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Abstract

Consider the (functional) SDEs in R? with Holder continuous drift driven by a-
stable process satisfying (H1). Using Zvonkin type transformation, the convergence
rate of Euler-Maruyama method is obtained. The results are new, especially for the
functional SDEs with irregular drift.
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1 Introduction

Recently, the convergence rate of Euler-Maruyama (EM for short) method for stochastic
differential equations (SDEs for abbreviation) with irregular coefficients has attracted much
attention. For instance, by the Meyer-Tanaka formula, [11] revealed the convergence rate in
L'-norm sense for a range of SDEs, where the drift term is Lipschitzian and the diffusion
term is Holder continuous with respect to spatial variable; Adopting the Yamada-Watanabe
approximation approach, [3] extended [11] to discuss the strong convergence rate in LP-norm
sense; Using the Yamada-Watanabe approximation approach and heat kernel estimate, [§]
studied the strong convergence rate in L!'-norm sense for a class of non-degenerate SDEs,
where the bounded drift term satisfies weak monotonicity and is of bounded variation with
respect to Gaussian measure and the diffusion term is Holder continuous. Quite recently, by
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Zvonkin transformation [12], [2] discussed the convergence rate of EM method for the (non-)
degenerate SDEs with Dini continuous drift.

We should remark that all the above results focused on the convergence rate of EM
method for SDEs driven by Brownian motion. As to the Lévy noise, there are also some
results. For example, applying the Zvonkin transformation, [9] obtained the strong con-
vergence rate of EM method with bounded Hoélder continuous drift driven by truncated
symmetric a-stable process. When the Lévy measure is absolutely continuous with respect
to Lebesgue measure in R?, 7] obtained the convergence rate of EM method.

In this paper, we investigate the convergence rate of EM method for SDEs and functional
SDEs (SFDEs) driven by a-stable process with Holder continuous and bounded drift. We
assume (H1) holds for the a-stable process which contains the case that the Lévy measure
is not absolutely continuous with respect to Lebesgue measure in R?. By the Zvonkin
transformation, we can change the SDEs with irregular drift to the regular ones, and then
we obtain the convergence rate of EM method.

Before moving on, we firstly recall some knowledge on symmetric a-stable process and the
Poisson random measure, see [10] for more details. Recall that a R%-valued Lévy process L(t)
is called d-dimensional symmetric a-stable process if the Lévy symbol ¥ has the following
representation:

U(u) = /Rd[l — cos{u, z)|v(dx).

where
dr

D) = [ utae) [T 1pr0) T D e AR,

S ={z € R4 |z| = 1} and p is a finite symmetric measure on (S, B(S)), i.e. u(A) = u(—A),
VA € A(S).
It is easy to see that the Lévy process L(t) has the following two properties:

(I) Scaling property: for ¢t > 0, let p; denotes the law of L;, t > 0, then
1(A) = ("= A), AeBRY,t>0.

(IT) For any v > «, we have

/ |z|"v(dz) < oco.
{lz|<1}

Refer to [10] for more details. Moreover, the Poisson random measure N associated to L is
defined as follows:

N([0,4,U) = Y 1y(AL(s)), Ue B (RN{0}),t>0.

0<s<t

Here AL(s) = L(s) — L(s—) denotes the jump size of L at time s > 0. The compensated
Poisson random measure NN is defined by

N([0,8,U) = N([0,£],U) — tw(U), U € B (RN0}),0¢T,t>0.
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It follows from Lévy-Ito decomposition that

t t
L(t) = / / xN(ds, dx) +/ / xN(ds,dz), t>0.
0 Jz|<1 0 Jz|>1

In addition, for any 7" > 0, the predictable o-algebra P on Q2 x [0, T'] is generated by all left
continuous adapted processes. Letting U € & (RN\{0}), consider a P x Z(U)-measurable
mapping F: Q x [0,T] x U — R 1f 0 ¢ U, then

// N(ds,dz) = Y F(, 5 AL(s))1y(AL(s))

0<s<T

is a random finite sum. Furthermore, if E fOT Jo |F (-, s,2)]*v(dz)ds < 0o, one can define the

stochastic process as
/ / N(ds,dz), te€0,T].

Notice that we do not assume 0 ¢ U. The process Z = (Z (t)) 1s a L2- martmgale with a cadlag
modification. Moreover, by [5, Lemma 2.4], we have E|Z(t)]? = E [} [, |F(-, s, 2)[?v(dz)ds.
We will use the following LP-estimates (see [5, Theorem 2. 11]) for any p > 2 and t € [0,77,
there exists a constant ¢(p) > 0 such that

(//’F (-,s,2)*v(da)d ) //!F 8x|pudx)]

Write M (t) = |Z(t)|* and A(t fo Jo |F (-, s,2)[Pv(de)ds. When p € (0,2), by Lemma 4.1

(see section 4), we have
t P
(/ / |F(',s,x)\2u(dx)ds) . tel0,T].
0o Ju

For convenience, we introduce some notations. Denote |-| by the floor function, which
maps a real number to the greatest preceding integer. Let || - || denote the operator norm for
a bounded linear operator. For fixed k € N and 3 € (0, 1), define set Cf (Rd) and C’f +8 (Rd)
as follows.

| sup 12097 < cly

0<s<t

L) | s 260°] < e

0<s<t

(1) Denote Cbﬁ (R?) by the set of R%-valued bounded functions defined on R?, which are
£ Holder continuous. The norm of Cf (Rd) is

. |f(z) = f(y)]
1 fllg == jélﬂg |f(x)| + iigw

, feC)(RY.



(2) Denote Cy +A (R?) by the set of R%-valued bounded functions, which have up to k-
ordered continuous derivative and the k-th derivative is § Holder continuous. The
norm is

IV*f () = VW)

p—T . eGP (RY).

k
1fllks =D sup [V f(z)] + sup
rFY

i=0 $6Rd

In particular, CY (]Rd) means the set of R?valued bounded functions, equipped the norm
| fllo := supgera | f(2)|, and we usually denote Ci,.
Throughout this paper, we assume that

(H1) For fixed o > 1, there exists a positive constant C,, > 0 such that

U(u) > Cyplul®, ue R

Remark 1.1. Refer to [10] for more details about this assumption. We know there are two
examples satisfying (H1). One is when L is a standard a-stable process, i.e. ¥(u) = cq|ul®.
In this case, v has density mcﬁ with respect to the Lebesque measure in RY.  Moreover
the spectral measure p is the uniform distribution on S. Another example is V(u) =
koSS0, |ui|®) and the Lévy measure v is singular with respect to the Lebesgue measure
in RY. More precisely, v is concentrated on the union of the coordinates axes, i.e.

1
yi‘1+a

d
V<dy) = Cq Z ]lAi
=1

where A; = Nz {y; = 0}. The spectral measure i is a linear combination of Dirac measures,
e p= Zzzl(éek +0_¢,), where (ex) is the canonical basis in R%.

2 The convergence rate of EM Scheme for SDEs

In this section, we consider the following SDEs on R? (d > 1):
(2.1) dX(t) = b(X(t))dt +dL(t), X(0)=u=z, te]0,T],

where b is a R — R? function and L(t) is a d-dimensional symmetric a-stable process
(v € (0,2)) on a complete filtration probability space (2, . %, {.%; }+>0,P), which satisfies
L(0) =0, P-a.s.

For any m € N, define the EM method as follows:

X™(t) :x+/0 b(X™(nm(s)))ds+ L(t), te€]0,T],

where 7,(s) = |22] L, s € [0,7]. From now on, we assume m is large enough such that

% < 1. We will give the strong convergence rate of EM method for SDEs (2.1). Besides

(H1), we need one more assumption about the function b.
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(H2) be C) (R?) for some 3 € (0,1) satisfying 28 + o > 2.

In order to transform (2.1) to a SDEs with regular coefficients, for any A > 0, consider
the following resolvent equation on R%:

(2.2) A — Ly —bVu=Db,

where
25w = [ [y~ 50~ . ey, f € OF®Y)

By [10, Theorem 3.4], we have

Lemma 2.1. Assume (H1) and (H2), then for any A > 0, there ezists an unique solution
u = uy € ng (Rd) to (2.2). Moreover, for any X\, there exists a constant cy, > 0
independent of b and u such that

Mlullo + IVullars—1 < exollblls, A > Xo.
Finally, we have limy_, [|[Vuy|lo = 0.

Lemma 2.2. Assume (H1) and (H2), then for any 0 < p < a,

T\ &
BIX"(0) - X" () < Co0) (1)
holds for some constant C(p,v) depending on p and v.

Proof. By the boundedness of b and the scaling property of L, for any 0 < p < «, noting
that a > 1, we have

EX™(t) = X" (nm(1))|" < E

The following lemma gives the regularity representation of X™ by Zvonkin transforma-
tion. The proof of this lemma refer to [10, Lemma 4.2].

Lemma 2.3. Let u be the unique solution given in Lemma 2.1, then for any t € [0,T] we
have
t

[X7(t) + w(X™(1)] = [X(0) +w(X(0)] + L(t) + A i u(X™(s))ds

(2:3) + /Ot [+ Vu(X™ ()] [o(X™ (11 (s))) — b(X™(s))] ds



We state the main result of this section as follows.

Theorem 2.4. Assume (H1) and (H2), then for any p > 0 satisfying pB < «, the estima-
tion

ol

(2.4 E sup [X(s) = X"(s)]" < C (1)

0<s<T m
holds for a positive constant C := C(p,T,v,\, a, 8) depending on T, p, v, A\, a and 3.

Remark 2.5. When o = 2 and § = 1, the result coincides with the case that the process
L(t) is a Brownian motion and b is Lipschitz continuous.

Remark 2.6. In the multiplicative noise case, [7, Proposition 1] obtained the convergence
rate under condition p € (0,a). In our result Theorem 2.4, this condition becomes more
relazed, which is p € (0,a/B), B < 1. For this, we need to notice that: in the additive noise
case, though E|X (t)|P is infinite when p > o, (X (t) — X™(t)) still be a bounded process since
b 1s bounded.

Proof. Combining Lemma 2.3 with [10, (4.4)], we have

(2.5)
(X (1) +u(X ()] — [X™(t) + w(X™(t))]

= [ A () = uxmJas = [T+ Tu D PO () - B ()] ds

0

/ /Rd\{o} )+ ) —u(X(5—)) — uw(X™(s—) + x) + u(X™(s—))] N(ds, dz).

By Lemma 2.1, choosing large enough A > 0 such that ||Vullp < 1/3, it follows from (2.5)
that

(2.6) X () — X™(1)] < ;Al(t) + ;AQ(t) + %Ag(t) + ;A4(t),

where

x) —u(X(s—)) — w(X™(s—) + x) + u(X™(s—))| N(ds, dz)] ,

|:L’\>1

Aslt) = / (X () = u(X™(5) s,

1) — u(X(s-)) = u(X™(s=) + &) + u(X"(s—))] N (ds, dz)|

|x\<1

:/0 [+ Vu(X™ ()] [D(X™ (nm(s))) — b(X™(s))] [ds.



Firstly, by assumption (H2), Lemma 2.1, Lemma 2.2 and Holder inequality, we obtain

E sup Aj(s) < ci(p)t"'E /Ot [+ Vu(X™ ()] [D(X™ (nm(s))) — 0(X™(s))] [Pds

0<s<t
(2.7) o
< Cl<p7 T7 V) (_) )
m
where ¢;(p, T,v) > 0 is a positive constant depending on p, T, v. Similarly, we have
(2.8) E sup AL(s) < ca2(p, A\, T)t'E sup | X (s) — X™(s)|P.
0<s<t <s<t

Next, we divide two cases to estimate A; and As.
Case 1: 0 < p < 2. By the boundedness of u and the property of v, it is easy to show
that

/ /|>1 (X (s=) +2) —u(X(s—)) —u(X™(s—) + z) + uw(X™(s— | v(dz)ds < oo.

Since
[uw(X (s—) +x) —u(X(s—)) —u(X™(s—) +z) + u(X"(s—))]
SJu(X(s—) +2) — (X" (s=) + 2)| + [u(X(s—)) — u(X™"(s—))]
<2IX(5-) = X(s-),
combining this with (1.1), we obtain

E sup A2(s) < es(p)t5v({fe] > 1})3E sup [X(s) — X™(s)]?

0<s<t s€0,1]

— cy(p.V)HEE sup [X(s) — X ()]

s€(0,t]

(2.9)

By [10, Lemma 4.1], assumption (H2) and Lemma 2.1, it holds that

[u(X(s=) +2) —u(X(s=)) = uw(X"(s=) + 2) + u(X"(s—))]

2.10
210 < 322y X (=) — X (s ).

Since X (t) — X™(t) is a bounded process, (2.10) and assumption (H2) imply that

/ /||<1 )+ ) — u(X(5—)) — u(X™(s—) + ) + u(X"(s—))|*v(dx)ds < oo.

It follows from (1.1) that

M|

E sup Aj(s) < ca(p, o, B)E U/ ull 51X (s) = X7 () |22~ Do (dz)ds
(2.11)  0<s<t jal<

< cs(p, v, a0, B)EEE sup [X(s) — X™(s)[".

s€[0,¢]
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Case 2: p > 2. By (1.1), we get

E sup A7(s) < es(p)tev({lz] > 1})%E sup |X(s) = X™(s)]?

0<s<t s€[0,t]
(2.12) Feslpv({Je] > 1DE sup X(5) = X"(5)"
se|0,
= c3(p, V)tE sup | X (s) — X™(s)]?,
s€[0,t]
and
E sup AZ(s) < cu(p, . B)E [ / / Jal 51X () — X™(5) 21l D(da)ds
0<s<t lz|<
(2.13) + es(p,a, B)E / / Jull2, 51X (s) — X (s)[P L8V (da)ds
< ey(p, T, v, a, B)tE s?p]\X( 5) — X"(s)[F.
s€(0,t

Combining formulas (2.6)—(2.13), we get

T pB
E sup |X(s) — X"(s) < e1(p, T 0) (—) L aME sup |X(s) — X™(s)P
m

0<s<t 0<s<t

where ¢ is a constant depending on p, T, v, A\, a, 8. Taking ty := [2¢(p, T, v, )\,a,ﬁ)]f(gﬂ),
we have

efg

B sup [X() - X" < cn. T, ()

0<s<tg

Finally, by recursion, it is easy to show that

E sup |X(s) = X™(s)]P <c(p,T,v)(|T/te] +1) <%> - ,

0<s<T

which completes the proof of Theorem 2.4. O

3 The convergence rate of EM Scheme for SFDEs

Fix r > 0, denote 2 by the set of all R%-valued cadlag functions on [—7, 0] equipped with the
uniform norm [|€le = supye_.q [£(s)|. For any Révalued cadlag function f on [—r,00),
define f; € Z as fi(0) = f(t+6), 0 € [-r,0].

In this section, we consider the following functional SDEs on R? (d > 1):

(3.1) AX (1) = b(X (1))dt + B(X,)dt + dL(1), Xo=E¢,
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where b : R — R? and B : 2 — R? are measurable functions, and L(t) is the Révalued
Lévy process introduced in Section 1. Next, we introduce the EM method for SFDEs (3.1),
refer to [1] for more details. For some integers M > T and N > r, define A € (0,1) as

r T
Ai=—=—.
N M

For any integers k € [-N,00) and i € [—-N, —1], write

G(kA) = £(kA), —N <k < 0;

B2 Sk + DA) = (kA) + bEHANA + BHa)A + L{(k + )A) — LEA), k>0,

where g is a P-valued random variable defined by

s — 1A

((+1)A-s ik +i+1)A), s € [id, i+ 1)A].

(3.3)  wkals) = A

y((k+1i)A) +

In order to define y_a, we set g(—(N + 1)A) = £&(—NA). Thus we give a discrete-time
approximation {y(kA)}x>o. Following this, we give a continuous-time approximation y(t)
by setting y(t) = £(¢t) when t € [—r,0]. For ¢t € [0, 7], define

3.4 0 = €0)+ [ (0.0) + Blas + L)

where gy := g 1 5. It s easy to see that y(kA) = y(kA) for —N < k < M. Combining this
and formulas (3.2)—(3.4), we have the following properties:

(N1) [|Zrallee =sup_y<ico [U((k +)A)], 1<k <M.

(N2) [[gralloo < llykallos, —1 <k <M.

(N3) [[Gtlloe = 172 jallc < [y £ jalloc < sup_pcocy [y(s)], t € [0, T].

In this section, we study the convergence rate of EM method for SFDEs (3.1). Before
moving further, we give the assumptions in this model:

(H2") be CY (R?) for some 8 € (0,1) satisfying o + § = 2.

(H3) B is a bounded and Lipschitz continuous function, i.e. there exists a left-continuous
nondecreasing function p : [—r,0] — [0, 00) such that for all £,n € 2,

B() - B(n)* < / €(s) — n(s)[2dp(s).

[—T,O]
H4) For some p € (0, ), there exists a constant v > 0 such that
g

[€(s) = E@)IP <Als 1], Vs,t € [-r,0].



Noticing that the assumption (H3) implies [4, (H2)]. Under assumptions (H1), (H2’) and
(H3), it is easy to prove that (3.1) has an unique strong solution by using the result of [4,
Theorem 3.2]. Moreover, for any ¢ € [0, T], we have

(X (@) +u(X (1)) = [X(0) + u(X(0))] + L(t)

(3.5) +A /0 u(X(s))ds + /0 (I +Vu(X(s)))B(X,)ds
+ /0 /R d\{o}[u(X (=) + @) — u(X(s—))|N(ds, dz).

By (2.2), Lemma 2.1 and It6 formula, we give a regularity representation of y(¢) by
Zvonkin transformation. For more details of the proof, refer to [10, Lemma 4.2] and [4,
Theorem 3.2].

Lemma 3.1. Let u be in Lemma 2.1, then
[y(t) + u(y ()] = [y(0) + u(y(0))] + L(t)

t t
o [utyleDas+ [ (14 Tulus) Bods
0 0
(3.6) ' )
+ [ (T4 Vu(y(s)))(b(ys(0)) = b(y(s)))ds
0
t
s fulso) + o)~ uly(s-)IN (s, de), e 0.T)
0 JRA{0}
The following lemma is useful in the proof of the main result in this section. The proof
is similar to the one of [1, Lemma 3.2], for convenience, we show it in detail.
Lemma 3.2. Assume (H2’), (H3) and (H4), then for p € (0, «) introduced in (H4) and
te0,T]
(3.7) Ely(t + )+ 5u(s)[P < Clp,7)A%, s € [-r,0].

Proof. Fix t € [0,T], s € [-r,0], let ky = [ X |A and k, = L%JA. For convenience, we write
v =1+ s. Then it is easy to see that 0 < v — k, < A. By (3.3), it is clear that

() = G (5) = 5lk) + 23 (e + ) = (),

which implies that
(3:8)  Ely(t+s) +uus)l” < c(p)Ely(v) = g(ko)[" + c(p)E|F (ks + A) — g(ko)".
If k, < —A, assumption (H4) implies that
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If k, > 0, since b and B are bounded, using (3.2) we have
(3.10) Ely(k, + A) — k)P < A=,

Next, we divide three cases to estimate the first term on the right-hand side of (3.8).
Casel: k, > 0. By (3.4) we have
P

) - 51" < C0) (| [ 0.0 + B
< C(p)As.

. +1L0) - Lk)P )

Case2: k, < —A and v > 0. In this case v < A, by assumption (H4) and (3.4), we have
Ely(v) — g(k)P < CG)Ely(v) — 50)P + C)EI(0) — g(k)I”
(3.12) < (| [ 0000+ B + L@ ) + Cloha
< C'(p)As.

Case3: k, < —A and v < 0. By assumption (H4), we have
(3.13) Ely(v) — g(k,)F < 27A.
Finally, combining formulas (3.8)—(3.13), we obtain (3.7). O
Theorem 3.3. Assume (H1), (H2’), (H3) and (H4), then we have

pB
(3.14) E sup [X(s)—y(s)[" <cA%
0<s<T

where p € (0,a) is given in assumption (H4) and c is a positive constant depending on
p7T7V7>\’a7/87,}/'

Proof. Combining (3.5) and (3.6), we have
(X () +u(X ()] = [y(t) + uly(t))]

= [ X () = ululs = [ 17+ V()] B00(0) = b(s) s

(3.15) / /Rd\{o} )+ 2) — u(X(5—)) —u(y(s—) + z) + u(y(s—))]N(ds, dz)

+ [0+ DU E)B) ~ (14 Yl o) B
0

By Lemma 2.1, choosing large enough A > 0 such that ||Vullp < 1/3, it follows from (3.15)
that

3 3 3 3

SPL(t) + STo(t) + STs(t) + ST4(t) + ST5(8),

(3.16) (X)) —y(O)] < 3 5 2 2 2
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where

—u(X(s—)) = uly(s—) + @) +uly(s—))|N(ds, dz)|

0 J]
B®=AAMMW—MWM®

z|>1

—u(X(s—)) = uly(s—) +2) + uly(s—)) N (ds, dz)|

0 J|
Ly(t) :/0 [+ Vu(y(s))][b(7(0)) — b(y(s))]ds,

z|<1

s(t) = /Ot[([Jr Vu(X(s)))B(Xs) = (I + Vu(y(s))) B(ys)]ds.

Firstly, by assumption (H2), Lemma 2.1 and Holder inequality, we have
(3.17)

B sup 56) < cspt "B [ 7+ VuCX () BOX) - (1 + Valylo)) Bz s
< (IR [ 10+ Vu(X()BOG) — (14 Vul(X () Bluo)ds

s [ 10 VX E)B) ~ (4 FuX () B Fas

F s E [0+ VX E)BE) - 1+ Vulu(s) B s

s%@ﬂ{/Ewpwm y(q)Pds

0<g<s
+ c5(p)t™ 1IE/ / lys(v) — gs(v)[Pdp(v)ds
[=7,0]
< c5(p, TH’E sup | X (s) — y(s)|? + ¢c5(p, T)A

0<s<t

where ¢5(p,T') is a positive constant. Similarly, we have

(3.18) E sup Th(s) < ea(p, NIPE sup | X (s) — y(s)|P.

0<s<t 0<s<t

Next, by (2.9), we obtain

(3.19) E sup T(s) < c1(p, T,»)t°E sup [X(s) —y(s)]",

0<s<t 0<s<t

and by (2.11), it holds that

(3.20) E sup T%(s) < cs(p, T, v, B)E2E sup [X(s) —y(s)["

0<s<t 0<s<t
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Fix the constant p € (0,«) given in assumption (H4). Finally, by assumption (H2),
Lemma 2.1, Lemma 2.2, Holder inequality and Jensen inequality,

o) CowTie) Sc@)rE / (I + Vu(X7)) (b(5(0)) — b(y(s))ds

< ei(p, T,v)A%

holds for a constant c4(p, T,v) > 0.
Combining formulas (3.16)—(3.21), we get

E sup [X(s) = y(s)|" < e(p, T,0)A +c(p, T,v, ), @, B,7)E5E sup | X(s) — y(s)]"

0<s<t 0<s<t

Taking to := [2¢(p, T, v, A\, a, 3,7)] 2. Since functions b and B are bounded, (X (t) — y(t)) is
a bounded process, and then

E sup |X(s) —y(s)| < c(p, T.v)A%.

0<s<to

Finally, by recursion, it is easy to see that

E sup [X(s) —y(s)P < c(p. T.v) (|T/to] + 1) A%

0<s<T

4 Appendix

Lemma 4.1. [Lenglart’s inequality [6]] Let M(t) be a nonnegative cadlag process and A(t)
be an increasing predictable process on some probability space. If for any finite stopping time
T, it holds that

EM(T) < EA(T),

then for any p € (0,1) and stopping time T, the following inequality holds:

E sup M(s)" < ~—PR[A(r)]P.

0<s<t “1-p
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