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Abstract This work defines two classes of processes, that we term tempered fractional mul-
tistable motion and tempered multifractional stable motion. They are extensions of fractional
multistable motion and multifractional stable motion, respectively, obtained by adding an
exponential tempering to the integrands. We investigate certain basic features of these pro-
cesses, including scaling property, tail probabilities, absolute moment, sample path proper-
ties, pointwise Holder exponent, Holder continuity of quasi norm, (strong) localisability and
semi-long-range dependence structure. These processes may provide useful models for data
that exhibit both dependence and varying local regularity/intensity of jumps.
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1 Introduction

Linear fractional stable motion (LFSM) can be represented by the stochastic integral of a
symmetric a-stable random measure dZ, (z), that is

X(t) = /oo [(t_x)f‘i - (_;c)f‘ﬂdza(x), teR, (1.1)

— 00

where 0 < @ < 2,0 < H < 1, ()1 = max{x,0} and 0° = 0. See for example Samorodnitsky
and Taqqu [11]. This stochastic process has two important features. It is self-similar with
Hurst parameter H, i.e. for any ¢ > 0, t1,...,tgs € R,

(X(ctr), o X(cta)) £ (X (1), o T X (ta)),
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and it has stationary increments, i.e., for any 7 € R, (X(t) — X(0), —00 < t < 00) <

(X(T+1t) — X(1), —00 < t < 00), where £ indicates equality in distribution. Because its
increments can exhibit the heavy-tailed analog of long-range dependence (see Watkins et al.
[14]), the model is useful in practice to model, for example, financial data, internet traffic,
noise on telephone line, signal processing and atomospheric noise, see Nolan [10] for many
references.

There exist at least three extensions of LFSM, i.e., linear multifractional stable motion
(LmFSM), linear fractional multistable motion (LFmSM) and linear tempered fractional
stable motion (LTFSM). Stoev and Taqqu [12,13] first introduced LmFSM by replacing the
self-similarity parameter H in the integral representation of the LFSM by a time-varying
function H;. Stoev and Taqgqu have examined the effect of the regularity of the function H;
on the local structure of the process. They also showed that under certain Holder regularity
conditions on the function H;, the LmFSM is locally equivalent to a LFSM, in the sense
of finite-dimensional distributions. Thus LmFSM is a locally self-similar stochastic process.
Whereas the LFSM is always continuous in probability, this is not in general the case for
LmFSM. Stoev and Taqqu have obtained necessary and sufficient conditions for the conti-
nuity in probability of the LmFSM. Falconer and Lévy Véhel [6] defined the second model
extension of LFSM, called LFmSM. LFmSM behaves locally like linear fractional a(t)-stable
motion close to time ¢, in the sense that the local scaling limits are linear fractional a(t)-
stable motions, but where the stability index «(t) varies with ¢. This extension allows one
to account for the fact that the nature of irregularity, including the stability level, may vary
in time. See also Falconer and Liu [7] where the a-stable random measure in (1.1) has been
replaced by a time-varying «(t)-multistable random measure. Recently, Meerschaert and S-
abzikar [9] defined the third extension, termed LTFSM, by adding an exponential tempering
to the power-law kernel in a LFSM. They showed that the LTFSM exhibits semi-long-range
dependence, and therefore provides a useful alternative model for data that exhibit strong
dependence.

In view of trying to combine the properties of both LFmSM and LTFSM, we define in
this work a new stochastic process by adding an exponentiel tempering to the power-law
kernel of LFmSM. Our linear tempered fractional multistable motion (LTFmSM) is thus
an extension of LFmSM and LTFSM. In particular, linear tempered fractional multistable
motion behaves locally like the linear fractional «(t)-stable motion with stability index
a(t) that varies in time ¢, and it exhibits semi-long-range dependence structure as LTFSM
does. Similarly, to combine the properties of both LmFSM and LTFSM, we define anoth-
er new stochastic process, called linear tempered multifractional stable motion (LTmFSM),
by adding an exponentiel tempering to the power-law kernel of LmFSM. This new process
is also of semi-long-range dependence structure. We investigate basic properties of the two
new processes, including scaling properties, tail probabilities, absolute moment, sample path
properties, pointwise Holder exponent, Holder continuity of quasi norm and (strong) localis-
ability. Such properties are important and have been widely studied. For instance, Falconer
and Liu [7] have investigated sample path properties, localisability and strong localisability
of LFmSM; Le Guével and Lévy Véhel [8] have investigated the pointwise Holder exponent
of LFmSM; Ayache and Hamonier [2] have examined the fine path properties of LmFSM;
Meerschaert and Sabzikar [9] have studied scaling properties, sample path properties and
Holder continuity of quasi norm of LTFSM.

The reader will note that, in this work, our emphasis is on the properties that set apart
LTFmSM and LTmFSM, rather than on their common ones. Further work is needed to
introduce and study linear tempered multifractional multistable motion (LTmFmSM). We
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believe that studying the specific properties of LTFmSM and LTmFSM will be helpful for
future investigation of LTmFmSM.

The remainder of this paper is organized as follows. In Section 2, we define the linear
tempered fractional multistable motion and the linear tempered multifractional stable mo-
tion. In Section 3, we elucidate the dependence structure of the two stochastic processes. In
Sections 4 - 8, we analyze their properties.

2 Definitions of LTFmSM and LTmFSM

Throughout this paper, for given 0 < a < b < 2, the function « : R — [a,b] will be a
Lebesgue measurable function that will play the role of a varying stability index. We recall
the definition of variable exponent Lebesgue space:

Fo :={f: f is measurable with ||f]|o < oo}

IIfIIa:—{A>0: /Z\Q

Then || - ||» is a quasinorm.

Falconer and Liu [7] defined the multistable stochastic integral I(f) := [ f(z)dMy(x), f €
Fa, by specifying the finite-dimensional distribution of I. Here and after, dM, (x) stands for
the multistable measure, which is an independently scattered symmetric random measure.
Assume «a(z) € [a,b] C (0,2]. Given fi, fo, ..., fa € Fa, Falconer and Liu defined a proba-
bility distribution on the vector (I(f1),1(f2),....1(f4)) € R? by the following characteristic
function

where

a(z)
do = 1}. (2.2)

E eiZZZIOkI(fk)} - exp{ —/OO ’i@kfk(x)’a(z)dx}-
T k=1

The essential point is that a(z) may vary with x. With the definition of multistable stochastic
integral, Falconer and Liu [7] (cf. Proposition 4.3 therein) defined linear fractional multistable
motion (LFmSM)

1 1

i H—— H—
X(t) = / (6= 2™ — (=) | anaa). (2.3)
They also investigated some basic properties of LFmSM, such as localisability and strong
localisability.

By adding an exponential tempering to the power-law kernel in LFSM (1.1), that is

Xt,a(t) :z/ [e_’\(t_w)+ (t — 96)57é — e_’\(_“””(—:zc)ffé dZ(z), (2.4)

A > 0,0 < a< 2and H > 0, Meerschaert and Sabzikar [9] recently defined the so-
called linear tempered fractional stable motion (LTFSM). They showed that LTFSM is
short memory, but its increments behave like long memory when A is very small. Thus
LTFSM exhibits semi-long-range dependence structure, and it provides a useful alternative
model for data that exhibit strong dependence.

Similarly, by adding an exponential tempering to the power-law kernel in a LFmSM
(2.3), we define the following linear tempered fractional multistable motion. Such process is
an extension of both LFmSM and LTFSM mentioned above.
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Definition 1 Let a(z) € [a,b] C (0,2] be a continuous function on R. Given an inde-
pendently scattered symmetric multistable random measure dM, (z) on R, the multistable
stochastic integral

o0 __1 1
Xty A (1) ;:/ [e_’\(t—w)+(t—x)f s _ e—k(—w)+(_$)f " dMo(z)  (2.5)
with0 < H < 1,A >0, (z)4+ = max{z,0}, and 07 = 0, € R, will be called a linear tempered
fractional multistable motion (LTFmSM).

Remark 1 With the exponential tempering, we can also define multistable Yaglom noise

S 1
Yt a@a(t) = / [0 — )T [any(@), A >0,
In particular, when «(z) = 1/H € (0,2], multistable Yaglom noise is known as Ornstein-
Uhlenbeck process, see Example 3.6.3 of Samorodnitsky and Tagqu [11]. When «a(z) = « for
some constant «, multistable Yaglom noise is called stable Yaglom noise, see Meerschaert
and Sabzikar [9]. It is obvious that fractional multistable Yaglom noise is a multistable
stochastic integral. It is also easy to see that

XH,oc(ac),)\(t) = YH,a(x),A(t) - YH,a(z),A(O)u A>0.
Denote by

H—

_1 1
Gt z) = e Mt — ) @ — e—k<—w>+(_x)f G XN>0. (2.6)

It is easy to check that the function G'g (2,1 (t, ) belong to F,, so that LTFmSM is well
defined. Moreover, by the definition of multistable integral (cf. Falconer and Liu [7]), the
characteristic function of X o(,,1(t) is given as follows:

—d o0 d
E[elzkzl ekXH*"‘(”)A(tk)} = exp{ B / ‘ Z ekGH,a(z)ﬁA(tkax)

T k=1

a(x)d:v}. (2.7)

Similarly, when the Hurst parameter H of (2.4) varies with time ¢, we have another
extension of LTFSM.

Definition 2 Let H; € [a,b] be a continuous function on R. Given an independent scattered
SaS stable random measure dZ,(z) on R with control measure dz, the stable stochastic
integral

X1, an(t) = / [eﬂ(t*mﬂ(t_x)ff*i — e MV ()T TRz, ) (28)

with 0 < o <2, A > 0, (2)+ = max{x,0}, and 07 = 0, € R, will be called a linear tempered
multifractional stable motion (LTmFSM).
Denote

1 _1
GH, ax(t,x) = e_’\(t_w)+(t — x)f' o e_’\(_m”(—x)ft @, A > 0.

By the definition of stable integral (cf. Samorodnitsky and Taqqu [11]), the characteristic
function of X, o A(t) is given as follows:

E eizzzlekxf’t’ﬂ’*(t")} = exp{ —/ ‘ZekGHha)\(tkax)‘ dfc}'

T k=1
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The characteristic function of X, o A(t) is given as follows:

E eizzzlekxf’t’ﬂ’*(t")} = exp{ —/ ‘ZekGHha)\(tkax)‘ dfc}'
—o0 k1

3 Dependence structure of LTFmSM and LTmFSM

In this section, we study the behaviour of increments of LTFmSM and LTmFSM, usually
termed the “noise” of these processes.
Denote by
Y(t)=X({t+1)— X(t) forintegers —oo <t < 00

the noise of the processes X. Astrauskas et al. [1] studied the dependence structure of linear
fractional stable motion using the following nonparametric measure of dependence (see also
Meerschaert and Sabzikar [9]). Define

Ry, (t) = R(01,00,t1,t1 +t) :=E [ei(ely(tl)"'ezy(tl“))} - E {ewly(tl)} E {eie?y(tlﬁ)}
for t1,t,01,0> € R. If we also define
1(61,02,t1,t1 +t) = log (E {ewly(tl)D + log (E {ewzy(tl""t)D

“log (E [ei(ely(tl)+92y(tl+t))D

)

then we have
Rtl (t) = K(Qh 927 ti,t + t) (6_1(91’92’t17t1+t) _ 1) , (39)

where _ _
K(01,02,t1,t1 +1) = E [ewly(tl)} E {6192}/(““)} .

In particular, for stationary processes, Ry, (t) does not depend on ¢;, see Meerschaert and
Sabzikar [9]. In this case, we denote Ry, (t) by R(t) for simplicity. Note however that the
increments of the two processes that we define in this work are not stationary in general.

We first recall the dependence structure of LTFSM. Given two real-valued functions
f(t),g(t) on R, we will write

ft) = g(t)
if [f(t)/g(t)] < Cy for all ¢ > 0 sufficiently large and some 0 < Cy < oo. In particular, if
f(t) X g(t) and g(t) X f(t), we will write

ft) = g(@®).

Thus f(t) < g(t) is equivalent to C1 < [f(t)/g(t)] < Cy for all t > 0 sufficiently large and
some 0 < C7 < Cy < co. With these notations, Meerschaert and Sabzikar [9] recently proved
that if A > 0 and 0 < a < 1, then TFSN has the following property

R(t) = ef)\attHafl

for 6162 # 0. Meerschaert and Sabzikar [9] also proved that if A > 0,1 < a <2 and 1 < H,
then TFSN has the following property

R(t) < e M~ x

for 9192 7§ 0.
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3.1 Dependence structure of LTFmSM

The following two theorems show that LTFmSM and LTFSM share the similar dependence
structure.

Definition 3 Given an LTFmSM defined by (2.5), we define the tempered fractional mul-
tistable noise (TFmSN)

Yi,a@a(t) = Xga@a(t +1) = Xaa@)a(t) (3.10)
for integers —oo < t < o0.

In particular, if a(z) = « for a constant « € (0, 2], then the TFmSN reduces to the
tempered fractional stable noise, see Meerschaert and Sabzikar [9].

Proposition 1 Let a(z) € [a,b] C (0,1) be a continuous function on R. Let Yi o(z),1(t) be
the tempered fractional multistable noise (3.10). Recall Ry, (t) defined by (3.9) with Y (t) =
Yi,a(2),(t). Assume A > 0. Then

e—)xbttHa—l j Rt1 (t) j e—)\attHb—l (311)
for any t1 € R and 6,162 # 0.

Proof. By the definition (2.5), TFmSN has the following representation

oo 1 1
YH,a(m),A(t) = / [ef)\(t+17x)+ (t +1-— I)f a@ _ omA(t-z) (t _ x)f oc(z):|dMa(I)'

— 00

H——L_
Define gy(z) = e =@+ (t —2), *® for t € R and write

oo a(z)
I(01,09,t1,t1 + 1) = / ‘91 (96, +1(7) = g1, (2)] + O2[gt, +141(2) — g +4(2)]|  dz
0 a(z)
[ [l - g o
0 a(z)
[ Jeelona(e) = g o

where

a(z)

10 = [ ([ - 900 + el o) = g o)

a(z)

" )ao

—’91 [9t,+1(2) — gt, ()] - ‘92[9t1+t+1($) — gt +t(x

and

a(z)

t1+1
I(t) = /t (’91gt1+1($) + 02[gt, +1+1(2) — gty +4(2)]

a(z)

)] W’)dx.

—‘919t1+1($) - ‘92[9t1+t+1($) — gt +t(x
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Using the following inequalities
0< |21|* + [w2|® = 21 4 22|™ < 2[x2[" (3.13)
for all 1,22 € R and 0 < a < 1, we obtain
ILi(t) <0 and I(t) <O0. (3.14)

First, we give an estimation for I;(¢). By (3.13), it is easy to see that for ¢t > 1,

()] < 2/t1

— 00

< 2(|92|a + |92|b>e—>\attHb—1/

— 00

a(z)

T

02[Gt,+t+1(7) = gty +¢(2)]

t1 1 a(z)

4 —H
(9t +t+1(x) — gt1+t(x)]e’\tta ) dz.

Notice that Ha(z) < 1. For z < t; and t > 1, we deduce that

1 a(z)

‘[9t1+t+1 (z) — gi,+¢(x)]eMta@ ~

_ H——L_ _ H——L1_
— | Ati—2) (e—,\(1+ 14+ I) ate) (1+ t1 - 33) a(z))

t

—_ Ha(z)—1 —_ Ha(z)—1
<e)\a(tlz)(1+6)\)b<(1+1+t1 I) +(1+t1t I) )

- t
S 267)\a(t17m)(1 4 ef}\)b
= F\(2). (3.15)

Thus

ty

L ()] At < 9((6y" + [6]") / Fy(x)dz

< Ci(|621° + (62]"),
where C7 > 0 depends only on a,b and A. Hence
|Il(t)| < Cl(|92|a + |92|b)67)\attHb71. (316)
Next for I5(t), we have the following estimation. Using inequality (3.13) again, we obtain
tit1 a()
O <2 [ [felaien @) - g e (317)
t1

Applying the mean value theorem to see that for ¢ > 2 and any = € (¢1,¢; + 1), we have

gty rt1(T) — 9t1+t(33)‘

1 1 _
< | ZyeAMu—z)(, _ NH a(lm) T N Mu—z) (@) 1‘
< ‘ e (u—2x) +(H a(x))e (u—2x)
_ 1 1
< e Mt-1) D 4 (—— = _ sl
<e (A(t 1) + gy =1 )
<eMN(—— —H4+Nt-1)""5@,

a(x)
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where u € (1 +1,t; +t + 1). Returning to (3.17), we get

tit+l 1 H__1 a(z)
|I2(t)] < 2(|62]" + |92|b)/ ‘e_’\(t_l)(— —H+Nt—-1"""| dx
i a(r)
< Co([02]% + |0a]") e At~ (3.18)

for large t, where Cy > 0 depends only on a,b, H and A. Combining the inequalities (3.12),
(3.14),(3.16) and (3.18) together, we obtain

0< —1(6‘1, 0o, 1,11 + t) < CgeiAattHbil as t — oo, (319)
where C5 does not depend on t. Using the following equality

|z1]” + [22|* — |21 + 22" = [22]* — |z2]

[0
|$1 =+ 9$2|1_0‘

for all z1,22 # 0 with |z2| small enough, 0 < a < 1 and some |f] < 1, we obtain for any
r1#0and 0 < < 1,

|1 | 4 22| — 21 + 22| ~ |22|* (3.20)
as xo — 0. It is easy to see that for t; < x <ty +1and t > 2,

1 _
lim (g1, 4041 (x) = ge, (@) eM =
t—o00

= fim ¢A(61-2) (ex(l plrhmayets g h —x)Hﬁ>
+

t t
e o (3.21)

and

a(z)

<

efa)\ttlfHa.

e~ At1—z) (2 + e*A) ’a(w)

’[gt1+t+1(x) = Gty +¢(7)]

Thus [gi, +t+1(2) — g, +1(2)], t1 <z < t1 + 1, converges uniformly to 0 as ¢ — co. Applying
the dominated convergence theorem yields for 6162 # 0, we have

b+l a(2)
0= [ el () = gsela] o (3.22)
ty
and
titl 1 el
lim inf | Iy (t)| M=% > lim ‘92[gt1+t+1(x) — gty e ()] Mt T dx
t—o0 t—o0 t
fi+1 a()
= / ’92 [eAB=m) (1 — ™M) da. (3.23)
t1
Then (3.12), (3.14) and (3.23) implies that for all large ¢,
1
—1(01,00,t1,t1 +1) > —Ix(t) = |I(t)| > 502 e AbiH a1 (3.24)
where Cy = ttthl |02[e A=D1 — )] ‘a(z)dx does not depend on t. Combining (3.19)

and (3.24) together, we have

e ML S0y 05,1y, + 1) < e M (3.25)
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for 6105 #£ 0. It is easy to see that

K(915927t17t1 + t)

1 He_ 1 He—1  ja(titu)
— exp{ _/ ’91[67A(17M)+(1 _ u)+ a(ty+u) 67)\(7“)+(—u)+ a(t1+u)] ! du}
1 (0% u
" exp{ _/ ’92[64(1%)%1 _ u)f‘m B €4<7u>+(_u)f—m] (b2 e+ )du}
- 1
Zexp{ —2(|91|a+|6‘2|b)/ M,\(u)du},

where
My () = e 00 (1= o= 4 (1= w)fPt) el (Cup ot 4+ (-
is integrable on (—o0, 1] with respect to u, and that
K(01,09,t1,t1 +t) < 1.
Since I(67,02,t1,t1+t) — 0 as t — oo, it follows from (3.9) that Ry, (t) ~ —K(01,602,t1,t1 +
t)I1(01,02,t1,t1 +t). Hence (3.11) follows by (3.25). O

Proposition 2 Let a(z) € [a,b] C (1,2] be a continuous function on R. Let Yi o(z),1(t) be
the tempered fractional multistable noise (3.10). Recall Ry, (t) defined by (3.9) with Y (t) =
YH,a(2)A(t). Assume A >0 and 1/a < H < 1. Then

e M T Ry (1) < e M (3.26)
for any t1 € R and 6,162 # 0.
Proof. Recall I;(t) and I5(t) defined by (3.12). Notice that

|z1 4+ 22| — |21 | — |22|¥ ~ @ a1 |:vg|°‘71 (3.27)

for all 29 # 0,27 — 0 and 1 < a < 2. First, we give an estimation for I (t). It is easy to see
that for x <t; + 1, 1/a < H and large t,

1 __ g
‘[gt1+t+1($) — gy +t(x)]eM @ ‘

_ L1 _ L1
B B ) <€A(1+ 1+t —x)H a@ (1+ tl—x)H a<m>>

t t

L+t —a\H- o t1 —\H- 5
SeA(tlz)(1+eA)((1+ + t1 x) @ (1+ 1t x) <>>
<2 M (] 4 e N2+t — )T (3.28)

and

1 __ g
(91 4041(2) = gy 14 (2)] N7

_ 1 _ 1
_ oMt ((Q—MH—ﬁ)(l N %) +6—A/<H—a€z>>ﬂ)H a@ _ (1 Lh= w)H Q<I>>

t

R __1
< e-ml-@(@+e—A/<H—ﬁ>tlT—x)H - (1+ “;“’)H ‘”’”)

<0. (3.29)
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Then (3.28) and (3.29) together implies that for z < ¢; + 1, 1/a < H and large t,
0> gt1+t+1($) - gtlth(I)
> a1+ e e NI b MBI 1 1y — )i}

1 _1
> —2(1+ 64)62A+;,H(_Hb— E)H i e M3

Thus [g¢,+141(2) — g, +¢(2)] is negative and converges to 0 uniformly for z € (—o0, 1] as
t — oo. By (3.27), we obtain for large ¢,

11 (2)]
t1 a(z)—1
<2 [ a@)algr sen1(0) = gn ool [palor i (0) = g )| e
a—1 b—1 h a(z)-1
< aftefmax {0 100} [ fonsia@) = g0l jonsa ) 9] e
Therefore, for large t and x < t1,
(11 (t)]
< 4]0 max{[61]~", 61"~}
1 H-—L- a(z)—1
X / e_kttH_ﬁ (1 —+ 6_)\) (2 + tl — .I) ¢ )e_k(tl_m) gt1+1($) — Jy, (I‘) dx
< 4|05 max{|01]* ", |01 e M7
t1 Hfﬁ a(z)—1
g / A+e(2+ti—a) TN g @) g @) de. (330)
H——L_
Recall g¢(z) = e A=+ (t —z), °@  and that
a(z)—1 a(z)—1 a(z)—1
‘9t1+1($) — gt (2) < ‘9t1+1($) + ‘gtl (z)

(cf. (3.13) for the last inequality). Since a(z) —1 < b—1< 1land H > 1 > ﬁ, from
(3.30), we obtain

L (£)] < C16s] max{|91|a*1, |01|b’1}e’)‘ttH’%, (3.31)

where C; does not depend on ¢. Next, we give an estimation for I(¢). Using (3.27) again,
we obtain for large ¢,

t1+1 a(z)
() = |
t1

‘919t1+1 () + 02[g¢, +t+1() — gt, +4()]

a(x) a(z)
—‘919t1+1($) - ’92 [9t1+t+1(®) = g, 4+¢(2)] dx

ti+1 a(z)—1
<2 [ a@|alonsin@) - @] g @) o

ty

1 b—1 et o(@)—1
< oefmax {joi" 10} [ e @) = g0 ni@) @) d
t1
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By (3.28), it follows that for large ¢,

IIa(8)] < 4165] max {161, o~ pe e~

t1+1 o1 a(z)—1
[T et e -0 g de
t1
< Oy0s)] max{|91|“_1, |91|b—1} e M-t (3.32)
where Cy does not depend on ¢. Therefore, from (3.31) and (3.32), for large ¢,
161, 0,1, t1 +1)] < Cze %, (3.33)
where C3 does not depend on ¢.
By (3.27), we have
ti+1 a(z)—1
B0 = [ o)l s @) - gnsslo)|prga@)] " e
ty
Applying (3.21) and the dominated convergence theorem yields
lim inf | I (t)]eMta—H
t— o0
> lim (6] min{16,*", 6.~}
t1+1 Nyl —H a(z)—1
></ ’[gt1+t+1($) = g +i(x)]e @ H9t1+1($) dx
t1
ti+1 a(z)—1
= |02 min{|6:]* ", |91|b71}/ eI (1~ ei)\)‘gtl-i-l(x) da.
ty
Thus for 6,605 # 0,
L(t)] = e M %, (3.34)
Notice that (3.27) and (3.29) implies that
L(t)I2(t) >0 (3.35)
for large t. Combining (3.33) and (3.34) together, we have for 61602 # 0,
e M=% L] = 101,02, t1,t + 1) < e M T, (3.36)

Since (61, 602,t1,t14+t) — 0ast — oo, it follows from (3.9) that Ry, (t) ~ —K (01,02, t1,t1+
t)I(61,02,t1,t1 +t); hence (3.26) holds. O
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3.2 Dependence structure of LTmFSM

In this section, we consider the increment of LTmFSM. The following two theorems extend
the dependence structure of LTFSM to the case of LTmFSM.

Definition 4 Given an LTmFSM defined by (2.8), we define the tempered multifractional
stable noise (TmFSN)

Yi, an(t) = XHt+17a)>\(t +1) - XH, a(t) (3.37)
for integers —oo < t < oo.

In particular, if H, = H for a constant H € (0,1), then the TmFSN reduces to the
tempered fractional stable noise. The next theorem shows that LTmFSM has a dependence
structure more general than that of LTFSM.

Proposition 3 Let H; € [a,b] be a continuous function on R. Let Yi, o,(t) be a tempered
multifractional stable noise (3.37) for some 0 < o < 1. Recall Ry, (t) defined by (3.9) with
Y(t) =Y, ax(t). Assume XA > 0. Then

Ry, (t) =< e rotgeti—1 (3.38)
fO’l“ 6‘16‘2 75 0.

Proof. By the definition (2.8), TmFSN has the following representation

Y, ax(t) = / [e*)‘(tﬂﬂ”)* (t+1-— 96)5”17é — e M :C)ftfé] dZ(z).

Define hy(x) = (t — yrz)f_lt_ée*)‘(tﬂ”)+ for t € R and write

(e

I(01,02,t1,t1 + 1) = /700 }91[ht1+1(17) = hyy ()] + O2lhey 444+1(x) — bty 14(7)]| dz

[e3%

- [ [ptbia@ @) e

[e3

- /Z ‘92[ht1+t+l(x) = hey ()] da

= I3(t) + L(t), (3.39)

where

[e3%

ty
o0

I3(t) = /7 (‘91 [Pty +1(2) = hay ()] + O2lhey 4141 () — Bty 14()]

|01, 41 (@) = ey )]

“_ ‘92[ht1+t+1(95) = hiy (@)

a) dx

and

[e3

t1+1
I14(t) = /t (‘91ht1+1($) + O2[ht, 4141(2) — he, 4 (2)]

—‘91ht1+1($)

- ‘92[ht1+t+1($) — ity (2)]

a)d,f.
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Using (3.13) again, we obtain
Ig(t) S 0 and I4(t) S 0.

First, we give an estimation for I5(t). For large ¢,

Ih@ﬂﬁ2/l

— 00

[e3

O2 [Pty +e41(2) — ey 42 (2)]| da

t1

_ _ 1_pg,|¢
§2|92|ae )\attaHt 1/ e)‘tta H;

— 00

[hty 4241 () = Bty ()]

Recall H; € [a,b]. It is easy to see that for z < t; and t > 1,

[0}

’[ht1+t+1($) — hyy e ()]t~

e At1—2) <e—A (1 + M)Htﬁ _ (1 n th — :E)Ht%)
¢ t

(e

1 t1 — Hia—1 t1 — Hia—1
Se—)\a(tl—m)(1+e—)\)a((1+ +t1 :c) n (1+ 1 - :v) )

t

= Fy\(x).
Thus

t1
Mwwmwﬂmgm%w/ Fi(2)de
< Cl |92|a7
where C7 > 0 depends only on «,b and A. Hence

|Ig(t)| < Cl |6‘2|a67>\attaHt71.

< ef)\a(hfm)(l —|—67)‘)°‘ max{Q, (2 Sty — I)bafl i (1 - I)bal}

(3.40)

(3.41)

Next for I4(t), we have the following estimation. Using inequality (3.13) again, we obtain

t1+1 a
| <2 [ [falhssia(e) — by sato)]
t1

(3.42)

Applying the mean value theorem to see that for ¢ > 2 and any « € (¢1,t; + 1), we have

‘ht1+t+1($) - ht1+t(x)‘

1

< ‘ _ )\e—k(u—w)(u _ I)Ht_é + (Ht _ _)e—)\(u—m)(u _ Qj)Hf_E_l
«
1

where u € (1 +1,t; +t + 1). Returning to (3.42), we get

t1+1
o] <26 [

t1
S CQ|92|a€7AattaHt71

e*Mt*l)(l CH N =173 e
[0

(3.43)

(3.44)
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for large ¢, where Cy > 0 depends only on «,b and . Combining the inequalities (3.39),
(3.40), (3.41) and (3.44) together, we obtain

0 < —I(61,00,t1,t; +1t) < Cslfy|*e Aot =1 (3.45)
for large ¢, where C3 does not depend on ¢t. By (3.20), it holds for ¢ — oo,

[0}

dx.

t1+1
@]z [ Bl (0) = b el

t1

Similar to (3.21), it is easy to see that for t; < <t¢; 4+ 1 and ¢ > 2,

o e M) (1 e | (3.46)

Jm [ty 1 (&) — Ty e () et =1

Applying the dominated convergence theorem yields

t1+1

liminf | Iy (t)| e* 1= 5@ > Jim ‘92[ht1+t+1(x) - ht1+t(x)]e)‘tté_H‘ dx
t—o0 t—o0 t
t1+1
:/ 026721 72) (1 — e7) | “da. (3.47)
ty
Then (3.39), (3.40) and (3.47) implies that for large ¢,
1
— (01,00, t1,t1 +1) > —14(t) = [Ly(t)| > 5c*?,e%%ah’tfl, (3.48)

where C5 = ttll+1 |6‘26_>‘(t1_1)(1 — e‘A)‘ad:v does not depend on t. Combining (3.45) and

(3.48) together, we have
I(01,05,t1,t, + 1) < e Atpate=] (3.49)
for 6105 #£ 0. It is easy to see that
K(01,02,t1,t1 + 1)

1 (e}
= exp{ —/ ’91 [e_A(l_u”(l - u)ftlﬂié - e_’\(_“”(—u)ftlfé] du}

1
x eXP{ - / ‘92[6_)‘(1_1‘)*(1 — u)ft”tﬂfé - e—k(—u)+(_u)ft1+t*§]

> exp{ - 2(|6‘1|O‘ + |92|a) /1

— 00

0tdu}
T(u)du},
where
T(u) i= e -0+ ((1 ) (1 u)ibfl) Feral-u+ ((—u)i‘“l + (—u)ibfl)
is integrable on (—oo, 1] with respect to u, and that |K(61,02,t1,t1 + t) . Since

| 1
1(91, 92, tl, t1 +t) —0Qast — o, it follows that Rt1 (t) ~ —K(@l, 92, tl, t1 +t)[( y 92, tl, t1+
t); hence (3.38) follows by (3.49). O

<
61
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Proposition 4 Let H; € [a,b] be a continuous function on R. Let Yi, o x(t) be a tempered
multifractional stable noise (3.37). Recall Ry, (t) defined by (3.9) with Y (t) = Y, ax(t).
Assume A >0, 1 < a <2 and 1/a < H;. Then

Ry, (t) < e M¢Hema (3.50)
fO'l“ 6‘16‘2 75 0.

Proof. Recall I3(t) and I4(t) defined by (3.39). By an argument similar to (3.35), we have
for large t,

I3(t)I4(t) > 0. (3.51)
First, we give an estimation for I5(¢). Using the inequality (3.27), we obtain

a—1

dx

B <z [ w o Ballt, 141 () = ()| |61l 1 (2) = oy ()

t1
< 4/65]|6,] /

By an argument similar to (3.28), it is easy to see that for large ¢ and = < ¢4,

a—1

hiy1(z) = hey (2)| dw.

bty g1 (@) — ht1+t(17)’

(e, 041(@) = By p(@)]eXtE ] 20D (14 )24t — ) F . (352)

Therefore, for large t and x < t1,

|I3(t)] < 8[02[161|*7

« /tl MR L e N2+t — )T E e (@) — by ()| de
< 8|0o]|0y [T e M
t p—1 a—1
X / (1+e™) (2 +t1— :c) e Mg () — hy, (@) dx. (3.53)
From (3.53), we obtain
I3(t)| < C1]65]61]% Te Mt a, (3.54)
where C; does not depend on t. Similarly, we have for large ¢,
14(t)] < Cas)|01] "~ e M=, (3.55)
where Cy does not depend on ¢. Therefore, from (3.54) and (3.55), for large ¢,
11(61, 05,11, 11 + )] < Cs|05]61]* Le Mt x (3.56)

where C5 does not depend on ¢. By (3.27) we have for large ¢,

a—1

dx.

1 t1+1
0125 [ afaliarin @) = s @)|fah )
t1
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Applying (3.46) with o = 1 and the dominated convergence theorem yields

P Aty L —H,
11g£f|l4(t)|e t
.1 a1 [0 NudH a—1
> lim alfs/ |6 O Nl | [ YRRTC]
ty
1 N AR A o=t
= §O[|92||91|a_ /t e (t1—=) (1 —e ) ht1+1($) dx.
1
Thus
|Ly(t)] = e MeHema (3.57)
for 0105 # 0. Combining (3.51), (3.56) and (3.57) together, we have
e MR < |I4(8)] = [1(01, 02,11, 8, +t)| < e MeH (3.58)

for 6165 # 0. Since I(61,02,%1,t1 +t) — 0 as t — oo, it follows from (3.9) that Ry, () ~
—K(@l, 92, tl, tl + t)](@l, 92, tl, tl + t), hence (350) holds. O

Remark 2 One says that a symmetric a-stable process X (t) exhibits long-range dependence
if for any ¢; € R,

i ‘Rtl (n)‘ = 0, (3.59)
n=0

where Ry, (t) is defined by (3.9). It is obvious that LTFmSM and LTmFSM are not long-
range dependent, but they exhibit semi-long-range dependence, that is, for A > 0 sufficiently
small, the sum (3.59) is large, and it tends to infinity as A — 0. Therefore, LTFmSM and
LTmFSM provide two useful alternative models for data that exhibit strong dependence.

4 Scaling property and tail probabilities

The following result shows that LTmFSM (2.8) has a nice scaling property, involving both

. . dd o . . .
the time scale and the tempering. Denote by I equality in the sense of finite dimensional

distributions.

Proposition 5 For any scale factor ¢ > 0, it holds

dd
{Xronten},  EH{™ Xn0nl)

Proof. Tt is easy to see that

. (4.60)
GH., ax(ct,cx) = cHCt*iGHct_,aycA(t, x).

Notice that dZ,(cx) has control measure cadr. Givent] <ty < ... < tn, a change of variable
z = cz’ then yields

(XHeo, an(cti) ri=1,..,n)

(/OO GH.rpan(ctiy2)dZa(z) i = ln)

— 00

(/ GHC%@,,\(cti,cw')dZa(c:v'):izl,...,n)
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o0
4 (/ cHC‘i_éGHC”,%c)\(ti,x') v dZa(2) ri =1, ,n)
—0o0

= (cHCti / GH.,, aen(ti, @')dZo(2) 1i =1, ,n)

— 00

= (CHCtiXHcti,a,c)\(ti) 1= 1, ...,TL),

where < indicates equality in distribution. So that (4.60) holds. O
We say that a stochastic process X (t), t € I, is stochastic Hélder continuous of exponent
B € (0,00) if it holds

limsup  P(|X(t) — X(v)| > C|t —v|’) =0

towel, [t—v|—0

for a positive constant C. It is obvious that if X (u) is stochastic Holder continuous of
exponent (1, then X (u) is stochastic Holder continuous of exponent 35 € (0, 51].

The following proposition shows that LTFmSM is stochastic Hélder continuous. Denote
a A'b=min{a,b}.

Proposition 6 There is a number C, depending only on a,b,\ and H, such that for all
t,v e R and any y > 0,

P (| Xrt.a02(t) = Xara@ )| 2 ) < [t — ol 4 |t — o) (461)

o (
ye Ay
In particular, (4.61) implies that for any § € (0, Ha/b) and all t,v satisfying |t — v| < 1,
P(|Xtaa®) = Xita@a®)] 2 [t = ol”) < Cft = o] 7=,
which implies that X g o (2),A(t) is stochastic Hélder continuous of exponent € (0, Ha/b).
Proof. By Proposition 2.3 of Falconer and Liu [7], it follows that for any y > 0,
P(}XH,a(m),A(t) = Xt a@a ()| =2 y)

S Ol /OO ’GH,Q(LE),)\(t’ I) - GH,oz(w))\(’Uv'r)
Y

a(z)
dz

— 00

a(z)

da, (4.62)

C %)
>~ ya /\lyb / ’GH,oz(m))\(taI) - GH,oz(w))\(vaI)

where G'g o(2),2(f, ) is defined by (2.6). Without loss of generality, we assume that ¢ > v.
Then

a(z)

/ ’GH,Q(LIJ),)\(t’ I) - GH,oz(w))\(vv 'r) dr =1 + I, (463)

where

a(z)

Il - / ’GH,a(m),)\(tv'r) - GH,oz(w))\(’Uv'r)

t
I, = / ef)\a(ac)(tfz) (t _ x)Ha(x)fldx.
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Using the inequality |z + y|* < 2%(|z|* + |y|*) for all 2,y € R and any a > 0, we have
I < A(h + hi2),

where
! —A(t—=x) H-— —A(t—z) H——L a(z)
L = ‘e (t—ax)' @ —e (v—x)" =@ dx,
e H——L “A(v— o1 |a@)
Iy = ‘e t=2)(y — )" 7o — e D (y — )5 dx.
Let h =t — v. We deduce the following estimation of I;; :
v o(x)
I < / (t—x)H_ﬁ — (v—x)H_ﬁ dx
Y Ho—1_ g1 |o@)
< (h+v—2)" @ —(v—x)" *® dx
v v—x\H-35 v—2\H= a5 |12 oo
T ()
/700 ( + 3 5 T
a(v—hu)

o'} He i o .
= / }(1 + u) alv—hu) _ gy a(v—hu) hHa(vfhu)du
0

> H——L H— 1
< ‘(1 + u) av—hu) _ 4" aw—hw)
0

a(v—hu)

du (hH“ 4 th)
<Oy (|t — e 4t v|Hb).

Next, we estimate I;2. Notice that |[e™® — e Y| < |z — y| for ,y > 0. Substitute u =v — x
to see that for A > 0,

! 1 Ha(z)=1 _)a(z)(v—=)| —A({t—v (@)
112 = /700 W(AO&(I)(U —117)) & o) ( ) e Alt—v) _ 1 dx
v Ha(z)—1
< Ci2 / ()\a(:c)(v - :E)) e M@ W=2) pip {(t —v)*@), 1}d:v
< Chiz min{|t - |, 1} / (Aa(v — u)u) o=l dalv=wu gy,
0
< Cho min{|t —v|%, 1} ; argaﬁ] {()\au)Ho‘flef)‘O‘“}du
< Ci3 min{|t—v|“,1}. (4.64)

It is obvious that if A = 0, then I;5 = 0, and thus (4.64) holds obviously for all A > 0. By
simple calculations, we get

¢
Igg/(t—:v)Ho‘(m)_ld:v

St =)t da ift—v<1
<
f;‘.fl(t_I)Hbfldx_kfttil(t_x)Hafldx ift—ou>1

< 04(|t L L P v|Hb).
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Returning to (4.63), we obtain

a(z)

/ ‘GH,Q(I),)\(t7x) - GH,a(z),)\(an) dz

< Cs (|t —o[f 4 |t — | 4+ min {|t — e, 1})

< Ca(lt—le“+ |t—v|Hb). (4.65)

Hence, for y > 0,

Cy
yrAyP

P(‘XH,Q(I),A(L‘) - XH,a(z).)\(U)‘ > y) < (|’5 — v 4t - U|Hb)'

This completes the proof of Proposition 6. a
The following proposition shows that LTmFSM is also stochastic Holder continuous.

Proposition 7 Let A > 0. There is a number C depending only on a,b, a and X\, such that
for all z > 0,

c @
P([ X an(t) = X an(s)] 2 2) < o (1= sl + [H — H|™)  (466)
for all t,s € R satisfying t > s. In particular, if Hy is v—Holder continuous, that is
|Hy — Hy| < Clt —s|"  fort,s satisfying |t —s| <1,

then (4.66) implies that for any B € (0,min{a,~}) and all t,s € R satisfying |t — s| < 1,

P(‘XHt,a,A(t) — Xu, ax(5)

> = sl?) <0 (It = sl 4t = 520D,
which implies that X, o x(t) is stochastic Hélder continuous of exponent 8 € (0, min{a,~}).

Proof. By Proposition 1.2.15 of Samorodnitsky and Taqqu [11], it follows that for z > 0,

P(‘XHt,a,)\(t) - XHsvaA(S)} 2 Z)

< Cozia [ Z ]GHt,a,A(t,x) G an(s )| dr. (4.67)
Using the inequality for any a > 0,
[z +y+ 2" <3%(2[* +y* + [2]7),  wy,zeR,
we have
/OO (Gt (2) = G, r(5,0)] e < 3°(1y + 1o + 1), (4.68)
where

I = / e M=)+ (4 I)ftié — e AT (5 aj)ftié dx
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It is easy to see that

b (4.69)
where
I = / ’e—/\(t—wﬂ(t - x)ftfé e ;E)ftfé .
I = / e*A(tsz(s - x)fi*é _ eiA(S*IH(S _ x)ft7§ adx'

_1
Let h =t — s > 0. Notice that |(1 + u)Ht “ —yHow| < 28uft a1 4 — oo. Then we
deduce the following estimation of I; :

t o
I = / e Aelt=n) (¢ — pyHe—% _ (5 — :10)ft7é dx

t — p\H:—L — p\Hi—L1a
_ —da(t—z) (1 s LL’) o (S LL’) o thoz—ld
/—ooe * h h /+ *
L) o 1a
:/ ef)\ah(lJru) (1 _|_u)Ht o uff clx thadu
—1
) . 1a
< / e—)\ah(l—i-u) (1 +u)Ht o uft (1,4 du thoz
-1
< Cyh™* = Oyt — e, (4.70)

Next, consider the item I15. Substitute v = s — x and then w = A to see that for A > 0,

I1s = / (S _ x)aHt—le—)\a(s—m)

e AMt=s) _ 1‘adx

< / (s —z)oHe—lgmrals—a) gy min{(t —5)“, 1}
= / u Mt =le= AU gy min {(t —5)%, 1}
0
< Clgmin{|t—s|°‘,1}, (4.71)

where the second line of the last inequalities follows by the inequality |[e™* — e Y| < |z — y|

for all z,y > 0. It is obvious that if A = 0, then I3 = 0. Thus (4.71) also holds for A = 0.
Combining (4.69), (4.70) and (4.71) together, we get

I < Cl<|t—s|°‘Hf +min{|t—s|a,1}). (4.72)

In the sequel, we give the estimations of Iy and Is. Without loss of generality, we assume
that H; > Hg. By some simple calculations, we get

I, = / e b= (g — :10)Ht7é —(s— ;10)Hré dx

— 0o

o o
:/ e_’\a”u_l‘uH‘—uH**’ du
0

[eS)
— / eanu
0

< Cy|H, — H,|", (4.73)

H; — H,| v~ logu|*du
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where Hy € [Hg, Hy|. Similarly, we have
I < C3|H, — H,|". (4.74)

Combining the inequalities (4.68), (4.72), (4.73) and (4.74) together, we obtain

[e3%

/ ‘Gtha_,A(t,x)—GHsya_,A(s,x) dx

< C4(|t — s|*" 4+ min {|t — s|*,1} + |H; — HS’O[>

< Cs (|t — sl*F + [, - H,|"). (4.75)

Returning to (4.67), we get for z > 0,

> z) < %Ot— s|O‘Ht + ‘Ht —Hs‘a).

P([Xnan(t) = X, an(s)

This completes the proof of Proposition 7. a

5 Absolute moments

We estimate the absolute (incremental) moments of the LTFmSM.

Proposition 8 If 0 < p < a, then there exists a number Cy, depending only on a,b, \ and
H, such that for all t,v € R and |t —v| > 1,

p
E[‘XH,a(m),A(t) - XH,a(m),,\(U)‘p] <G (1 + Fp) |t — o],
Proof. When |t — v| > 1, using Proposition 6, we deduce that

E [}Xﬂ,a(m),x(t) - XH,a(m),A(U)}p}

= p/ yp_lp(‘XH,a(x),)\(t) - XH,a(z).)\(U)‘ > y) dy
0

1 00
Sp(/ yp‘ldy+01/ yp_l_ady)|t—v|Hb
0 1
§02(1+L)|t—v|m’.
a—p

This completes the proof of Proposition 8. O

The next proposition gives an estimate for the absolute (incremental) moment of the
LTmFSM.

Proposition 9 If 0 < p < «, then there is a number C' depending only on p,a,b and A,
such that for all t,s € R satisfying t > s,

EUXth(t) - XHS,Q,A(S)V’} < (1 n )(|t — sPHe 4 |H, — Hs\”).

p—«
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Proof. Using Proposition 7, we have for any € > 0,

B[| X5, 01 (1)~ X1, 07 (5) ]

5 [0 P([Xhr® ~ Xiar)
0

> y)dy

£ o0
Sp/ yp’ldy+01/ y”’l’“dy(lt—SIQHt + | H; —Hs|a)
0 £

C
:€p+ ! Ep_a(|t—8|aHt+|Ht—H5|a).
a—p

Taking £ = max{|t — s|™t, |H, — H,|}, we get

2C

a—p

EUXHW’X(L‘) — XHS)a7)\(S)’p} < (1 + ) (|t — [P 4+ | H, — Hs\p),

which gives the desired inequality. a
For LFmSM, Le Guével and Lévy Véhel [8] have investigated the asymptotic behaviour

of E[|X(t+7)— X (t)|"],r — 0, for some positive constant 7 > 0. The following proposition

gives a result similar to the one of Le Guével and Lévy Véhel for LTFmSM.

Proposition 10 For each t € R satisfying Ha(t) # 1 and all v € (0, a), it holds

y E[| Xy a@a(t+7) = Xga@a®)]7]
1m
r—0+ rH

= F(v,1),

where

1— 2

> H-—L Ho—tqa(t) \ 7/ 27 o)
F(%t) = </ {(1 _ I)+ at) (_x)+ a«)} dx) ( )

v [y w7 sin® (u)du

— 00

and I'(t) = |7 a'~'e""dx is the gamma function.

Proof. Notice that for all v € (0,a) and all u € [0, 1),

]
o X t - X t

_ 7/ Z'yil P(’ H,a(m),)\( +T3{ H,a(;ﬂ),)\( )’ > Z)dZ
0 T‘

B H Xi,a@) At +7) = Xia@)a(t)
H
.

Notice that X g o(s),2(t) is H—localisable to X defined by (8.83) (cf. Proposition 19 whose
proof does not involve Proposition 10). Thus

X al(x t+ _X a(x t
P<’ Hoa(@) A\l TL, Ha@) Al )} Zz> —>P<|X(1)| Zz), r— 0.
T

By Proposition 6, for z large enough,

X a(z i+ -X [e1¢4 t
P(‘ Ha@A{Et+7) Hoa(@) ()

7 ‘Zz)gCi.

r
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Hence, by the Lebesgue dominated convergence theorem, we have

lim E H XH,a(ac),)\(t + T) - XH,a(z).)\(t) "Y:|
r—0+4 T‘H
:7/ 2771 P(‘X(l)’ > z)dz

0

=E[x)|"]

L R i G

+ v JoS umr "t sin® (u)du’

— 00

where X is «a(t)-stable. We refer to Property 1.2.17 of Samorodnitsky and Taqqu [11] for
the last line of the last equality. O

6 Sample path properties

When Ha > 1 with a > 1, the following proposition implies that every LTFmSM process
has an a.s. Holder continuous version.

Proposition 11 If Ha > 1 with a > 1, then for any 0 < 8 < H — 1/a, Xy o(a)\(t) has
a continuous version such that its paths are almost surely S—Hdlder continuous on each
bounded interval.

Proof. Recall that
Xitator ) = [ Grtagalt:a)dMa ()

By (4.65), we have for |t —v| < 1,
o a(z) Ha
/ ’GH,oz(w))\(ta I) - GH,a(w),k(vv'r)‘ dx S Cl|t - 1)| . (676)

By Proposition 3.1 of Falconer and Liu [7], X o(z),x(t) has a continuous version such that
its paths are almost surely f—Holder continuous on each bounded interval, where 0 < § <
(Ha —1)/a. O

Recall that a stochastic process X(t),t € T, on a probability space (£2, F,P) is called
separable if there is a countable set T* C T and an even 2y € F with P(£2y) = 0, such that
for any closed set F' C R we have

{w: X@t)eF, vteT*"}\{w:X({t)eF, YteT}C .

See Chapter 9 of Samorodnitsky and Taqqu [11] for more details.
When Hya < 1 and A > 0, the following proposition shows that every separable version
of LTmFSM process has unbounded paths.

Proposition 12 If Hiao < 1 and A > 0, then for any separable version of the LTmFSM
process, we have for any interval (¢, d),

P({w : tes(ljfd) | XH, .an(t)] = oo}) =1.
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Proof. We may assume that (¢, d) is bound. Consider the countable set T* := QN[e, d], where
Q denotes the set of rational numbers. Since T™ is dense in [¢, d], there exists a sequence of
numbers {t, }nen € T%, such that for any x € [¢, d], t,, — x as n — oo. Therefore, it holds

f(T*;x) .= sup GHt’a,A(t,:zr)‘ > sup
teT* tnET*

G, ax(tn, )| = fr(T";2) =00, n — 0.

Thus fcd f*(T*;z)dx = oo, and this contradicts Condition (10.2.14) of Theorem 10.2.3 in

Samorodnitsky and Taqqu [11]. Therefore, the stochastic process { X, o2} does not have

a version with bounded paths on the interval (¢, d), and this completes the proof. a
For LTmFSM process with Hya > 1, we have the following proposition.

Proposition 13 Assume that H; is v—Holder continuous, v > 1/«, that is
|Hy, — H| < Clt — 5| (6.77)

for t,s € R satisfying |t — s| < 1. If amin{a,v} > 1, then for any 0 < f < min{a,~v} —
1/a, Xu, ax(t) has a continuous version, such that its paths are almost surely S—Holder
continuous on each compact set.

Proof. By Proposition 9 and (6.77), we have for any 0 < p < « and all ¢, s satisfying
[t —s] <1,
E“XHt,a,A(t) — XHs,a,A(S)‘p} <C (|t — 5P+ |Ht — Hs|p)
< Cg(|t —sP+ |t — s’m).

The Kolmogorov continuity theorem implies that X, o x(t) has a continuous version, such
that its paths are almost surely S—Holder continuous on each compact set, 0 < f <
(pmin{a,v} — 1)/p. Let p — «. We completes the proof of Proposition 13. O

Remark 3 For LmFSM, Ayache and Hamonier [2] have obtained the uniform pointwise
Holder exponent of Xp, o,x(t). By Theorem 8.1 of Ayache and Hamonier [2], it is easy
to see that when a >+, the 8 in Proposition 13 cannot exceed v — 1/a.

Denote by

~ X alz t ) _X ,a(x tu
’Ht(W):sup{Vi 1im| Ho@At+Tw) 1) A ()| :0}

r—0 |’l”|7
the pontwise Holder exponent of the LTFmSM X g (5,1 (+) at t.

Proposition 14 If Ha > 1 with a > 1, then Hy(w) > H — 1/a almost surely.

Proof. Tt follows by Proposition 11. O
Let

77 o T |XHt70¢-,>\(t+T7w) _XHt-,Ot7)\(t’w)| _
Hi(w) = sup {’y : ll_r% R =0

be the pontwise Holder exponent of the LTmFSM X, o A(+) at t.

Proposition 15 Assume that Hy is y—Hoélder continuous, v > 1/a. If amin{Hy,, v} > 1
for some tg € R, then Hyy(w) > min{H,,,v} — 1/« almost surely.

Proof. Since Hy is continuous, we have for any € > 0, there exists a ¢ > 0 such that for all
s € [to — 0, to+ 9], it holds Hy € [Hy, — e, Hy, +¢]. If amin{H,,,v} > 1, by an argument
similar to the proof of Proposition 13, then for any 0 < 8 < min{H;, —&,v}—1/a, X, a,1(5)
has a continuous version, such that its paths are almost surely S—Holder continuous on
s € [to— 9, to+¢]. Thus if amin{Hy,,v} > 1, then H;, (w) > min{Hy, —&,v} — 1/ almost
surely. The claim follows by the fact that € can be arbitrary small. a
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7 Holder continuity of quasi norm

Denote by

HXH,oz(m))\(t)

® 1 GH.a(e) At x) [o(2)
= {y>0: / ’—H’ ( )’k( 2) dx—l}
o —o0 Yy

for t € R. Then H . Ha is a quasi norm. In particular, if a(x) = p > 1 for a constant p, then
[| X #,p2(t)|lp is the LP(R) norm of G pa(t,z). Moreover, when a(z) = « for a constant
a € (0,2], then it holds

0 N 1/«
HXH,Q,)\(t)Ha: (—1ogE[eiXH,a,x(t)Dl/ - (/ ’GHyaﬁA(t,:zr)’ da:) ,

see Meerschaert and Sabzikar [9].
The next proposition implies that the quasi norm of LTFmSM process is Holder contin-
uous in time ¢.

Proposition 16 There are two positive numbers ¢ and C, depending only on a,b, A\ and H,
such that

clt — v < HXH,a(;E),)\(t) — X#,a(@) (V)

for all t,v € R satisfying |t — v| < 1.

’ <C |t _ U|Ha/b
«@

Proof. Denote by p = HXH)Q(I))\(t) - XHﬂ(m)),\(v)‘ ‘a. Assume that t > v, and write

a(x)

dx

/ ’GH,Q(LE),)\(t7 'r) - GH,a(;E),)\(va I)

t
> / ean(z)(tfx)(t _ I)Ha(z)fldx

t
> e—kb(t—’u)/ (t _ x)Ha(m)—ldx

v

t
> efAb(tfv)/ (t—x)Hbild:Z?

1
S oA (p _ )HD
ze Vmt-v)

uniformly for all ¢,v € R satisfying |t — v| < 1. Therefore, we have

a(x)

1 = /OO ‘GH,oz(m))\(ta I) - GH,a(;E),)\(va I) 7
oo p
o0 a@ (1 1
> ’GH,oz(w))\(ta I) - GH,a(;E),)\(va I) dx min {Ev ﬁ}

1 11
> e_kbm(t—’l))Hb min{p—a,ﬁ}.

The last inequality implies the lower bound of p. By (4.65), we have

o a(z)
/ ’GH,Q(I),)\(t7x) - GH,a(z),)\(Uax)’ dx S C'1|t - U|Ha
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uniformly for all ¢,v € R satisfying |t — v| < 1. Then

<G a(x tv -G a(x ’ a(x)
1:/ ’ Ha@A (b 7) = Gha@ (v, ) du
oo p
i a(z) 1 1
< ’GH,Q(LIJ)7)\(t7 'r) - GH,oz(w))\(vv 'r) dz max{p_aa E}
Ha 1 1
< Chlt — v max{—,—b}, (7.78)
pep
whenever |t — v| < 1. Inequality (7.78) implies the upper bound of p. O

When a =b and 1/a < H < 1, Proposition 16 reduces to Lemma 4.2 of Meerschaert and
Sabzikar [9]. Hence Proposition 16 can be regarded as a generalization of this lemma.

The next proposition implies that the quasi norm of LTmFSM process is Holder contin-
uous in time ¢.

Proposition 17 There exist two positive numbers ¢ and C, depending only on a,b, A and
«, such that

eft = s < || Xan(®) = Xupan()|| <O (16— sl +|H - H])  (7.79)

for all t,s satisfying 0 < s <t < s+ 1.

Proof. From the poof of Proposition 7, we have
/ }GHt,a,,\(t,:v) — GHt’a),\(v,x)} de < C; (|t — S|O‘Hf + ‘Ht — Hs‘a)

< 2C; max{|t — s|0‘Hf7 ‘Ht — Hs‘a}.

)

Hence,

[ Xt cn®) = Xnran)|| < @00 (1t = sl + | - B,

which gives the desired upper bound in (7.79).
Next, consider the lower bound of || Xg, a1 (f) — XHs,aJ\(S)Ha' Write

o t
de/

t
> ef)\a(tfs)/ (t—x)Hta71d$

S

e M=) (¢ :10)Ht7é " da

/ ‘GHha,)\(tux) - GHS,oz,k(Sax)

t
> e—)\a(t—s)/ (t _ x)Htoz—ldI

1
ef)\a (t _ S)Hta

> il
- HtOé

1
> Ao~ t— Hia
=€ ba( 2

uniformly for all ¢, s satisfying s < t < s 4+ 1. Therefore, we have

1\1/
L2 (g)

which gives the desired lower bound in (7.79). O
For « € (0, 1], the next proposition shows that the upper bound of (7.79) is also exact.

[ X0 (8) = Xit,ar(5)
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Proposition 18 Assume « € (0, 1] and tg > 0. Then there is a positive number ¢, depending
only on a,b, \,ty and «, such that

[ Xrtran®) = Xt an(@)|| = e (1t = s + |1 1,]) (7.80)

for all t,s satisfying to < s <t <s+1.

Proof. If |t — s|ft > c1|Ht — H5| for some ¢; > 0, depending only on a,b, A, ty and «, then
(7.79) implies (7.80). Otherwise, we have

|H, — H,|/|t — s — o0 (7.81)
as [t — s| = 0. Applying the inequality

<lz-yl* =xyeRandac(0,1],

21 = [yl
we have

/ GH,,ax(t,2) — GH, ax(s,T) adw

[e3

ef)\(tfac)(t _ I)Hffé _ efA(sfz)(S _ :E)Hs*é dx

ef)\(tfac)(t _ ;E)Hffé . efA(sfz)(S . x)Hffé

+e—A(s—m)(S _ :C)Ht—é _ e—)\(s—;ﬂ)(s _ :c)HS_i d
> / e*)\(S*I)(S _ I)Ht*% _ e*)x(sfz)(s _ I)Hsfi ad:E
0
_/ e*)\(tfm)(t _ I)Ht*é _ e*)x(sfz) (S - I)Ht*é adx'
0

By the mean value theorem and (4.72), the last inequality implies that for a € (0, 1] and all
t,s satisfying 0 < s <t <s+1,

[e3%

/ G, .ax(t, ) — Gu, ax(s, )| dx

(o7
— 011 |t — S|O¢H75

> / e M=) (g — gyHo—1 og(s — 1) da ’Ht — H,
0

«
> COO‘Ht — Hy| — Oyt — s|*Hr,

where ¢qg, C11 > 0 depending only on a, b, \, ty and «. By (7.81), it follows that for a € (0, 1],

[e3%

3

/ ’GHt,ayA(t,x)—GHs,ayA(s,:zr)’ dec’Ht—Hs

where ¢ > 0 depending only on a,b, \, ty and «. Therefore (7.80) holds. O
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8 Localisability and strong localisability

Recall that a stochastic process X (¢),t € R, is said to be h—localisable at u (cf. Falconer
[3,4]), with h > 0, if there exists a non-trivial process X7, called the tangent process of X
at u, such that

Jim ALt ”2 = X sdd (8.82)
N0 T

where "2 stands for convergence in finite-dimensional distributions.
The following proposition shows that LTFmSM is H —localisable.

Proposition 19 Assume that a(zx) is continuous on R. When 1/a < H < 1, the LTFmSM
process X g q(a),\(t) is H—localisable at u with local form

X(t) = /_OO [(t_x)f‘ﬁ) )T T 4z (0), (8.83)

where dZq () is a symmetric a(u)—stable random measure.

Proof. Given u; < ug < ... < ugq, denote

Xaax(u+rug) — Xgax(u
5. ) = Ktaalu ) (w)

forr >0and k=1,...,d. Then

E |:e7: ZZ:I OkST(uk)}

d
© a(z)
- exp{ — / ‘ E Gr—H (GH,a(x),A(U + rug, ) — GH,a(x),)\(uax)> dw}.
T k=1

Let © = u + rz. It follows that

d
o a(z)
/ ‘ > O (GHVQ(I)_A(U + rup, ) — G a(ey AU, :v)) dx
T k=1
d
o0 H——1 H——1 ~ jo(utrz)
:/ ‘Zek (e—)\r(uk—z)+ (uk _ Z)+ a(utrz) _ e—)\r(—z)+(_2)+ a(u+T2)) dz.
T k=1
Recall that a(z) € [a,b] is a continuous function on R. Thus
a(u+rz)

d o .
lim ’ E O;. (e—kr(uk—z)+ (Uk _ Z)Jr autrz) _ €_>\7‘(_Z)+ (_Z)Jr oc(u+7‘z))
r—0 1

= ’ iek((uk 2y T - (—Z)f_ﬁ)

k=1




Fractional multistable motion and multifractional stable motion 29

It is obvious that for z < min{u;,0} =1, 0<r < 1land 1/a < H < 1,

d Ar(up—2) H-oohes Ar(—2) H= ey | [t )
— AT U —Z a(u+t+rz — AT (—2Z2 a(u+rz
‘ E Hk(e R (ug — 2) 4 —e (—2), )
k=1
a(utrz) | —Aru H-—L1 < H——1 a(u+trz)
S |9k}| e k(uk _ Z) a(utrz) — (_2) a(utrz)
a(u+rz)

oIy ) ()

[e3%

IN

M=~ [0 T0= |

(1601 1o)Xt sup, [(u = )70 = (=)
acla,b

=

&
-

—1—a

1a . Ha “
<> (10n17 + 10 et i = = | (minfus, 0} - 2) (uel® + lurl”),

k

Il
-

and that for z > min{u;,0} —1 and 0 <7 < 1,

a(u+rz)

}d: A H— sty A\ H——L1
‘ 0y, (67 r(ukfz)+(uk _ Z)+ aluFrz) _ - r(fz)+(_z)+ a(u+Tz))
k=1

d
Z)ila(u-i-rz)—l + e—)\r(fz)+a(u+rz) (—Z)fa(u+Tz)_l)

IN

|9k |a(u+rz) (ef)\r(ukfz)+a(u+rz) (uk _

INA
~ I

|9k|a(u+rz) ((Uk _ Z)fa(u—i-rz)—l + (_Z)ila(u-i-rz)—l)

x>

&
-

<3 (10617 + 16417) (o = )77 4w = 2+ ()T 4 (00,
k=1

The dominated convergence theorem implies that

lim E {ei Zzzl GkST(uk)j|

r—0

o Ho—1_ He 1\ ja(u)
= exp{ —/ ’Zek((uk - 2); o (=2)4 a(")) dz}
k=1

—E {eiz:::l GkX(uk):| ,

where X (+) is defined by (8.83). By Lévy’s continuous theorem, we have
: fdd
}%S’T(uk) = X (ug).

Thus X a(),1(),t € R, is H-localisable at u to X (-) defined by (8.83). O
Recall that X (¢),t € R, is said to be h-strongly localisable at u to X/,(v) with h > 0 (cf.
Falconer and Liu [7]), if the convergence in (8.82) occurs in distribution with respect to the
metric of uniform convergence on bounded intervals, and X and X have versions in C(R)
(the space of continuous function on R).
The next proposition shows that when 1/a < H < 1, the LTFmSM is H-strongly local-
isable.
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Proposition 20 Assume that a(x) is continuous on R. When 1/a < H < 1, the process
XH () (t) is H—strongly localisable at u to the LESM defined by (8.83).

Proof. By Theorem 3.2 of Falconer and Liu [7], it is sufficient to prove that for each bounded
interval J, there is a positive r¢ such that for any r € (0,r¢),

/oo ’ GH,a(;E),)\(u +1t, 'r) - GH,oz(w))\(u +rv, I) ’Ot(LE)

H
e de < C|t —v]*7, t,v e J,

where C' is a constant. Indeed, by (4.65), for any 0 < r < min{1/|t — v|, 1}, we have
/oo ‘ GH,a(z),)\(u —+ ’f‘t, ,CC) — GH,a(x),)\(u + rv, (E)

a(z)
dx

H
Lo r

1 e a(z)
< W/ ‘GHVQ(I)ﬁA(u—i—rt,:v) — G a@(u+rv,x)

r

IN

1
EC lrt — ro|f* = C' |t — v,

This completes the proof of Proposition 20. O

When A =0 and 1/a < H < 1+1/b—1/a, Falconer and Liu proved that Xz o (2),0(t),t €
R, is H—strongly localisable, see Proposition 4.3 of [7]. Now Proposition 20 extends the result
of Falconer and Liu.
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