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Abstract

We consider a minimization model with total variational regularization, which can be reformulated
as a saddle-point problem and then be efficiently solved by the primal-dual method. We utilize the
consistent finite element method to discretize the saddle-point reformulation; thus possible jumps of the
solution can be captured over some adaptive meshes and a generic domain can be easily treated. Our
emphasis is analyzing the convergence of a more general primal-dual scheme with a combination factor
for the discretized model. We establish the global convergence and derive the worst-case convergence
rate measured by the iteration complexity for this general primal-dual scheme. This analysis is new in the
finite element context for the minimization model with total variational regularization under discussion.
Furthermore, we propose a prediction-correction scheme based on the general primal-dual scheme, which
can significantly relax the step size for the discretization in the time direction. Its global convergence and
the worst-case convergence rate are also established. Some preliminary numerical results are reported to
verify the rationale of considering the general primal-dual scheme and the primal-dual-based prediction-
correction scheme.

Keywords: Total variation minimization, saddle-point problem, finite element method, primal-dual
method, convergence rate.

1 Introduction

We consider the total variation (TV) minimization model in [51]:
. — 2
inf { E(u) == | Dull + § lu = gl32(q) } (1.1)

where E : BV (Q) — R with a bounded Lipschitz domain  C R? is an energy functional, g € L?(Q)
is a given function, a > 0 is a parameter, BV (£2) is the bounded variation space consists of all functions
v € LY(Q) satisfying || Dv|| < +oo0, and || Dv|| denotes the TV norm defined by

| Dv|| := sup { /Qv divep dz : ¢ € CHQR?), [l¢lle < 1}. (1.2)

In (1.2), |¢lloe = supyeq (37, |@i()]?)'/2, “Duv” represents the gradient of v in the distributional sense,
“div” denotes the divergence operator, and C}(£2; R?) is the set of once continuously differentiable R2-
valued functions with compact support in . The BV ((2) space endowed with norm ||v|| gy := [|v][1(q) +
||Dv|| is a Banach space. We refer the reader to, e.g., [3, 6, 7, 58], for more details. For the term ||u— gHLQ(Q)
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in (1.1), it is well defined because the space BV (€2) is continuously embedded into L2(12) for 2 C R?, see,
e.g., Theorem 10.1.3 in [6]. Note that the model (1.1) has a unique solution in BV (2) because of the strict
convexity of the quadratic term of the energy functional FE(u). As well studied in the literature, the TV
regularization is capable of well preserving sharp edges of digital images or functions with the piecewise-
smooth structure; and it has found a variety of applications in areas such as image restoration [17, 22, 27],
optimal control and inverse problems [1, 23, 50], and parameter identification in partial differential equations
[21, 24, 26, 40]. For other applications of the model (1.1), we refer to, e.g., geometric measure theory [11],
and image denoising or function regularization [17, 25, 51, 53].
To find a numerical solution for (1.1), we can consider its formal Euler-Lagrange equation

Vu

- div<—u> +alu—g) =0, (1.3)

where Vu is the gradient of u in L'(f2), and | - | denotes the Euclidean norm in R2. In the literature, there
are various numerical schemes that are applicable to (1.3) or its regularized equation with homogeneous
Neumann boundary condition. For instance, the time marching scheme in [51], the linear semi-implicit
fixed-point method in [20, 28, 54], the interior-point primal-dual implicit quadratic methods in [22] and
some others in [7, 16, 19, 55]. Furthermore, we can consider the 2 gradient flow of the model (1.1) and its
regularized problem constructed by evolving the Euler-Lagrange equation:

8tu—div<|gzl> +afu—g)=0 (1.4)
with Neumann boundary condition and initial data from the theoretical and computational aspects. In (1.4),
“0y” means the time partial derivative. We refer to, e.g., [4, 10, 29, 33, 34, 41, 42, 51, 52], for more discus-
sions for (1.4). In particular, based on the methods in [8, 18], an algorithm for (1.4) with o = 0 was studied
in [10].

Vu

Replacing the term IVl in (1.4) by a new variable p, we consider

Ou —divp+ a(u —g) =0, p € 9|Vul, (1.5)

supplemented by Neumann boundary conditions, where 9(| - |) denotes the subdifferential of the absolute
value function | - |. Indeed, (1.5) is the L? gradient flow of the energy functional E(u). As indicated in [8],
by the equivalence

p € 0|Vu| & Vu € dlp(p),

where B = {p € LY(Q;R?) : |pllo < 1} and Ip(-) denotes its indicator function, it motivates us to
consider the following system of evolution equations:

Ou —divp+a(u—g) =0, —odip+ Vu € dlp(p) (1.6)

with a parameter ¢ > 0 as the scale for Vu. Note that the system (1.6) can also be regarded as the simulta-
neous gradient flow for the saddle-point formulation of the model (1.1)

inf E(u) = inf sup {E(u,p) = gHu - 9”%2(9) - / u divp dz — IB(p)}. (1.7)
u u g 2 Q
We call (1.7) a saddle-point problem because it aims at finding a solution point that minimizes the functional
& (u, p) in the u-direction and meanwhile maximizes the same functional in the p-direction. We refer to, e.g.,
[5], for more backgrounds and a fundamental work of saddle-point problems.

Different from most of the existing work using finite difference discretization, we utilize the finite el-
ement method as in [8, 9] to discretize the saddle-point reformulation (1.7) so that a generic domain 2 in



(1.1) can be easily treated by finite element meshes and local effects of the solution of (1.1) such as possible
jumps inside the domain €2 can be captured over some adaptive meshes. Furthermore, the solution point of
(1.1) can be easily represented in an appropriate finite element space belonging to BV (2). Note that the
solution point of the finite-element-discretized model can be guaranteed to be unique if proper finite element
spaces belonging to BV (2) are chosen; and the error estimate for using the finite element discretization can
be easily derived. Indeed, only some low order polynomials will be chosen for the finite element spaces
because of the low regularity of the functions in the spaces BV (£2) and L'(Q2). As mentioned in [8], the
piecewise constant and piecewise affine globally continuous finite element spaces are dense in BV (€2) with
respect to weak* convergence in BV (2). In addition, it was demonstrated in [8] that in gernal the piecewise
constant finite element approximation for « cannot be expected to converge to an exact solution. Thus, the
following finite element spaces

SYTh) = {vn, € C(Q) : vp|7 is affine for each T € T},
LY(Tw) = {qn € L (Q) : g7 is constant for each T € T3, },

are built in [8] to approximate the functions u and p in (1.7), respectively, where Q = Q U 0Q with 0
being the boundary of the domain €) , 7, denotes as a regular triangulation of (2 into triangles and h =
maxye7, diam(7) as the maximal diameter. Furthermore, in [8], the L? scalar product to equip £°(73)?,
i.e., a space of piecewise constant vector fields, is based on the identity

[ Dugll = sup /Vuh'ph dz.
Pr€LY(Th)2[Ipnlle <1 JQ

Then, the TV minimization model (1.1) with finite element approximation can be reformulated as the fol-
lowing saddle-point problem:

«
inf F(up) =  inf sup {5 up, = —|luy, — gl? +/ Vup -ppde — 1 } 1.8
nf B(un) A (un, pn) = Sllun = gll72(q) P B(pn) ¢ (1.8)

Note that (1.8) can also be viewed as a discretized form of (1.7) because the discrete divergence operator
div is the conjugate operator of —V satisfying (divgy, vn) = —(qn, V). For the discretized saddle-point
problem (1.8), it has a solution point (uy,pp) € S*(T) x L(Tx)?, because & (uy, py) is a closed, proper
and convex-concave functional, see, e.g., [8].

For solving a saddle-point problem including the special form (1.8), the primal-dual method has received
much attention from different areas, see, e.g., earlier work on the inexact Uzawa method [5, 14, 30, 35, 36,
49, 59] for saddle-point linear systems resulted from the numerical approximation of elasticity problems or
stokes equations, and quadratic programming problems with linear constraints. Moreover, in some work
such as [13, 18, 31, 56, 57], its particular applications to various image processing problems have been
intensively investigated. As analyzed in [31, 56], the primal-dual method is a variant of the inexact Uzawa
method [5, 30]. In [8], it is suggested to solve the saddle-point problem (1.8) by the following iterative
scheme:

(deuy™ + a(uptt — g),vp) + (P, Von) =0, Yo, € SHTh),
aptt =t + rdpup (1.9)

(—odpp ™ + Vaptt g, —pptt) <0, Vg, € Bi(L2(Th)?),

where d;v™ = (v — ™) /7 with 7 > 0 being the step size in the time direction for any sequence {v" },,¢n,
and the parameter ¢ > 0 plays the role of the ratio of the step sizes used for the two subproblems of
(1.9). The scheme (1.9) can be viewed as a semi-implicit difference scheme for (1.6) with finite element
discretization in space, and the convergence of the sequence {u}} by (1.9) is analyzed in [8] under the



condition 72||V||?/o < 1. It is easy to see that the scheme (1.9) is the variational form of the following
primal-dual scheme:

) 1
uZH = argmin {S(Uh,pZ) + 2*||”h - UZH%Z(Q)}’
vh€$1(7—h) T
azﬂ _ Quzﬂ — (1.10)

ppt = argmax {E(QZH,%) - 21||Qh —PZH%%Q)}-
an€LO(T3)? T
Note that 7 can be understood as the step size for implementing gradient-based iterative methods for the
minimization and maximization subproblems in (1.10).
Inspired by the work [18, 37], in this paper we consider a more general primal-dual scheme, which
includes the scheme (1.10) as a special case, for the model (1.8). More specifically, we consider the following
scheme for solving (1.8):

) 1
u?}’lH*l = argmin {E(Uh,pZ) + ?||vh — uZH%z(Q)},
’UhGSI('Th) T
aZJrl — UZ+1 + H(UZJA _ uz)’ (L.11)
+1 ~’I’L+1 g 7|2
pz = argimax {E(Uh 7Qh) - 7||Qh _thL2 Q }’
qn€LO(T)? 27 “

where the combination factor § € [—1,1]. Clearly, (1.10) is a special case of (1.11) with § = 1. Note
that it is in [18] that 6 was extended to [0, 1] and then in [37] to [—1, 1] in the optimization context. This
generalization can accelerate the convergence numerically as shown in [37], and it provides more insights in
algorithmic design as shown in [48].

Our contributions can be summarized as follows. 1) We propose the general primal-dual scheme (1.11)
for the discretized saddle-point problem (1.8) and prove its convergence. 2) We establish the worst-case con-
vergence rate measured by the iteration complexity for the scheme (1.11). 3) We propose a new prediction-
correction scheme in which the output of (1.11) needs to be refreshed by a correction step (5.3). This
primal-dual-based prediction-correction scheme can significantly relax the restriction on the discretization
step size 7 from O(h?) to O(h). 4) We also establish the convergence and the worst-case convergence rate
measured by the iteration complexity for the primal-dual-based prediction-correction scheme.

The rest of this paper is organized as follows. In Section 2, some known results which are useful for
further analysis are summarized. In Section 3, we focus on the general primal-dual scheme (1.11) and give
some remarks. Then, the analysis of convergence and convergence rate for the general primal-dual scheme
is presented in Section 4. In Section 5, we propose a primal-dual-based prediction-correction scheme and
analyze its convergence and convergence rate. Some preliminary numerical results are reported in Section
6 to verify the effectiveness of the general primal-dual scheme and the new primal-dual-based prediction-
correction scheme. Finally, some conclusions are made in Section 7.

2 Preliminary

In this section, we summarize some known results in the literature for the convenience of further analysis.
Most of the results can be found in [8]. Throughout this paper, the notation (-, -) stands for the inner product
in L2 or (L?)2.

First, the first-order optimality condition for the minimization of the energy functional E(u) in S'(77,)
is stated in the following lemma.



Lemma 2.1 ([8]). The function uj, € S'(T},) minimizes the energy functional E(u) in S*(Ty,) if and only if
there exists py, € B1(LY(Th)?) = {an € L°(Th)? : |lanllco < 1} such that

{ (ph> Vo) + a(up —g,v8) =0, Vo, € SY(Th), .1

(Vun, qn —pn) <0, Y qn € Bi(LY(Th)?).

Notice that the optimality condition (2.1) can be rewritten as the following variational inequality (VI) in
a compact form: Finding p15, € S*(T5,) x B1(L°(T1,)?) such that

(F(pn),vn — pn) >0, Yy € SHTh) x Bi(L(Th)?), (2.2)

i = (“") vy = (“h>, Flun) = <_divp o+ olun _g)>. (2.3)
Pn qn —Vuy,

It is easy to see that the mapping F'(-) in (2.3) satisfies

where

(F(pn) — F(vn), i — vi) = aflup, — UhH%mz)- (2.4)

It follows from (2.2), (2.4) and Lemma 2.1 that the first component u; of a solution pair of (1.8) is
unique. But the second one py, is not unique in general.
The error of the finite element approximation of function u in (1.8) is given by the following theorem.

Theorem 2.1 ([8, 10]). Let Q = (0,1)2, we have up, — w in L*(Q) as h — 0. If u € Lip(B, L*(Y)) for
some 0 < 3 <1, then

ifu € BV (Q) N L*(Q), then

We say u € Lip(3, L*(2)) if

5 \1/2
supt? sup </ lu(z 4+ y) — u(x)| d:c> < 400.
t>0 ly| <t Q

It is mentioned in [8] that the condition u € Lip(3, L*(Q)) is satisfied if g € Lip(8, L?(f2)); and if
g € L=(Q) then u € Lip(3, L*()).

3 A General Primal-Dual Scheme

In this section, we specify the general primal-dual scheme (1.11) for solving (1.8) and present the resulting

algorithm. Let us use the notation

dtU”H = Y



for a sequence {v" },,cn, where 7 > 0 is the discretization step size.

Algorithm 1: A general primal-dual scheme for (1.8)

Input: Choose an initial iteration (u?,pY) € S*(7T5) x L°(75)?. Choose constants 7, > 0 and

0 € [—1, 1] such that
_ 22|72
(92+ (1-6)* ) V1] 3.1)

2ot o

forn=20,1,2,---, do
Step 1 Update uZH by solving

1
! = argmin {3 o~ gl + [ Von-phdot oo -l i G2)
Q T

vaSI(T )
Step 2 Set
NZH = uZLH + HTdtu”H, (3.3)
Step 3 Update p”+1 satisfying
- o
pptt = avgmax {(an, V™) = Inlan) = 5-llan = hle }- G4

qneLO(Tr)?

end

Remark 3.1. As mentioned, Algorithm 1 with 8 = 1 reduces to the primal-dual scheme in [8], and it is
noticed that p""H satisfying (3.4) is given by

P = (9 + (/o) Vi) fmax {1, I + (/o) V).

Remark 3.2. The solution points UZH and pZH of the first and third steps in Algorithm 1 satisfy the
following inequalities, respectively:
(dtun-‘rl +a( n+1 _g) ) (ph,v'l)h) _
(= odp}™ + Vit g — pptt) <

Yo, € SYTh), (3.5)

0,
0, YaqneBi(L%Th)?, (3.6)

and they can be viewed as the discretization of the systems

{ 6tuh = —(%S(uh,ph), (3 7)
o0ipr € 94€(un,ph), '

which are the finite element approximations of the evolution systems (1.6). Moreover, the parameter T in
Algorithm 1 plays the role of a step size of the discretization in the time direction.

Remark 3.3. An inverse estimate in [15] shows that there exists ¢ > 0 such that ||V 2(q) < chii |lvn 220
for all vy, € SY(Ty,), where hin = minger, diam(T). We denote

HVUhHL2(Q ch—]

min’?

VI = sup (3.8)

R €S (TR\{0} thHLz(Q)

which will be used in the theoretical analysis later. For a regular mesh Ty, it yields from the above estimate

that | V|| < ch™



4 Convergence Analysis for Algorithm 1

In this section, we prove the convergence for Algorithm 1 and establish its worst-case convergence rate
measured by the iteration complexity. As in [37], our analysis follows the framework for contraction type
methods in [12].

4.1 Convergence

First, for the iteration 1! = (u}*1; pitt) € SY(Th) x Bi(L%(T1)?) generated by Algorithm 1, it is easy
to see from (3.5) and (3.6) that it satisfies the VI:

(F( n+1) +M( n+l MZ) v _Mz-i-l) >0, Vi, € Sl(ﬁ) X Bl(ﬁo(’]ﬁﬁ) “4.1)
with 1
I div
A ( o~ if> _ 4.2)

We prove two lemmas prior to the main convergence theorem. In the following lemma, a useful inequality
is proved.

Lemma 4.1. Let the sequence {p} ™" = (u}™'; pit1)} be generated by Algorithm 1 with 6 € [—1,1]. Then,
we have

(Gt = i) vn — i) = allon — wi HZe i) + (Fwn), miy ™ —vn)

—(1=0)(V(on — ug“) pr— i), (4.3)
Vv = (vpsqn) € S'(Th) x Bi(L(Th)?),
where )
I Odiv
¢= ( oV oI > ' “.4)

Proof. We can rewrite (4.1) as

(F(up™) + Gup™ = ), vn — ™) = (L= 0) (V(vp — up ™), pp ™ = pf)

(4.5)
>0,V € Sl(Th) x Bi(L(Tw)?).

Then, adding (F(v), ;™! — v3,) to both sides of (4.5) yields

(Glup™ = pi)s v — ™)
> (F(vn) = F(up™), v — pp ™) + (F(un), mp ™ = vn) (4.6)
— (1= 0)(V(vp —uf ™), pf — pith), Vi € SY(Th) x Bi(L2(Th)?),

which completes the proof by using the property (2.4) of F'. 0
The following lemma is also useful for further analysis.

Lemma 4.2. Let us define

T o

%I odiv
Q=1 _yv (2 - G=0pIvIy |- 4.7
Then both the operators G defined in (4.4) and Q) in (4.7) are positive definite if (3.1) holds.



Proof. Based on the definitions of G and (), it suffices to prove the positive definiteness of (). For any
nonzero function vy, = (vp,, qn) € SY(T1,) x B1(L%(T1)?), under the condition (3.1), we have

1 o (1L=0PIVI?
lvald = (@vasvi) = ~llonll3a() = 20(Von, an) + (2 = == ) lanlaqq

2a
LT o _([1=0?|V|? 2
> o2y = 2009l lenllzz@lanllzey + (2 = S0 lanl3eq  @®)
1 o ([A-02IV|? ’
> (\/FHUFLHLZ(Q) - \/T —a lanllzze) ) 20,
which completes the proof. O

Using the results proved in the above lemmas, we can show that the sequence generated by Algorithm
1 is strictly contractive (see, e.g., [12, 39], for the definition) with respect to the solution set of (1.8) under
some conditions. We summarize the result in the following theorem.

Theorem 4.1 (Contraction). Let yu, be the solution point of (1.8) and { uhﬂ} be the sequence generated by
Algorithm I with 0 € [—1,1]. Under the condition (3.1), we have

A Y I 1T T [P T % (4.9)

12,
where G and () are defined in (4.4) and (4.7), respectively.

Proof. Using Cauchy-Schwarz inequality and the definition of || V|| in (3.8) for the estimation (4.3), we have

(G(MZH — Ih), Vh — MZH) > allup — un+1HL2(Q + (F( n)s MZH - Vh)

Q TL
~ eV en — uh D e
V|12 .
o ( ) H H ” +1HL2(Q (4.10)
> (F( h), Nhﬂ h) - —4a th +1HL2 Q)

Y, € SHTh) x Bi(L2(Th)?).

Applying the identity
1
(G(b—a),b) = 5 (Ibll& — lall; + lla — blIE) (4.11)

to the term on the left-hand side of (4.10) with b = ”'H —vpand a = pp — vy, we derive

2(F(on), gt = ) < s — vl — ™ = vl
(109
= (g = w8 = =5 o = o g ), 12)

Yy, € SH(Th) x Bi(L2(Th)?).

Thus, combining the last two terms in the above inequality, we obtain

2(F(vn), 1y ™ = vn) < gy = vl = g™ = wnllE =l — 1 @13
Yy, € SY(Th) x Bi(L2(Th)?). '
Setting vy, = py, in (4.13) and using the optimality condition (2.2), then we get the result (4.9). 0



The strict contraction of the sequence generated by Algorithm 1, which is implied by the assertion (4.9),
essentially means that the convergence of the sequence { uZ“ }. We summarize the convergence result in the

following theorem.
Theorem 4.2 (Convergence). Let {MZH = (uZJrl; pZH)} be the sequence generated by Algorithm 1 with
0 € [~1,1]. Under the condition (3.1), the sequence {u}*'} converges to the unique minimizer of the

problem (1.1) in S'(Ty,).

Proof. According to (4.9), for any integer N > 0, we have

N

1
> ek = G < Nl — I
n=0

Thus, we conclude
: n__ ntlj2 _
Jim [l — " [ = 0.
As @ is positive definite under the condition (3.1), then limy, o0 (1} — MZH) = 0. Tt is implied from (4.9)
that the sequence {/:} } is bounded, and we denote by u a cluster point of {;}' }. Substituting it into (4.1),
we obtain that
(F(u),vn — ) >0, Vv, € SY(Th) x Bi(£(Th)?),

which means 1y is a solution point of (2.2). From (2.2) and (2.4), the first component of the solution y; to

(1.8) is unique. Thus, the sequence {UZH} converges to the unique minimizer of energy functional £ in
SY(Ty) by Lemma 2.1. O

4.2 Convergence Rate

In this subsection, we estimate a worst-case O(%) convergence rate measured by the iteration complexity
for Algorithm 1 with @ € [—1, 1] under the condition (3.1), where N denotes the iteration counter. Following
the seminal work [43, 45] and many others, a worst-case O(%) convergence rate means the accuracy to a
solution under certain criteria is of the order O(%) after NNV iterations of an iterative scheme; or equivalently,
it requires at most O(%) iterations to achieve an approximate solution with an accuracy of e.

First, we introduce a criterion to measure the accuracy of an approximate solution point of the VI (2.2).

Theorem 4.3. The solution set of VI (2.2) is convex and can be characterized as

0 = () {fm € S"(Th) x Bi(L(Th)?) : (F(vn), vh — fin) > 0}.

Vh

Proof. The proof can refer to Theorem 2.3.5 in [32] or Theorem 2.1 in [38]. O
According to [44], we define
Dy (fin) := {vn € 8" (Tw) x Bu(LY(Tw)?) : [lvn — finllv < 1}

with U a symmetric and positive definite operator. Then, Theorem 4.3 implies that we can say that ji;, €
SY(Th) x By (L(Tx)?) is an approximate solution of VI (2.2) with an accuracy of € if

(F(vn), i, —vn) <€, Vup € Dy(fin). (4.14)

The result in the following theorem shows that we can find fiy such that (4.14) is satisfied with € =
O(%) after NNV iterations of Algorithm 1. Therefore, a worst-case O(%) convergence rate is established for
Algorithm 1.



Theorem 4.4 (Convergence rate in the ergodic sense). Let { ,uhﬂ} be the sequence generated by Algorithm
I with 0 € [—1, 1] under the condition (3.1). For any integer N > 0, let

n+1
AN = N+1Z“ ‘

Then, we have

(F(v), fin — v lvn — udN%, Y v, € SY(Th) x Bi(L%(Th)?). (4.15)

n) < 2(N + 1)

Proof. 1t follows from (4.13) that

1
(Fon) ™ = ) < 5 (v = 1l = o = 17 E), Y on € S'(T) x BULYAT)). (416)
Summarizing (4.16) withn = 0,1,--- , N, we have
1
Fw). ZW +mn) < 5 (I — 13 = vn — i +12), (4.17)
which yields the result (4.15). ]

This theorem shows a worst-case O(%) convergence rate in the ergodic sense for Algorithm 1. The
ergodic sense is because of the fact that the approximate solution with an accuracy of O(%) is the average of
all the IV iterations generated by Algorithm 1. For the special case § = 1 of Algorithm 1, i.e., the primal-dual
scheme in [8], we can obtain a stronger worst-case O(%) convergence rate in a nonergodic sense. But it is
not clear if this convergence rate in a nonergodic sense can be extended to the general case of Algorithm 1
with § € [—1,1). The main reason is that the matrix-form operator M defined in (4.2) is not symmetric if
6 # 1. Hence, it becomes difficult to define a norm with this matrix-form operator to measure the progress of
proximity to the solution set. We summarize the stronger worst-case O(%) convergence rate in a nonergodic
sense for Algorithm 1 in the following theorem. This is a by-produce of our main results.

Theorem 4.5 (Convergence rate for § = 1 in a nonergodic sense). Let pu, be the solution of (1.8) and { uhH}
be the sequence generated by Algorithm I with 0 = 1 under the condition (3.1). Then for any integer N > 0,
it exists

1
N +1 — 4002, 4.18
ey = I1& S [0 = pnllE (4.18)
Proof. First, it follows from (4.1) when 6 = 1 that
(F(u ™) + G ™ — ), v — ™) >0, Yy, € SHTh) x Bi(L2(Th)?). (4.19)
It also holds
(F(u2) + Gy ™ — ™), vy — p72) >0, Yoy, € SH(Th) x Bi(L(Th)?). (4.20)
Setting vy, = [LZ+2 in (4.19) and vy, = ,uZH in (4.20), and then combining them together, we obtain
F n+1 F n+2 n+2 n+1
( (™) = F(py ) by — g, ) @21

— (G2 = ™) = (™ = ), ™2 = ) > 0.

10



Applying the equalities (4.11) and (2.4) to (4.21) yields

™ = P2 10E < gy = i S = 2allup ™ = w2220
— 2 = ™ = (™ = ) e (4.22)
<y — iy HIE

With 6 = 1 and the definition of () in (4.7), it follows from Theorem 4.1 that

i = 1 < N — wille = ek — w12 (4.23)
Summarizing (4.23) overn = 0,1,--- , N, we obtain
D Mk = T HIE < Mo~ i3I (4.24)

The estimate (4.22) reveals that ||} — ,uZH |2, is monotonically non-increasing. Then we obtain

(N + Dlln” = g NE < Nian = & (4.25)
which yields the result (4.18). 0

It is follows from (4.19) that s\ " belongs to the solution set of VI (2.2) if || — i ™1[|% = 0 since
G is positive definite under the condition (3.1) with § = 1. In other words, if || Y — 4, NTLI2, = 0, we have

(F(uY ), v — pN ) >0, Yy, € SU(TR) x Bi(L2(Th)?),

which implies z7' Tt is a solution of (1.8) characterized by VI (2.2). Then the quantity ||y — p7 || can
be used to measure the accuracy of an approximate solution of (1.8). Thus, the assertion in Theorem 4.5
shows a worst-case O(%) convergence rate measured by the iteration complexity in a nonergodic sense for
Algorithm 1 with § = 1.

5 A Primal-Dual Based Prediction-Correction Scheme

In Section 3, we propose Algorithm 1 which is more general than the primal-dual scheme in [8]. We will
show in Section 6.1 that this general scheme with § # 1 can accelerate the convergence numerically; it
thus makes sense to consider the generalization for § € [—1,1]. Meanwhile, we have analyzed that the
convergence of Algorithm 1 can be guaranteed under the condition (3.1). As indicated in Remark 3.3, we
have ||V||? < ch~2 with the regular mesh 7,; and when 6 # 1 for Algorithm 1, (3.1) indicates 7 < ch?. Here
7 stands for the discretization step size in the time direction if we regard Algorithm 1 as the discretizations
of (3.7) (which is the evolution systems (1.6) with finite element approximation in space). In this sense, it
is interesting to consider relaxing the requirement on 7 from the order of O(h?) to O(h). This is the main
motivation we consider the new primal-dual based prediction-correction scheme in this section.

We would reiterate that the convergence analysis for Algorithm 1 in Section 4 mainly follows the analytic
framework for contraction type methods. For its analysis, a key technique is that the condition (3.1) can
ensure the positive definiteness of the matrix-form operators G in (4.4) and @ in (4.7). With their positive
definiteness, we can measure the progress of proximity between two consecutive iterations and eventually
establish the strict contraction property for the sequence generated by Algorithm 1 which essentially implies
the convergence. It is seen from (4.4) that the off-diagonal entries of G is not zero operator, which means that
it renders two non-square terms in the expansion of any quadratic term associated with the G-norm. This fact
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essentially raises the reason of considering the condition (3.1) to sufficiently ensure the positive definiteness
of GG. For the purpose of relaxing the restriction on 7, we may consider only keeping the diagonal entries of
G as the matrix form operator for defining the norm when measuring the progress of proximity between two
consecutive iterations. That is, the analysis is based on H-norm with

ir o

Based on this analysis, we will follow the idea in [37] and modify Algorithm 1 as a new prediction-
correction scheme. Each of its iteration consists of the primal-dual step (3.2)-(3.4) and a correction step (5.3).
With the additional correction step, the requirement on 7 can be relaxed from O(h?) to O(h). Moreover,
the worst-case convergence rate in both the ergodic and nonergodic senses can be established for the new
primal-dual-based prediction-correction scheme.

5.1 Algorithm

We summarize the new primal-dual-based prediction correction scheme as follows.

Algorithm 2: A primal-dual-based prediction-correction scheme for (1.8)

Input: Choose an initial iteration (u?,p?) € S*(T5) x L°(75)?. Choose constants v € (0, 1],
0 € [-1,1],and 7 > 0 and o > 0 such that

V|2
g

< 1. (5.2)

forn=20,1,2,---, do
Prediction step: Obtain the predictor zj by Algorithm 1 with input py, i.e. (3.2)-(3.4);

Correction step: Generate the new iteration ,uZH by solving

((UZ+1 - UZ) + ’Y(u;zl - 17‘2)’ 'Uh) - T’Y(Vvhapﬁ *p;;) = Oa Vo € 51(771)7

(5.3)
((Py ™ = pp) + v — Pr),an) — W%(V(uﬁ —ap),qn) =0,V qn € B(LY(Th)?).

end

Remark 5.1. For the correction step (5.3), it can be rewritten as the compact form
(H (™ = i), vn) +v(M(py = i7),vn) =0, Vo, € SY(Th) x Bu(L(Th)?), (5.4)

where M and H are defined in (4.2) and (5.1), respectively. It is noticed that the correction step (5.3) in
Algorithm 2 is not difficult to compute because it is essentially a system of linear equations with a banded,
symmetric and positive-definite mass matrix.

Remark 5.2. The parameter v € (0,1] in (5.3) is a relaxation factor which can potentially accelerate
numerical performance. Instead, we can simply take v = 1 if the number of parameters is a concern for
implementation.

5.2 Convergence

In this subsection, we prove the convergence for Algorithm 2. First, we prove an inequality which is im-
portant for the convergence analysis. Let us recall (4.1). Thus, the predictor fi} generated by Algorithm 2
satisfies

(F() + My — ), v — i) >0, Yy € SY(Th) x Bi(L0(T5)?). (5.5)

12



Lemma 5.1. Let {1i}'} be the sequence generated by Algorithm 2 with 0 € [—1,1] and v € (0,1). Then
we have

n n+1 n n n+1 2||VH2 n+1
2(H g~ i), =) — g — i 3 > 3 (1= T g —
() ). ¥ v € ST x Bi(£ (TP

(5.6)

where H is defined in (5.1).
Proof. Adding (F(vy), iy — v) to both sides of (5.5), we have

(F(a) — F(vn) + MG — 1), vn — i) = (F(un), i — vn),¥ vn € SY(TR) % Bi(£2(T)?). (5.7)
Then, we derive

(M (g, = i) gy — vn) = (M (e — i) ey — i) + (F(va), fi, — vn)

5.8
+ allon — @ 2oy Vo € ST x B (LAT)D). O
With (5.4), we obtain
(H (i — ™), i — vp) = (M (it — @), gy — vn)
> (M (g — fip), piy — i)+ (F(vn), iy — vn), (5.9)
Vo € SHTR) x Bi(L0(Th)?)

Using the definition of M in (4.2) and H in (5.1), we can expand the term on the right-hand side of (5.9) as

(M (uip — i), iy — i) =k — mllzr — (L+0)(V (upy — ap), iy — bf)- (5.10)

With (5.4), we also have

g = M = v (M (g = AR — )
=y (H (py — "“>,H1M<u’ﬁ,—ﬁ2‘)) (5.11)

=72 (M (uf, — i), H "My — i)
whose last term can be evaluated by the definitions of H and M as
(M (ufy — i), H M (uly — 7)) = iy — mll3r + 7lldiv (ol — p4)lI?
+ 62|V (af, — af)|* (5.12)
—2(1+0)(V(up — ), piy — Ph)-
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Then, together with (5.9)-(5.12) and the definition of ||V|| in (3.8), we get
2(H (i — i) = ) — -
> 2 (M gy — i),y — i) —° (M (uy — i), H M (ufy — i)
+ 2y(F(vh), ity — vn)
= (27 = V)i — mpllE — 200+ 0)(v =) (V(ujy — @}), vy — Pr)
— 2 (ldiv(ph =PI + IV (af, — @) I1?) + 25 (F (), 7, = vi)

\Y
> (27 =7) — (1 +0)(y =) + 0272)M) =lup — a2 (5.13)

|V »
+ (v =21 = A+0)( =) =75 2k — il
+2y(F(vn), i, — vn)
> 2 1 HvH2 = 2 2 F -n
>y e, = Ellzr +2v(F (), il = va),
Vun € ST x BULTP).
Therefore, because of (5.11) and (5.12), using Cauchy-Schwarz inequality, the definition of || V|| in (3.8) and
the condition (5.2), we can derive
ik = w1 = (HMZ — i3 + lldiv(ph — pp)II* + 92*IIV( —ap)|?

= 2(1+ 0)(V (uf — @), — 7))

2 2 | v|? n |2 5.14
<P (14 (641460 U0 — afage (5.14)
2 72” H2 n_-n2
+ (1 +——+ 0+ 9));“2% — hllz2 (0
< 4|l — il
Then the result is obtained from (5.13) and (5.14). L]

Using the result in the above lemma, we can easily derive that the sequence generated by Algorithm 2 is
strictly contractive with respect to the solution set of VI (2.2). We summarize it in the following theorem.

Theorem 5.1 (Contraction). Let uy be the solution of (1.8) and {,uhﬂ} be the sequence generated by
Algorithm 2 with 0 € [—1, 1] under the condition (5.2). Then we have

1 72|V ||?
ot =l < =l — (1= T g, 6.15)
Proof. Obviously, we have

n+1 n+1)||2

—wpllF = lph — v — (uf — 1
n+1

= |l = vnllfr — 2(H (upy — ™), 1 — vn) + |l —

s

e (5.16)
I7-

Applying the result (5.6) in Lemma 5.1 to (5.16), setting v, = 1, and noticing (F (p), i@y — pn) > 0, we
obtain (5.15). ]

With the strict contraction property established in the last theorem, it becomes easy to prove the conver-
gence for Algorithm 2. The convergence of Algorithm 2 is summarized in the following theorem.
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Theorem 5.2 (Convergence). Let {MZH = (uerl, pZH)} be the sequence generated by Algorithm 2 with

0 € [-1,1] and v € (0,1] under the condition (5.2). Then, the sequence {uZ'H} converges to the unique
minimizer of energy functional E in S*(Tp,).

Proof. From (5.13) and (5.16), we obtain

k™ = wnllr < ik — pnller = —— g = Bxlle (5.17)
Then, the above inequality and (5.15) imply that
. n_ntly no__ Eny _
Jim (pgy — gy, ") = lim (g — fag,) = 0.
Thus, we have lim,,_, o HZH = lim, 0 fij. In addition, it follows from (5.17) that the sequence {MZH}

is bounded. Let 47 be a cluster point of the sequence {,u’,f“}, with (5.5), we derive that y} satisfies the
VI (2.2). So, the sequence {uzﬂ} converges to the unique minimizer of energy functional E in S'(7) by
(2.2), (2.4) and Lemma 2.1. O

Note that Algorithm 2 requires an additional correction step compared with Algorithm 1; but it ensures
the condition (5.2) to be satisfied if 7 < ch for some ¢ > 0 as | V|| < ch~!. This is a significantly relaxed
condition compared with the requirement 7 < ch? for Algorithm 1. This is the main advantage of Algorithm
2. We will numerically verify its superiority in Section 6.2.

5.3 Convergence Rate

In this subsection, we establish the worst-case O(%) convergence rate in both the ergodic and nonergodic
senses for Algorithm 2 with # € [—1,1]. Recall the lack of worst-case convergence rate in a nonergodic
sense of Algorithm | with § € [—1,1). Thus, the provable worst-case convergence rate in a nonergodic
sense is another theoretical advantage of Algorithm 2.

5.3.1 Convergence Rate in the Ergodic Sense

We first establish the worst-case O(%) convergence rate in the ergodic sense for Algorithm 2 in the following
theorem. The proof is analogous to that of Theorem 4.4.

Theorem 5.3 (Convergence rate in the ergodic sense). Let { ,uZH} be the sequence generated by Algorithm

2with § € [—1,1] and vy € (0, 1] under the condition (5.2). For any integer N, let [in be defined as

1 N
UN = N—l—ly;)'uh
Then we have
(Fm). v =) < oy = bl Yo € ST X BUCT). 518)

Proof. 1t follows from (5.16) and (5.6) that

(e = sl Fr = Nl = 1),

Yy, € SH(Th) x Bi(L2(Th)?).

(F(Vh)ma?lz - Vh) <

5=

(5.19)

15



Summarizing the inequality (5.19) for the cases of n = 0,1, --- , N, we obtain

1
F(vn), Zuh (N + Lwp) < %(Hyh_:uhHH lon = p ),

YV € SYTh) x Bi(LY(Th)?),

(5.20)

which leads to the result (5.18). L]

5.3.2 Convergence Rate in a Nonergodic Sense

Now we establish the worst-case O(%) convergence rate in a nonergodic sense for Algorithm 2. The analysis
is based on the strict contraction property (5.15) and the monotonicity of the sequence {||u} — uzﬂ 1% }.

Lemma 5.2. Let {11!} be the sequence generated by Algorithm 2 with 0 € [—1,1] and v € (0,1]. Then,

we have

n+l nJrZHH

[ < luh = E- (5.21)

Proof. Because of the optimality condition (5.5) of the prediction step, we have

(F(in) + M (g — pi),vn — i) = 0, ¥ vy € 8'(Th) x Bi(L£(Th)?), (5.22)

and
(F(a) + Mt — ™), v — @) >0, Y € SHTh) x Bi(L2(Th)?). (5.23)

Taking vj, = ”H in (5.22) and vy, = py in (5.23), and adding them together, we have
(M ((uy = i) = (up ™ = ™), iy — ™) > 0. (5.24)
Adding the term
(M ((uiy = ) = (™ =), (e = A7) = (™ = ™))
to both sides of (5.24), it yields

(M ((uy = B3) = (™™ = mpt™h), e — ™)

- - - (5.25)
> (M ((upy = ) = (™ = mpth)s (g = m9) = (™ = 5 )),s
together with which, it follows from (5.4) that
(H (g = g Y) = (™ = i) gy — ) 5.26)
> (M ((uh = i) = (pt = )y (e = B7) = (et = ).
Now we use the identity
lall? = [Ibll7 = 2(H (a = b),a) — [la — b]|
with a = pjf — ”+1 and b = ”+1 - ,uZ” and thus get
ik = ™ = ™ = P21
= 2(H ((ufy = s ™) = (™ = 1)y — ™) (5.27)
— 1t = ™) = ™ =
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Then, it follows from (5.26), (5.27) and (5.4) that

ey = 1 — ||/~L"+1 ”+2IIH
> 2y (M (] — (™ =) (g — m) = (™™ = ™))

— || Cuen M"“) (MZ“ A% (5.28)
= 2(M ((p; — (gt = ), ((er — ) = (™ = ™))

—9? (M((uh — Mh) (= ), H M (= i) — (e = ).

We can show that the right-hand side term of (5.28) is nonnegative, just as the same approach in (5.13). The
result (5.21) is thus proved. ]

Next we establish the worst-case O(%) convergence rate in a nonergodic sense for Algorithm 2. We
summarize the result in the following theorem.

Theorem 5.4 (Convergence rate in a nonergodic sense). Let uiy, be the solution of (1.8) and { ,uhH} be the
sequence generated by Algorithm 2 with 6 € [—1,1] and y € (0, 1] under the condition (5.2). Then for any
integer N > 0, it holds

1
N_ N+1(12 < — .02 529
oy — g, Tl < TNED) ln — e || s (5.29)

where 1 is

L TRy,

o
Proof. 1t follows from (5.15) that

ik = P < llwn = willer = s — o1 (5.30)
Summarizing the inequalities (5.30) for the cases n = 0,--- , N, we have
N
e ek = e < i — s = Nl = I (5.31)

From the result (5.21) of Lemma 5.2, we know that ||} — MZH |2, is monotonically non-increasing. There-
fore, it yields

N
(N A+ Dl =y M <Y M = i e (5.32)

Then the assertion (5.29) is obtained by (5.31) and (5.32). O]

6 Numerical Experiments

In this section, we report some preliminary numerical results to show the efficiency of the proposed algo-
rithms. The rationale of considering the general primal-dual scheme (1.11) and the new primal-dual-based
prediction-correction scheme is thus verified. Our main purpose is to illustrate: 1) the combination factor
f = 1 sometimes can accelerate the convergence of Algorithm 1 with 6 = 1; and 2) Algorithm 2 with a
relaxed requirement on 7 could be numerically faster than Algorithm 1. Note that our work uses the finite
element method to discretize the saddle-point reformulation of (1.1), and it is not comparable with those
work (e.g. [18, 46, 47]) using finite difference discretization. Thus no comparison results with these finite
difference discretization work are reported below.
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All codes were written in C++ based on the finite element library AFEPack', and all experiments were
run on a Linux desktop with 15-4570s Intel 2.9GHz four Processors and 8GB Memory. The stopping criterion
for implementing Algorithms 1 and 2 is throughout chosen as

n+1

lup ™ = upllrz@)

HUZHHH(Q)

with the tolerance Tol > 0.

6.1 Numerical Results for Algorithm 1

< Tol,

We first verify that the combination factor # # 1 may accelerate the convergence of Algorithm 1 with § = 1.
Recall that Algorithm 1 with § = 1 is the method considered in [8]. The example to be tested for this purpose

is similar as the one tested in [8].

Example 6.1. Let B(0,7) := {x € R? : |z| < r}, Q be a regular octagon inscribed in the circle B(0,0.5),
a = 200, and g = go + 6§ with go = Lp(0,0.2), Which is the indicator function of B(0, 0.2), and &, is a

mesh-dependent perturbation function.
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Figure 1: Triangular mesh over €2 (left) and the function gq (right) for Example 6.1.

The domain €2 is partitioned by the triangulation mesh 7, with 1023 nodes and 1980 elements, as shown
in the left part of Figure 1. The right part of Figure 1 shows the plot of gg over the mesh 7},. The discretized
function g, € £°(Ty,) is defined by gp, |7 = go(27) +0& |1 for each T' € Ty, where the perturbation function
&n € LO(Ty) is a normally distributed random value in each element 7' € Tj,. Note that using our mesh, we
have 1/||V||? ~ 1.0 x 10~° and empirically we use 1/||V||? = 1.0 x 10~° to determine 7 in our experiments.
The initial guess u% is taken as the projection of function g, onto the finite element space S*(73), and p?L
is initialized as zero function. The tolerance in the stopping criterion is set as Tol = 1.0 x 10™% in the

experiments for Example 6.1.

To see the effectiveness of the combination factor 0, for Algorithm 1 we test the cases of § € [—1, 1] with
an equal distance of 0.1 and plot the iteration numbers and the values of the step size 7 in Figure 2. From
this figure, we see that some cases of § € [—0.5, 1) require less iterations. Thus the numerical efficiency of
Algorithm 1 with 6 # 1 is demonstrated. We can also observe in Figure 2 that the value of 7 plays a key role
for the total iteration number of Algorithm 1 under the same stopping criterion, a larger value of 7 satisfying
the convergence condition leads to less iteration numbers. It should be noticed that the largest step size 7 to
guarantee the convergence for § € [—1, 1) can be larger than that of § = 1.0 when the mesh size h is not

"http://dsec.pku.edu.cn/~rli/source_code/AFEPack.tar.gz


http://dsec.pku.edu.cn/~rli/source_code/AFEPack.tar.gz

small enough, although 7 = O(h) for # = 1 and 7 = O(h?) for § € [—1,1) are required to guarantee the
convergence, just as shown in Figure 2, that the step size 7 associated with § € [—0.5, 1) is larger than that
with 6 = 1.0.
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Figure 2: Iteration step number (‘e@’) and step size 7 (‘o’) with different § for Example 6.1 with noise level
0 = 10% by Algorithm 1 with o = 10.0.

Notice that the condition (3.1) can be rewritten as

o (1—6)? (1—6)4 o
<2 402 )
i an2/< 2a +\/ PO

As suggested by one referee, based on this inequality, we can seek a numerically “optimal” value of # in
sense of maximizing the function ((6) within the interval § € [—1, 1] where

o 1 —6)? 1-—0)* o
@) ::2llv|\2/<( o +\/( = +492an2)' 6D

We define by 60 the numerical approximation to the value of 6 that maximizes ((6) approached by imple-
menting Newton method; and Algorithm 1 with § = 6* is denoted by “Algl(6*)”. In the following, we
compare Algl(6*) with Algorithm 1 with § = 1 (“denoted by Algl(1)”), i.e., the method in [8]. For both
Algl(1) and Algl(6*), we take 7 = 0.98¢(0).

In Table 1, we compare the iteration numbers of Algl(1) and Algl(6*) for Example 6.1 with different
noise levels. For o = 1.0, 2.0, 5.0, 10.0, 20.0, as listed in this table, the values of 6* are 0.303336, 0.199953,
0.10102, 0.0556989, 0.029435, respectively. Since the computation per iteration is the same for Algl1(1) and
Algl(0*), we just compare their iteration numbers and omit the comparison in computing time. According
to this table, we see improvements of Algorithm 1 with the well-chosen parameter 68 over the special case
# = 1in [8], especially for relatively large parameter ¢ and noise level §. Additionally, the numerical results
in Table 1 reveal that the case of # = 1.0 seems sensitive to the parameter o and the noise level of input data,
while the case with 8* is more robust.

In Table 2, we report the comparison of the iteration numbers for Algl(1) and Algl(6*). We focus
on the case of Example 6.1 with ¢ = 10.0 and test different noise levels and triangular meshes: “TvVo”
(1023 nodes and 1980 elements), “TVo1l” (2126 nodes and 4154 elements), “TVo2” (3667 nodes and 7204
elements), “TVo3” (5621 nodes and 11080 elements). Note that “TVo” denotes the mesh shown in Figure 1;
“TVo1”,“TVo2”,“TVo3” are refined meshes with approximate values of 1/||V||? as 4.4 x 1076,2.5 x 1075
and 1.5 x 10~?, respectively. These experimental results verify acceleration of Algorithm 1 via choosing the
combination parameter 6 # 1.
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Table 1: Comparison in iteration numbers of Algl(1l) and Algl(#*) for Example 6.1 with different noise

levels.
0 = 20% 0 = 10% 0 =5% 0 = 1%
o Algl(l) | Algl#*) | Algl(l) | Algl(@*) | Algl(l) | Algl@*) | Algl(l) | Algl#™)
1.0 317 247 252 207 224 184 218 181
2.0 363 259 276 216 245 192 236 189
5.0 407 274 305 225 272 200 262 196
10.0 434 270 329 228 296 203 285 199
20.0 466 273 359 230 325 205 313 200

Table 2: Comparison in iteration numbers of Algl(1) and Algl(6*) with o = 10.0 for Example 6.1 with
different meshes and noise levels.

5 = 20% 5 =10% 5 =5% 5§ =1%
mesh || Algl(1) | Algl(@) | Algl(l) | Algl(6%) | Algl(l) | Algl(@®) | Algl(l) | Algl(5*)
TVo 434 270 329 228 296 203 285 199
TVol 426 300 365 268 343 259 334 258
TVo2 453 350 393 311 373 298 364 294
TVo3 448 363 408 336 397 330 394 330

In Figure 3, we plot the values of E(u}!) at the iterations u}, for the cases of 6 = 10% and 5%. The curves

of this figure further show that the energy decreases more quickly for Algorithm 1 with 8* than § = 1.0.
The acceleration of Algorithm 1 with 6 # 1 is thus verified. We show the iterations u} for the cases of
0* = 0.0556989 and # = 1.0 in Figure 4, the cases with n = 0, 20,40 and n*°P are listed from top to
bottom, where n5%°P stands for the scenarios where the iteration is terminated, i.e., the iteration numbers are

228 and 329 for the cases of 8* and 6 = 1, respectively.

4.5

E(upy)

2 . . . . . . 15 . . .
0 50 100 150 200 250 300 350 0 50 100 150
n n

(b) noise level § = 5%

200 250 300

(a) noise level § = 10%

Figure 3: Energy F'(u}) of iterations uj by Algorithm 1 with 6* = 0.0556989 and § = 1.0, respectively, for
Example 6.1 with o = 10.0.

We also notice that there are a series of papers (e.g., [29, 34, 33, 41]) that consider finding numerical
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Figure 4: Iterations uj with n = 0, 20, 40, nst°P by Algorithm 1 with o = 10.0 for optimal 6* = 0.0556989
(left) and € = 1.0 (right) for Example 6.1 with § = 10%.
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solutions of the model (1.1) by solving its regularized L? gradient flow, i.e.,
Vu
VIVul?2 + A

This approach has been shown to be able to overcome the singularity of the diffusion term in (1.4). Partic-
ularly, in [34, 33], the following fully discretized implicit finite element scheme (IFEM) was proposed for
solving (6.2):

Opu — div< > +a(u—g)=0. (6.2)

n+1 n n+1

— \V4

(7% uh,vh> + < i ,Vvh> + oz(uzJrl —g,up) =0, Yo, € 81(771). (6.3)
T /|vuz+1|2 A

Since (6.3) is a nonlinear system and it is generally not easy to solve it, the following semi-implicit finite
element scheme (SIFEM) was proposed in [29, 41]:
- Vuptl
h h ) h n+1 _ 1

A2 )+ | ———,Vp | +a(u; T —g,vy) =0, Yo, € S (Th), 6.4
( - h ( Yo h> (up g, n) h (Th) (6.4)
which results in a linear equation with respect to uZH.

In the following, we shall compare Algorithm 1 with the SIFEM (6.4) as well to further verify its effi-

ciency. We take A = 1.0 x 1072 for the SIFEM (6.4) and the same step size 7 as Algorithm 1.

Table 3: Comparison in computing time in seconds of Algl(#*) and the SIFEM (6.4) for Example 6.1 with
different noise levels.

5 = 20% 5 = 10% §=5% 5§=1%

o || Algl(#*) | SIFEM | Algl(6*) | SIFEM | Algl(9*) | SIFEM | Algl(6*) | SIFEM
0.01 0.63 3.14 0.57 2.50 0.52 2.51 0.51 2.45
0.05 0.67 2.30 0.62 1.84 0.56 1.76 0.57 1.77
0.1 0.73 2.09 0.68 1.71 0.62 1.70 0.61 1.66
0.2 0.84 1.53 0.74 1.22 0.67 .19 0.66 1.18
0.5 0.98 1.19 0.84 1.03 0.74 0.99 0.73 1.00
1.0 1.04 1.13 0.87 0.91 0.78 0.93 0.77 0.94

In Table 3, we list the computing time in seconds for Alg1(6*) and the SIFEM (6.4) for Example 6.1 with
different noise levels. For the cases of o = 0.01,0.05, 0.1, 0.5, 1.0, the values of 8* are 0.881256, 0.754343,
0.672078,0.420204, 0.303336, respectively. Table 3 shows that Algorithm 1 performs much more efficiently
than the SIFEM (6.4) for Example 6.1. Since Algorithm 1 and the SIFEM (6.4) are in different natures and
the computation per iteration is different, we just compare them in terms of the computing time and omit the
iteration numbers.

6.2 Numerical Results for Algorithm 2

Then, we test Example 6.2 to verify that Algorithm 2 with a relaxed requirement on 7 could be numerically
faster than Algorithm 1. The efficiency of Algorithm 2 is demonstrated by some comparisons with Algorithm
1.

Example 6.2. Let o = 400, g = go + 6&n, and &y, be a mesh-dependent perturbation function, where gy be
the solution at t = 1.0 of the 2D Allen-Cahn equation [2] over Q = (0,1)? subjected to periodic boundary
condition,

Oy = D(eAu — %F'(u)), (6.5)
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where F(u) = +(u? — 1), the initial value be taken as the following random initial value
u(z,0) = 0.05(2rand — 1).

We obtain gg by solving the Allen-Cahn equation (6.5), which describes the process of phase separation
in multi-component alloy systems, including order-disorder transitions. The image of gg over the mesh
Ty, with 10,201 nodes and 20, 000 elements is shown in Figure 5, which represents the concentration of
two metallic components of the alloy at time ¢ = 1, respectively separated in the red and blue regions. It
is piecewise constant and exhibits jumps on the edges, and we consider it as an appropriate data for the
minimization model (1.1). The perturbation function &, € S! (7Tp) evaluated at each node of mesh 7y, is a
random value sampled from the normal distribution, the noise level ¢ is 0.2, the initial guess u% is set by

function g, and pf) is chosen as 0.

1

0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1

0 %, SEEVISE,
0 0.2 0.4 0.6 0.8 1

Figure 5: The function gg over the uniformly triangular mesh with square edge length 1,/100.

We fix 0 = 0.1 and v = 1.0 for Algorithms | and 2; and focus on some cases with § € [—0.9, —0.2] to
compare the difference of these two algorithms (because the difference of these two algorithms for Example
6.2 is less significant when 6 is not that small, e.g., § € [—0.1,1]). In Table 4, the iteration numbers and
computing time in seconds are listed for the cases of § € [—0.9, —0.2] with an equal distance of 0.1, where
the tolerance in the stopping criterion is set as Tol = 1.0 x 10~%. According to the table, we see that
Algorithm 2 converges with much larger values of 7 than those for Algorithm 1. This coincides with our
theoretical assertion of 7 ~ O(h?) for Algorithm 1 and 7 ~ O(h) for Algorithm 2; see (3.1) and (5.2),
respectively. Moreover, the results in Table 4 show that Algorithm 1 seems to be more sensitive if the value
of 7 is near its upper bound theoretically given by (3.1). The comparison of iteration numbers and computing
time in seconds is displayed in Figure 6. We test the cases of § = —0.2, —0.4, —0.6, —0.8 with more values
of the step size 7; and plot the results in Figure 7. This figure shows that the iteration numbers and computing
time of Algorithm 1 decrease first and then increase once it is convergent; while those of Algorithm 2 are
monotonically increasing with small values of the step size 7. In Figure 8, we plot the input ug and outputs
(first row: input “2; second row: output by Algorithm 1; third row: output by Algorithm 2) when § = —0.4
(left) and —0.8 (right) for Example 6.2 with Tol = 1.0 x 107°.
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Figure 6: The iteration step (left) and CPU time (right) in seconds for Example 6.2 by Algorithm 1 and
Algorithm 2 with § = —0.9, - -- , —0.2 and their corresponding step size 7 marked in Table 4.

7 Conclusions

In this paper, we focus on the application of primal-dual schemes to the saddle-point reformulation of a
minimization model with total variation regularization. We consider the context of using the consistent
finite element discretization and focus on the convergence study for some primal-dual schemes. We first
generalize the primal-dual scheme in [8], and then prove its convergence and establish its worst-case con-
vergence rate measured by the iteration complexity. Then, we propose a new primal-dual scheme in the
prediction-correction framework, whose requirement of the step size 7 can be significantly relaxed. This
new primal-dual-based prediction-correction scheme keeps the same convergence and may perform better
than the generalized primal-dual scheme. We report some preliminary numerical results to verify the theo-
retical assertions.
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and Tol = 1.0 x 10~°. (First row: input u%; Second row: Output by Algorithm 1; Third row: Output by
Algorithm 2)
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