpe1) (1 + (1= ) + 3 Gen )
20
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By Proposition 5.4l pg < jig = (klg?Tkl)k)’
Gi < (U= i)+ (1= fimer)*fi + o+ (1= fim ) e i

12432+ +(n+1-2k)? (n+1-2k)(n+2-2k)(n+3-2k)

(k-1)2(n+1-k)2 6(k-1)2(n+1-k)2 ‘
By Proposition 5.4 g > 1, then Hy > n + 3 - 2k.

The term 2(k — 1) (pr — 1+ i Gri1) — (2 — pug ) Hiy1 satisfies

2(k = 1) (g = 1+ pGrer) = (2 = pe) H
< 2(k-1)((fr = 1) + fixGrir) = (2 fir) Hys1

(k- %l(fn_ji - k) ((n+1=2k) + - 2k‘)ﬁ(/:?l(;t %klg)(n +1_2k) )
—(2- 7 _f;?n‘fi = )(n+1-2k)
Ty -nl;(;ik— Y . ii)(?__ff)(k G )
) ((n/: 11;(32(? _k:k)) ( e 32(111;)3:)(16 - (k-2))
< (Z; 11)(1"‘2(; ]f)) (2 _(k-2))<0, forks>3.
Hence F}, decreases as 11y, increases. Then Fy(pu) < Fy(1) = Fiir. O

Remark 5.9. As shown in [7], along the family of Higgs bundles parameterized by tq, (g, #0) for
teC, as [t| » +oo, away from zeros of q,, the curvature K. approaches to 0.

Remark 5.10. The sectional curvature of SL(n,R)/SO(n) satisfies —% < K <0. So the lower

bound ——— is nontrivial.
n(n-1)

Remark 5.11. (1) In the Fuchsian case, i.e. q, =0, the sectional curvature K, is —%. Note
that
(2) At the zeros p of Gn, Ky < —% and equality holds if and only if n =2,3. For example, in
the case n =2m > 4,
(hith2)? + (hithy — h3tha)? + -+ (h,t i hyn — hy?)?
 n(2hy hy + 2hy g + -+ 2071y, + B2)2
(h'ha)?+ (A hy = b hg)+ -+ (gl oy — i?)?

_n2(r?271) > _n(n171)2 and equality holds for n =2, 3.

K,(p)

“n((2m - 1)(hytha) — (2m = 3)(hy ha — hythg) — = (AL by — hi2))2
by using the Cauchy—Schwarz inequality and vy > Dy for k=2,---,m
1
n(@m-1)2+ (2m-3)2 + -+ 12)
B 6
T n2(n2-1)

The case n =2m + 1 s similar.

6. COMPARISON INSIDE THE REAL HITCHIN FIBERS AT (0,---,0,¢y)

Fix a Riemann surface X, the Hitchin fibration is a map from moduli space of Higgs bundles to
the direct sum of holomorphic differentials. We restrict to the SL(n,R)-Higgs bundles.
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We first compare the harmonic metrics for cyclic SL(n,R)-Higgs bundles (E, ) in the Hitchin
fiber at (0,--+,0,n - ¢y,), that is, det ¢ = (=1)""1g,.

Proposition 6.1. Let (E,(ﬁ) be a cyclic Higgs bundle in the Hitchin component parameterized by
qn and (E,$) be a distinct cyclic SL(n,R)-Higgs bundle in Section[Z3 satisfying det ¢ = (=1)"q,,.
Let h,h be the corresponding harmonic metrics.

(1) For n = 2m, suppose Yiy3--y2, 1V = qn, then

hk > |’Yk|2|7m—1|2|,u|ilk7 k= 17 e, — 17 hm > |/’L|il'm
h;nlJrl—k > |V||’Yl|2"'|’ym*k|2hk7 k=1,-,m-1, hil > |V|hm'
(2) For n=2m+1, suppose ’y%’yg---’yfmlu% = qn, then
hy, > |7k|2"'|’7m—1|2|/l|2]~1k7 k=1,-m-1, hm, > |:u|2}~lm'

Proof. We only prove the inequalities on the first line for n = 2m. For other cases, the proofs are
similar. Define a new Hermitian metric on each Ly,

ilk = |’Yk|2|7m—1|2|,u|ilk7 k= 17 = 17 ilm = |/,L|}~lm

By the holomorphicity, 4 log|v| = 0 outside the zeros of 7, (similar for p,v). Then h satisfies,
outside the zeros of ¢,, locally

Aloghy + | Phithe - VPR = 0,
Alog by + ykPhg et = k1Pt he = 0, k=2, m -1,
A log hm + |N|2h7_n2 - |’Ym—l|2h7_nl—lhm = 0.

Notice that h satisfies the same equation system as h, but have zeros.
Define u; = log(h;/h;) and u; goes to +oo around the set P;, the zeros of h;. Let

N 1
g Pt [ et mar,

c1 =
251 5 [P (-t
Ck. = Yo |’Yk| h’k‘—lh’]f‘/O € kdt7 k:27'“7m
1
-1], 127-2 1-t)u,
Cmet = G0 K P, fo el =em g,
Then u;’s satisfy
Agoul - (Cg + 261)U1 +Ccoug = 0,
D goup + Cry1Upr1 — (Cp + Cpar)up +cpup—y = 0, k=2, m-1,
D goUm = (26me1 + Cm)Um + Cpm-1 = 0.

We need to check the coefficients are bounded. The ¢;’s are indeed bounded from the fact
fo1 z'7tdt < C around z = 0. It is then easy to check that the above system of equations satis-
fies the assumptions in Lemma B.I] and condition (2), since the set P = U; P; of poles is nonempty.
Applying Lemma [B1] (the maximum principle), we obtain ug >0, k = 1,---,m. O

Concerning the associated harmonic maps f : & — G/K. We show that the pullback metric
of the harmonic map for the cyclic Higgs bundle in the Hitchin component parameterized by g,
dominates the ones for other cyclic SL(n,R)-Higgs bundles in the Hitchin fiber at (0,---,0,n - gy)
for n =2,3,4.

Theorem 6.2. Let (E,QNS) be a cyclic Higgs bundle in the Hitchin component parameterized by qy,
and (E,¢) be a distinct cyclic SL(n,R)-Higgs bundle in Section[2Z.3 such that det ¢ = (-1)""1q,.
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In the case (1) n=2,uv =qa, (2) n=3,u%v =qs3, (3) n =4,y uv = q4, the pullback metrics g,§ of
corresponding harmonic maps satisfy g < g.

Proof. For n =2, locally

1
19= G2d2® + (Jh? + |u*h~2)dz - dZ + GodZ?

L5 @ + (PP )z - d +
So

122_ _ -142 1~22_ 7 7-1\2
19 52) = (wlh =l ™) 2, 2357 52) = (ullvlh = )2 + 2]

From Proposition B} |u|[v|h < |ulh™' < 7Y, |ullv|h < [v|h < AL, Then
(vl = [ulh™)? < (lullvih = )2,
which implies g < g.

For n = 3, we claim |v|?hh? < 1. The Hitchin equation is reduced to
Alog([v*hh?) + B~ = [u*v)*R? + 2Ju* A~ - 2lv*h? = 0.
Let u = [v>hh2, a = |u[>hh~'. Then
Alogu+h (1 +2a—(2+a®)u) = 0.

Notice that u =1 is a supersolution, then by the maximum principle, u < 1. For the pullback metric
g, g, locally,

1 1 ~ ~

9= W[h? +2uht, 9= V|l h® + 207"

Let z = |v|h, & = |ul[v]?h, A = |g3| = |v||u?>. Outside the zeros of pv, from Proposition B, = < Z.
Then

@+ 2 - (@4 2 -
xT T

_ 20 _ -~ 3
@22 25 gy - W@ =2) o740 4y
xrx T

@) (2 + 5)ai - 24)

1 s
6(9—9) TP

So outside the zeros of g3 = ?v, we obtain g < §. We can easily see it also holds at the zeros of gs.

For n =4, locally

1 _ _ _ _ _

ég = |V|2h% + 2|’Y|2hlth + |,U|2h22 = (Jv|h1 - |N|h21)2 + 2|V||,U|hlh21 + 2|’Y|2h11h2,

1. - . L . -
g9 = P PlyhT + 207 ha + hy® = (JullvllyPhy = ha')? + 2ul|plly P hahy + 207 ho.

From Proposition B1} |ul|v|[v[2h1 < |ulhzt < hy', |ullv||v|?h1 < vkt < hy'. Then
(v ha = hz")? > (Jwlha = |ulhz ).
Let @ = 1Ay ha, @ = by o, A = qa] = [ull] v
Claim: x < Z and zZ > A, outside the zeros of 4. Then the desired result follows from the basic

; ; A_~_A ~ A
identity z + £ -2 -2 = (z-Z)(1 - £).
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To show z < &, let u = £ = |y|?h7 hohihy'. Then u satisfies

28

Alogu —2hy ho(u=1) + 2|ullvl[yPhabg (u™ = 1) + (wlh1 = [plh3")? = (vl R = h')? = 0.
Then
Alogu —2h7 hy(u—1) + 2|y Phihst (vt = 1) > 0.

Notice that 1 is a subsolution, then by the maximum principle, u < 1.
To show zZ > A, let u = % = |pllv|h1h3thihst. Then u satisfies
Alogu+ (2hy hy + 212 hy ) (1= ) = (fvlha = |ulh3")? = (lullvliyhe - h3')? = 0.
Then
Alogu+ (2h7 ho + 2/7[2h T he) (1 - w) > 0.

Notice that u =1 is a solution, then by the maximum principle, u < 1. At the zeros of v, we can
also obtain g < § from |u||v|h1h3thihy! < 1. So we finish the proof. O
By integration, we obtain

Corollary 6.3. The Morse function achieves the maximum in the Hitchin point in the above cases.

As an immediate corollary in terms of representations for n = 2, we recover the following result
shown in [11].

Corollary 6.4. For any non-Fuchsian reductive SL(2,R)-representation p and any Riemann sur-
face X, there exists a Fuchsian representation j such that the pullback metric of the corresponding
Jj-equivariant harmonic map f;: ¥ — H? dominates the one for fo-

Proof. For any reductive SL(2,R)-representation p, if it is into the compact subgroup SO(2,R),
the associated harmonic map is constant. In this case, the statement is clear. Given any Riemann
surface X, if the representation p is not into the compact group SO(2,R), it corresponds to a cyclic
Higgs bundle parametrized by («, ) over X by [14]. Then we choose the Fuchsian representation
j corresponding to the cyclic Higgs bundle parametrized by ¢s = a8 over Y. The statement follows
from Theorem O

7. MAXIMAL Sp(4,R)-REPRESENTATIONS

For each reductive representation p into Sp(2n,R), we can define a Toledo integer 7(p) :=
% [ [*w where f is any p-equivariant continuous map f : .S - Sp(2n,R)/U(n) and w is the normal-
ized Sp(2n,R)-invariant Kéahler 2-form on Sp(2n,R)/U(n). It is well-known that |[7(p)| <n(g-1).
The representation p with |7(p)| =n(g - 1) is called maximal.

A Sp(4,R)-Higgs bundle over ¥ is a pair (V & V*, (3 g

vector bundle over 3, 8 € H°(S?V ® Kx) and v € H*(X,5?V* ® Kx;). The Toledo integer of the
Sp(4,R)-Higgs bundle is the integer deg(V). There are 3-229 + 29 — 4 components of maximal
Sp(4,R)-representations shown in [I3] containing 229 Hitchin components isomorphic to each other
and 2g — 3 exceptional components called Gothen components.

Labourie in [I7] shows that any Sp(4,R) Hitchin representation corresponds to a cyclic Higgs
bundle in the Hitchin components over a unique Riemann surface. As a result, there is a unique p-
equivariant minimal immersion of S into Sp(4,R)/U(2) for any Hitchin representation for Sp(4,R).
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For each Riemann surface X, each Gothen component is explicitly described in [3] as the moduli
space of Higgs bundles of the following form

E=NeNK'eN'KeN' o=

oo~ o
o oF%
_o oo
o ov

where g-1 < deg(N) < 3g-3, v e HY(N?K),u e H*(N2K3), and g3 ¢ H'(K?). Here V = NoN'K.

By Collier’s work [5], we can replace the variation of g with a variation of base Riemann surface
structure. That is, any maximal Sp(4,R)-representation in the Gothen components corresponds
to a Higgs bundle over a unique Riemann surface X of the form

0 00 v

_ -1 -1 -1 |1 0 0 0
E=NoeNK eoN KeN ", o¢= 0 1 00
0 010

where g—1 <deg(N) <3g-3, u# 0 and v can be zero. The 2g —3 Gothen components are indexed

by the degree of N. These are cyclic SL(4,C)-Higgs bundles. Note that If N = K %, this gives the
Hitchin representation. As a result, for any Sp(4,R)-representation in the Gothen components,
there is a unique p-equivariant minimal immersion of S into Sp(4,R)/U(2).

The above cyclic Higgs bundles with v = 0 are stable and play a similar role as the Fuchsian case.
We call the corresponding representations p-Fuchsian representations. The space of p-Fuchsian
representations serves as the minimum in its component of maximal Sp(4,R) representations in
the following sense.

Corollary 7.1. For any mazimal representation p: w1 (S) = Sp(4,R) in the 2g — 3 Gothen com-
ponents, there exists a u-Fuchsian representation j of w1 (S) such that the pullback metric of the
unique j-equivariant minimal immersion f;: S — Sp(4,R)/U(2) is dominated by the one for f,.

Proof. For any maximal representation in the Gothen component, we can realize it as a cyclic
Higgs bundle parametrized by (1,u,1,v) over some Riemann surface Y. Then we choose the u-
Fuchian representation corresponding to cyclic Higgs bundle parametrized by (1,u,1,0) over X.
Then the statement follows from Theorem 0

Since any Hitchin representation for Sp(4,R) corresponds to a cyclic Higgs bundle over some
Riemann surface ¥, we obtain bounds on the extrinsic curvature of minimal immersions for maximal
representations in the Hitchin component as an immediate corollary of Theorem [5.6]

Corollary 7.2. For any Hitchin representation p for Sp(4,R), the sectional curvature K, in
Sp(4,R)/U(2) of the tangent plane o of the uniuge p-equivariant minimal immersion satisfies
(1) Ky = —%, if p is Fuchsian;

(2) —% <Ky;<0 and 3 p such that K,(p) < —%, if p is not Fuchsian.

Remark 7.3. The lower bound —% is nontrivial, since the sectional curvature K in Sp(4,R)/U(2)
satifies that —% <K <O.

Similarly, we also obtain estimates on the extrinsic curvature of minimal immersions for maximal
representations in 2g — 3 Gothen component.

Theorem 7.4. For any maximal representation p for Sp(4,R) in each Gothen component, the
sectional curvature K, in Sp(4,R)/U(2) of the tangent plane o of the unique p-equivariant minimal
immersion satisfies
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K, < —% and the lower bound is sharp, if p is u-Fuchsian;

K, <0, if p is not p-Fuchsian.

(1) -
(2) -8
Proof. Tt is sufficient to work with cyclic Higgs bundle parameterized by (1, u, 1,v) of the above
form. The Hitchin equation in this case is
Alogh1 +hIlh2 —|l/|2h% 0,
Alog hg + |pl*hy? = hithe 0
Using the curvature formula (3), the sectional curvature of the tangent plane o of the minimal
immersion is

|—00|—

<
<

(Bl ~ hi'ha)? + (hy'ha — hy?|uf?)?
4- (M2 + 2hTthy + B2 u?)?
For the right inequality, outside zeros of uv,
Alog hiha®|uv| = (|uPha® + [VIhT) + 2h1the = 0

—  Alogh3hy?|uv| - 2|pvlhihyt — 2k hy > 0

—  Alog B2ho? || - 2(h3 ka2 || = 1)hithe > 0
So at the maximum of h3hy2|uv|, h3hy?|uv| -1 < 0. Hence hihy?|uv| < 1 on the whole surface. By
the strong maximum principle, we obtain that h2h5%|uv| < 1. So hithg = [v[*h? and |u*h3? = hithy
cannot hold at any point p simultaneously, since it would imply that h%h§2|,uy| = 1 at point p,
contradiction. Therefore K, < 0.

K,

. . _ h%\u|2 _ h52\u\2 . 4
For the left inequality. Let f1 = h-lhg’f2 = Ty Claim: fi, fa < 3.
1 1

The equation for f; is, outside zeros of v,
Alog fi+[3(1=f1) = (fa=1)]hi ha =0
— Sy log fi+3(1-f1) - (f2-1)=0
= Ah11h210gf1+3(1—f1)+120

So at the maximum of fi, 3(1- f1)+1 <0, hence f; < %. Use the strong maximum principle, f; < %.
It is similar for fo. The claim is proven.
USng 0< f17f2 < %7
o w(0.6N0.0) _(h-D’+ (-1 1411
7 2n - tr(pp*)? 42+ fi+f2)2 T 16 8
Note that K, only achieves —% if f1 = fo =0. This only happens at common zeros of u and v.
In the p-Fuchsian case, v =0. So f1 =0 and again fs < %. Then using (fo+2)7 ! € (%, %],

1+ (fa-1)2 fo+2-3)2+1 10 4 3 1 1
Ky= -t R S
Note that at zeros of p in p-Fuchsian case, the curvature K, = —%. O

Remark 7.5. As shown in [19], along the family of (E,t¢), as |t| — oo, away from zeros of pv + 0,
the sectional curvature goes to zero. So the upper bound in Part (2) is sharp.

We compare the Gothen components with the Hitchin components.

Corollary 7.6. For any mazimal representation p: w1 (S) — Sp(4,R) in the 29 —3 Gothen compo-
nents, there exists a Hitchin representation j of m1(S) such that the pullback metric of the unique
J-equivariant minimal immersion fj:S - Sp(4,R)/U(2) dominates the one for f,.
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Proof. For any maximal representation p in the Gothen components, it corresponds to a cyclic

Higgs bundle parametrized by (1, i1, 1,7) over some Riemann surface 3. Then we choose the Hitchin
representation j corresponding to cyclic Higgs bundle in the Hitchin component parametrized by

q4

= uv over Y. The statement then follows from Theorem for n = 4. O
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