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Abstract

The existence and uniqueness of the mild solution for a class of functional SPDEs
with multiplicative noise and a locally Dini continuous drift are proved. In addition,
under a reasonable condition the solution is non-explosive. Moreover, Harnack inequal-
ities are derived for the associated semigroup under certain global conditions, which is
new even in the case without delay.
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1 Introduction

Recently, using Zvonkin type transformation and gradient estimate, Wang [11] has proved
the existence and uniqueness of the mild solution for a class of SPDEs with multiplicative
noise and a locally Dini continuous drift. Following this, Wang and Huang [5] extend the
results to a class of functional SPDEs, where the drift without delay is assumed to be
Dini continuous, and the delayed drift is Lipschitzian in some square integrable space. In
this paper, we try to investigate the existence, uniqueness and non-explosion for functional
equations in which the drift without delay is assumed to be Dini continuous and the drift
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with delay is Lipschitzian w.r.t. some uniform norm (finite delay) or weighted uniform norm
(infinite delay). Moreover, Harnack inequalities are also established in the case of finite
delay.

Let (H,(,),|-]) and (H,(,)m |- |m) be two separable Hilbert spaces. Let . (H;H)
(Zus (H; H)) be the space of bounded linear operators (Hilbert-Schmidt operators) from

H to H with operator norm || - || (Hilbert-Schmidt norm || - [|us). For any r € [0, o0], let
- {g ‘ €€ C(—o0,0]N[—=r0];H), |¢|lec := ( su]p[ ](eslrzOO + 1r<oo)|€(8)| < oo} :
s€(—o0,0]N[—7,0

For any f € C((—o00,00) N [—r,00);H), t > 0, let fi(s) = f(t + s),s € (—o0,0] N [—r,0].
Then f; € €. {fi}i>0 is called the segment process of f.

Let W = (W(#))s>0 be a cylindrical Brownian motion on H with respect to a complete
filtered probability space (€,.%,{%#}i>0,P). More precisely, W(-) = > >, W"( )é, for
a sequence of independent one dimensional standard Brownian motions {W” } 1 with
respect to (Q,.%,{Z: }i>0,P), where {€,},>1 is an orthonormal basis on H.

Consider the following functional SPDE on H:

(1.1)  dX(t) = AX(t)dt + b(t, X (£))dt + B(t, X))t + Q(t, X(£))AW (1), Xo=£ € C,

where (A, Z(A)) is a negative definite self-adjoint operator on H, B : [0,00) x ¥ — H and
b:[0,00) x H — H are measurable and locally bounded (i.e. bounded on bounded sets),
and @ : [0,00) x H — & (H; ]HI) is measurable. Let A, B and @ satisfy the following two
assumptions:

(al) (—A)=! is of trace class for some € € (0,1); i.e. D oo ANl <oofor 0 < A\ < Ay <

n=1"'n
- being all eigenvalues of —A counting multiplicities. The eigenbasis of —A on H

corresponding to the eigenvalues {\;}2; is {e;}°;.
(a2) (i) Q € C([0,00) x H; . Z(H;H)) and for every t > 0, Q(¢,-) € C*(H;.Z(H;H)).
(QQ*)(t, z) is invertible for all (¢, z) € [0, 00) x H. Moreover,
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>_Iviee @] + (@)™t 2)]

§=0

is locally bounded in (¢, x) € [0, 00) x H. Furthermore, for any (t,z) € [0, 00) x H,

(12)  Jim Q) — Q(t mua)l[Es = lim 3 [[Q(t, ) — Q(t mu)]erl> = 0,
k>1
where 7, is the orthogonal projection map from H to H, := span{e;,--- ,e,}.

(ii) B € C([0,00) x €’; H), and there exists an increasing function Cg : [0,00) — [0, 00)
such that for any n > 1,

[B(t,€) — B{t,n)| < Cp)|§ = nllos, t€[0,n],&,n€C, [[Elloc V Inllec < 7.



To describe the singularity of b, we introduce
2 L o(s)
9 = {gb :[0,00) — [0, 00) is increasing, ¢° is Concave,/ —2ds < oo}.
0 S

(ad) For any n > 1, there exits ¢,, € Z such that

(1.3) [b(t, ) = b(t,y)| < ¢u(lz —yl), t€(0,n],z,y € H, 2|V |y] <n.

Remark 1.1. The condition fol @ds < 00 15 well known as the Dini condition, due to the

notion of Dini continuity. One can check that the class & contains ¢(s) == m for

constants K,5 > 0 and large enough ¢ > e such that ¢* is concave.

When r = 0, (al)-(a3) imply the existence and uniqueness of the mild solution to (1.1)
by [11, Theorem 1.1 (1)]. However, when r > 0, due to some technical reasons (see Remark
3.2 for more details), extra condition on the singular drift besides (al)-(a3) is needed to
obtain the pathwise uniqueness. Precisely,

(ad) For any n > 1, there exits a,, € @74 such that

(1.4) sup lan,(—A)b(t, x)| < oo,
te0,n],xcH,|z|<n

where

! e s

oy = {a € A((0,0); (0, oo)),/ sup ———ds < oo}

o =1 a(Ai)
with Z((0,00);(0,00)) denoting all the Borel-measurable functions from (0,00) to
(0, 00).

By (a3) and (a4), we mean that when ¢, || < n, b(t, x) takes value in a smaller space H,,
instead of Hl, but it is still locally Dini continuous from H to H.

Remark 1.2. We note that the values {a(\;)}2, determine the integration in the definition
of @y, and this means that </ depends on A. However, /5 contains a subset which is
independent of A. Indeed, by the definition of 4, if {a(N\;)}52, has a bounded subsequence
{a(Ni,) }i>1, then there exists a constant ¢ > 0 such that

1 —\;S 1 —Xi, S 1
e su A€ ik c 1
/ sup ———ds > / Pr>1 A ds > / Zds = .
o i>1 a(\;) 0 SUPg>1 a(Xi,) SUPg>1 a(Xi,) Jo s
This means lim; o a(X;) = oo for any a € 4. So we can impose some monotonicity

conditions on a, and introduce the following </’ C <74, containing enough functions as well,
in which the condition is much easier to check than that in /4. Letting

! . x _ 1 > —1
o = {a € #A((0,00);(0,00)),a and a(2) are non decreasmg,/l sa(s)ds < oo} ,

we claim o' C ol,.



Proof. For any a € &', s € (0,1), we have

sup e <sup——e < e < .
W =Dt Sam S ald)

On the other hand,

x —ISs < <
sup e < sup —<
1A <a<t @ ) AN <z<i s

W =
IS
8
~—
IS
—~
=
~—

So
)\ie_AiS

1 1 11 00
T = 1
sup dsg/ sup —e_“dsg/ 5 ds:/ ds < oo.
/o 1 a(\) 0 seiree) A(@) o a(l) L sals)

This means a € @y, i.e. o' C . O

Finally, we give some functions which belong to of4.
(1) a(z) == 2° for any 6 € (0,1];
(2) a(x
(3) a(z) = 2°(sinx +2), § € (0,1].

) :=log"*(c+x) for 6 >0 and ¢ > e'*;

(1) and (2) are in o/'. As to (3), we only need to notice the fact that if ay € <4, then
a € A((0,00); (0,00)) satisfying a(z) > ai(z), © > Ry for some constant Ry > 0 is also in
Ay It is clear that a(z) > 2°, and (1) implies that a € 4.

For simplicity, let @/ = @74 U{a:a = 1}. For any a € @4, let H, = {x € H, |[a(—A)z| <
oo} equipped the norm ||z, := |a(—A)z|, x € H,. Then (H,, || - |l.) is a Banach space and
H, = H.

In general, the mild solution (if exists) to (1.1) can be explosive, so we consider mild
solutions with life time.

Definition 1.1. A continuous H-valued process (X (t))ic[—r.c)n(—oo,c) is called a mild solution
to (1.1) with life time (, if the segment process X; is .%#;-measurable, ¢ > 0 is a stopping
time such that P-a.s lim sup,, | X (¢)| = oo holds on {¢ < oo}, and P-a.s

X(t) =X (tA0) + / v =9 (b(s, X (5)) 4+ B(s, X,))ds

+/0 A9IQ(s, X(5))dW (s), ¢ € [~ ¢) N (—o00,C).

The following lemma is a crucial tool in the proof of our results, see [2, Proposition 7.9].



Lemma 1.1. Let {S(t)}t>0 be a Co-contractive semigroup on H. Assume there exist o €
(0 1) and s > 0 such that

2

(1.5) / 120 S ()| It < oo
0

Then for every q € (1 1 ), T > 0, there exists ¢, > 0 such that for any £ (H;H) -valued

) 2o

predictable process ®, there exists a continuous version of [, S(- —s)®(s)dW (s) such that

] <a [ sl
<E VOT H<I>(t)||2th} |

Remark 1.4 (al) implies that (1.5) holds for o = :

/ S0 st = Y / e

o0 o)
< Z )\?O‘_l/ u 2% du < oo.
i=1 0

E | sup

t€[0,T]

/0 S(t — s)®P(s)dW (s)

(1.6)

2 Main results

Via Yamada-Watanabe principle and Zvonkin type transformation, we obtain the first main
result on existence, uniqueness and non-explosion of the mild solution.

Theorem 2.1. Assume (al)-(a4).
(1) The equation (1.1) has a unique mild solution (X (t))ic[—r.c)n(—oo,c) With life time (.

(2) Let [|Q(t)]|lco := supem ||Q(t, z)|| be locally bounded in t > 0. If there exist two pos-
itive functions ®,h : [0,00) x [0,00) — (0,00) increasing in each variable such that

I befs) =00 for any t > 0 and

(2.1) (B(t,&+mn) +0(t, (€ +0)(0)),£(0)) < @4 ([I€]I%) + Mulnlloc)s &€ €t >0,

then the maild solution is non-explosive.

To apply Zvonkin type transformation, we in fact need some global conditions. However,
Theorem 2.1 can be proved by localization. For simplicity, we introduce some notations
firstly. For any a € @ and H,-valued function f on [0, 7] x H, let

[fll700a =" sup [a(=A)f(t,z)|.

te[0,T],x€H
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Similarly, for a Z(H, H,)-valued or H,-valued function f on [0, 7] x H, let

[fll700a =" sup [la(=A)f(t, z)]]

te[0,T],xcH
If a =1, we write || - ||7.00,0 88 || - ||7,00. Moreover, for any H-valued map f on [0,7] x €, let
[fll700 = sup |f(t,€)].
te[0,7),£e%

Then we introduce that

(a2') (") Q satisfies (a2) (i), and there exists a positive increasing function Cg : [0,00) —
(0, 00) such that

2
2 IV7Qlly e + Q) Ml < CalT), T 0.

J=0

(ii") For any ¢ > 0, ||B||t.cc < co. B satisfies (a2) (ii), and there exists an increasing
function C} : [0,00) — [0, 00) such that for any n > 1,

[B(t,€) = B(t.n)| < Cp)llg = nlle, tE[0,n],60 €.
(a3") For any T > 0, there exists ¢ € 2 such that

(2.2) b(t, @) — blt,y)| < 6(lz — yl), t € [0,T], 2,y € H.

(a4’) For any T > 0, there exists a € 274 such that

(2.3) 1B]l70.0 < 00

According to Theorem 2.1, under (al), (a2)-(a4’), the unique mild solution X} of (1.1)
is non-explosive. The associated Markov semigroup P; of Xf is defined as

Pf(&) =Ef(X}), f€By(€),t>0,6€F,

where %,(%) is the set of all bounded measurable functions on %. The next main result is
about Harnack inequalities. Here, we only study Harnack inequalities in the case of r < oc.
In fact, Harnack inequalities do not hold generally if r = oo, see Remark 2.1 for details.
On the other hand, according to [13, Theorem 1.4.1], the log-Harnack inequality implies the
strong Feller property, while for 7" < r, we have Xr(s) = X(T'+s) = (T +s), s € [-r, =T
which is deterministic. Thus Pr is strong Feller only if 7" > r. So the restriction on r < oo
is essential for the study.

To obtain Harnack inequalities, we need the following stronger conditions (a3”) and (a4”)
instead of (a3') and (a4’) to ensure (5.33) in Lemma 5.3:
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(a3") For any T > 0, there exists ¢ € & such that
24) AT bty <olle ). te0.T)ry e
where ¢ is in (al).

(a4”) For any T > 0,

(2.5) H(—A)%b

Then we have

Theorem 2.2. Assume (al), (a2'), (a3") and (a4"). If for any T > 0, there exists a
constant C(T') > 0 such that

(2.6) 1Q(t,2) — Qt,y)lfs < C(T)|z —yl*, t€[0,T), 2,y € H.
Then for every T > r and positive function f € %,(€),
(1) the log-Harnack inequality holds, i.e.

(2.7) Prlog f(n) <log Prf(§) + H(T,&m), §meE

with
H(r.g = o (SO1O8 ey

for some constant C' > 0.

(2) There exists K > 0 such that for any p > (1+ K)?, the Harnack inequality with power

(2.8) Prf(n) < (Prf(€)r expW,(T;€,m), &neE

holds, where

vy = 0 {1+ EO1OE 4 ez }

for a decreasing function C : ((1+ K)? 00) — (0,00).

Remark 2.1. If r = oo, the Harnack inequality does not hold for P; for any t > 0. In fact,
fix 2 € H, t >0, and let g(x) = 1y01(x),x € H. Then

fi(n) ==gn(-t)), n€€

is in By(€), but P,f,(€) = Ef(X5) = g(£(0)). It is clear that the Harnack inequality does
not hold for f;.

The remainder of the paper is organized as follows: in Section 3, we prove the pathwise
uniqueness; in Section 4, combining Section 3 with a truncating argument, we prove Theorem
2.1; in Section 5, we investigate Harnack inequalities for the semigroup by finite-dimensional
approximations; in Section 6, we give [13, Theorem 4.3.1 and Theorem 4.3.2] in detail.
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3 Pathwise uniqueness

In this section, we transform (1.1) to a regular equation and then investigate its pathwise
uniqueness, which is equivalent to that of (1.1). We start from the following SPDE

(3.1) dZ¢, = AZZ,dt + Q(t, Z2 AW (t), Z%, = z,t > 5> 0,

Under (al) and (a2') with B = 0, (3.1) has a unique mild solution {Z%,}i5s. Let P, be the
associated Markov semigroup.

We first consider modified gradient estimates for P?,, which will be used to study the
regularity of the solution to the equation (3.6). Before moving on, we shall recall two

gradient estimates for Pot f with any bounded Borel measurable function f on H. For 7,
r€eH, 0<s<t<T, there are, see [11, (2.12),(2.16)],

32) VP < T PLPE), VP < G PP,

(t—
Next, for f € %,(H, H), by (3.2),

Z V(f e (@) i, VPR f( Z Vo P (f e (@) e
=1 =1
are well defined. Then, for any a € @ and f € %,(H, H,), it holds that
= 2 — 2
D aN) (VaPl(fre(@)” = > (VyPlla(=A) f,e) (@)
i=1 i=1

< ——Phla(=A) @)l < oc.

Thus V, P, f(z) belongs to the domain of a(—A) and

o)

a(=A)V, P f(x) = Y aM) VPl ei) (@)e

=1

_vasot f€l>()7,

= VnPf,t( (—A)f)(x).

We can define V2P, f(x) in a similar way. Then (3.2) and the similar argument as above
imply that

(3.3) a(=A)Vy VPl f(x) = V'V, Ply(a(=A) f) ().
In a word,
(3.4) a(—A)VFP), f =V*PY(a(=A)f), f € B(HH,),0<s<t<T k=012
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Next, as in [11], to obtain the pathwise uniqueness of (1.1), formally, we need to study a
parabolic equation with terminal condition:

(3.5) Owu(-, x)(t) = —Lyu(t, ) (x) — b(t,z) + u(t,z), uw(T,z) =0, t € [0,T],

where
Li=3 Z<Q(t7 ')Q*(t> ')€i7 ej>V€ivej +Va + Vb(tv)'
i,
The precise meaning of (3.5) is the following integral equation, which will be solved by the
fixed-point theorem on a suitable Banach space which depends on the function a.

(3.6) u(s, ) = / e_A(t_s)Pgt(Vb(t7.)u(t, )+ b(t,-))(z)dt, se€[0,T].

The following Lemma 3.1 is a modified version of [11, Lemma 2.3]. Set
0(t,x) =z + u(t, ).

Formally, taking (3.5) into account, 0,0(-, x)(t) = Ax—L0(t,-)(x) with (T, x) = x. Formally
again, Ito’s formula implies that

dO(t, X (£)) = AO(t, X (1))dt + (A — A)u(t, X (1))dt
(3.7) - V() (X () {QE, X (0)dW (1) + B(t, X,)dt}

which is similar to [11, (2.1)] without singular term. Thus we can also obtain a regular
representation of (1.1) in the following Lemma 3.2, which is the precise meaning of the
equation (3.7).

Lemma 3.1. Assume (al), (a2') with B = 0, and (2.3) with a € . Let T > 0 be fived.
Then there ezists a constant \(T') > 0 such that the following assertions hold.

(1) For any A\ > XN(T), the equation (3.6) has a unique solution u € C([0,T]; C{(H;H,))
satisfying

(3.8) lim HUHT,oo,a + HVUHT,oo,a =0.
A—00

(2) If moreover (2.2) holds, then we have

(3.9) lim ||V?ul|,, = 0.

A—00

Proof. (1) Let s = C([0,T]; C{(H;H,)), which is a Banach space under the norm

[ulle = = Nullrooa + IVUll7000
= sup |a(=Au(t,z)|+ sup |a(—A)Vu(t,z)|, ue .
t€[0,T],zeH te[0,T],xcH
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For any u € 5, define
T
(FU)<S7 l’) = / e_A(t_S)PLSt(vb(t;)u(t’ ) + b(t7 ))(I)dt, s € [07 T]

Then we have ['# C . In fact, for any u € 22, by (a2'), (2.3), (3.4), it holds that

T
IPullzoa =  sup /e—“f-@P;ft<a<—A>vb<t,.>u<t,'>+a<—A>b<t,->><x>dt
s€[0,T),z€H |J s
T
< sup / M) (b |Vl e + bl o)t
s€[0,T] Js

T
< (70 I Vel e + [Bl17:00.0) / Mt
0

|b||T7OO||vu||T§O,a + HbHT,OO,a < 50

Again by (a2'), (2.3) and (3.4), we have

S |

T
VT U|| 7,000 = sup / e_’\(t_s)VnPft(a(—A)Vb(t,.)u(t, )+ a(—A)b(t, ))(m)dt”
s€[0,T),z€H, |n|<1 || /s ’
T ef)\(tfs)
< C sup (HbHT,OOHVUHT,OO,a + Hb”T,oo,a)dt

T =)\t

s€l0,T]Js V t—s
e

< OBl ool Vel oo + 16 oo/ LY
(1ol 7,00 [ V|| 7 161l 7,00.0) M-

b ) 00,a b 00,a
bllzcol Vullrooa + [llTooa
VA
So, ' C 2. Next, by the fixed-point theorem, it suffices to show that for large enough

A > 0, I' is contractive on 5. To do this, for any u, @ € 7, similarly to the estimates of
|Tu|| and ||VI'u||, we obtain that

SC‘

N b|| 7.0 N
ITu — T 7000 < %HV’LL — V|| 7,000,
(3.10) b
IV(Tu —T0) || 7000 < C“H&]]Vu — Vit||7,00.a-

VA

So we can find A(7") > 0 such that I' is contractive on .7 with A > A(T'), by fixed-point
theorem, (3.6) has a unique solution u € C ([0, T); C} (H; H,)). Finally, substituting Tu = u
into (3.10) and letting =0, we obtain (3.8).

(2) This is a known result in [11, Lemma 2.3 (2)]. O

Remark 3.1. Under the assumptions of Lemma 3.1 and a strengthened version of (2.2):

a(=A)(b(t, ) = b(t, )| < ¢(lz —yl), t€[0,T],2,y €H,

10



we can obtain that
lim HVZ((I(—A)U)HT =0,
A—00 OO

l1—¢

see the proof of Lemma 5.2 with a(x) = z7z ;x > 0. However, (3.9) is enough for the
pathwise uniqueness of (1.1).

Lemma 3.2. Assume (al), (a2'), (a3") and ||b|j70 < 00 for any T > 0. Then for any
T > 0, there exists a constant \(T) > 0 such that for any stopping time 7, any adapted
continuous € -valued process (Xi)iejo,rar) with P-a.s.

X(t) = eMX(0) + /t A= (b(s, X (s)) + B(s, X,))ds
+ /t A=9Q(s, X (s))dW (s), te€[0,7AT],

and any A > X\(T), there holds
X (t) = e™[X(0) + u(0, X(0))] — u(t, X (t))

+ /t()\ — A)e =9y (s, X (s))ds

(3.11) N / t A ([ 4 Vu(s, X (s))] B(s, X,)ds

+ /Ot AT + Vu(s, X(5))]Q(s, X(s))dW(s), te[0,7AT],

where u solves (3.6), and Vu(s, z)v := [V,u(s,)|(z) forv, z € H.

Proof. Since ||B||t00c < oo for any ¢ > 0, the claim of this lemma can be obtained just
repeating the proof of [11, Proposition 2.5]. To save space, we omit the detail here. O

Now, we present a complete proof of the pathwise uniqueness to (1.1).

Proposition 3.3. Assume (al) and (a2')-(ad’). Let {X;} 0, {Yi}i>0 be two adapted con-
tinuous € -valued processes with Xo =Yy =& € €. For anyn > 1, let

X =nAf{t>0: X)) >n}, 7 =nAinf{t>0:|Y(#)|>n}.

IfP -a.s. for allt € [0,7,X A7)Y], there holds :
X(t) = e™€(0) + /t e (b(s, X (s)) + B(s, X,))ds + /t eAIQ(s, X (5))dW (s),
0 0
Y (t) = eM€(0) + /Ot =9 (b(s,Y (s)) + B(s, Ys))ds + /Ot eA=9Q(s,Y (5))dW (s),
then P-a.s. X(t) =Y (1), for allt € [0, 7.5 A7)]. In particular, P-a.s. 7\ =71}

n n
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Proof. For any n > 1, let 7,, = 7.X A7Y. Then it suffices to prove that for any T' > 0,

(3.12) E sup |[X(sAT,) =Y (sAT)* =0
s€[0,T

holds for some p € (1, %) In what follows, we fix T'> 0 and p € (1, %) Take A large enough
such that assertions in Lemma 3.1 and Lemma 3.2 hold, and

pir1 " 1

T
313 S (19t [ I-Ala(- s )+ [Vl < 5.

(@4

By (3.11) for 7 = 7,,, we have P-a.s. for any ¢ € [0, 7, A T7,
(X (@) +ult, X)) = [Y(1) + u(t, Y(1))]

:/0 (A — A)e 9 u(s, X (s)) — u(s, Y(s))]ds

B / AT+ Vuls, X())B(s, X.) = [T + Tu(s, Y (3))] B(s, Y s

—l—/o eA(t’s){[I + Vu(s, X(9))]Q(s, X(s)) — [I + Vu(s,Y(s))]Q(s, Y (s)) }dW (s).

Then (3.13) yields that
Esup | X(tAT) =Y (EAT)?

t€[0,q]
5ip—1 tATh 2p
<2 B | [ Al X () — uls. Y (5)lds
4% yeog | Jo
4p—1 tATR 2p
s | [ A V(s X (6)))[Bls, ) ~ Bls.Y)lds
4P yeog | Jo
4p—1 tATh 2p
(3.15) 4 5—E sup / A= Vu(s, X (s)) — Vu(s, Y (s))]B(s,Ys)ds
4P yeog 1o
4p—1 tATn 2p
# 2B s | [ MITuls, X(9) - us, Y(5)IQLs, X ()W ()
4P ie0.q 1o
4p—1 tATR 2p
+ 2B | [ Tl Y ) QUs, X(5) — Qs Y (W)
te[0,q] | /0

:Ill+12+[3—|—14—|—f5, qG[O,T]

First of all, let

ng=E sup |[X(tAT,)—Y(tA Tn)|2p.
t€[0,q]

Then, by (3.13), there exists a constant C'(p, A\, T") > 0 such that
q
I —C(p,A,T)/ s
0

12



54p—1 tATh 1 2p
< B s | [ [ 1A T (s, ) (005 + 0 s
24P tef0,q] LJo 0
_ 2
3.16 < hill —AV ' —A)[a(=A)]"te4*||d ’
(3.16) S |a(—A) V7,0 i [(=A)[a(—=A)]"e™||ds Mg
<177q7
=5

where Ay = X(s) — Y (s).
Secondly, since A is negative definite, by (3.9), (a2'), Xy = Y, and Hélder inequality, it
holds that

< C]E/ IB(s, X,) — B(s, Y,)[™ds
0

q
(3.17) <GE [ sup |X(tA) - Y(EAT)Pds
0

t€0,s]

q
S Cl/ nst
0

for a constant C > 0. Similarly, combing (3.9) and || B||7,.c < 00, we obtain

q
(318) ]3 S CQ/ 775(318
0

for a constant Cy > 0.
Finally, in view of (a2'), Remark 1.4 and p € (1, %), Lemma 1.1 implies that

q

qN\Tn
(3.19) L+ I < C’gE/ | X (s) — Y(s)]*ds = 03/ nsds,
0 0

for a constant C3 > 0. Combining (3.15)-(3.19), there exits a constant C such that

1 l
m < gm+Co/ nydg, 1€10,7].
0

By Gronwall’s inequality, we obtain ny = 0, i.e. (3.12) holds. ]

Remark 3.2. The above result for the case without delay has been proved in [11, Proposition
3.1] under (al), (a2'), (a3") and the condition ||b|jro < 00 for any T > 0. Now we
explain the reason why (a4') is needed in the present case. Noticing that the It6’s formula
is unavailable in the infinite dimension case, and the last term in (3.11) called stochastic
convolution is not a local martingale, we can not apply the stochastic Gronwall Lemma [9,
Lemma 5.2] which is an important tool in proving the pathwise uniqueness of functional SDEs
in the finite dimension case. Moreover, since the drift term B is Lipschitz in €, in the proof
of Proposition 3.3, we need to take supremum instead of integration as in [11, Proposition

13



3.1] and then obtain (3.15). Though we can also integrate both sides of (3.15) on [0,T] as
[11, Proposition 3.1] does, in general,

T
E / sup
0 tel0,q]

q
> E sup /
q€0,71 Jo

So, it is not available to treat Iy in (3.15) as in [11, Proposition 3.1] by Fubini Theorem.
Noticing that fot |eAt=)(—A)||ds = oo, if u(s,-) is Lipschitz continuous uniformlly in s €
[0, T] from H to some smaller space H, with a € <4, then by the definition of <74, I can be
treated as in (3.16). Furthermore, by Lemma 8.1 (1), (al), (a2") and (a4’) can also ensure
la(—A)Vu||re < 00. For more details, see the proof of the above Proposition 3.5. In fact,
the above trick is used to prove the pathwise uniqueness of the neutral functional SPDE, see
[3], where the condition [3, (H3)] is something like ||a(—A) V|| < 00 with a(x) = x° for
some d > 0.

2p

/0 "= YA (s, X (5)) — uls, Y (s)|ds|  dt

2p

/0 "= A (s, X (5)) — s, Y (s))lds| dt.

4 Proof of Theorem 2.1

Proof of Theorem 2.1. (a) We first assume that (al) and (a2')-(a4’) hold. Consider the
following SPDE on H:

dZ8(t) = AZ4(t)dt + Q(t, Z°(t))dW (1), Z°(0) = £(0).
By (al) and (a2), the above equation has a uniqueness non-explosive mild solution:
t
ZE(t) = eM€(0) +/ A=9Q(s, Z8(s))dW (s), t > 0.
0
Letting Z5 = ¢ (i.e. Z5(0) = £(6) for 6 € [—r,0] N (—00,0)), and taking
WE(t) / U(s
U(s) = {Q(QQ") " (s, Z(s)){b(s, Z5(s)) + B(s, Z5)}, s,t € [0, T],
we have

Z5(t) = e™ME(0) + / t A9 B(s, Z8)ds

0
+ /t eA=9p(s, Z5(s))ds + /t eA9Q(s, Z8(s))dWE(s), t € [0,T].
0 0

Since || B||r,00 + |Ibll7,00 < 00, Girsanov theorem implies that {W*(t)}ejo,r] is a cylindrical
Brownian motion on H under probability dQ¢ = R¢dP, where

RE = exp UO (1(5), dW (5)) 5 — %/OT |¢(s)|§ﬂds} .
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Then, under the probability Q¢, (Z5(t), W*(t))epo.r] is a weak mild solution to (1.1). On
the other hand, by Proposition 3.3, the pathwise uniqueness holds for the mild solution to
(1.1). So, by the Yamada-Watanabe principle, the equation (1.1) has a unique mild solution.
Moreover, in this case the solution is non-explosive.

(b) In general, take ¢» € Cg°(]0,00)) such that 0 < ¢ < 1, ¥(v) = 1 for v € [0,1] and
Y(v) =0 for v € [2,00). For any m > 1, let

bm(t, 2) = b(t Am, 2)b(|z|/m), (t,2) € [0,00) x H,
B™(t,€) = B(t Am, )([|E]loo/m), (t,€) € [0,00) X C,
QMI(t,2) = Q(t Am, 2)¥(|z|/m)), (t,2) € [0,00) x HL.

By (a3)-(a4) and the local boundedness of B, we know BI™, Q™ and bl™ satisfy (a2") —
(a4’). Then by (a), (1.1) for B™ QI and bl™ in place of B, @, b has a unique mild solution
X[ml(t) starting at X which is non-explosive. Let

=0, Cn=mAinf{t>0:|X" @) >m}, m>1

Then, since B™(s,£) = B(s,£), QM (s,£(0)) = Q(s,£(0)) and bl™(s,£(0)) = b(s,£(0))
hold for s < m and ||¢|lcc < m with any m > 1, we can obtain that for any n, m > 1,
XM(t) = XI(t) for t € [0, m A ¢,] by Proposition 3.3. In particular, ¢, is increasing in m.
Let ¢ = lim,, o (,n and

m=1

Then X (t):c(0,¢) is a mild solution to (1.1) with life time ¢ and, due to Proposition 3.3, the
mild solution is unique. So we prove Theorem 2.1 (1).

(c) Next, we prove the non-explosion.

Let @, h satisfy (2.1), and let {X(¢)}scp0,c) be the mild solution to (1.1) with lifetime ¢.

Set M (t) = f[f eAt=9Q(s, X (5))dW (s), t € [0,¢) and M(t) = 0, t € [~r,0]N(—00,0). Then,
taking into account that ||Q||; is locally bounded in ¢, Y (t) := X (¢) — M (t) is the mild
solution to the following equation up to (,

dY (t) = (AY (¢) + b(t, Y (t) + M(t)) + B(t,Y, + M,))dt, Y, = X,.

Hence, (2.1) implies that for any 7" > 0,

(1) dlY ()] < 2(Y (1),b(t, Y (t) + M(t)) + B(t,Y; + M,)))dt
' < 2 (Denr([lI2) + henr (| Mi])) dt.
Let
s v CAT
42 )= [ Gt ar =242 [ b0 )ds
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Since
1Yol < sup [Y(8)* + |[Yol %,
te[0,q]

it follows from (4.1) that

CAT
YR < (Xl 2 + 2 / henr (1M ]lc))ds
(4.3) 0

q

+2 [(eur (IVIE) s, g€ 0.0AT).
0

By Bihari-LaSalle inequality, (4.3) implies

(4.4) 1Yill% < U3 (Tr(ar) +1), t€[0,CAT).

Moreover, (al), ||Q|l7. < oo and Lemma 1.1 yield

(4.5) E sup |M(t)]* < .
te[0,CAT)

So by the definition of ¢ and Y, on the set {{ < oo}, we have P-a.s.

(4.6) limsup |Y (t)| = limsup | X (t)]| = oo.
¢ 19

Moreover on the set {( < T}, P-a.s. ar < oo. Combining the property of ® and (4.6), it
holds that on the set {( < T}, P-a.s.

oo = limsup |Y (#)]* < U (Ur(ar) +T) < 0.
¢

So for any T' > 0, P{¢ < T} = 0. Therefore,

]P’{C<OO}=P<U{CSW}> <Y B{C<m}=0,

which implies the solution of (1.1) is non-explosive. O

5 Proof of Theorem 2.2

In Section 3, we have transform (1.1) into an equation with regular coefficients, so we study
the Harnack inequalities for the new equation instead. To do this, we decompose the proof
into two steps:

(1) In the finite dimension, using coupling by change of measure, Harnack inequalities were
obtained by Lemma 6.1. Thus, we only need to check the condition (A) in Lemma
6.1.
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(2) We can prove the desired result from step (1) by finite dimension approximation, since
Harnack inequalities in Lemma 6.1 are dimension-free.

In this section, we fix 7 > r. Under (al), (a2'), (a3') and (ad) with a(z) = z2, by
Lemma 3.1, we can take A\(T") > 0 large enough such that for any A > A(T), the unique
solution u to (3.6) satisfies

1 A
6.1) IVl < 20 (ATl < Y20

To treat the delay part, set u(s,) = u(0,-) for s € [—r,0] and still set 6(¢t,z) = = +
u(t,x), (t,x) € [-=r,T] x H. By (5.1), {0(t,") }te[-r1 is a family of diffeomorphisms on H.
For simplicity, we write 07'(t,z) = [07'(¢,-)](z), VO(t,z) = [VO(t,-)](z) and VO~ (¢, z) =
(

(5.2) g < |Vo(t, 2)|| < 2 g < |Vt 2)| < ; (t,2) € [—r, T] x H.
Since u € C([0,T], C}(H, H,)), 6(t + -, £(+)) is continuous for any ¢ € [0,7], £ € €. Then we

can define 0, : € — € as
(5.3) (6:(£))(s) = O(t +5,£(s)), §€C,s€[-r0]
On the other hand, (5.2) and (5.3) yield that

071 (t + 5+ As, (s + As)) — 07 (t + 5,8(s))]
< |0t + s+ As, E(s) — 07t + 5, £(5))]
+ 107t + 5+ As, E(s + As)) — 071t + s+ As, &(5))]
<Ot 4 54+ As,E(5)) — 07t + 5+ As, 0(t + 5+ As, 07 (t +5,6(5)))]
HI[VOTH(t + 5+ As, )l - [€(s + As) = &(s)]
<||VO Tt + 5+ As,)||oo - |€(5) — Ot + 5+ As, 07 (t + 5,£(5)))]
F VOt + 5+ As, ) oo - [€(5 + As) — &(5)]

< {lels + 26) — €(6)] + Iels) (e + 5+ As, 07 (0 + 5, £ .

Then 0~'(t +-,£(+)) is also continuous, and {6, }+co,) is a family of homeomorphisms on ¢
with

(5.4) (0;1(E)(s) = 071 (t +5,£(s)), £€€,s€[-r,0], t €]0,T).
Furthermore, it follows from (5.2) and (5.3) that

9
(5.5) 16:(€) = Ou(n)lloe < SNIE = e, t€[0,T],&m € C.

Similarly, we have

(56 1670 ~ 67 )l < SiE —nllr 1€ 0.T)ERE S
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Fix A > A(T). Let {X¢(t)}errg solve (1.1) with X5 = £ € €. Then, by (3.11),
(YE(t) = 0(t, XE()) helr with Y} = 6,(X}) satisfies

V() = e™YE(0) + /t AN — A)u (5,071 (5,Y4(s))) ds
(5.7) +f LAY (5,071 (5, VE(s))) B (5,0 (VE)) ds

+ /Ot eAt=9yg (5,07 (5,Y%(s))) Q (s5,67" (5,Y%(s))) dW (s), te€[0,T).

Set

(5.8) b(t,) = (A —Au (t,07'(t,x)), t€[0,T),z€H.

(5.9) B(t,€) = VO (1,07 (t,£(0))) B (t,6,'(€)), te0,T],£€%.
(5.10) Qt,x)=VO(t,07'(t,2))Q(t,07'(t,x)), tel0,T],zcH.

—1

Then, {X¢(t) :== Y% ©(t)} e,z is a mild solution to the equation

(5.11) dX(t) = [A)‘(f(t) +5 (4, XE(t) + B (t,)_(f)] dt+Q (t, XE(1)) dW (1), X&=¢.

Define . _
Pf(§) =Ef(X;), te[0,T],f€ 2(%).

Then

(5.12) Pf(€): = Ef(XF) =E(f 0 6; )(¥) = E(f 06, )(X,"®)

P(fo0;)(00(8)), €€C,te0,T],fe€B(F),

and we shall turn to investigate the Harnack inequalities for P,.

To apply the method of coupling by change of measure, we will use the finite dimension
approximation argument. More precisely, let {X™" (¢)}1e_,7) solves the finite-dimensional
equation on H,, := span{ey,--- ,e,} (n > 1):

AX &) () = [A)‘( (m&n)(4) + 0™ (¢, X () + B" (t, Xt("’f”))] dt

(5.13)
+ Q" (¢, X @) aw (1), X =¢, € €(H,) = C([~r,0]; Hy),

where " = m,b, B" = m,B, Q" = 7,Q. Then we shall prove the convergence of the
approximation

(5.14) lim E HXE —xrmON — 0, teo,1].

n—o0

‘ v
00

Lemma 5.1. Assume (al), (a2'), (a3") and (ad”), then there exists a constant N(T) > X(T)

such that for any A > XN(T) and v € (2,2), (5.14) holds.
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Proof. For simplicity, we omit ¢ and 7,¢ from the subscripts, i.e. we write (X, )_(t(n)) instead
of (X8, X"™). Fix v € (2, 2). For any t € [0, 7], let

Bu(t) =E sup |X(s) = X"(s)]", B(t) = limsup B,().

SE[—m,t] n—00

By (al), (a2') and (a4”), b", B" and Q" are bounded uniformly in n. Thus Lemma 1.1 and
2

v € (2, 2) imply
E sup  (IXillL + 1X")%) < oo,
te[0,T],n>1
so that ((t) < oo for any t € [0,7].
Combining (5.11) with (5.13), it holds that

Pn(t) < c(V)]I€ — mnéll%

)8 s | [ A0 (s, X(6)) = 95, X))
q€lo,t] |Jo
+ ¢(7)E sup /q M= [(s, X (5)) — b"(s, X (5))]ds '
q€elo,t] |Jo
+ c(7)E sup /q eA=9[B (s, X,) — B"(s, X[™)]ds '
(5.15) w0 §
+ ¢(7)E sup / eAI[B(s, X,) — B"(s, X,)]ds
qelo,] |Jo
q - B B v
B sup | [N 9Qs, X(5) - Q" (s X)W ()
qelo,t] |Jo
+ c(y)E sup /q eMIQ" (5, X () — Q" (5, X" (5)) AW (s)
q€l0,t] |Jo

=1+ + 3+ +1T5+0g+17 te [O,T]

First of all, for any & € €, n > 1, by the definition of 7, we have ||€ — T,£|l0 < €]l

and |(§ — m,8)(s1) — (§ — &) (s2)] < |€(s1) — &(s2)| for any sy, s3 € [—r,0]. Since for any
s € [=r0], [(§ = m&)(s)| = 0 as n — oo, it follows from Arzela-Ascoli theorem that

(5.16) lim Ty = 0.

n—oo

Similarly to the estimate of I; in Proposition 3.3, there exists a constant MT) > \(T) such
that for any A > \(T),

(5.17) Iy < C(\,T) /O t Bo(s)ds + %Eﬁn(t).

Next, by Hélder inequality and (a4”), for any § € (0,2), it holds that

t 5 %
Iy < Ce? {/ ds}
0
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y(6-1)
_ B

(A= A)3 (u — mqu) (5,67 (5. X(5)))

XE{/Ot
gC(A,T,é)E{/Ot

Combing the definition of 7, and Lemma 3.1 (1) for a(z) = 22, it follows from dominated
convergence theorem that

=
N ds}

(A= A)2 (u—mqu) (5,07 (s, X (s)))

5—1
s 2 - )
6—1

ds

(5.18) lim T's = 0.

n—oo

Moreover, (a2'), Holder inequality and || B||7,. < oo yield that

(5.19) ry<C\T) /t Bn(s)ds.

Again using || Bl|7..c < 00, Holder inequality and dominated convergence theorem, we obtain

(5.20) lim T'5 = 0.

n—oo

Furthermore, combining (a2') with Lemma 1.1 and v € (2, g), applying dominated conver-
gence theorem, we have

(5.21) lim T'g = 0.

n—oo
Finally, combining (a2') with Lemma 1.1 and v € (2, 2), we have

(5.22) I, < C\T) / t Ba(s)ds.

Combining (5.15)-(5.22), applying dominated convergence theorem, it holds that

B(t) < C’/Otﬂ(s)ds, te0,7).

Since f(t) < oo, Gronwall inequality yields 3(t) = 0, t € [0, 7], which implies (5.14). ]

Lemma 5.2. Assume (al), (a2') with B = 0, (a3") and (a4"). Then for any A > \(T),
there ezists a constant C(T) > 0 such that

(5.23) |Vu(t,z) — Vu(t,y)|lns < C(T)|x —y|, =z,yeH,te]l0,T]
Proof. In order to prove (5.23), by (al), it suffices to prove

(5.24) H(—A)%[vu(t, ) — Vult, y)]H <Oz —y|, z,yecHLtel0,T]
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In fact, if (5.24) holds, then

e—1 2

AT (=A) T (Vult,) = Vulty)]|

2
o |z -y}, z,y€H,tel0,T)

IVult,) = Vult, y) s = |-

<cm)||(-4)=

Define
t
(Rﬁ‘vtf)(:v) = / e_(q_s)A[quf(q, N(x)dg, x€eH,A>0,t>s5>0,f € % ([0,00) x H;H).

Firstly, by (2.5) and (5.1), we have
(5.25) (= A)2 (Vyu + b)|| 700 < 00

for any A > A\(T).
Secondly, due to (3.4), (3.6) and (5.25), [11, Lemma 2.2 (1)] implies that for any A > A\(7T),

H %Vutx) Vuty”
G2y =||V (R (O T+ ) (@) = ¥ (B ((—4)} (Vsu+0) ) )]

1
m) $,y€H,t€[O,T]

holds for some constant C' > 0. Combining this with (5.26) and (2.4), for any A > \(T"), we
obtain that

<Clz —y|log (e +

(5.27) ](-A)lziwbwb)(t,x) —(—A) T (Vou+b)(t,y)| < d(lz—y|), t€0,T],z,y € H,

where ¢(s) = c\/¢?(s) + s with a constant ¢ > 0.
Finally, by (3.4), (3.6), (5.27), and [11, Lemma 2.2 (3)], we conclude that, for any A >

)\(T)7

H = [Vu(t, z) u(t, )]H
(5.28)  _ Hv (Rt,T (( T (Vou+ ))) ( ((—A)%E(vbu + b))) (y)H
0,7

<C(T)|x —vy|, =yeH/te]lo,
for a constant C(7T") > 0. Thus (5.24) holds, and we complete the proof. O

Lemma 5.3. Assume (al), (a2'), (a3") and (ad"). If in addition
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where C(T') is a positive constant. Then for any A > XN(T), there exists K1 > 0, Ky > 0,
K3 >0 and Ky >0 (K, Ky, K3, K4 only depend on T) such that

(5.30) (Q (QQ*) ™M) (t,n(0){B(t, &) — B(t,n)}y < Kill€ = nlloo;
(5.31) |Q(t,z) — Q(t,y)|| < Ka(1 A [(z — yl);
(5.32) 1(Q*(QQ*) (¢, z)|| < K3

hold for t € [0,T], &,n € €, and x,y € H. Moreover, for any t € [0,T], z,y € Hy =
Up>1H,, @t holds that

(5.33) 1Q(t,2) — Qt,y)|[5,5 + 2 (& — y, Av — Ay + b(t,z) — b(t,y)) < Kyl —y|>.

Proof. Fix A > \(T).
(a) Since VO(t,-) = I 4+ Vu(t,-), t € [0,7], (5.1) yields that for any A > A7) and

(t,z) € [0,T] x H, VO(t,z), (VO(t,x))* € Z(H,H) are invertible. Then from (5.10), we
obtain
(5.34) (Q(@QQ)™) (1) = (Q1(QQ)™) (1,07 (1,2) [W0 (1,67 (1,2)]

Combining this with (a2’) (i'), (5.32) holds with K3 = £(Cq(T))%.
(b) Due to (a), in order to prove (5.30), we only need to estimate |B(t,&) — B(t,n)|.
From (5.9), (a2') (i), (5.1), (5.2) and (5.6), we have

|B(t.€) — B(t,n)|

= |Vt 07'(t,£(0))) B(t, 6, (€)) — W(t 6= (t,1(0)))B(t,6; " (n))]
<[V, 071(t,£(0))) B(t,6;1(€)) — VO(t, 07 (¢, £(0)) B(t, 6, (n))]
+|VO(t, 071(t,£(0))) B(t, 6, () — VO(t, 07 (t,7(0))) B(t, 6, ()|
(5.35) 8 o
<z . Z)EBPT]XHIIV@@, 2ICH(TINE = lloo
+  sup [Vt 2)]l sup  [[VOTH(E, 2) (|| Bllmee[€(0) — 1(0)]
(t,2)€[0,T] xH (t,2)€[0,T]xH

<K[I§ =7, K >0.

Combining (5.35) with (5.32), we prove (5.30).
(c) Similarly, from(5.10), again using (a2') (i), (5.1), (5.2), we arrive at

lot.2) - Q(t.y)|

=[|VO(t, 07 (t,2))Q(t, 07" (t, 2)) — VO(t,07'(t.9))Q(t, 07 (t, )|

<||VO(t, 07 (¢, 2))Q(t, 07" (¢, 2)) — VO, 07 (t,2))Q(t, 07 (t,y))
sae T IVEEETEDQEO () — VOO~ (61Ot )
' < sup VO )(IVQIree  sup  [VOTH(E 2)|z — yl

(t,2)€[0,T]xH (t,2)€[0,T)xH

+  sup VA 2)IQlmee  sup  [[VOTH(E, 2)[[J2 — y]

(t,2)€[0,T] xH (t,2)€[0,T]xH

<K'|lzr—y|, K >0,
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and

1"

(5.37) 1Q(t,z) = Qt.y)| <2 sup VOt 2)[|Qllre <K', K >0.

(t,2)€[0,T]xH

Then (5.36) and (5.37) yield (5.31).
(d) Applying (a2') ('), (5.1), (5.2), (5.29) and Lemma 5.2, we obtain

|Q(t, ) — Qt,y)| s

= [|VO(t, 07 (¢, 2))Q(t,07 (¢, 2)) — Vﬂtelwy»QWG*@ s

<[|VO(t, 071 (t,2)Q(t, 07 (t, @) = VOt 07 (t,2))Q(t, 07 (1, 9)) || g

+[|V0(t, 67 () Q(t, 074 (2, y)) = VO(L 07 (1, 9)Q(t, 07 (¢, 9)) | s
Gas) S, (VO () Q07 ()

Qoo [[Vult, 071 (8, ) = Vu(t, 07" (t, )|

<C(T)

sup ||V9(t72)||+|IQI|T,oo]( Sup Vo~ (t, 2)| = =yl
t,z

(t,2)€[0,T]xH €[0,T]xH

§K0|$ - y|, Ky > 0.

Moreover, for any z,y € Hy,, by (5.8), (5.1) and (5.2), we obtain

(Alz = y), 2 — ) + (= A)[ult,07'(t,2)) — u(t, 07 (t,y))], 2 — y)
+ <)‘[u( ( ) )) - u(t,@ ( 7?/))]7I - y>
5.39) ‘( y)) + <(—A)% [u (t,07"(t, ) —u (t.07 ()] . (—A)2(z — y)>
. (Alut, 0 ( ) —u(t, 07 ()] z —y)

IN -+

=A@~ P + ez —yP + 5 | ()b — )|

<e(\ Az —y?

5l

for a constant ¢(\) > 0 depending on A, A\;. Combining (5.38) with (5.39), we obtain (5.33).
[

Proof of Theorem 2.2. In what follows, we only prove Theorem 2.2 (2), for (1) is completely
the same with (2).

For any n > 1, let X" be the solution to (5.13) with X" = ¢, € €(H,,), and set
Prf(&) = Ef(Xy Cn ) ) for any f € %,(¢(H,)). Combining Lemma 5.3 and Lemma 6.1 (2),
for any A\ > (T ) (MT) is introduced in Lemma 5.1), we obtain Harnack inequalities with
power for PF, i.e. for every p > (1 + KyK3)?,

exp (T3 M€, matp), €1 € C, f € Cy(E(Hy)),

=

(5.40) Py f(man) < (PrfP(ma8))
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where

(1) = 0 {1+ OO ey b 6 e v,

and C': ((1 + K3K3)?,00) — (0,00) is a decreasing function independent of n and f.
Letting n — oo in (5.40), by Lemma 5.1 and Cy (%) C (5, C; (€' (H,)), we have

(5.41) Prf(n) < (PrfP(€))? exp®y(T;&,m), & e, feCHE).

By an approximation method or monotone class theorem, (5.41) holds for any non-negative
function f € %,(¢). Thus from (5.12), we obtain that for every p > (1 + K3K3)* and
non-negative function f € %,(%¢),
Prf(n) = Pr(f o 63")(6(n))
(5.42) < {Pr(f? 0 6721)(60(€))} 7 exp @y(T; 6(€), 6o ()
= (PP (€))7 exp B,(T:60(€), o(m)) &€ €

Taking into account of (5.5), we have

~ - _ 2
6, 00(©),000) < 53000 {1+ EOZIOE gz} = vy rien)
Taking K = Ky K3, C' =

8—46’ (2.8) follows from (5.42) and the definition of ¥,. Similarly,
we can obtain Theorem 2.2 (

). Thus, we finish the proof. ]

6 Appendix

In this section, we give [13, Theorem 4.3.1 and Theorem 4.3.2] in detail as follows.
Fix a constant ry > 0. Let € (R?) := C([—ro,0],R%). For simplicity, we denote €¢ =
% (R?Y). Consider the functional SDE on R%:

(6.1) AZ(t) = {alt, Z(t)) + c(t, Z)}dt + o(t, Z(£))dw(t),

where w is a standard m-dimensional Brownian motion, a : [0,00) x R? — R%, ¢ : [0,00) x
¢! — R and 0 : [0,00) x R — RT®R™ are measurable and locally bounded (i.e. bounded
on bounded sets).

To establish the Harnack inequality, we shall need the following assumption:

(A) For any T > rq, there exist constants Ki, Ky > 0, K3 > 0 and K4 € R (K7, K, K3,
K, only depend on T) such that

(6.2) (@ (a0") ™) (&, n(0){e(t,§) — c(t,n)}| < Kill§ = nllo;
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(6.3) lo(t,z) — ot y)|| < K2(LA[(z —y)l;
(6.4) H(U*(UU*)A)(t,x)H < Ks;

(6.5) lo(t,2) = o(t,9)|[ys + 2 (& =y, alt, z) — a(t,y)) < Ko —y?
hold for t € [0,T], £,n € €%, and x,y € R%

(A) implies [13, (A4.1)], so by [13, Corollary 4.1.2], for any £ € €4, (6.1) has a unique
strong solution Zf with Zy = &. Let Pr be the associated Markov semigroup defined as

Prf(&) =Ef(Z;), fe B(¢").E€C”.
Lemma 6.1. Assume (A). Then for any T > 1o, every positive function f € By(F),
(1) the log-Harnack inequality holds, i.e.
(6.6) Prlog f(n) <log Prf(§) + H(T,&n), &n € ¢*
" £0) = (0
-7
Her, e =0 (KOO0 4 ez )
—r
for some dimension-free constant C' > 0.

(2) For any p > (1 + KyK3)?, the Harnack inequality with power

(6.7) Prf(n) < (Prf(€)r expW,(T;€,n), &ne G

holds, where

vy (i) = ) {1+ SO 1O ey |

for a dimension-free decreasing function C : ((1 4+ KyK3)?, 00) — (0, 00).
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