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1. INTRODUCTION

Since the pioneer work of Freidlin and Wentzell [16], the theory of small perturbation
large deviations for stochastic dynamics has been extensively developed, see books
[10, 11, 13]. The large deviation principle (LDP for short) for stochastic reaction-
diffusion equations driven by the space-time white noise was first obtained by Freidlin
[15] and later by Sowers [26], Chenal and Millet [5], Cerrai and Réckner [4] and other
authors. Also see [3, 25, 31] and references therein for further development.

Like large deviations, the moderate deviation problems arise in the theory of statis-
tical inference quite naturally. The moderate deviation principle (MDP for short) can
provide us with the rate of convergence and a useful method for constructing asymptotic
confidence intervals, see [14, 18] and references therein.

Results on the MDP for processes with independent increments were obtained in De
Acosta [1], Ledoux [21] and so on. The study of the MDP estimates for other processes
has been carried out as well, e.g., Gao [17] for martingales, Wu [30] for Markov processes,
Guillin and Liptser [19] for diffusion processes.

The problem of moderate deviations for stochastic partial differential equations (SPDEs
for short) has been receiving much attention in very recently years, such as Wang and
Zhang [29] for stochastic reaction-diffusion equations, Wang et al. [28] for stochastic
Navier-Stokes equations, Budhiraja et al. [2] and Dong et al. [12] for stochastic sys-
tems with jumps. Those moderate deviation results are established for the stochastic
parabolic equations. However, the hyperbolic case is much more complicated, one dif-
ficulty comes from the more complicated stochastic integral, another one comes from
the lack of good regularity properties of the Green functions. See [7, 9] for the study

of stochastic wave equations.
1
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Using the weak convergence approach in [3], Ortiz-16pez and Sanz-Solé [24] proved
an LDP for a stochastic wave equation defined on [0, 7] x R?, perturbed by a Gaussian
noise which is white in time and correlated in space.

In this paper, we shall study the central limit theorem and moderate deviation prin-
ciple for the stochastic wave equation in dimension 3.

The rest of this paper is organized as follows. In Section 2, we give the framework
of the stochastic wave equation, and state the main results of this paper. In Section
3, we first prove some convergence results and then give the proof of the central limit
theorem. In Section 4, we prove the moderate deviation principle by using the weak
convergence method.

Throughout the paper, C'(p) is a positive constant depending on the parameter p,
and C' is a positive constant depending on no specific parameter (except T and the
Lipschitz constants), whose values may be different from line to line by convention.

We end this section with some notions. For any 7' > 0 and D < R?, let C([0,7] x D)
be the space of all continuous functions from [0,7] x D to R, and let C*([0,7] x D)
be the space of all Holder continuous functions of degree « jointly in (¢, ), with the
Holder norm

lg(t,z) — g(s,9)|
= “10.T] x D
HgHa (tass)lqlép (’t—8| + ‘LU ‘)OH vgec <[0’ ] - )

and let
Co0([0,T] x D) := {g e C([0,T] x D); lim Oy(0) = 0},

where Oy4(8) 1= SUp)_g|4p—y|<s W. Then C*°([0,T] x D) is a Polish space,
which is denoted by &,.

2. FRAMEWORK AND THE MAIN RESULTS

2.1. Framework. Let us give the framework taken from Dalang and Sanz-Solé [9],
Ortiz-Lépez and Sanz-Solé [24]. Consider the following stochastic wave equation in
spatial dimension d = 3:

(& - 2) w(t,2) = vao (@ (t2) F(t,2) + b ((t,2))
w(0.5) = (o), (1)
u?(0,) = 7o)

for all (¢,z) € [O,T] x R® (T > 0 is a fixed constant), where ¢ > 0, the coefficients
o,b: R — R are Lipschitz continuous functions, the term Au® denotes the Laplacian of
uf in the z-variable and the process F' is the formal derivative of a Gaussian random
field, white in time and correlated in space. Precisely, for any d > 1, let D(R**!) be
the space of Schwartz test functions. F = (F(p), € D(R*!)) is a Gaussian process
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defined on some probability space with zero mean and covariance functional
PP@)PW) = | ds | T(aa) (1(s) + 5(5)) (@) (2
+

where I is a non-negative and non-negative definite tempered measure on R?, ¢(s)(z) :=
¥ (s)(—z) and the notation ”+” means the convolution operator. Accordmg to [8], the
process I’ can be extended to a martingale measure

M = {M,(A); t>0, Ae By(R%)},

where By (RY) denotes the collection of all bounded Borel measurable sets in R<.
Using the tempered measure I' above, we can define an inner product on D(R?):

Gptmi= | Tldo) (0+3) (@), Voo e DR

Let H be the Hilbert space obtained by the completion of D(R?) with the inner product
(-, >4, and denote by | - % the induced norm.

By Walsh’s theory of stochastic integration with respect to (w.r.t. for short) martin-
gale measures, for any ¢t > 0 and h € H, the stochastic integral

o= [ [ pwncas.a)
{Bf = Lt fRd en(y)M(ds, dy); k = 1}

defines a sequence of independent standard Wiener processes, here {ey}x>1 is a complete
orthonormal system of the Hilbert space H. Thus, B; := > ., Bfey, is a cylindrical
Wiener process on H. See [10] or [27].

Hypothesis (H):
(H.1) The coefficients o and b are real Lipschitz continuous, i.e., there exists some
constant K > 0 such that

o) — o) < Kz —yl, b(e) —bw)| < K|z —yl, VayeR  (3)
(H.2) The spatial covariance measure I' is absolutely continuous with respect to the
Lebesgue measure, and the density is f(x) = ¢(z)|x|7?, 2 € R*\{0}. Here the
function ¢ is bounded and positive, ¢ € C1(R?), Vi € C2(R?) with § €]0, 1] and
5 €]0,2[.
(H.3) The initial values vy, 7% are bounded, vy € C*(R3), Vi is bounded, Ay, and g
are Holder continuous with degrees 1,7, €]0, 1], respectively.
We remark that the hypothesis (H.2) on I" implies that, for any 7" > 0,

sup f FC)(©)Pu(de) < oo
1 JR3

te[0,T

is well defined, and

where F denotes the Fourier transform operator and p = F'T'([6]).
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According to Dalang and Sanz-Solé [9], under hypothesis (H), Eq.(1) admits a unique
solution u® as follows:

u(t,z) =w(t,z) + \/EZ fo (Gt — s, — Yo (u(s,")), ex(-)), dBE

k=1

+ Jo G(t — s) = b(u°(s,))(x)ds, (4)
where p
w(t,x) = (EG(t) * 7/0) (x) + G(t) = vy(z),

and G(t) = 750y, 0y is the uniform surface measure (with total mass 47t?) on the

sphere of radius ¢. Furthermore, for any p € [2, 00|,

sp s E[Ju(t,2)] < 4o, (5)
e€]0,1] (¢,z)e[0,T] xR3

and for any

el ©)

A

2 2

there exists C' > 0 such that for any (t,z), (s,y) € [0,7] x D, it holds that
Eflu(t,x) —u(s,y) /] < C(|t = 5[ + |z — y|)*.

Consequently, almost all the sample paths of the process {u®(t,x); (t,z) € [0,T] x D}
are Holder continuous of degree « jointly in (¢, x). See Dalang and Sanz-Solé [9] or Hu
et al. [20] for details.

aelzz](),%A%/\

Intuitively, as the parameter ¢ tends to zero, the solution u® of (4) will tend to the
solution of the deterministic equation
t

u’(t, ) = w(t,z) + J G(t — s) = b(u’(s,-))(z)ds. (7)

0

0

In this paper, we shall investigate deviations of u® from ", as € decreases to 0. That

is, the asymptotic behavior of the trajectories,

1
Z%(t,x) = m(uE —u")(t,z), (t,x)e[0,T] x D. (8)

(LDP) The case h(e) = 1/4/¢ provides some large deviation estimates. Ortiz-Lépez
and Sanz-Solé [24] proved that the law of the solution u° satisfies an LDP, see
Theorem 2.1 below.

(CLT) If h(e) = 1, we are in the domain of the central limit theorem (CLT for short).
We will show that (u® — u®)/y/e converges as ¢ — 0% to a random field, see
Theorem 2.2 below.

(MDP) To fill in the gap between the central limit theorem scale and the large devia-
tions scale, we will study moderate deviations, that is when the deviation scale
satisfies

h(g) » +oo and  +/eh(e) >0, as ¢ — 0. 9)
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In this case, we will prove that {Z¢; ¢ €]0, 1]} satisfies an LDP, see Theorem 2.3
below. This special type of LDP is called the MDP for {u®; ¢ €]0, 1]}, see [11,
Section 3.7].

Throughout this paper, we assume (9) is in place.

2.2. Main results. Let Hp := L*([0,T]; H) and consider the usual L?-norm || - |, on
this space. For any h € Hr, we consider the deterministic evolution equation:

Vit z) = w(t,r) + Jo (G(t—s,z—")a(V"(s,")),h(s, )>H ds

+ J G(t —s) = b(V"(s,-))(x)ds. (10)

0

By [24, Theorem 2.3], Eq.(10) admits a unique solution V" =: G,(h) € &,, where G,
is the solution functional from Hy to &,. For any f € &,, define

e : 1 2
UL RN (1)

with the convention inf ¢ = +0c0.
Ortiz-Lépez and Sanz-Solé [24] proved the following LDP result for u®.

Theorem 2.1 (Ortiz-Lépez and Sanz-Solé [24]). Under hypothesis (H), the family
{u®; e €]0,1]} given by (4) satisfies a large deviation principle on &, with the speed
function e™! and with the good rate function I; given by (11). More precisely,

(a) for any L > 0, the set {f € &; I1(f) < L} is compact in &,;
(b) for any closed subset F' < &,,

limsupelogP(u® € F) < —inf I, (f);
e—0t fer

(c) for any open subset G < &,,

o - S .
hg(l)gfglogIP’(u eG) }relé LIi(f)

In this paper, we further assume the condition (D):
the function b is differentiable and its derivative b’ is also Lipschitz.

More precisely, there exists a positive constant K’ such that
V'(y) = (2)] < K'|ly — 2|, forally,zeR. (12)
Since b is differentiable and Lipschitz continuous, we conclude that

V'(2)| < K, forall z€R. (13)

Our first main result is the following central limit theorem.
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Theorem 2.2. Under conditions (H) and (D), for any a € Z and p > 2, the random
field (u® — u®)/4/e converges in L? to a random field Y on &, as ¢ — 0, where Y is
determined by

(% - 2) V() = o (wt,2) Flt,2) + ¥ (u(t,2) Y (t,2),
Y (0,2) = 0, (14)
a b
£Y(0,z) =0, te[0,T], zeR>

For any € > 0, let ¢. := Y /h(e). Then ¢. satisfies the following equation

h(e)

with the same initial conditions as those of Y.

Notice that Eq.(15) is a particular case of Eq.(1) if its coefficients o and b were allowed
to depend on (¢, ). Now, assume that the coefficients o and b in Eq.(1) depend on (¢, z)
and they are Lipschitz continuous in the third variable uniformly over (¢,z) € [0, T]xR?,
that is, 0,0 : [0,T] x R3 x R — R satisfy that for all u,v € R,

(55— 2) altn) = ot o)) +Ht el (19

sSup (’0(t7 $,U) - O'(t,JJ, U>| + |b(t7$7 u) B b(tu I,’U)D < K|U - ’U|.
(t,x)e[0,T]xR3

By using the strategies in [9] and [24], we know that the wave equation under the above
assumption admits a unique solution and the LDP result in Theorem 2.1 also holds. In
fact, their proofs in this generalized case are the same as those in [9] and [24], only the
notions need to be changed. For example, see [22, 31] for other types of SPDEs.
Hence, {q.; ¢ €]0,1]} obeys an LDP on &, with the speed h%(e) and with the good
rate function
I(g) = { inf {3hl3,: 2" =g}, if ge Im(Z); (16)

+00, otherwise,

where Z" is the solution of the following deterministic evolution equation
t
21(t,3) = [ (Gt~ s, = o(u®(5,). hs. D
0

+ J G(t —s) = [0/ (u®(s, ) Z"(s,)](x)ds. (17)

0

Our second main result is that {(u® —u®)/[v/eh(e)]; € €]0, 1]} satisfies the same LDP
as ¢., that is the following theorem.

Theorem 2.3. Under hypothesis (H) and condition (D), the family {(u—u")/[\/eh(e)]; € €
10, 1]} satisfies a large deviation principle on &, with the speed function h*(¢) and with
the good rate function I given by (16).
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3. CENTRAL LIMIT THEOREM

3.1. Convergence of solutions. For any function ¢ : [0,T] x R?* — R, let

|@|t.0 := sup {\¢(s,x)|; (s,z) €[0,t] x R3}.

The following result is concerned with the convergence of u® as € — 0.

Proposition 3.1. Under hypothesis (H), for any p > 2, there exists some positive
constant C(p, K,T) depending on p, K, T such that

ya
2

E [l — v’y ] <e:Clp,K,T) -0, ase—0. (18)
Proof. Since for any 0 <t < T,

t

ut(t,z) —ul(t,x) = J G(t—s) = (b(ug(s, ) — b(u’(s, ))) (x)ds

0

#VEY [ Gl = s = ot (s, )),en D B

k=1

T () + TE (L 2),
we obtain that for any p > 2,
[ = <277 (IT5 o + T3 1) - (19)

By Holder’s inequality w.r.t the measure on [0, 7] x R? given by G(t — s, dy)ds and the
Lipschitz continuity of b, we obtain that

E 1757

<C(K) (Lt JRS G(t — s, dy)ds)p_l X LtE [\ua —u° fm] (JRS G(t—s, dy)) ds

<C(p,K,T) f:E [|u€ — O ]ds. (20)

5,00
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By Burkholder’s inequality, Holder’s inequality, the Lipschitz continuity of o and (5),

we have
p

<C(p)E

Z JO<G(1§ — s,z — o(u(s, ), ex(-)ud B

k=1

p
2

L Gt — 5,2 — Yo (u(s, ))[3uds

<cto. ) ([ [ 1760 - wioruens)

< (1+( )supngEnua(r,znp]) | 176 - s Putdas

0 ,2)€[0,s]
t
<C(p, K, T)J 1+ sup  E[ju®(r,2)P] | ds < 0.
0 (r,2)€[0,s]xR3
The above estimate yields that
E[|T5 )] <& Clp, K, T). (21)

Putting (19)-(21) together, and using the Gronwall’s inequality, we obtain the desired
inequality (18).
The proof is complete. O

3.2. The proof of Theorem 2.2.
The following lemma is a consequence of the Garsia-Rodemich-Rumsey’s theorem,
see Millet and Sanz-Solé [23, Lemma A2].

Lemma 3.2. [23, Lemma A2] Let {V¢(t,z); (t,z) € [0,T] x D, € €]0,1]} be a family
of real-valued stochastic processes. Assume that there exists p €]1, o[ such that

(A1). for any (¢,z) € [0,T] x D,
lim E [V (1, )] = 0
(A2). there exists vy > 0 such that for any (¢,x), (s,y) € [0,T] x D,
E[[VE(t,2) = Vo(s,9)l ] < O(|t = 5| + o —y|)*,

where C' is a positive constant independent of ¢.

Then for any « €]0,vo/p[, 7 € [1, p[, we have
lim E [|V¥[5] = 0.

Proof of Theorem 2.2. Denote Y*¢ := (u® — u®)/y/e. We will prove that for any o €
Z,p=2,

lim E [|v* — Y[2] = 0. (22)
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To this end, we only need to verify (Al) and (A2) in Lemma 3.2 for V© := Y* - Y.
Notice that

+L G(t — s) » (b(ua(s"”g(uo(s’ D (s, )y (s, )) (z)ds
=I5 (t,x) + I5(t,x) + I5(t, z), (23)
where
IE(t,x) ZJ (Gt —s,a—) (o(u(s, ")) — a(u’(s, ")) ,ex(-)),, dBE,

st = [0t (DD e o)) s

I(t ) = fo G(t—s) = [b'(uo(s, -))(Ye(s, ) =Y (s, ))] (x)ds.

Next, we shall verify (A1) and (A2) for If,i =1,2,3.
Step 1. Following the similar calculation to the proof of (21) and using the Lipschitz
continuity of o, we can deduce that for any p > 2,

E[|55.] < Clp, K, T)E [Juf —u°5. ] <e2C(p, K,T), (24)

where we have used Proposition 3.1 in the last inequality.
Notice that u® = u® + 4/Y°. By the mean theorem for derivatives, there exists a
random field v*(¢, x) taking values in (0, 1) such that

1
7 [b(u®) — b(u)] =V (u° + evY®)Y
By the Lipschitz continuity of &', we have
1
7 [b(w’) — b(u”)] = 0" (W)Y = [V (u” + Ve Y®) =¥ (u”)] Y < VEK'|YF[?.  (25)
Hence

15 (L, )| < x/EK’L G(t —s5) «[YV=(s,)[*(x)ds.

By Holder’s inequality and Proposition 3.1, we obtain that for any p > 2,

E[|5}.]
Lt]E[|Y€|§f’OO] (JR Gli - s,dy)) s

<eci K" <JJ (t —s,dy)d )
R3

<e2C(p, K, K',T (26)

-1



10 LINGYAN CHENG, RUINAN LI, RAN WANG, AND NIAN YAO

By Holder’s inequality and (13), we deduce that for any p > 2,

B (11517 ]
t p-l t
<K? (J f G(t — s,dy)ds> X f E[Ys-Y[ ] (J G(t— S,dy)) ds
0 JR? 0 R3
t
<C(p, K, T)f E[[ye-Y[,]ds. (27)
0

Putting (23), (24), (26) and (27) together, we have

t
E[Y*=Y[,]<Clp, K K.T) (55 + f E[y:-Y[,] ds) :
0

By Gronwall’s inequality, we have
E[[Y-Y[} | <eC(pK,K'.T) — 0, ase—0, (28)

which, in particular, implies (A1) in Lemma 3.2.
Step 2. Notice that Y satisfies that
V(ta) = 37 [ (Gt = 5.0 =)o (105, ) 4 VEYE(5,) cal()y L

+ [ e I G G s ﬁY}j )) = b(u(s, )

For any ¢ €]0, 1], set the mapping &.,b. : [0,T] x R® x R —> R by

Ge(t,z,r) =0 (u’(t,x) + +/er),

~ 1
be(t,z, 1) :=——= [b(u’(t,z) + ver) — b(u’(t,z))] .
\E
By the Lipschitz continuity of ¢ and b, we know that ¢. and b. are Lipschitz continuous
in the third variable uniformly over (¢,z) € [0,T] x R® and ¢ €]0,1]. Using the same
strategy as that in the proof of [24, Theorem 2.3, one can obtain that for any « € Z,
p > 4/a,

(x)ds. (29)

ei]%pl]E (Y=t 2) = Yo(s,9)["] < Ot = s[ + [z — y)* (30)
and
E[lY(t z) = Y(s,y)'] < C(Jt = s| + |z —y|)™. (31)

Putting (30) and (31) together, we obtain the Holder continuity of V¢, that is for any
a€Z, p>4/a, there exists a constant C' > 0 such that

sup E[|(Y*(t,2) =Y (t,2)) = (Y*(s,9) = Y(s,9))["] < Ot = s| + [« —y[)™.  (32)

€€]0,1]
By Lemma 3.2, (28) and (32), we obtain that for any & €]0,a — 4/p[, r € [1, p|,
lir%IEZ,[HYE - Y|%] =0.
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By the arbitrariness of p > 4/, r € [1, p[, we get the desired result in Theorem 2.2 for
any o€ Z,p = 2.
The proof is complete. [

4. MODERATE DEVIATION PRINCIPLE

Let P denote the set of all predictable processes belonging to L?(2 x [0, T]; H). For
any N > 0, T > 0, we define

Hy o= {heHr; [hl, < N},

PYi={veP; ve Hy, as.},
and we endow HY with the weak topology of Hrp.
Let Z¢ := (u® — u®)/(y/eh(g)). Then

Z5(t, x) =% Z L (Gt — s,z =)o (u"(s,") + \Veh(e)Z°(s, ")) ,ek(-)>H dB*

k=1

+L Gt —s) s (b<u o)t \/Eh(j)ié; )b <S”))) (2)ds.  (33)

For any ¢ €]0,1] and v € PY, consider the controlled equation Z=¥ defined by
Z5(t, x)
1 1
:% Z <G(t — 5T — ')O’(UO(S, ) + \/gh(g)Z&U(S? ))7ek()>’H dBf:

k=10

+ L <G(t —8,x—")0 (uo(s’ ) + \/eh(e) 25" (s, )) ,v(s, )>H ds

Veh(e)

Following the proof of [24, Theorem 2.3], similarly to (29), one can prove that Eq.(34)
admits a unique solution {Z=(¢,z); (t,z) € [0,T] x R3} satisfying that for any p €
[2, o0,

0

> (x)ds. (34)

sup sup sup  E[|Z°(t,z)]P] < oo, (35)
€€]0,1] vePy (t,z)e[0,T]xR3

and there exists C' > 0 such that for (¢,x), (s,y) € [0,T] x D and a € Z,
sup sup R[|Z7(t,2) — Z%"(s,y)["] < C(|t — s| + |z — y|)™" (36)

e€]0,1] vePX
Particularly, taking v = 0, we know that for any p € [2, oo,

sup sup  E[|Z°(t, 2)|P] < oo, (37)
€€]0,1] (t,z)€[0,T] xR3
and
sup E[|Z°(t, x) = Z°(s,y)['] < C(|t — s + [z — y[)* (38)

€€]0,1]
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Recall Z" defined in Eq.(17). Consider the following conditions:
(a) For any family {v%; ¢ > 0} = P which converges in distribution as ¢ — 0 to
v e PN, as HN-valued random variables,

. £ . . . .
hné %Y = 7Y  in distribution,
E—>

as &,-valued random variables, where Z¥ denotes the solution of Eq.(17) corre-
sponding to the H¥-valued random variable v (instead of a deterministic func-
tion h);

(b) The set {Z"; h e HL} is compact in &,.

The proof of Theorem 2.3. Applying [3, Theorem 6] to the solution functional G :
C([0,T];R*) — &,,G°(y/eB) := Z¢, the solution of Eq.(33), and the solution func-
tional G° : Hp — &%, G(h) := Z", the solution of Eq.(17), conditions (a) and (b)
above imply the MDP result in Theorem 2.3. The verification of condition (a) will be
given in Proposition 4.1. Since H¥ is compact in the weak topology of H, condition (b)
follows from the continuity of the mapping HY 3 h — Z" € £,, which will be proved in
Proposition 4.2. The proof is complete. 0

Proposition 4.1. Under conditions (H) and (D), for any family {v%; ¢ > 0} < P
which converges in distribution as ¢ — 0 to v € P¥, as HY-valued random variables, it
holds that

. £ . . . .
hné %Y = 7Y  in distribution,
E—>

as &,-valued random variables.

Proof. By the Skorokhod representation theorem, there exist a probability space (Q,F,(F),P),
and, on this basis, a sequence of independent Brownian motions B = (B¥)k=1 and also
a family of Fi-predictable processes {v°; ¢ > 0}, v taking values on HY, P-a.s., such
that the joint law of (v°, v, B) under PP coincides with that of (v°, v, B) under P and
lim(o° — v, g)y, =0, Vge Hp,P-as. (39)

e—0

Let Z5% be the solution to a similar equation as (34) replacing v by ©° and B by B,
and let Z¥ be the solution of Eq.(17) corresponding to the HY-valued random variable
v (instead of a deterministic function h).

Now, we shall prove that for any p > 2, a € Z,

liy (12 — 272] ~ 0. (40
which implies the validity of Proposition 4.1. Here the expectation in (40) refers to the
probability P.

From now on, we drop the bars in the notation for the sake of simplicity, and we
denote
Xs,vs,v = Zs,vs _gv
By (35) and (37), we know that for any p > 2,

sup  sup sup  E[| X0, 2)[P] < 0.
€€]0,1] v,veeHY (t,2)€[0,T]xR3
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According to Lemma 3.2, to prove (40), it is sufficient to prove that for any (¢, z), (s,y) €
[0,T] x D, p =2 and a € Z, the following conditions hold:

(1) Pointwise convergence:

lim E [| X0 (¢, z)[P] = 0. (41)
e—0
(2) Estimation of the increments: there exists a positive constant C' satisfying that
S]up]E[\XE’”S’”(t,ZE) X0 (s, )] < C(Jt = 8| + |z = y[)**. (42)
€€|0,1

By (36) and (38), it is easy to obtain (42). Now, it remains to prove (41).
Notice that for any (¢,z) € [0,T] x R3,

X&"U ’U(t :E

J (G(t—s,z—")o(u’(s, ) + Veh(e)Z>" (s, -)),ek(-)>H dB*
+ { L (Gt —s,2—)o(u’(s,") + Veh(e)Z (s,-)), v" (s, )>H ds

- L (Gt —s,2—)o(u’(s,")),v(s, )>H ds}
+ { f G- s) - [b(u (s,) + VER(£) 27 (s, -)) — b(u’(s, '))] (x)ds

0 Veh(e)
— L G(t—s)=* [b’(uo(s, NZ" (s, )] (x)ds}
=:Aj(t,x) + AS(t, x) + A5(L, x). (43)

Step 1. For the first term AS(t, ), noticing that u° is bounded, by Burkholder’s
inequality, Holder’s inequality and the linear growth property of o, we have
sup — E[[A{(L, 2)["]
(t,z)e[0,T]xR3

e B ([l s = a0 £ Ve 2 ) )

p(g) €[0,T]xR3

SIS

A\
>

21

K(j [ 176 - i@ Putasys)

x f <1+( )supngEUZ”(r,zﬂp]) | 16T = s©)Putagas

z)€|[0,s]

C(p,u’, K,T)
<———77 44
hr(e) ’ (44)
where (35) is used in the last inequality.
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Step 2. The second term is further divided into two terms:

A5(t,x) = L <G(t —8,x— ") [a(uo(s, ) 4 V/eh(e) Z5Y (s, )) — o (u’(s, ))] , U5 (s, )>H ds

- Jo (Gt = s, —)o(u’(s,)),v°(s,-) — v(s, )>H ds
=:A5,(t,x) + A, (t, @),

(45)

By Cauchy-Schwarz inequality, Holder’s inequality, the Lipschitz continuity of o and

the fact that v® € PY, we obtain that

sup — B[[A3, (1, %)["]
(t,z)€[0,T]xR3

<ezhP(e)KP  sup E
(t,2)€[0,T] x R3

[SiS)

-1

<t ( | ) [ e = oo Puas)

0 ,2)€[0,s]

<} (e)C(N,p, K. T),

where (35) is also used in the last inequality.
Next, we will show that

lim sup E[|A5,(t2)]"] =0.
€20 (¢ 2)e[0,T]xR3 ’

«| (( s RgEﬂZW(r,znp]) | 176 = s©)Futagias

(Lt |Gt — 8,2 — )25 (s, )Hi ds)é’ ) ( Ot e ')&dS)g]

(46)

(47)

By Holder’s inequality with respect to the measure on R? given by |FG(t—s)(&)[*u(d€),

we obtain that for any (¢,z) € [0,T] x R3,

fo Gt = 5,2 = Yo (u(s, ) [3ds

<c() || 176 = s (1 b i W)

(s,y)el0,T

< + 00.

This implies that for any (¢, z) € [0, T]xR?, the function {G(t—s, z—y)o(u’(s, y)); (s,y) €
[0,T] x ]R3} takes its values in Hp. Since v° — v weakly in HY, we know that

lirré A5o(t,x) =0, as.

(48)
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By Cauchy-Schwarz inequality on the Hilbert space Hr and the facts that |v°[z, <
N, |[v|3, < N, we obtain that for any ¢ € [0, T,

ate ) = [ 16— ot D) e ([ ) =t )

<cv ) ([ 16— 5o = Jotu(s >>|Hds)
<C(N,K,T) < 4o, (49)
here C(N, K,T) is independent of (,¢,x). By the Holder regularity of the path-wise

integral

fo (Gt —s,x—)o(u’(s,")),v°(s, ") — v(s, )>H ds,

(see [24, Section 2]), we know that a.s., {45 ,(¢,2), (t,2) € [0,T] x D} has Holder con-
tinuous sample paths of degree o € Z jointly in (¢, z), and

sup |A5,5)a < o0, as.

£€]0,1] ’
This, in particular, implies that {45 ,(¢,2); (¢,2) € [0,T] x D} is equicontinuous. By
the arbitrariness of D < R®, we known that {A3,(t,z); (t,z) € [0,T] x R} is equiv-
continuous. Thus, by (48), (49) and Arzela—ASCOh Theorem, we know that A5, con-
verges to 0 in the space C([0,T] x R?;R), a.s. as € — 0. This implies that

lim sup |A5,(t,z)| =0, as. (50)
=0 (¢ 2)e[0,T]xR3

By the dominated convergence theorem, (49) and (50) imply that
limE sup A5, (t,z)|P| =0,
=20 | ta)e[0,T]xR3

which is stronger than (47).
Step 3. For the third term A§, using the same argument as that in the proof of (25),
we have

A5 (¢, )|
g f Gl ) [b(u (5,) + ﬁh(e)é;;g)(s,-)) =LICICRI RN ,))Zg,ve@’,)]@)ds
+ Jo G(t —s) * [b/(uo(s, -))(Za’vs(s, ) = Z%(s, ))] (x)ds

C(K")\/eh(e) L G(t—s)« |25 (s, )‘2 (x)ds

+ C(K)J Gt — 5) » |25 (s,) — Z°(s, )| (x)ds.

0
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By Holder’s inequality with respect to the Lebesgue measure on [0,¢] x R? and (35),
we have

sup B [|A5(t, 2)["]

(t,z)e[0,T] xR3

p—1
<e2hP(e )C’(p,K) sup (J G(t—s,x— )dyds)
R3

t,z)e[0,T]xR3

J J (t—s,x—y) sup E[‘Z”E( )‘Q]dyds
R3 (r,2)€[0,s] xR3

-1
+C(p,K)  sup (J f (t—s,o— )dyds)
(t,z)e[0,T]xR3 R3

¢
X J Git—sxz—y) sup E[|Z%(r,2) = Z"(r, z)|p] dyds
R3 (r,2)

€[0,s] xRR3
t

<e*h?(e)C(p, K',T) + C(p, K, T) f sup  E[|X"(r,2)|"] ds. (51)
0 (r,2)€[0,s]xR3

Putting (43), (44), (46), (50) and (51) together, we have
sup B[] X"(s,2)|?]
(s,x)€[0,t] xR3

<C(N,p,u’, K, K", T) (frp(a) vl + sup E[|A5,(s,2))]

(s,2)e[0,t] xR3
¢
+ J sup  E[| X" (r, z)‘p] ds |.
0 (r,2)€[0,s]xR3
By Gronwall’s inequality and (47), we obtain that
sup  E[|X(s, )]

(s,2)€[0,T]xR3

<C(N,p.u’, K. K',T) (hp(a) peb(E) ¢ sup A3 x>|p]>

(s,2)e[0,T]xR3
— 0, ase— 0.

The proof is complete. O

Proposition 4.2. Under conditions (H) and (D), for any « € Z, the mapping HY 3
h — Z" e £, is continuous with respect to the weak topology.

Proof. Let {h, (hy)n=1} = HY such that for any g € Hr,
lim (i — h, 9Hpy = 0.
n—ao0

We need to prove that
lim | 2" — Z"|, = 0. (52)
n—0oo
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Applying the deterministic version of Lemma 3.2 to Z" and Z", the proof of (52) can
be divided into two steps:

(1) Pointwise convergence: for any (¢,x) € [0,T] x D,
lim [Z"(t,2) — Z"(t,z)| = 0. (53)

n—0o0

(2) Estimation of the increments: for any (¢, ), (s,y) € [0,7] x D, a € Z,
Sglf ’(Zhn(t7x) - Zh(t,l’)) - (Zhn(svy) - Zh(say))|
<C (|t —s|+ ]z —y)". (54)

By using the similar (but more easier) strategy to that in the proof of [24, Theorem
2.3], one can prove that the solution Z" of (17) satisfies that for any o € Z, there exists
C' > 0 such that for any (¢, ), (s,y) € [0,7] x D,

sup |Z2"(t,z) — Z"(s,y)| < O(|t — s| + |z — y|)". (55)
heH¥

Thus, (54) holds. Next, it remains to prove (53).
Notice that for any (¢,z) € [0,T] x R3,

ZM (t,x) — Z"(t, )
:L (Gt = 5,0~ Yo (u(5,)), hn(5, ) — (5, ), ds
+ Jo Gt —s) = {V'(u’(s, ") [2"(s,") — Z"(s, )]} (x)ds
=:I7'(t,x) + I (t, x). (56)

Using the similar arguments to that in the proof (50), we can obtain that

lim  sup |[](¢,x)] =0. (57)

=% (¢ 2)e[0,T] x R3

Set (" (t) 1= SUD(s 1)e[0,4] xR |Zhn (s, 2) — Z"(s,x)|. By (13), we have
t
Bt < [ [ Gt -5y Pl [2(5.0) - 26.0)] duds
0 Jrs

t
<KJ J G(t—s,r—y) sup ‘Zh"(u,z)—Zh(u,z)|dyds
0 Jr3 (

u,2)€[0,s] xR3
t
<C(K,T) f c"(s)ds. (58)
0

By (56) and (58), we have

"(t) < C(K, T)JO C"(s)ds + sup |17 (t, x)]|.

(t,x)e[0,T] xR3
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Hence, by Gronwall’s lemma and (57), we obtain that

CYT) < CEDT qup | IMt,x)] — 0, asn — o0,
(t,x)e[0,T] xR3

The proof is complete. |
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