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Vertex-imprimitive symmetric graphs with exactly one edge
between any two distinct blocks

Teng Fang!, Xin Gui Fang?, Binzhou Xia®, Sanming Zhou*

Abstract

A graph T is called G-symmetric if it admits G as a group of automorphisms acting
transitively on the set of ordered pairs of adjacent vertices. We give a classification of G-
symmetric graphs I' with V(') admitting a nontrivial G-invariant partition B such that
there is exactly one edge of I' between any two distinct blocks of B. This is achieved by
giving a classification of (G, 2)-point-transitive and G-block-transitive designs D together
with G-orbits 2 on the flag set of D such that G, 1, is transitive on L\ {o} and LNN = {o}
for distinct (o, L), (0, N) € Q, where G, 1, is the setwise stabilizer of L in the stabilizer G,
of o in G. Along the way we determine all imprimitive blocks of G, on V' \ {o} for every
2-transitive group G on a set V', where o € V.

Keywords: Symmetric graph; arc-transitive graph; flag graph; spread

1 Introduction

Intuitively, a graph is symmetric if all its arcs have the same status in the graph, where an arc
is an ordered pair of adjacent vertices. Since Tutte’s seminal work [28], symmetric graphs have
long been important objects of study in graph theory due to their intrinsic beauty and wide
applications (see [26] for an excellent overview of the area). In this paper we give a classification
of those symmetric graphs with an automorphism group acting transitively on the arc set and
imprimitively on the vertex set such that there is exactly one edge between any two blocks of
the underlying invariant partition.

A finite graph I' with vertex set V(I') is called G-symmetric (or G-arc-transitive) if it admits
G as a group of automorphisms (that is, G acts on V(I') and preserves the adjacency relation
of T') such that G is transitive on V(I') and transitive on the set of arcs of I'. (A graph is
symmetric if it is Aut(T")-symmetric, where Aut(T") is the full automorphism group of I'.) The
group G is said to be imprimitive on V(I') if V(I') admits a nontrivial G-invariant partition
B ={B,C,...}, that is, 1 < |B| < |[V(I')| and BY := {9 | « € B} € B for any g € G and
B € B. In this case (I', G, B) is said to be a symmetric triple. The quotient graph of T relative to
B, denoted by I'g, is defined to be the graph with vertex set B such that B, C' € B are adjacent
if and only if there exists at least one edge of I' with one end-vertex in B and the other in C.
(As usual we assume that I'g has at least one edge so that each block of B is an independent set
of I'.) For adjacent B,C € B, define I'[ B, C] to be the bipartite subgraph of I" with bipartition
{I'(C)N B,I'(B) N C}, where I'(B) is the set of vertices of I' with at least one neighbour in B.
Since I'g can be easily seen to be G-symmetric, this bipartite graph is independent of the choice
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of adjacent B,C up to isomorphism. Denote by I'g(B) the neighbourhood of B in I'g, and by
I's(«) the set of blocks of B containing at least one neighbour of a € V(') in I'. Denote

v:=|B|, r:=Ipa), b:=I's(B)|, k:=|I'(C)nN B|. (1)

Since I' is G-symmetric and B is G-invariant, these parameters are independent of the choice of
a € V(T') and adjacent B,C € B.

Various possibilities for I'[B, C] can happen. In the “densest” case where I'[B,C| = K, ,
is a complete bipartite graph, I' is uniquely determined by I'g, namely, I' = I'g[K,] is the
lexicographic product of I'z by the complete graph K. The “sparsest” case where I'| B, C] = Ko
(that is, £ = 1) can also happen; in this case I" is called a spread of I'z in [16], where it was
shown that spreads play a significant role in the study of edge-primitive graphs. Spreads have
also arisen from some other classes of symmetric graphs (see [24] 30, [31]), and a study of them
was undertaken in [32 Section 4]. Spreads of cycles and complete graphs with = 1 were briefly
discussed in [I5, Section 4], where Gardiner and Praeger remarked that when k = 1 and I's is
a complete graph “it is not at all clear what one can say about I' in general”.

In response to the remark above, in this paper we give a classification of all spreads of
complete graphs.

Theorem 1.1. All symmetric triples (I',G,B) with G < Aut(I") such that there is exactly one
edge of I' between any two distinct blocks of B are classified in this paper and will be described
in Sections [3 and [4)

Several interesting families of symmetric triples (I', G, B) arise from this classification. In
particular, we obtain four infinite families of connected symmetric spreads of complete graphs
(see Lemmas B4l B7 B8 and [£9). Such graphs are mutually non-isomorphic as they have
different orders or valencies.

As shown in [I5, Theorem 4.2], in the degenerate case where r = 1, we have I' & (v;rl) - Ky
(the graph of (U;rl) independent edges) and G can be any 2-transitive group of degree v+ 1. So
we will only consider the general case where r > 1.

A major tool in the proof of Theorem [[LTlis the “flag graph construction” [32], which implies
that the classification of symmetric spreads of complete graphs is equivalent to that of (G,2)-
point-transitive and G-block-transitive designs together with certain G-orbits on their flag sets.
We give the latter classification in the following theorem, but postpone related definitions and
results on flag graphs to Section (We use soc(G) to denote the socle of a group G, that is,
the product of its minimal normal subgroups. We use Gg to denote the stabilizer of the zero
vector 0 when G acts on a vector space V, and e; = (1,0,...,0) the vector of V with 0 at every
coordinate except the first one.)

Theorem 1.2. Let D be a (G, 2)-point-transitive and G-block-transitive 2-(|V|,r +1,A) (r > 1)
design with point set V', where G < Sym(V)). Then there exists at most one 1-feasible G-
orbit on the set of flags of D. Moreover, all possibilities for (D,G) such that such a 1-feasible
G-orbit Q) exists, and the unique G-flag graph T'(D,Q, V) associated with each (D, G) together
with its connectedness, are given in Tables [IHF, where W is the set of ordered pairs of flags
((e,L),(1,N)) € Q x Q such that 0 # T and o,7 € LN N. Furthermore, Q is explicitly given
for each (D,G) in all cases except (h)-(j) in Table[2

Theorem [LT] follows from Theorem and Corollary 2.2 but details of the corresponding
flag graphs I'(D,Q, ¥) will be given during the proof of Theorem The number of pairs
(D,G) in each of (h)-(j) above will be computed by MAGMA but their structures will not be
given due to space limit. As a byproduct of the proof of Theorem [[.2] we give (or enumerate in
cases (h)-(j)) all imprimitive blocks of G, on V' \ {¢} for every 2-transitive group G on V.



G D I'(D,0, V) Details
(a) | A7 PG(3,2) 35- K3 43l
(b) | soc(G) = PSL(d.q) | PG(d —1,q) U Ky | @
d>3
(c) | G <PTU,q) 2-(¢° + L,g+1,1) (" =+ ) Kogpn | 182
soc(G) = PSU(3,q)
qg=3
(d) | soc(G) = Sz(q) 2-(¢*+1,q+1,g+1) C, ord = q(¢*> + 1) 3.4
qg=2%t1>2 and val = ¢
(e) | soc(G) =R(q) 2-(¢° +1,q+1,1) (@' — ¢ +¢°) - K 3.3
g =32t >3
soc(G) = R(q) 2-(®+1,q+1,q+1) C, ord = ¢*(¢® + 1) and | 131
q=3%t>3 val = q if ¢ > 3; three
components if ¢ =3
soc(G) = R(q) 2-(+1,¢> +1,¢°+1) | C,ord = q(¢® + 1) and | IBF
q=3>*">3 val = ¢?
R(3) 2-(28,10,10) Three components 139

Table 1. Theorem [[L2} almost simple case. Acronym: L = Lemma, T = Table, C = Connected,
D = Disconnected, ord = Order, val = Valency

The reader is referred to [24] B0, 3], 32] for several studies on vertex-imprimitive symmetric
graphs using the geometric approach developed in [15]. Together with [8, 17, [31], in [14] the
authors of the present paper completed the classification of symmetric triples (I', G, B) such that
k=v—12>2and I'g is a complete graph.

2 Preliminaries

2.1 Notation and terminology

The reader is referred to [I1] and [4] for notation and terminology on permutation groups and
block designs, respectively. Unless stated otherwise, all designs are assumed to have no repeated
blocks, and each block of a design is identified with the set of points incident with it.

Let G be a group acting on a set €2. That is, for any a € 2 and g € G there corresponds
a point in Q denoted by a9, such that a'¢ = a and (a9)" = a9 for any a € Q and g¢,h € G,
where 1 is the identity element of G. Let P; be a point or subset of Q for ¢ = 1,2,...,n. Define
(P, Po,...,Py)9 == (P{,Py,...,P]) for g € G, where P! := {aY | « € P;} if P, is a subset of
Q. Denote PC := {P? | g € G}. In particular, a% is the G-orbit on Q containing «. Define
Gp.p,,..p, ={g€G|P!=P, i=1,...,n} <G. In particular, if a is a point and P a subset
of 1, then G, is the stabilizer of a in G, G p is the setwise stabilizer of P in G, and G, p is the
setwise stabilizer of P in G,,.

Let G and H be groups acting on £ and A, respectively. These two actions are said to be
permutation isomorphic if there exist a bijection p : Q@ — A and an isomorphism n : G — H
such that p(a?) = (p(a))"9) for o € Q and g € G. If in addition G = H and 7 is the identity
automorphism of GG, then the two actions are said to be permutation equivalent. It is immediate
from the definition that if ¢ : G — Sym(f2) and ¢ : H — Sym(f2) are monomorphisms, then
the corresponding actions of G and H on € are permutation isomorphic if and only if ¢(G) and
(H) are conjugate in Sym(2). Let I" and ¥ be G-symmetric graphs. If there exists a graph
isomorphism p : V(I') — V(X) such that the actions of G on V(I') and V(X) are permutation



G D I'(D,Q,v) Details
(f) | G < ATL(1,q) 2-(¢,p',1); D has a block L | AL K T
qg=7p? such that L is a subfield of IF,
G < ATL(1,q) 2-(¢,|L],|L|); D has a block | Ciff p=—1 (mod 4), 4.9
q=p? L with 0,1 € L and L\ {0} | disodd, and P <FJ
the union of some cosets of | with index 2; in this case
a subgroup of F* ord = 2q and val = ‘12;1
(g) | G < ATL(n,q) 2-(¢",|L|,\), A\=1 or |L|; D 410
Go > Sp(n, q) D has a block L C (eq)
V =Ty, n>4even with {a € F | ae; € L}
a subgroup of F*
G < ATL(n,q) As above D LAT1T]
Go > SL(n, q) 4.4
V=F,n>2
G < ATL(6,q) As above (n = 6) D L4133l
Go > G2(q)
V:FS, q > 2 even
(h) | G < AGL(6,3) 2-(3% r+1,\),\=1lorr+1; | D gL
Go = SL(2,13) D has a block L such that
V =TF$§ L\ {0} is an orbit of some
H < Ggon V with Gox < H
for some x € L\ {0}
(i) | G <AGL(2,p) 2-(p* ,r+1,\), \=1lorr+1; | D Ti_HI4l
Go > SL(2,3) or D has a block L with the
Go > SL(2,5) same property as in (h)
p=5,7,11,19,23
29,59, V = F2
() | G < AGL(4,3) 2-(3%,r +1,\),A\=1lorr+1;|D TIGHT]
Go > SL(2,5) or D has a block L with the
Go>E,V =TF} same property as in (h)

Table 2. Theorem affine case. Acronym: L. = Lemma, T = Table, C = Connected, D =
Disconnected, ord = Order, val = Valency



equivalent with respect to p, then I" and ¥ are said to be G-isomorphic with respect to the
G-isomorphism p, and we denote this fact by I' g 2.

2.2 Flag graphs

Let (I', G, B) be a symmetric triple. As in [I5], define D(B) := (B,I'g(B)) to be the incidence
structure with “point set” B and “block set” I'g(B) such that @ € B and C € I'g(B) are
incident if and only if C' € I'g(«a). It can be verified [I5] that D(B) is a 1-(v, k,r) design with b
blocks, and is independent of B up to isomorphism. Denote by D*(B) := (I's(B), B) the dual
1-design of D(B). We may identify the “blocks” o € B of D*(B) with the subsets I'g(a) of the
“point set” I'g(B) of D*(B), and we call two such “blocks” I's(3), I'g(7y) repeated if 3,y € B are
distinct but I'g(8) = I'g(y). For a € V(I'), let B(a) denote the unique block of B containing
a and set L(a) := {B(a)} UT'g(a). Let L be the set of all L(«), a € V(I'), with repeated
ones identified. One can see that the action of G on B induces an action of G on £ defined by
L(a)9 := L(a?), for a € V(I') and g € G. Define

DT, B) :=(B,L)

to be the incidence structure with incidence relation the set-theoretic inclusion. Then D(I", B)
is a 1-design with block size » + 1 which admits G as a point- and block-transitive group of
automorphisms ([32, Lemma 3.1]). In the case when D*(B) has no repeated blocks (which
occurs particularly when k& = 1 by [32, Lemma 4.1(a)]), " can be reconstructed from D(T", B) by
the following construction (see [31} [32] and [21, Construction 5.2]).

Definition 2.1. ([32, Definitions 2.1 and 4.2]) Let D be a G-point-transitive and G-block-
transitive 1-design with block size at least 2. Let o be a point of D, 2 a G-orbit on the set of
flags of D and Q(o) the set of flags of 2 with point entry o. The set € is said to be feasible if

(2) 12(c)] > 2 and
(b) for some (and hence all) flag (o, L) € Q, G, 1, is transitive on L\ {o}.
If © also satisfies
(¢) LN N ={o}, for distinct (o, L), (0, N) € Q(0),

then € is said to be 1-feasible.
Given a feasible G-orbit ) on the set of flags of D, denote

=(D,Q) :={((o,L),(1,N)) €e 2 xQ|o#7Tando,7 € LN N}. (2)

If U is a self-paired G-orbit (that is, ((o, L), (1, N)) € ¥ implies ((7, N), (o,L)) € ¥) on E(D, ),
then the G-flag graph of D with respect to (2, ¥), denoted by I'(D,Q, V), is defined to be the
graph with vertex set €2 and arc set W.

The following was proved in [32], Theorem 1.1]: If D*(B) contains no repeated blocks, then
I' is G-isomorphic to a G-flag graph of D(T', B) with respect to some (2, ¥). Conversely, any
G-flag graph I'(D, Q, ¥) is a G-symmetric graph admitting

B(2) :={Q(0) | o is a point of D}

as a G-invariant partition such that the corresponding D*(€2(c)) contains no repeated blocks.
The case where kK = 1 occurs if and only if € is 1-feasible, and in this case G is faithful on
V(T') if and only if it is faithful on the point set of D (see [32, Theorem 4.3] and the remark
below it). In the case where k = 1 and I's is a complete graph, we have I'g = K41 as 'z has



valency vr. Since I'g is G-symmetric, this occurs precisely when G is 2-transitive on B. Hence
in this case D(T', B) is a (G, 2)-point-transitive and G-block-transitive 2-(vr + 1,7 4+ 1, \) design
for some integer A > 1. Conversely, if D is a (G, 2)-point-transitive and G-block-transitive 2-
(vr +1,7+1,A) design, then for any G-flag graph I' = I'(D, 2, ¥) of D, we have 'zq) = Kyri1-
Thus [32, Theorem 4.3] has the following consequence.

Corollary 2.2. ([32, Corollary 4.4]) Let v > 2 and r > 1 be integers, and let G be a group.
Then the following statements are equivalent:

(a) T is a G-symmetric graph of valency r admitting a nontrivial G-invariant partition B of
block size v such that T'[B,C] = Ky for any two distinct blocks B,C of B (so I'p = Kyr41);

(b) I' =Z¢ I'(D,Q, V), for a (G,2)-point-transitive and G-block-transitive 2-(vr + 1,7 + 1, \)
design D, a 1-feasible G-orbit ) on the set of flags of D, and a self-paired G-orbit ¥ on
=(D, Q).

In addition, G is faithful on V(I') if and only if it is faithful on the point set of D.

Moreover, for any point o of D, the set of points of D other than o admits a G,-invariant
partition of block size r, namely, {L\ {c} | (6,L) € Q}. Hence D is not (G, 3)-point-transitive
when r > 2. Furthermore, either \=7r+1, or A=1 and I = (v(vr +1)/(r + 1)) - K;41.

In the case where r = 1, by the G-flag graph construction, V(I') can be identified with
V® = {(i,5) | 0 <4,j < w,i# j}. Thus B = {By, By, Bs,...,B,} where B; = {(i,7) | 0 <
j<wj#i} T = (") Ko with edge set {{(i,5),(5,4)} | 0 < i,j < v,i # j}, and G is any
2-transitive group on {0,1,2,...,v} acting on V() coordinate-wise (see also [15, Theorem 4.2]).

In what follows we assume r > 1. Since the graphs in Theorem [[LT] are precisely those in
Corollary 221 (a), to prove Theorem [[Tlit suffices to classify (D, 2, ¥) in part (b) of this corollary
with G faithful on the point set of D. In the remainder of the paper we give this classification
and thus prove Theorem

2.3 Preliminary results

Lemma 2.3. Let D be a (G,2)-point-transitive and G-block-transitive 2-(|V|,r 4+ 1,\) design
with point set V. Then there is at most one 1-feasible G-orbit on the flag set of D. Moreover,
if such an orbit exists, say Q = (6, L)%, then either (a) G is transitive on L (or equivalently
G £ Gg), A = 1, and Q is the set of all flags of D; or (b) Gr is not transitive on L (or
equivalently Gp, < Gg) and A =r + 1.

Proof. Let 0,7 € V be distinct points. Denote by L1, ..., Ly the X blocks of D containing both
o and 7. Denote

Qi = (O’,LZ‘)G, ’L'Zl,...,)\.

Since G is 2-transitive on V, the sets Q1,...,8) are all possible G-orbits on the flag set of D,
possibly with ; = Q; for distinct ¢ and j. Suppose that £ = (4, L)% is 1-feasible. Then by (c)
in Definition 2] we have |V| = vr + 1 for some integer v.

First assume that G, is transitive on L. Then (n, L) € Q for every n € L. Hence, by the
transitivity of G on the block set of D, Q = )y = --- = Q) is the flag set of D and thus A =1
by (c) in Definition 21

Next assume that Gy, is not transitive on L. Then G < Gs by (b) in Definition 211
Let n be a fixed point of V. For each m € V \ {n}, by (c) in Definition 2] there is only
one flag in Q(7) whose block entry contains 7. On the other hand, if (71, M) and (r, M)
are flags in € for distinct 71, 7o € V and some M € LG7 then 71,7 € M and there exists
g € G such that (11, M) = (12, M)9. Thus g € Gy and 7 = 75. Since Q) satisfies (b) in



Definition 2.1, G is transitive on M, but this contradicts our assumption. Hence there are
Q)] + (V| =1) = v+ rv = (r + 1)v blocks of D containing 1. By the relations between
parameters of the 2-design D, we get A =r + 1.

Suppose that €2; # €1; and both of them are 1-feasible. Since D is G-block-transitive, there
exists a point £ of D such that ({,L;) € Q;. The assumption §; # €; implies o # £ and
GLJ, = Gg,Lj < G¢ (for otherwise GLJ, is transitive on L; and €}; = €); is the flag set of D by
the proof above). Since § € L\ {0}, Go 1, < Gr; < Ge and |Lj| =7+ 1> 3, G, 1, cannot be
transitive on L; \ {o'}, which contradicts the assumption that €; is 1-feasible. Hence there is at
most one 1-feasible G-orbit on the flag set of D. O

Lemma 2.4. Let D be a (G,2)-point-transitive and G-block-transitive 2-(|V|,r 4+ 1,\) design
with point set V. Suppose that there is a 1-feasible G-orbit Q = (o, L)" on the flag set of D. Let
P:=L\{o} and let H be a transitive subgroup of G, on V \{c}. Then Z(D,Q) (see [@)) is a
self-paired G-orbit on the set of ordered pairs of distinct flags in 2, P is an imprimitive block of
H on V\ {c}, and P is the union of some H.-orbits (including the H.-orbit {1} of length 1),
where T € P is a fized point.

Proof. By (c) in Definition 2] we know that P = {M \ {6} | (6, M) € Q} is a G,-invariant
partition of V'\ {o}. Since H < G, is transitive on V' \ {c}, it follows that P is an imprimitive
block of H on V' \ {o}. Since 7 € P, P is H.-invariant and so is the union of some H -orbits.
Let ((§, M), (7, N)), ((¢&,M),(n,N)) € Z(D,Q). Then there exists g € G such that §9 = ¢ and
79 = 7. Hence £, € M9 N N9. By (c) in Definition 21, we have M = M9 and N = N9, and
thus E(D, Q) is a self-paired G-orbit on the set of ordered pairs of distinct flags in Q. O

From now on we use the following abbreviations when D and €2 are clear from the context:

(1]

= (D, Q), T'(D,Q,2) :=I'(D,Q,5(D,Q)).

Given a group G, a subgroup 7T of G, and an element g € G with g € Ng(T) and g> € TNTY,
define the coset graph Cos(G,T,T¢T) to be the graph with vertex set [G : T] := {Tz | x € G}
and edge set {{Tz, Ty} | zy~! € TgT}. Tt is well known (see e.g. [25]) that Cos(G,T,TgT) is
a G-symmetric graph with G acting on [G : T| by right multiplication, and Cos(G,T,TgT) is
connected if and only if (T, g) = G. Conversely, any G-symmetric graph I" is G-isomorphic to
Cos(G,T,TgT) (see e.g. [25]), where g is an element of G interchanging two adjacent vertices «
and 8 of I" and T := G, and the required G-isomorphism is given by V(') — [G : T|,y — Tz,
with x € G satisfying o = . Based on this one can prove the following result.

Lemma 2.5. Let ((o,L),(1,N)) € E and T = Go,. Let g € G satisfy (0,7)9 = (1,0)
and set H := (T,g). Then p : Q — [G : T],v — Tz, with x € G satisfying (o, L)* = =,
defines a G-isomorphism from T'(D,Q, =) to Cos(G,T,TgT), under which the preimage of the
subgraph Cos(H,T,TgT) of Cos(G,T,TgT) is the connected component of T'(D,Q, E) containing
the vertex (o, L).

In the proof of Theorem [[L2] we will use the following results whose proofs are straightforward
and hence omitted.

Lemma 2.6. Let ¢ be a nonnegative integer and q > 2 a prime power such that 3 | (¢ + 1).
(a) If (U(g> = 1)/3+q) | ¢3, then £ =0 or 3q;
() if (U(g> —1)/3+1) | 3, then £ =0 or 3.

Lemma 2.7. Let { and n be positive integers and q > 1 a prime power. If (((q— 1)+ 1) | ¢",
then £ = (¢ —1)/(q — 1) for somei=1,2,...,n.

Lemma 2.8. Let £ > 0 be an integer, n a positive integer, and q an odd power of 3. Then
(Ulg=1D)+(g—1)/2+1) 1q"



2.4 Methodology

Let D be a (G, 2)-point-transitive and G-block-transitive 2-(|V],7 4+ 1,\) (r > 1) design with
point set V, where G < Sym(V). By Lemma[Z4], for a 1-feasible G-orbit = (o, L)“ on the set
of flags of D, L\ {0} must be an imprimitive block of G, on V' \ {o}. The major task in the
proof of Theorem is to determine such blocks by examining subgroups H of G, with the
help of the following methods.

(i) Suppose that H < G, is transitive on V' \ {o}. For each nontrivial imprimitive block P
of H on V \ {c}, we will check whether P is also an imprimitive block of G, on V' \ {¢}. By
Lemma 24l P is the union of some H -orbits on V' \ {o}, where 7 € P.

(ii) If there is a point 7 € V'\ {0} such that H, = G, ,, then by [T, Theorem 1.5A], P := 71
is an imprimitive block of G, on V' \ {c}.

If P is an imprimitive block of G, on V' \ {o} obtained from (i) or (ii), then define
= (V,LY), where L :=PU{o},

to be the incidence structure with point set V and block set LY, with incidence relation the
set-theoretic inclusion. By [4, Proposition 4.6], D is a 2-(|V|,|P| + 1, ) design admitting G as
a 2-point-transitive and block-transitive group of automorphisms. Moreover, Q := (o, L)“
the unique 1-feasible G-orbit on the flag set of D, and (o, L) is adjacent to r := |P| vertices
(m, M), ..., (n, M,) in the G-flag graph I'(D, Q, E), where {n1,...,n.} = P and o € M;\ {n;},
i=1,2,...,7. The value of A\ and the connectedness of I'(D, 2, =) will be determined for each
P.

Since G is 2-transitive on V, it is either almost simple (with socle a nonabelian simple group)
or affine (with socle an abelian group). We will deal with these two cases in the next two sections,
with results summarized in Tables [ and 2] respectively.

3 Almost simple case

In this section we assume that G < Sym(V') is 2-transitive on V' of degree u := |V| with soc(G) a
nonabelian simple group. It is well known ([22], [7, p.196], [6]) that soc(G) and u are as follows:

(i) soc(G) = Ay, u > 5;

(ii) soc(G) = PSL(d,q), d > 2, q is a prime power and u = (¢¢ —1)/(q¢ — 1), where (d,q) #
(2,2),(2,3);

iii) soc(G) = PSU(3,q), ¢ > 3 is a prime power and u = ¢ + 1;
iv) s0¢(G) = S(g), g = 2! > 2and u = ¢ + 1
v) soc(G) = R(q), ¢ = 3% and u = ¢ + 1;

vi) G = Spyy(2), d > 3 and u = 2241 4 24-1,

(

(

(

(

(vii) G =PSL(2,11), u = 11;

(viii) soc(G) = My, u = 11,12,22,23,24;
(ix) G = My, u=12;

(x) G = Az, u = 15;

(

xi) G = HS, u = 176;



(xii) G = Cogs, u = 276.

Let o, 7 be distinct points in V. In cases (i), (viii) and (ix), since soc(G) is 3-transitive, a
2-design as in Lemma[2Z4] admitting G as a group of automorphisms does not exist. In case (vii),
since G, ; has orbit-lengths 3 and 6 on V' \ {o,7} (see [22]), again a 2-design as in Lemma [2.4]
does not exist. In case (xi), since G, has orbit-lengths 12, 72 and 90 on V' \ {0, 7} (see [22]),
there is no 2-design as in Lemma 2.4l Similarly, in case (xii) such a 2-design does not exist as
Gy 7 has orbit-lengths 112 and 162 on V' \ {o, 7} (see [22]).

In case (ii) with d = 2, let 0 = (e1) and 7 = (e2), where e; = (1,0) and e; = (0,1). If p €
PSL(2,q)o,7, then € = (1,0) and e5 = (0,1/p) for some p € F. Let n = ((z,1)) € V'\ {0, 7},
where 2 € F)*. Then 1¥ = ((x*,1)) and the PSL(2, q)o,r-orbit on V' containing 7 has length
g — 1 when ¢ is even and (¢ — 1)/2 when ¢ is odd. Thus, if P is a nontrivial imprimitive block
of PSL(2,¢), on V' \ {0} containing 7, then ¢ is odd and |P| =1+ (¢ —1)/2 = (¢ + 1)/2. Since
|P| divides u — 1 = ¢, we must have ¢ = 1, a contradiction. Hence this case does not produce
any G-flag graph.

In case (ii) with d > 3, G, . has orbit-lengths ¢ — 1 and u — (¢ + 1) on V' \ {o,7}. Thus
D =PG(d—1,q) and A =1 by [22]. The imprimitive block of G, on V' \ {¢} containing 7 has
size ¢ and so I'(D, Q,Z) = (¢ —1)(¢* 1 —1)/(¢* —1)(¢—1)) - K441, contributing to (b) in Table
ik

In case (vi), G, acts on V' \ {0} as OF(2d,2) does on its singular vectors (see [22]), and G, .
has orbit-lengths 2(2971 +1)(2972 4 1) and 22¢=2 on V' \ {0, 7}. (We may assume d > 3 since the
case d < 3 is covered by other cases in the classification of finite 2-transitive groups.) Since the
size of a G4 r-orbit on V' \ {o, 7} plus 1 cannot divide u — 1, there is no 2-design as in Lemma
24 admitting G as a group of automorphisms.

In case (x), since G, ; has orbit-lengths 1 and 12 on V' \ {0, 7}, we have D = PG(3,2) and
A =1 (see [22]). Since the imprimitive block of G, on V' \ {¢} containing 7 has size 2, we have
I'(D,N,E) = 35 - K3, contributing to (a) in Table [

3.1 soc(G) =PSU(3,q), ¢ > 3 a prime power and u = ¢° + 1

This case yields (c) in Table [l We use the following permutation representation of PSU(3, q)
(see [11, pp.248-249]). Let W be a 3-dimensional vector space over F .. Using § E=2¢9to0
denote the automorphism of FF 2 of order 2, we define a hermitian form ¢ : W x W — F . by
o(w, z) = &1713 + EaTpz + €371, where w = (&1, &2,&3) and z = (n1,m2,m3) are vectors in W. One
can see that for this form the set of 1-dimensional isotropic subspaces is given by

V={((1,0,0)} U{{(er,8,1)) |a+ T+ BB =0,0, 8 € Fpe}.

(A vector w € W is isotropic if o(w,w) = 0.) We have |V| = ¢+ 1 and PSU(3, q) is 2-transitive
on V. Let m : GU(3,q) — PGU(3,q) = GU(3,q)/Z(GU(3,q)) be the natural homomorphism,
where Z(GU(3,¢q)) is the center of GU(3,¢). Denote

1 -8 « v 0 0
tag:=10 1 B, hys:=10 6 0 |, where a,3,7,0 € Fpe.
0 0 1 0 0 7!

If 66 =1,v#0and a + @+ BB = 0, then ta,s and h, s define elements of GU(3,¢q). There are
¢* matrices of type to g and (¢* — 1)(q + 1) of type h, 4. Let e; = (1,0,0) and ez = (0,0, 1).
Then PGU(3,q)<el> = {n(hys)m(tas) | @ B,7,0 € qu,ég = 1,7 #0,a+a+ 38 = 0} and
GU(3,q)<el>’<eS> = {hys | 1,0 € qu,ég = 1,7 # 0}. Obviously t,g € SU(3,q), and hys5 €
SU(3,q) if and only if § = 497!, Moreover, h,s € SU(3,q) is a scalar matrix if and only if
*yq’Q =1.

In the rest of this section we denote PSU(3,¢q) by J.



Lemma 3.1. ([14, Lemma 3.2]) Let {(n1,m2,1)) € V' \ {{e1),(es)}. Denote by Q the Jie) (es)-
orbit containing ((m,n2,1)). If no =0, then |Q| = q — 1; if no # 0, then

-1, if 3f(g+1),
= |J(e, es)| = .
Q1 = [Jer) fes) {(qz_l)/g, if 3](q+1).

Suppose that P is a nontrivial imprimitive block of Jie y on V'\ {{e1)} containing (e3). Then
P\ {(e3)} is the union of some Jig,y (e,)-0rbtis on V'\ {(e1), (e3)}. By Lemmas 2.6l and 3.1}, we
have |P| = ¢ or ¢°.

Lemma 3.2. Let P be a nontrivial imprimitive block of Jie;y on V' \ {(e1)} containing (es).
Then P = {{(a,0,1)) | a +@ = 0}. Moreover, let D := (V,L’) and Q = ({e;),L)’, where
L:= PU{(e1)}, and let G < PT'U(3,q) with soc(G) = J. Then D is a 2-(¢*+1,q+1,1) design
admitting G as a group of automorphisms, ) is a 1-feasible G-orbit on the flag set of D, and
P(D7 Q7E) = (q4 - q3 + q2) ' K‘H—l'

Proof. We first prove that |P| # . Suppose otherwise. Denote the ¢ solutions in g2 of the
equation z+7 = 0 by g9 =0, €1, ..., £4-1. Then {(¢1,0,1)), ..., ((g4-1,0,1)) is @ Jig,),(ey)-0rbit
on V\{(e1), (es)}. By Lemmal2.8 ((g;,0,1)) is not contained in P fori > 0. Now X :={P9 | g €
Jieyy} is a system of blocks of Jie,y on V\{(e1)} with S| = ¢, and T := (n(tag) | a+a+B53 = 0)
is transitive on . Actually, T' is a normal subgroup of J,) acting regularly on V'\ {({e1)} (see
[T1, p.249]). Thus, the stabilizer of P in T has order ¢2, that is, |Tp| = ¢>. For 7(ta, 5)

(t
7(tan ) € Tp, we have ((0,0,1))™ 197 Ce2s) = (0, 8,1))"-e2-7-8) = (o — a2,0,1)) €
(t

Since ((£,0,1)) is not contained in P for i > 0, we have oy = ag and 7(te, 3) = 7 a275)
Therefore,

{81 ((a,8,1)) € P} ={B | 7(tap) € Tr} = Fp. (3)

For any ((n1,72,1)), ((£1,€2,1)) € P, m2, §&2 # 0, since P is an imprimitive block of J,) on
V\ {(e1)}, both 7 (t,, 5,) and 7(t¢, ¢,) fix P setwise. Thus

(0,0, 1)) Emm)™lerea) — (i, 1)) Cere2) = (4 &1 — Eama, 1o + €2, 1)) € P,

(0,0, 1)>7r(t51,£2)7r(tm,n2) = ((&,&,1)7 (tny.ma) — (€1 4+ m — k2, &2 +1m2,1)) € P.

Hence 1 + & — &me = & + m1 — Tabe by @), that is, (§2/n2)" ' = 1, which implies (&/m2) €
Fix;(F,2), where f denotes the automorphism of Fj of order 2. Choosing 7, = 1, we have
& € Fixy(F2) and so F 2 C Fix;(F,2), a contradiction. Thus |P| # ¢*.

So we have |P| = ¢. By LemmaB1] P = {{(«,0,1)) | « + @ = 0}. Since G < PI'U(3,q), P
is also an imprimitive block of G,y on V'\ {{e1)}, and moreover Q = ({e1), L)Y and LY = L7.
Hence D is a 2-(¢® + 1,¢ + 1, \) design admitting G as a group of automorphisms with \ = 1
(see [11IL p.249] and [22]), Q is a 1-feasible G-orbit on the flag set of D, and I'(D,,E) =
(¢* — ¢ + ¢%) - K441 by Corollary

O

3.2 soc(G)=1Sz(¢q), q=2*">2and u=¢*+1

This case yields (d) in Table [l We use the following permutation representation of Sz(q) (see
[l p.250]). The mapping o : £ — 526+1 is an automorphism of F, and o2 is the Frobenius
automorphism & — £2. Define

V= {(n,m2,m3) €F2 | 3 = mma + 072 + 53} U {oo}. (4)

Then |V| = ¢ + 1. For o, B,k € F, with x # 0, define the following permutations of V' fixing
00:

tap s (M,m2m3) = (M +a,m+ B+ an,pm),
w (M, m2,m3) = (K, 67 e, K72n3),
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where 1 = n3 4+ afB + a2 4+ 8% +amny + a® Ty, + Bni. Define the involution w fixing V' by

1
w: (77177727773) A <@7 ﬂa _> fOI’ 3 7é 07 00 > (07070) =:0.
n3 M3 13
Then Sz(q) is generated by w and all ¢, and n,. We have Sz(q)., = (ta 3,1k | @, B,k € Fy,
 # 0) and Sz(q), o = (nx | k& € Fg, & # 0), the latter being a cyclic group.

Lemma 3.3. Bvery Sz(q),, g-orbit on V' \ {o0,0} has length q — 1.

Proof. Since 2°"! +1 and 22¢*! — 1 are coprime and F is a cyclic group of order 22¢*! —1,
the mapping F; — Fy, z — 21 is a group automorphism. Thus, if 7; # 0 or 1y # 0, then
(an1,a’ e, a® 2n3) = (bny, b7 e, b7 2n3) if and only if a = b, and so the result follows. [
Lemma 3.4. Let G be any subgroup of Sym(V') containing Sz(q) as a normal subgroup. Suppose
that P is a nontrivial imprimitive block of Goo on V' \ {c0} containing 0. Then the following
hold:

(a) P={(0,m,n7) € V|n€Fy} and Sz(q), p = (tog:nn |k € FF,E € Fy) ([14, Lemma 5.6]);

(b) setting L := P U {oc}, D := (V,L59) = (V,L) is a 2-(¢> + 1,q + 1,q + 1) design
admitting G as a 2-point-transitive and block-transitive group of automorphisms, and € :=
(oo,L)SZ(q) = (oo,L)G is a 1-feasible G-orbit on the flag set of D; moreover, the G-flag
graph of D with respect to (Q, =) is the same as the Sz(q)-flag graph T'(D,Q, =);

(c) T(D,Q, =) is connected with order |Q| = q(¢> + 1) and valency q.

Proof. We prove (b) and (c) only, as (a) was proved in [I4, Lemma 3.6]. Since Sz(q) is 2-
transitive on V, D is a 2-(¢> + 1,q + 1,\) design admitting Sz(q) as a 2-point-transitive and
block-transitive group of automorphisms. Since w does not stabilize L, A # 1 and thus A = ¢+1
by Lemma 23]

Since Sz(q) is a normal subgroup of G and Sz(gq) has index 2e + 1 in its normalizer @ in
Sym(V') ([7, p.197, Table 7.4]), Q/Sz(q) is a cyclic group of order 2e + 1 and G = (Sz(q), (),
where ¢ is an automorphism of F, inducing a permutation of V' that fixes co and acts on the
elements of V' \ {oco} componentwise. Hence P = {(0,7,n°) € V | n € F,} is a nontrivial
imprimitive block of Gug on V'\ {o0}. Moreover, (0o, L)¢ = (00, L)¥*? and LE = L5449 Hence
D admits G as an automorphism group and €2 is a 1-feasible G-orbit on the flag set of D.

Denote H := (toe,w | £ € Fy). For any (n1,7m2,m3) € V' \ {00,0}, if 71 = 0 then 0%m =
(n1,m2,m3), and if gy # 0 then 0%0.0%W0m = (1,19, m3), where 0/60° = 1. Hence H is transitive
on V, and thus (¢ + 1)q divides |H|. So |H| does not divide ¢*(¢ — 1), 2(q — 1), 4(q ++/2¢ + 1)
or 4(q — /2q + 1). Thus, by [27, p.137, Theorem 9], |H| = (s? + 1)s?(s — 1), where s™ = q for
some positive integer m. It follows that m = 1, |H| = (¢®> + 1)¢*(q — 1), and thus Sz(q) = H.
Therefore, Sz(q) = (Sz(q) «, p,w) and so I'(D,, E) is connected by Lemma 2.5 O

3.3 soc(G)=R(q), q=3*" >3, u=¢>+1; or G=R(3), R(3) = PSL(2,8), u =28

This case yields (e) in Table [l We use the following permutation representation of R(q) (see
11l p.251]). The mapping o : £ — 535+1 is an automorphism of F, and o2 is the Frobenius
automorphism ¢ ~ ¢3. The set V of points on which R(q) acts consists of co and the set of
6-tuples (n1,m2, 73, A1, A2, A3) with n1,m2,1m3 € F, and

M =2 —mns +ng —nite,

Xo = 00§ —ng +mn3 +manz — 273, (5)

X3 =mng —niting + 0 ny + nPnd — gt — nd 4 P
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Thus |V| = ¢® + 1. For o, 3,7,k € F, with & # 0, define the following permutations of V fixing
00:

taBy (M1, M2,M3, A1, A2, Ag)
(m +a,me+ B+ an,m3+v—any + B — oy, p, po, 1),
Nt (152,13, A1y A2y A3) > (K1, %, 677203, k73, K273 0, K27T403),

where p1, pg, 3 can be calculated from the formulas in (Bl). Define the involution w fixing V' by

A AL m3 o meom 1
: A, A, A3) & [ ==, —,—, =, —,— | for \3#0
w (11,72, M35 A1; A2, As) <)\3,)\3,)\3,)\3,)\3,)\3 or A3 # 0,

0o ¢ (0,0,0,0,0,0) =: 0.

(We use the corrected definition [12] of the action of w on V' [11l p.251].) The Ree group R(q)
is the group generated by w and all ¢, g~ and n,. We have R(q),, = (ta g1 | . B,7, K €
Fy,x # 0) and R(q) , o is the cyclic group (n, [ & € Fg, £ # 0). Since the first three coordinates
in each element of V' determine the other three, we present an element of V' by (n1,12,73,...).
The following lemma was used in [14], and its proof is given below for later reference.

Lemma 3.5. ([14, Lemma 3.10]) Let (n1,m2,7m3,...) € V \ {00,0}. Then

qg—1, if m#0ornz#0,
’(771777277737"')1:{((1)00’0’ = .
(q—=1)/2, if m =mn3=0.

Proof. Since id : Ff — Fy, > and ¢ : Fy = Fr, £°%2 are both group automorphisms,
if g1 # 0 or 3 # 0, then (any, a®+ng, a®+2n3,...) = (b, b+ ng, 07203, .. .) if and only if a = b.

Let ¢ be a generator of the cyclic group Fy'. Since 5oL = 837141 and ged(3¢tH +1,¢—1) = 2,
we have [0°F!| = (¢ — 1)/2, and thus

Ly :=(0,1,0,.. )R@=0 and L, :=(0,4,0,...)R@=o0 (6)

are R(¢)oo,0-0rbits on V' \ {00, 0} of length (¢ —1)/2. O

By Lemma [3.5] R(q), o has two orbits of length (¢ — 1)/2 and ¢(¢+ 1) orbits of length ¢ — 1
on V' \ {o0,0}. ’

In the remainder of this section, let G < Sym(V') contain R(q) as a normal subgroup and P
be a nontrivial imprimitive block of G on V' \ {oo} containing 0. Since R(g) has index 2e + 1
in its normalizer @ in Sym(V') ([7, p.197, Table 7.4]), @/R(q) is a cyclic group of order 2e + 1
and

G = (R(q9); ), (7)

where ¢ is an automorphism of F, inducing a permutation of V' that fixes co and acts on the
elements of V' \ {co} componentwise. We have

Goo = <R(Q)007 <>7 Goo,O = <R(Q)OO,O7 C> (8)

By Lemma 2.4, P\ {0} is the union of some R(q) ., g-orbits on V' \ {o0,0}. By Lemmas 27
and 28] we have |P| = q or |P| = ¢%. If |P| = ¢?, then by Lemma 2.8 either L; U Ly C P or
(L1 U Ly) N P =0, where L1 and Ly are as defined in (@]).

Case (i): |[P|=¢q, P\{0} = L1 ULy

Now P = {(0,7,0,...) | n € Fg}. Since Goo = (ta,5,1,7,¢ | @, 8,7 € Fy,k € Fy) by (8) and
(0,7,0,...) %7 = (a,n+ 8,7 — am,...), P is an imprimitive block of G on V \ {oo}. Denote
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L := PU {0}, and define D := (V, L¢) = (V,LR@) and Q := (00, L)% = (00, L)??. Then D
is a 2-(¢> + 1,¢ + 1, \) design admitting G as a group of automorphisms, and 2 is a 1-feasible
G-orbit on the flag set of D. It can be verified that w stabilizes L and thus A = 1. It follows
that I'(D,Q,Z) = (¢* — ¢ + ¢?) - K411, yielding the first possibility in (e) in Table [l

Case (ii): [P| =g, P\ {0} is an R(q), g-orbit on V'\ {oco, 0} of length ¢ — 1

o+1 o+2

Now each element of P is of the form (kn, k7 12, k7 ?n3,...) for some xk € F,, where
(m,M2,M3, - --) is a fixed point in P\ {0}. Suppose that P N Plas~ =£ (), that is, for some
Ko, K1 € Fq,

t
(Kllnla I{l 7725 KT—FZTB’ e ) T = (K‘()nla I{g—’—ln?a K8+27737 e ) (9)

Then rim + @ = komi, K502 + B+ akim = K§ e and K] ns +y — ak{ e + Brim —
a® i = /48+2773, or equivalently,

a = (ko — K1)M1,

B =T = k7T — (K — &)ran (10)
v = ( 8+2 0+2)773 + (;-@0/@1“ — K1KQ 1)771772 + (kg — “1)/‘?0%177‘17+2-

Hence, if a, B, are given by (I0) in terms of 71, 72,3, then (@) holds. Since P is an imprimitive
block of R(g),, on V' \ {oc}, we need to verify that P'efv = P, that is, for every ¢ € Fy, the
following equation system has a solution x € F:

(m - 6)771 = G,
(@7t — 7 ) — (27 — £7) T+ = (11)
(2772 — 0723 + (2oL — &U"“)mng + (27 — £0)xtnT T = 4.

Lemma 3.6. If (II) has a solution for every ¢ € Fy, then m =ny = 0.

Proof. If Pn0.¢ NP = () for any ¢, g ¢ # id, then different ¢, 9 ¢ must map P to different elements
in PR@o, and thus ¢* = |{t,e¢ | 7,0,& € Fy)| < |[PR@x| = ¢2, a contradiction. Hence we
can assume that at most two of o, and v are 0 in ([@). We claim that 7, = 0. Suppose
otherwise. Then z = a/m + ¢, a # 0 (for otherwise z = ¢ and 8 = v = 0 by (), and the
second equation of (I becomes "2 0+ <%1’72 —« 771> l+ UL?Q — B = 0, which holds for
every ¢ € [F,. On the other hand, the polynomial of ¢ on the left hand side should have at most
3¢t roots 1f it is nonzero. Thus, if ¢ > 3 (so that ¢ > 3°*!), then this polynomial must be the
zero polynomial and hence ana/m = a”n2/n7 — a”n = 0, which implies a = 0, a contradiction.

Assume ¢ = 3. Then o = id, and —"—E + (0”72 am) 0+ O‘;QQ — B = 0 holds for every ¢ € Fg,
1
which implies ana/m + (anz/m — oml) = 0. Hence 79 = —1 and the third equation of (II)

becomes af? + o?/m1 + v — anz/n1 = 0, which cannot hold for every ¢ € F3, a contradiction.
Therefore, 71 = 0. Consequently, we have o« = 0 by (I0).

If n3 = 0, then v = 0 by the third equation of ([I{]), and the second equation of (I1]) becomes
(z°+! — ¢y = 3, which has a solution x € F, for every ¢ € F,. By our assumption, 3 # 0.
For ¢ = 0 there exists t € Fj such that tott = B/my. For £ = t there exists z € F, such
that 201 = to+1 4 B/my = ¢oHL 4o+ = —4o+1 Thus (2/t)° T = —1. Let & be a generator
of the cyclic group F and set z/t = " (n > 0). Then —1 = (6™)7Ft = (6°F1)" has order
2 in Fy. Since 67T = (¢ —1)/2, we have 2 = [(6")7 ™| = (¢ —1)/(2- ged((q —1)/2,n)) and
ged((g—1)/2,n) = (¢ —1)/4. But 41 (¢g—1) as q is an odd power of 3, a contradiction. Therefore
n3 # 0, and the third equation of (II) becomes z°+2 = /s + £°+2. Since z(z7+2)" > =
(27°73) =1 for z € FX, we have z = (2°72)%/(2°72)7 = (y/ns + €7+2)* /(v /ns + £772)7 when
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v/n3 4+ €72 £ 0, and 27T (y/nz3 + £7F2) = (v/n3 + £°12)7. The latter also holds when /03 +
¢°+2 = 0. Multiplying (v/n3 + £°+?) on both sides of the second equation of (1), we obtain

,850+2 + w£0+1 + @ _ Y2

— 0, (12)
73 73 n3

which holds for every ¢ € F,. Since the polynomial of ¢ on the left-hand side of this equation
has at most 3°F! 4 2 roots if it is nonzero, we must have 3 = 0 and yno/n3 = 0 if ¢ > 3. If
g = 3, then o = id and ([I2]) becomes ¢ + %62 + % — X2 — (), and so we still have 8 = 0 and

3
vn2/n3 = 0. By our assumption, v # 0 and thus 7, = 0. 0

Lemma 3.7. Let G = (R(q),¢) (as given in (M) be a subgroup of Sym (V') containing R(q) as a
normal subgroup. Suppose that P is an imprimitive block of Goo on V' \ {oo} containing 0 such
that P\ {0} is an R(q), g-orbit on V' \ {oc0,0} of length ¢ — 1. Then the foollowing hold:

(a) P={(0,0,n,...) eV |nelF;} and Goo,p = (nn,t00,,C | § € Fyyn € FF);

(b) setting L := P U {oo}, D := (V,LR9D) = (V,LY) is a 2-(¢° + 1,q + 1,q + 1) design
admitting G as a 2-point-transitive and block-transitive group of automorphisms, and € :=
(oo,L)R(q) = (oo,L)G is a 1-feasible G-orbit on the flag set of D; moreover, the G-flag
graph of D with respect to (2, Z) is the same as the R(q)-flag graph T'(D,Q, Z) with respect
to (0, E);

(c) T(D,Q, E) is connected with order || = ¢*(¢>+1) and valency g when q > 3 and has three
connected components when q = 3.

Proof. (a) By Lemma [3.5] and Lemma 3.6, P = {(0,0,n,...) € V | n € F,}. By (8) one can
check that P is indeed an imprimitive block of Gs on V' \ {00}, and Goo.p = (N, t0,06,¢ | € €
Fg, k€ Fy).

(b) Since w does not stabilize L, we have A = ¢ + 1 for D.

(c) We first recall the following known result (see [23, p.60, Theorem C] or [13 p.3758,
Lemma 2.2]): For any subgroup H of R(q), either |H| = (s® + 1)s3(s — 1), where s™ = ¢ for
some positive integer m, or |H| divides ¢®(¢—1), 12(q+1), ¢* —q, 6(g++/3q+1), 6(¢—+/3q+1),
504 or 168.

By Lemma 2.5, it suffices to prove R(q) = (to,0.¢,ns,w | § € Fy,x € F) when ¢ > 3 and
R(3)" = (too,e;n—1,w | £ € F3). Denote H := (to e, ne, w | £ € Fy, v € F). Since for §,n € F¥
and 0 € I,

1 1 1
0 t(’),_()},f (0)05550, _50-’ _52) 'g <£O—_270’ __,0;0?__2> t?’_())’e (50_2’079 e ) )
£ £ £
1 1 1 1

3 20+3 20+4 t0,0,6
(7770707 —770+ , 1 ot , 1 ot )'2) <_57_W707"'> — <_57_W767'-->7 (13)

we see that {(¢,0,7,...) € V | (,n e F}U{(¢(,—¢",0,...) e V| € F¥,0 € F,} is included
in the H-orbit containing co and thus |H| = oo ||Hu| > (2¢> — ¢ + 1)q(q — 1).

When q > 27, we have |H| = (s 4+ 1)s3(s — 1) by the above-mentioned result, where s™ = ¢
for some positive odd integer m. It follows that m = 1 and H = R(q). When ¢ = 3, we use
the permutation representation of R(3) as a primitive group of degree 28 in the database of
primitive groups in MAGMA [5]. Now R(3) acts on A := {1,2,...,28}, and the two actions of
R(3) on V and A are permutation isomorphic. Let J be the normal subgroup of R(3); (the
stabilizer of 1 € A in R(3)) which is regular on A\ {1}, and let Z be the centre of J. Then
H is (permutation) isomorphic to (Z,R(3);2,7) for some involution 7 € R(3). Computation in
MAGMA shows that (Z,R(3)12,7) has order 6,18 or 504 for any involution 7 of R(3). Hence
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|H| = 504 as |H| > 16 -3 -2 = 96. Since R(3)’ is the only subgroup of R(3) of order 504, we
have H = R(3)’. O

Case (iii): |P|=¢* L1 ULy C P

Now {(0,7,0,...) | n € F,} C P. Since (0,7,0,...)"*#7 = (a,n + B,7 — an,...), we have
<t07670 | IB € Fq> S GOC’,P and H := <t0,ﬁ70,nli | 5 € an K € F(>1<> S GOO,P-

Lemma 3.8. Let G = (R(q), () (as given in (@) be a subgroup of Sym (V') containing R(q) as a
normal subgroup. Suppose that P is an imprimitive block of G, on V '\ {co} containing O such
that |P| = q* and Ly U Ly C P. Then the following hold:

(a) P = {(05772)7735 . ) | 12,73 € IFq} and GOO,P = <nli’t07f77]’<- | 5577 € anli € F(>1<>;

(b) setting L := P U {oo}, D := (V,LR@) = (V,LY) is a 2-(¢* + 1,¢> + 1,¢> + 1) design
admitting G as a 2-point-transitive and block-transitive group of automorphisms, and ) :=
(oo,L)R(Q) = (oo,L)G is a 1-feasible G-orbit on the flag set of D; moreover, the G-flag
graph of D with respect to (Q,Z) is the same as the R(q)-flag graph T'(D,Q, E) with respect
to (2,2);

(c) T(D,Q,E) is connected with order |Q| = q(¢> + 1) and valency ¢>.

Proof. (a) Since | P| = ¢? by our assumption, it suffices to prove n; = 0 for every (11, 72,73, ...) €
P. Suppose otherwise. By the action of H we may assume (1,0,&q,...) =: p € P for some
o € F,. Since |pf| = |H|/|H,| = |H| = q(¢ — 1) and p N {(0,n,0,...) | n € F,} = 0, we have
P =pHU{(0,1,0,...) | n €F} = {(m,n2,m3,-..) €V | n3 = n{ 20 +mmz}. So (0,1,0,...) and
(1,0,&9,...) are points in P. If (0,1,0,.. .)t”’y’z = (1,0,e0,...), then x = 1,y = =1,z = 1 + &g.
On the other hand, (0,—1,0,...) € P, and (0,—1,0,...)" 10 = (1,-2,24¢p,...) = (1,1,2+
€0,-..) ¢ P. Therefore, P is not an imprimitive block of R(q),, on V \ {oo}, a contradiction.

(b) It is clear that D is a 2-(¢> + 1,¢% + 1, \) design admitting G as a 2-point-transitive and
block-transitive group of automorphisms, and €2 is a 1-feasible G-orbit on the flag set of D. If
A =1, then R(g),, is 2-transitive on L and thus |R(q),| = |L| - [R(q)» 1| = (@®>+1)g* (g —1).
But |[R(q); | should divide |R(q)| = (¢* +1)¢®(¢ — 1), a contradiction. Therefore, by Lemma 23]
A=¢>+1.

(c) By Lemma 25 it suffices to prove R(q) = H := (to e, w | £,n € Fy). In fact, similar to
(I3), we can see that H is transitive on V, and thus |H| = |V||H| is divisible by (¢* + 1)¢%.
Similar to the proof of part (c) of Lemma (.7, when ¢ > 27, we have |H| = (53 + 1)s3(s — 1),
where s™ = ¢ for some odd positive integer m. It follows that m = 1 and H = R(g). When
g = 3, the action of R(3) on V is permutation isomorphic to the primitive action of R(3) on
A :={1,2,...,28} (see MAGMA [5]). Let J be the normal subgroup of R(3); which is regular
on A\ {1}. J has two subgroups of order 9 which are normal in R(3);. One of them, say X, is
elementary abelian, while the other is cyclic. So H is (permutation) isomorphic to H:= (X,7)
for some involution 7 € R(3). Computation in MAGMA shows that [H| = 18 or 1512 for any
involution 7 in R(3). Since |H| > 28 -9, it follows that H = R(3). O

Case (iv): |P|=¢? (LiULy)NP =1

Lemma 3.9. Let soc(G) = R(q) or G = R(3). Suppose that P is an imprimitive block of G
on V \ {0} containing O such that |P| = q* and (L1 U L2) N P ={). Then the following hold:

(a) G=R(3), P={(a,—d%c,...) €V |a,c€Fs}, and Goo.p = (n_1,t, .2, | x,2 € F3);

(b) setting L := P U {oc}, D := (V,LRO)) is a 2-(28,10,10) design admitting R(3) as a 2-
3)

point-transitive and block-transitive group of automorphisms, and Q = (oo,L)R( s a

1-feasible R(3)-orbit on the flag set of D;
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(c) the R(3)-flag graph T'(D,Q, E) has three connected components.

Proof. (a) Since (0,0,0,...)*%" = (a, 8,7, ...), if (a, B,7,...) € P, then t, g - stabilizes P. Let
(M1, m2,m3, - -.) € P beafixed element with 7y # 0. Since N := (n, | k € F) stabilizes P, we may
assume that 71 = 1. Then (0,0,~,...) € P for any ~ € FX as t:f mams = £0,0,—1 and N stabilizes
P. Thus, if 8 # 0, then (0,5,7,...) ¢ P, for otherwise ( ,3,0,...) = (0,8,7,...)0o— € P,
which contradicts the assumption (L; U L) NP = ().

Let (1,&2,&3,...) and (1,63,03,...) be two points in P. Then (1,&,&3,...)Y = (1,09,05,...)"Y
holds if and only if {& = 6 and & = 3. Moreover, (—1,&,—E3,...) € P and t_j¢, ¢, sta-
bilizes P. Hence (1,m2,73,...) 12— = (0,0 + & — 1,m3 — & +m2 + & —1,...) € P and so
m2 + & — 1 = 0. Setting & = 19, we obtain e = —1. Therefore, P = {(0,0,7v,...) | v €
Fo} U (Ueer,(1,—1,¢,..)N) = {(a,—a",c,...) € V | a,c € Fg}. On the other hand,
since (a,—a’"le,.. ) eve: = (a + x,— "“ +y +2%,c+ 2+ xa®tt + ya — x°Ha,.. ), if
(ag, —ad ™, ¢c,...)t=w= € P for some ag € Fy, then y = x%ag—afz—=x°'. Thus, t,, . stabilizes P
if and only if x%ag—afz—2°"! = 27a—a’x—2° 1! for any a € F,, that is, (a—ag)°z = (a—ag)x°
for any a € F,. Hence P = {(a,—a",c,...) € V | a,c € F,} is an imprimitive block of R(q)_,
on V '\ {oo} if and only if ¢ = 3.

(b) D is a 2-(28,10,\) design for some A > 1. If A\ = 1, then R(3), is 2-transitive on L
and thus [R(3),| = |L] - [R(3) |- But [R(3),| should divide [R(3)| = 28 - 54, a contradiction.
Therefore, by Lemma 2.3] A\ = 10.

(c) Set H := (n_1,t, 42, w |z, 2z € F3). Then |H| = |00 ||Hs| > 16 -3 -2 = 96 by [I3).
Similar to the proof of part (c) of LemmalB.8] in view of the action of R(3) on A :={1,2,...,28},
let J be the normal subgroup of R(3); which is regular on A\ {1}. Then H is (permutation)
isomorphic to H := (Y, R(3)12,7) for some involution 7 € R(3), where Y is the cyclic subgroup
of J of order 9 which is normal in R(3);. Using MAGMA , we find that |H| = 18 or 504 for any
involution 7 of R(3). Therefore, H = R(3)" and I'(D, 2, E) has three connected components by
Lemma [2.9] U

4 Affine case

In this section we assume that G is a 2-transitive permutation group acting on a set V' which
we always assume to be a suitable vector space over some finite field, and soc(G) is abelian. Let
u:=|V| = p? be the degree of this permutation representation, where p is a prime and d > 1.
It is known (see [22], |7, p.194], [6], [20, p.386]) that u and the stabilizer G of the zero vector
0 in G are as follows.

(i) Go <TL(1,q), ¢ = p%
(i) Go > SL(n,q), n>2, ¢" = p%;

(iii) Go > Sp(n,q), n >4, n is even, ¢" = p%;

(iv) Go > Ga(q), ¢° = p?, ¢ > 2, q is even;

(v) Go = G2(2) =2 PSU(3,3), u = 25;

(vi) Go = Ag or Ay, u = 2%

(vii) Go = SL(2,13), u = 35;

(viil) Go > SL(2,5) or Go & SL(2,3), d = 2, p = 5,7, 11,19, 23,29, or 59;

(ix) d=4, p=3. Go>SL(2,5) or Go > E, where E is an extraspecial group of order 32.

Since G is 2-transitive on V, in each case Gq is transitive on V' \ {0}. Denote by T the
subgroup of Sym(V') consisting of all translations of V', so that G =T x Gj.
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4.1 Gy <TL(l,q), ¢ =p°

This case gives (f) in Table[l Now G acts on V = Fy, and a typical element of G is of the form
T(a,c,p) :Fg = Fy,z = az¥ +¢,
where a € F, ¢ € Fy and ¢ € Aut(F,) = ((), with
C:Fg = Fy, 2= 2P

the Frobenius map. Denote
t(a,j) := 7(a,0,¢7),

where j is an integer. Given § € Aut(F,) and integer i > 0, we use [4, 4] to denote (p™ — 1)/(p" — 1)
and 6 — 1 to denote p" — 1, where n is the smallest positive integer such that 6 = ¢". Thus,
for i > 0 and = € F, 2% is the product of x51_1’ x‘sz_Q, oo 2% xin Fy . The following two

lemmas can be easily proved.

Lemma 4.1. Let H be a subgroup of F. Let x € Fy \ H and 6 € Aut(Fy). In the sequence:
H, Hz0Y g2620  Hnif §is the smallest positive integer such that Hz!%3) equals
a previous item, then Hx%l = H.

Lemma 4.2. Let H be a subgroup of Fy and x € Fy. Then x € H if and only if Al =1.

Let a and ¢ be coprime positive integers. Denote by ordy(a) the exponent of a prime p in
a, namely the largest nonnegative integer i such that p’ | a. If j is the smallest positive integer
such that ¢ | (a/ — 1), then we say that a has order j (mod c¢). Denote by S(n) the set of prime
divisors of a positive integer n.

Lemma 4.3. Let m > 1 and a > 1 be coprime integers.
(a) If m is odd, then a has order m (mod (a — 1)m) if and only if S(m) C S(a —1);

(b) if m is even, then a has order m (mod (a — 1)m) if and only if S(m) C S(a — 1), and
either a = 1 (mod 4) or 44 m.

Proof. Let p be a prime not dividing a and suppose a has order f (mod p). Suppose that n
is a positive integer and f | n. Then by [Il, pp.355-356, 1), 2), 3), 4)], we have ord,(a™ — 1) =
ord,(af —1)+ord,(n) when p or n is odd, and ords(a™—1) = ords(a—1)+ords(a+1)+ords(n)—
when p = 2 and n is even.

First assume that a has order m (mod (a — 1)m). Suppose S(m) ¢ S(a — 1) and let p be
the largest one in S(m)\ S(a —1). Then p is odd and p t a as ged(a,m) = 1 by our assumption.
Suppose that a has order f (mod p). Then f | m as p divides a™ — 1. Set my = m/p. Let £ €
S((a—1)m) = S(a—1)US(m) and suppose that a has order f¢ (mod &). If £ € S(m)\ S(a—1),
then ¢ is odd, f¢ | my since fe < € < p, and ordg(a™! —1) = ord¢(a’s —1)+orde(my) > ordg(m) =
ord¢((a —1)m). If £ € S(a — 1) \ S(m), then ord¢(a™ — 1) > orde(a — 1) = orde((a — 1)m). If
£ € S(m)NS(a—1), then ordg(a™ — 1) > ordg(a — 1) 4 ordg(my) = ordg(a — 1) 4+ ordg(m) =
ord¢((a—1)m). It follows that (a—1)m | ("' —1), a contradiction. Therefore S(m) C S(a—1). If
in addition m = 2¢, we need to prove either a = 1 (mod 4) or 4 m. Suppose a = —1 (mod 4)
and 4 | m, then ordg(a® — 1) = ordg(a — 1) + ord¢(¢) = ord¢(a — 1) + ordg(m) when & € S(m) is
odd, and

orda(a® — 1) = ordy(a — 1) + ordg(a + 1) + orda(¢) — 1 > orda(a — 1) + orda(m),

which implies (a — 1)m | (a® — 1), a contradiction.
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Next assume that S(m) C S(a — 1). If m is even, we also assume 4 { m or a = 1 (mod 4).
Apparently (a — 1)m | (a™ — 1). Let t be a positive integer such that (a — 1)m | (a® — 1).
Then for any odd p € S(m), we have ord,(t) > ord,(m). Hence if m is odd, then m < t.
Suppose that m is even. Then ¢ has to be even (otherwise ords(a’ — 1) = orda(a — 1) and a — 1
can not be divided by (a — 1)m). If 4 ¥ m, then obviously m < ¢t. If a = 1 (mod 4), then
orda(a’ —1) = ordy(a — 1) +ords(t) > ords((a—1)m) and thus ordy(t) > ords(m), which implies
m < t. Therefore, a has order m (mod (a — 1)m). O

Next we prove some results on the structure of Gy and determine all possible imprimitive
blocks of G on F containing 1.

Denote by s the smallest positive integer such that t(a,s) € Go for some a € Fy. Then
s must be a divisor of d and {¢ > 0 | t(a,f) € Go for some a € FS} = {js | j = 1,2,...},
since t(ay, j1)t(ag, jo) = t(aza$”,j1 +j2) € Go and t(as,ji) ™t = t((1/a;)¢ ", —ji) € Gq for
t(as, ji) € Go, i = 1,2. If s = d, then Gy < GL(1,q) and so Gy = GL(1, q) as Gy is transitive on
7. For any integer 4, set

A; = {t(a,is) | t(a,is) € Go}, H; == {a | t(a,is) € Go}.

Then Ay is a normal cyclic subgroup of Gy, H := Hj is a cyclic subgroup of F, and A; = A; if
and only if d | (i — j)s. Since A;t(z,s)’ C Ay for any i,j and t(z,s) € Ay, |A;] is a constant
and thus A;t(z,s)’ = A;;j. Setting

p =,
we then have

A = Aot(az,s)i, H, = Hx[“"’i], i=1,2,...,d/s — 1,
and Ag/s = Aot(z, 5)4s = Ay and Hys = Hzl#d/sl = H. Since

Go=AgU A1 U---U Ay, (disjoint union)
is transitive on [F, we have
Frf=HUH UHyU---UHg/ 4.

Denote by m the smallest positive integer such that ¢(1,ms) € Gpi. Then m < d/s,
Goa = (t(1,ms)) and |Go.| = d/(ms). Let x € Hy. Since 1 € H,, = Hzl*™ we have
Hzle™ = H. In the case when m > 1, if Hz[®J = H for some j < m, then H; = H and
t(1,js) € Aj C Go, which contradicts the definition of m. Hence by Lemma [41] in the sequence:
H, Hzlell gele2l  Helem=U fgeleml  the first m items are pairwise distinct, and the
subsequent items repeat the previous ones. Since Gy is transitive on qu, we have

Fy=HU HzlPy ...y Halem=1 |F; - H|=m, m|[p,m]. (14)
Lemma 4.4. Let G < AT'L(1,q) act 2-transitively on Fy, where ¢ = p? with p a prime, and let
s and m be as above.

(a) If m = 1, then Gy is the group generated by GL(1,q) and 7(1,0,¢%). Conversely, if Gy
contains GL(1,q), then m = 1;

(b) if m > 1, then p® has order m (mod m(p® — 1)), S(m) C S(p® — 1), and Gy has ¢(m)
possibilities, where ¢(m) is the number of positive integers less than m and coprime to m.

Proof. Let A;, H; and H be defined as above, and ¢ := (*.
(a) If m = 1, then H = F; and Gy is generated by GL(1,q) and 7(1,0,¢*). Conversely, if
Gy contains GL(1,q), then m =1 by the definition of m.
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(b) Assume m > 1. Since Gy is transitive on FX, we have Hx # H, Hzl»? £ H, ..,

q 7
Hzlem=1 £ H by ([I4) and Lemma Il where z € Hy. By Lemma (2] this is equivalent to
saying |H| = (¢ —1)/m and Pl #£ 1, gle2H £ 1 glem=1IH] £ 1 Denote the set of
solutions in F of each of the equations
il = 1, oW2H = 1 glem=1H —
by Ei, Ea, ..., Ep_1, respectively. Then E; (i = 1,2,...,m — 1) is a cyclic subgroup of F

with |E;| = ged(q — 1, [p, i]|H|) = |H| - ged(m, [, i]), and E;/H is a subgroup of F;/H of order
ged(m, [, 1]). Hence the existence of x satisfying (I4) implies that m | (¢—1) and F # Ut E;
(that is, p ¢ U 'E;, where p is a generator of Fx), or equivalently m { (p* —1)/(p® — 1),
i=12,....,m—1,and m | (p —1)/(p® —1). Thus p® has order m (mod m(p® — 1)), and
S(m) C S(p®* — 1) by Lemma [£.3]

Moreover, by ([I4), {[¢, 1],...,[¢, m]} is a complete residue system modulo m. It follows that
U Y(E;/H) is the set of all non-generators of Fy/H. Let £ be a fixed generator of F. Then
Fy \U?;_llEi = Uf:(T)Hfgi, where {{1 = 1,02,...,€4(m)} is a reduced residue system modulo m,
and Gy is the group generated by {t(a,0) | a € H} and t(¢%, s) for some i € {1,2,...,¢(m)}. O

Lemma 4.5. Let G < ATL(1,q) act 2-transitively on F,, where q¢ = p? with p a prime. Let
s,m,p, H, A; and H; be as above. A subset P of F is an imprimitive block of Go on Fy
containing 1 if and only if it is of the form

P=KuUKuw®yKwb2y. .. UKt/ (15)

where e is a divisor of m, 1 := C°, and K is a subgroup of H such that w¥"™ € K for some
t(w,es) € Ae.

Proof. Suppose that P is an imprimitive block of Go on F containing 1. Then Go1 < G p <
Go < T'L(1,q). Denote by e the smallest positive integer such that t(c,es) € Go p for some
ce F;. Then Gy p C AgU Ac U Age U Az U ---. For any integer i, set

C; :={t(a,ies) | t(a,ies) € Go,p}, K; = {a | t(a,ies) € Go p}.
Then K := Kj is a subgroup of H. Set ¢ := ¢° = (**. For any t(w, es) € Gy p, we have
Aje = Apt(w, es)?, Hj. = Hw[w’ﬂ, C; = Cot(w, es)’, K; = Kwl¥d, j=12,....m/e—1. (16)

Let £ be the smallest positive integer such that Kw¥ = K. Then t(1,fes) € Go;. Since
Go,1 < Go,p, by the definition of m, we have m = el and so e divides m. By Lemma [.1] in the
sequence: K, KwW’l}, KwW’Q}, e Kw[¢7m/6_1], Kw¥m/e the first m/e items are pairwise
distinct, and the subsequent items repeat the previous ones. Since Gg p is transitive on P, P
must be of the form (I5) and moreover Kwl¥"/¢l = K.

We now prove that any subset P of F defined in (IH)) is an imprimitive block of G on F7. Let
e,y and K be as stated in the lemma. By Lemma[d.T]and the definition of m, in the sequence: K,

Kwb1, KwW’Q}, e Kwlbm/e=1 " gqplbm/el - the first m/e terms must be pairwise distinct,
and the subsequent terms repeat the previous ones as wl¥"™¢l ¢ K. For any t(z,ns) € Gy
(n>0),if e { n, then K, Kwlbl kw2 Kwl®m/e=1 are mapped into Hy,, Heirn, Hocin,

.., Hy—ep respectively by t(z,ns), and hence PNPH*m8) = (). If e | n, say n = ej, then Kw!¥!
is mapped into H,(; ;) by t(z,ns). Since t(z,ns) € A, = Agt(w,es)?, we have z € H,, = Huwl¥d]
and z = yw!¥J! for some y € H, and (Kw[¥){zns) = yw[w’j]K(wW’i})W = Kyw!¥ il Hence
(Kwltihtzns) — golvitil if 4y € K, and (Kw!®4)"=m9) 0 Kol = (§ if y ¢ K. Therefore,
y € K implies Ptzns) — P and y ¢ K implies PN Ptz15) — (. Thus P is an imprimitive block
of Gy on Fy. O
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Lemma 4.6. Let G,s,m,p, A;, H; and H be as in Lemma [{.5, and by the proof of Lemma
we may assume Hy = HEE, where & is a fived generator of Fy and € is a positive integer
coprime to m. Then a subset P of T containing 1 is an imprimitive block of Go on F; if and
only if either P is a subgroup of Fy, or there exist j = nm + {[p,e] and K < H with |H/K|
dividing j[i,m/e]/m such that P is given by (I5l), where n > 0, e is a divisor of m, ¢ := (¢
and w:=&.

Proof. By Lemma [45] we may assume P is given by ([&). If m = 1, then e = m = 1,
w = wl¥"/€l ¢ K and thus P = K is a subgroup of Fy.

Assume m > 1 in the remaining proof. The subgroup K of H in Lemma must allow the
existence of w € H, such that w¥"/¢l ¢ K. We may assume w = "%l for some n > 0 as
H. = He'l?el and H = (€™). Set j = nm + {[p,e]. By Lemma 3] e | [, e] and m/e divides
[),m/e]. Thus e | j and m | j[ib,m/e], and

2] | jlb,m/e]

wom/d ¢ g ey cilbm/elK] _ _ K
cK ¢ & la=1) |l m/ellK] & 7 | 250

(17)
Thus P in (3] is an imprimitive block of G on F7 if and only if K is a subgroup of H such
that |H/K| divides j[i), m/e]/m. O

Remark 4.7. We show that P in Lemma needs not be a subgroup of Fy. Let £/, j and
w be as in Lemma [0 Let K < H be such that |[H/K| divides j[¢),m/e]/m. Then P given
by (I5) is an imprimitive block of Gy on F7. Moreover, P is a subgroup of Fy if and only if
(Kw)™¢ = K, that is, if and only if |H/K| divides j/e.

Fix s,m and e. Let p be an odd prime divisor of [1),m/e]/(m/e), and let t := ord,(j/e) > 0.
Suppose that p has order f (mod ) so that ord,(p? — 1) = ord,(p/ — 1) + ord,(d). Choose d
such that ord,((p? — 1)/m) > t + 1. Let K be the subgroup of H of index p'*! in H. Now
Wttt | [, m/e]/m, while j/e cannot be divided by u‘*l. So P is an imprimitive block of G on
[F7, but not a subgroup of F.

In the rest of this section, let G, H, K, P,m, s, ¢, e be as in Lemma Set L := P U {0}
and

D := (F,, LY), Q:=(0,L)°.

Then D is a 2-(q,|P| 4+ 1,A) design admitting G as a 2-point-transitive and block-transitive
group of automorphisms, and €2 is a 1-feasible G-orbit on the flag set of D. Next we consider
the connectedness of the G-flag graphs.

If A =1, then by [22] Proposition 4.1], L is a subfield of F,. Conversely, if L is a subfield
of IFy, then the elements in G interchanging 0 and 1 must stabilize L and thus A = 1. In the
case when L is a subfield of F, with |L| = p’, we have I'(D, ), E) = (p? — 1)p?/((p" — 1)p?) - K,pt,
yielding the first possibility in (f) in Table 2l

In what follows we assume that L is not a subfield of F, so that A > 1. Denote by T; and
Ty the subgroups of the addition group (Fq,+) generated by {a —1 | a € P} and {a | a € P},
respectively. Define

Ty := {r(1,¢,id) | c € T}, To = {r(1,¢,id) | c € To}.

Since |H| = (¢—1)/m = @ 711 [‘%m] (¢ —1) is even when p is odd, we have 7(—1,0,id) € Gy and

7(—1,1,id) € G. Set —P := {—a|a € P}. We observe that for p > 2, P = —P (or equivalently
7(—1,0,id) stabilizes P) if and only if |K| is even.

Lemma 4.8. Let J := (Go p,7(—1,1,id)). Then J = (T1 x Go,p) x (7(—1,1,id)) if P # —P,
and J:TQ X GQJD lfP: —P.
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Proof. Let x := 7(—1,1,id). It is not difficult to verify that Go p normalizes T;, i = 1,2. If
o =17(a,0,0) € Gy p, then ko~ 'ko = 7(1,a — 1,id). Hence T} < J.

Every element o1k09 - - - 0p—1Kk0,, of J is in Jy or Jik, where Jy :=T1 x Go p and o; € Go,p,
i = 1,2,...,n. We can see that x normalizes J;, and when P # —P we have k ¢ J; as

7(—1,0,id) ¢ Go,p. When P = —P, we have 7(—1,0,id) € Go p and thus 75 < J. O

Lemma 4.9. Suppose that 1 < |P| < ¢ — 1 and |T;| = p“, i = 1,2. Then I'(D,Q,Z) has
|H/K|ep?=°1 /2 connected components when P # —P, and |H/K|ep® 2 connected components
when P = —P. Therefore, I'(D,Q, =) is connected if and only if p = —1 (mod 4), d is odd,
and P is the subgroup of F of index 2. Moreover, if (D, Z) is connected, then it has order
|Q| = 2q and valency (¢ —1)/2.

Proof. By Lemma 2.5 the number of connected components of I'(D, 2, Z) is equal to

Gl _|G:Gopl _ P -1) _ |H/E|ep®
22—ipci ’GQP‘ 22—ipci 22—ipci ’K‘m/e 922—1 )

|G : J| =

where t =1if P# —Pand i =2 if P = —P.

If P = —P, then I'(D,Q, =) must be disconnected, for otherwise we would have ¢y = d,
K =H,e=1andso P=Fg, a contradiction.

Assume that P # —P and I'(D,Q,E) is connected. Then p > 2, |K| is odd, ¢; = d and
|H/K|-e=2. If |[H/K|=1and e =2, then |[K| = |H|=(¢—1)/m = fm;_ll[ﬁ]—m](go—l) is even,
a contradiction. So we have |H/K| = 2 and e = 1. By Lemma [0 j[p,m]/m is even, where
j = nm + £ for some n > 0 and ¢ coprime to m. Since orda(q — 1) = orda(|H|) + orda(m) =
1+ orda(m) and ¢ — 1 = quj_ll[w,m](ap — 1), we have 2 1 [p,m]/m, 2 | j and m is odd as
ged(m, £) = 1. Tt follows that orde(¢ — 1) = 1, p = —1 (mod 4) and d is odd. By Remark [£7]
P is a subgroup of F;* with index (¢ —1)/(|K|m/e) = 2.

Conversely, if p = —1 (mod 4), d is odd and P is the subgroup of F; of index 2, then |P|
is odd and P # —P. If T} # F,, then |F, : Ti| = q/|T1] > p. Hence 2 = (¢ — 1)/|P| =
(q—1)/|P =1 > (¢—1)/|T1| > p(1 — 1/q) as P —1 C T, which implies p = 3, d = 1 and thus
|P| = 1. Therefore, if |P| > 1, then T} = [F, and consequently I'(D, 2, Z) is connected. O

4.2 Go>Sp(n,q), n >4, nis even, u = ¢" = p?

This case contributes to (g) in Table2l Denote the underlying symplectic space by (V, f), where
V = TF} and f is a symplectic form. Let e; := (1,0,...,0) and H := Sp(n,q) I Go. Define
Co i ={z € V\ (e1) | f(z,e1) = a}, a € F,. By Witt’s Lemma each C, is an Hg,-orbit on
V'\ (e1). Moreover, |Cy| = ¢" ' —q and |Cy| = ¢"* for aw € F}¥.

A typical element of G < AT'L(n,q) is 7(4, ¢, ¢) : x = x?A + ¢, where A € GL(n,q), c €V
and ¢ is a field automorphism of F, acting componentwise on x. If 7(A,c,¢) € Gy, then
c € (e1) and row(A) € (e1), where row;(A) is the first row of A. With respect to the bijection
p: (e1) = Fy, aer = a, each 7(A,c,¢) € G, induces a permutation 7(a,c,p) : Fy — Fy,
z + az¥ + ¢, where ae; = row;(A) and ce; = c. Define n : G(e,y — AI'L(1,q), 7(A,c,¢)
T(a,c, ). Then n is a homomorphism.

Lemma 4.10. Suppose that P is a nontrivial imprimitive block of Gog on V \ {0} containing
e;. Then

(a) P C(e1) and p(P) is a subgroup of Fy;

(b) D := (V,LY) is a 2-(¢", |P|+1,\) design admitting G as a group of automorphisms, where
L := PU{0}, and Q := (0,L) is a I-feasible G-orbit on the flag set of D; moreover,
A =1 if and only if p(P) U {0} is a subfield of Fy;
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(c) T'(D,Q,E) is disconnected.

Proof. We first prove that Cy € P. Suppose otherwise. Suppose that P includes j — 1 orbits
of He, of length ¢"1 (1 < j < g+ 1) and contains ¢ elements in (e;) (1 < ¢ < g). Then
|P| =jq" '+ 4 —q=ged(jg" ' + L —q,q" — 1) = ged(¢" — 1,¢° — Lg — j). If ¢> —Lg —j # 0O,
then jg" ' + ¢ — q < ¢> — £q — j, which is impossible as n > 4. If ¢> — fq — j = 0, then j = ¢,
¢ =g —1, and thus P =V \ {0}, violating the condition (u — 1)/|P| > 2. Therefore, Cy  P.

Suppose that P includes j orbits of He, of length ¢"~! (0 < j < ¢) and contains ¢ elements
in (e1) (1 < ¢ <gq). Then |P| = jg" ' + £ = ged(jg" ' +£,¢" — 1) = ged(¢" — 1, £q+j) < Lg+ 3.
Since n > 4, it follows that j = 0 and P C (e1). Since P is an imprimitive block of G ey ¢ on
(e1) \ {0}, p(P) is an imprimitive block of (G e,),0) on F; containing 1.

Let 1 = a1, by, as,bs,. .., a; b, be a symplectic basis of (V) f), where (a;, b;) is a hyperbolic
pair, i = 1,2,...,¢. With respect to this basis, for any a € F;', we have 7(A(a),0,id) € Sp(n, ¢)N
G e1),0, Where A(a) := diag(a,1/a,1,1,...,1,1). Hence 1(Ge,),0) contains GL(1,g) and by the
discussion in Section IL.1], p(P) = {a € F; | ae; € P} is a subgroup of the multiplicative group
Fx.

! Since P and (e1) \ {0} are both imprimitive blocks of G on V'\ {0}, we have Go p < G (e,)-
Let g be an element of G e,y interchanging 0 and e;. Then J := (Go p,g) < Ge,) # G, and
thus the G-flag graph I'(D, 2, E) is disconnected by Lemma

The A of Dis 1 or [P|+ 1 by Lemma[2.3l Since 1(Ge,)) is 2-transitive on Fy, the argument
in Section A1l shows that A = 1 if and only if p(P) U {0} is a subfield of FF,. O

4.3 Go>SL(2,9) =Sp(2,q), u=q* = p?

This case contributes to the second possibility in (g) in Table 2l Denote the underlying sym-
plectic space by (V) f), where V = Fg and f is a symplectic form. Let e; := (1,0) and
H :=Sp(2,q) = SL(2,q) < Gy. Define C,, as in Section Then Cy = 0 and C,, = (€1) + 2z,
for a € F, where z,, € C,. Denote all 1-subspaces of V by U = (e1), U, ..., U,.

Lemma 4.11. Suppose that P is a nontrivial imprimitive block of Go on V \ {0} containing
e;. Then

(a) P C(e1) and {a € F; | ae1 € P} is a subgroup of Fy;

(b) D := (V,LY) is a 2-(¢%,|P|+1,)\) design admitting G as a group of automorphisms, where
L := PU{0}, and Q := (0,L)% is a 1-feasible G-orbit on the flag set of D; moreover,
A = 1if and only if {a € F) | ae; € P} U {0} is a subfield of Fy;

(¢) T'(D,Q, =) is disconnected.

Proof. Suppose that P ¢ (e1). Write P = (U 4+ 24,) U U (U + 2o,) UE (1 < t < q),
where E is a subset of (e1) of size £ (1 < £ < q), ai,...,q; are distinct elements of F* and
Za; € Cq,; for 1 < j < t. Since H is transitive on the set of 1-subspaces of V, there exists
v € H such that UY = U;. Hence PY = (Uy +24,)U--- U (Uy + 2z4,) UE?Y. Since U and Uy
are not parallel, PY N P # () and thus P = PY D Uy + z4,. Since |(U; + z4,) NU| = 1 and
(U1 4 22,) N (U + 24,)| =1 for 1 < j <t, wehavet +1 > |Uy +24,| = ¢ and thus t = ¢ — 1.
Now |P| = ¢*> —q+ ¢ = ged(q> —q+4,¢*> — 1) = ged(¢®> —1,¢q — £ —1). Thus £ = ¢ — 1 and
P =V \ {0}, violating the condition (u — 1)/|P| > 2. Therefore, P C (eq).

Similar to the treatment in Section .2} one can show that the set {a € F) | ae; € P} is a
subgroup of F7. Moreover, the G-flag graph I'(D,Q, =) is disconnected, and X\ = 1 if and only
if {a € F | ae; € P} U {0} is a subfield of F,. O
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4.4 GoSL(n,q),n =3, u=q"=p’

This case contributes to the second possibility in (g) in Table[2l Let P be a nontrivial imprimitive
block of Gg on V'\{0} containing e; := (1,0,...,0), where V = [Fy. Since V'\ (e1) is a Go,e,-orbit
of length ¢" — g, if P includes this orbit, then P = V'\ {0} as | P| is a divisor of |[V'\{0}| = ¢" —1,
but this violates the condition (u — 1)/|P| > 2. If P does not include V' \ (e;), then P C (e;)
and similar to the argument in Section .2 one can show that {a € F; | ae; € P} is a subgroup
of the multiplicative group Fy. Set L := PU{0}, D := (V, L%) and Q := (0, L)Y. Then D is a
2-(¢", |P| + 1, \) design admitting G as a group of automorphisms in its natural action, where
A=1lor |P|+1, and © is a 1-feasible G-orbit on the flag set of D. Moreover, the G-flag graph
['(D,$Q, ) is disconnected, and A = 1 if and only if {a € F; | ae; € P} U {0} is a subfield of [F,.

4.5 Go>Gs(q), u=¢S=pi q¢>2, qis even

This case contributes to the third possibility in (g) in Table 2l Suppose that P is a nontrivial
imprimitive block of Go on V' \ {0} containing e; := (1,0,0,0,0,0), where V = FS. Then P
is also an imprimitive block of Ga(¢g) on V' \ {0} and P is the union of some G2(q)
V' \ {0}. We are going to determine all possible orbit-lengths of G2(q)
knowledge of Ga(q) from [29] p.122, Section 4.3.4].

Take a basis {x1,Xg,...,xg} of the octonion algebra @ over F, with multiplication given by
Table B or equivalently by Table [ where e := x4 + x5 is the identity element of @ (since the
characteristic is 2, we omit the signs).

o,-Orbits on
on V'\ {0} by using the

€1

X1 | X2 | X3 | Xq | X5 | X | X7 | X8 e X1 Xg | X2 X7 X3 X6 X4

X1 0 0 0 0 X1 | X9 | X3 | X4 e e X1 Xg | X9 X7 X3 X6 Xy

Xo| 0[]0 |x:|x2] 0|0 |x5]|Xg X1 | X1 0 x4 | 0 X3 0 X 0

x3| 0 [x1]0 |x3]0 |x5]0 |x7 Xg | Xg | e+x4| 0 |xg 0 X7 0 Xg

X4 |x1] 010 |x4] 0 |x5]|x7|0 Xy | X 0 X6 | 0 | e+x4| X1 0 X9

X5 0 X9 | X3 0 X5 0 0 X8 X7 | X7 X3 0 Xy 0 0 Xg 0

X6 | X2 0 |x4] 0 |x5]0|xg|0 X3 | X3 0 X7 | X1 0 0 |et+x4|x3

X7 | X3 | X4 0 0 X7 | Xg§ 0 0 Xg | Xg X9 0 0 Xg X4 0 0

Xs | X5 | Xg | X7 | X8 0 0 0 0 X4 | Xy X1 0 0 X7 0 X6 X4
Table 3. Multiplication table of O Table 4. Multiplication table of O

There is a quadratic form N and an associated bilinear form f satisfying

0, i+j#9
N(x;) = 0and f(xiaxj):{17 zijig i,j=1,2,...,8.

The group G(q) is the automorphism group of Q. Since Ga(g) preserves the multiplication
table of @, one can verify that it preserves N and f. Moreover, G3(q) induces a faithful action
on et /(e), where el = (x1,Xg, X2, X7,X3,X6,e). Hence Go(q) can be embedded into Sp(6, q).
There is also a symmetric trilinear form ¢ on el, that is, t(z1,22,23) = t(z1-, 290, 230 ) for any
o € Sym({1,2,3}) and z{, 2,23 € e* (see [3, p.420] for the definition of a symmetric trilinear
form), defined by

t(e,x1,xs) = t(e,x2,%7) = t(e,X3,%Xg) = t(X1,Xg,X7) = (X2,X3,Xs) = 1 (18)

and otherwise t is zero on the basis vectors. It is straightforward to verify that

t(x,y,z) = f(xy,z), for x,y,z € e*. (19)

Since G(q) preserves the multiplication and f, it also preserves t.
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Denote by (x) the subspace of @ spanned by x, and (X) the subspace of e /(e) spanned by
X, where X = x+ (e). If W is a subspace of O, then we use W to denote (W, e)/({e). The actions
of Go(q) on e /(e) and V are permutation isomorphic.

It is known that G2(q) g, has four orbits on the set of 1-subspaces of el/(e) (see [9, Lemma
3.1] and [22} p.72]), which have lengths 1, ¢°, ¢(¢+1), ¢>(¢+1) and are represented by (X1), (Xs),
(X2), (X7), respectively. (Since Xg is not perpendicular to X; while Xo and X7 are perpendicular
to X1, (Xs) and (X2) are in distinct G2(q) ,)-orbits, and (Xs) and (X7) are in distinct G2(q) %,
orbits. Moreover, (X2) and (X7) are also in distinct G2(q) ,y-orbits. In fact, if this is not the
case, say ¢((Xz2)) = (X7) for some ¢ € G2(q) x,), then ¢(x1) = ax; + le, p(x2) = cx7 + se for
some a,c # 0 and so 0 = p(x1)p(x2) = (ax1 + le)(cx7 + se) = acxs + lexy + asxy + ¢se, which
is a contradiction as ac # 0 and x71, X3, X7, e are linearly independent.)

Lemma 4.12. (14, Lemma 4.8]) Let a € V' \ {0}. Then Ga(q), has ¢ — 1 orbits of length 1,
q — 1 orbits of length ¢°, one orbit of length q(¢> — 1) and one orbit of length ¢*(¢*> — 1) on
V\ {0}.

Lemma 4.13. Let G < AT'L(6,q) be 2-transitive on V such that Go > Ga(q). Suppose that P
is a nontrivial imprimitive block of Go on V' \ {0} and let 1 € P. Then the following hold:

(a) P C(e1) and {a € F; | ae1 € P} is a subgroup of Fy;

(b) setting L := PU{0}, D := (V,L%) is a 2-(¢°, |P| +1,\) design admitting G as a group of
automorphisms, where A\ = 1 or |P| + 1, and  := (0,L)% is a 1-feasible G-orbit on the
flag set of D; moreover, A =1 if and only if {a € F) | ae; € P} U {0} is a subfield of Fy;

(¢) T'(D,Q, =) is disconnected.

Proof. Since P is the union of some G2(q),,-orbits on V'\ {0}, we have a few combinations to
consider. We prove that only one possibility can actually occur.

First, if P includes both the orbit of length ¢(¢> — 1) and the orbit of length ¢(¢* — 1),
then similar to the argument in Section one can prove that P =V \ {0}, contradicting the
assumption that P is a nontrivial block of V'\ {0}.

Next assume that P includes the orbit of length ¢3(¢? — 1), i — 1 orbits of length ¢° for some
1 <4 < g+1 and £ orbits of length 1 for some 1 < £ < ¢, but P does not include the orbit of length
q(¢>—1). Then |P| = iq® —q>+{ = gcd(i¢® — > +4,¢° —1) = ged(i¢® — 3 +0+4(¢° —1),¢° —1) =
ged(q3(bg® +iq® — 1),¢% — 1) = ged(¥g® + iq®> — 1,¢% — 1). Since 0 < £ + ig*> — 1, we have
i¢° — ¢® + ¢ < lg® +ig*> — 1 < ¢* — 1, which is impossible.

Now assume that P includes the orbit of length g(¢?> — 1), i orbits of length ¢° for some
0 < i < ¢ and ¢ orbits of length 1 for some 1 < ¢ < g, but P does not include the orbit of length
¢*(¢> —1). Then

Pl =iq" +¢* —q+0=ged(iq’ + ¢* — g+ £,¢° — 1) = ged(i¢° + ¢* — g+ €+ €(¢° —1),¢° — 1)
= ged(¢g” +ig* + ¢* — 1,¢° — 1) = ged(¢g® +ig* + ¢* — 1,¢° — 1 — (¢g” +ig* + ¢* — 1))
= ged(lq® +ig* + = 1,¢* —t¢® —ig® —1). (20)

Since 0 < > —1<¢* 4> —ig?—1<¢*—¢>—1, wehave i + @ —q+ 0 < ¢* —tg® —ig? -1 <
q*— ¢ —1, which implies i = 0. Thus @0) gives |P| = ¢® —q+{ = ged({g® +¢*> —1,¢* —g® —1) =
ged(* (0 —¢*+Lq+1),¢* —Lg* 1) = ged(lg® — > +Lg+1, ¢* —£g° —1) = ged(lg® —¢* +Lg+1, ¢* -
q+0) = ged(q? —20q+ ((?—1),¢3 —q+1£). Since 0 < ¢ —20g+ (12 —1) = ({ —q)> -1 < ¢ —2gq,
if g2 — 20qg+ (0> — 1) # 0, then ¢3 — g+ ¢ < ¢®> — 20qg + (12 — 1) < ¢® — 2q, which is impossible.
Hence ¢> —20g+ (2 —-1) =0, ¢ = q—1 and |P| = ¢ — 1. We claim that this P is not an
imprimitive block of Gp on V \ {0}. As in [2 Section 1], for x € e', define

xA:={y € et | t(x,y,z) =0 for any z € el}.
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Let p € Gg(q)§l and suppose ¢(x1) = x1+ce. Let y = ae+a1x;+agxg+asXo+arXr+asxs+asXe
be a vector in et. If y € (x1+ce)A, then t(x; +ce,y,z) = 0 for any z € e-. When z = e, X2, X3,
we get ag = 0, ay = 0, ag = 0, and thusy € W := (e, x1,x2,x3). It follows that (x;+ce)A C W.
In addition, if ¢ = 0, then x; A = (x1,%2,x3). Hence ¢(x2) € (x1 +ce)A C W, and ¢(X3) € W,
which implies that the G3(q)¢,-orbit containing X; is included in W. Since by Lemma this
orbit has length ¢(¢? — 1), it must be W \ (X1), and P = W \ {0}, where 0 denotes the zero
vector in et /(e).

Suppose that W \ {0} is an imprimitive block of G2(q) on el \ {0}. Then there exists
1 € Ga(q) stabilizing W such that ¥(X;) = Xo. Let 9(x1) = x3 + je for some j € F,.
Then 0 = t(x1, W, 1(z)) = t(¥(x1),¥(w),z) = t(xs + je,(w),z) for any w € x;4 and
z € et. Hence 1(w) € (x2 + je)A and (x14) C (x2 + je)A. If j = 0, then ((x1,Xa,%3)) C
W N (x1,X2,X6) = (X1,X2) as Xo A = (x1,X2,Xg) and ¢ stabilizes W, a contradiction. If j # 0,
then (x2+je)A C (e, x1, X2, %) and 9 ((x1, X2,x3)) C (e, X1, X2, Xs)N (€, X1, X2, X3) = (€,X],X2).
Hence ¥((x1,%2,%3)) = (e,x1,x2) and e = ¥~ !(e) € (x1,X2,X3), a contradiction. Therefore,
W \ {0} is not an imprimitive block of Ga(g) on el \ {0}.

Therefore, the only possibility is that P includes neither the orbit of length g(¢? — 1) nor
the orbit of length ¢®(¢*> — 1). Similar to the treatment for Cop € P in Section .2} one can show
that P C (e1). Let e; = c1,¢a,...,¢q be a basis of V, and u : et /(e) — V a linear map that
maps Xi,Xs, X2,X7,X3,Xg t0 €1, Ca,C3,Cy, C5, Cg, respectively. Up to permutation isomorphism,
we only need to consider the action of Go(q) on V defined by ¢9 := u((1u~1(c))9) for ¢ € V and
g € Ga(q)-

Now G < ATL(6,q). Let p and n be defined as in Section Similar to the proof of
Lemma {12 one can verify that, for any a € Fy, we have 7(A(a),0,id) € G2(q) N Gie,),0,
where A(a) := diag(1/a,a,1,1,1/a,a), with respect to the basis c1,¢a,...,c. Hence n(Ge,),0)
contains GL(1,q) and the discussion in Section .1l shows that p(P) = {a € F; | ae; € P} is
a subgroup of Fy. Since Go p < Gg (e,); J := (Go,p,9) < G,y # G, where g is an element in
G e,) interchanging 0 and e;. Hence, by Lemmal[25] the G-flag graph I'(D, 2, =) is disconnected.
The analysis in Section T shows that A\ = 1 if and only if {a € F; | ae; € P}U{0} is a subfield
of IF,. O

4.6 GO = G2<2)/ = PSU(?), 3), u = 26

Suppose that P is a nontrivial imprimitive block of Gg on V \ {0}, where V = F$S. Let a € P.
Since 1 < |P| < |V| and the orbit-lengths of Gga on V \ (a) are 2(2 + 1), 23(2 + 1), 2% and 2*
(see [22, p.72]), P is the union of {a} and the G a-orbit of length 2(2+1). Similar to the proof
of Lemma T3] one can show that this P is not an imprimitive block of G5(2)" on V' \ {0}.

4.7 Go=Agor Ay u=2*

Suppose that P is a nontrivial imprimitive block of Gg on V' \ {0}, where V = IF%. Let a € P.
Then Goga is transitive on V' \ {0,a} when Go = A7, and Goa has orbit-lengths 6 and 8 on
V'\{0,a} when Gg = Ag (see [22, p.72]). Hence there is no 2-design as in Lemma 2.4 admitting
G as a group of automorphisms.

4.8 The remaining cases

If D is a 1-design with point set V' admitting G as a group of automorphisms and €2 is a 1-feasible
G-orbit on the set of flags of D, then the triple (G, D, ) is said to be proper on V. Denote by
II(V) the set of all proper triples on V.

The purpose of this subsection is to determine all proper triples in cases (vii)-(ix) in the open-
ing paragraph of Section Ml up to flag-isomorphism to be defined as follows, and thus determine
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all possible flag graphs, contributing to (h), (i) and (j) in Table 2

Definition 4.14. Let (G;,D;,€);) be a proper triple on V;, i = 1,2. If there exists a bijection
p : Vi — Vs such that the action of G; on V; is permutation isomorphic to the action of Go
on V5 with respect to p, and the action of G on €27 is permutation isomorphic to the action
of G2 on )y with respect to the bijection from ©; to Qg induced by p, then (G1,D1,;) and
(G2, D2, 89) are said to be flag-isomorphic with respect to the flag-isomorphism p.

Flag-isomorphism is an equivalence relation on any subfamily IT of II(V'). A subset of II that
has exactly one proper triple from each equivalence class (of this equivalence relation) is called
a representative subset of 1I.

In what follows we set V := Fg, where d > 2 and p is a prime, and denote
II(d,p) :== {(G,D, 0) e H(Fg) | G < AGL(d, p) is 2-transitive on Fg} .

Recall that T' denotes the group of translations of V. Let (G, D, ), (é, D, ﬁ) € I1(d, p) be flag-
isomorphic with respect to some p € Sym(V). Then p~'Gp = é, p~'Tp="T and p~'Gop = Go.
By [T} p.110, Corollary 4.2B], p € Ngym(T) = AGL(d, p). Since Go = p1Gop = (GP)or =
Goe and Gy is transitive on V' \ {0}, we have 0” = 0 and thus p € GL(d, p). Hence Gg and Gy
are conjugate in GL(d, p), and up to flag-isomorphism it suffices to consider one representative
in the conjugacy class of subgroups of GL(d,p) containing Go. We may thus assume G = G
in the following. Then p € Ngp,ap)(Go). Since p is a flag-isomorphism, we have Qf = Q, or
equivalently (0,L)” = (0,L) for some (0,L) € Q and (0,L) € Q as p normalizes Go. Denote
H := Go,1, and H := GO,E' Then H? = H and so H and H are conjugate in Nerdp)(Go)- Up
to flag-isomorphism it suffices to consider one representative in the conjugacy class of subgroups
of Nar,(4,p)(Go) containing H. We may thus assume H = H in the following.

Lemma 4.15. Let I be a finite group acting transitively on a set A. Suppose that H < J < T
such that J is transitive on A, J, < H and Jy, < H for two points x,y in A. Set P := = and
Q := y!. Then there exists 0 € Y := Ny(J) such that (P7)° = Q” if and only if x and y are
in the same Ny (H)-orbit on A. In particular, two systems of blocks P’ and Q7 are identical if
and only if x and y are in the same Nj(H)-orbit on A.

Proof. Assume that (P7)? = Q7 for some o € N;(J). Then y"9 = 217 and y = 27¢ for some
7€ H and g € J, where £ := 0g~'. We need to show that £ € Ny (H). Set z := 27 = ygfl.
Then 2 = oH = yHoo" = 4HE and we set M = 2. Since H, = (H,)" = (J,)" = J, =
()¢ = (H)E " = (€HE™),, we have H = J.H = Jyy = J,HS ' = HE .

Conversely, if y = 27 for some 0 € Ny (H), then Q = y = 27 = P and so (P7)? =
Q7. ad

By Lemma EI5, L\ {0} = 2 and L\ {0} = y for some z,y that are in the same
Ny (H)-orbit on V', where Y = Ngp,(4,5)(Go). Therefore, we obtain the following result.

Lemma 4.16. LetV := Fg, where d > 2 and p is a prime. Suppose that GL(d,p) < Sym(V\{0})
has exactly £ conjugacy classes Cy,...,Cp of transitive subgroups. For 1 < i < {, let G; € C;
and N; := Ng1,(4,p)(Gi), and suppose that N; has exactly n(i) conjugacy classes Hi1,. .., H;ng)
of subgroups of G; containing some point stabilizer of G;. For 1 < i < { and 1 < j < n(i),
let Hij € Hij, Mi; := Nn,(H;j), Ai;:={x € V\{0} | (Gi)x < H;j}, and suppose that the
M; j-orbits on A;j are X%Zé, 1 <k < s(4,7), where x; 55, € Ay for each k. For 1 < i </,
1<j<n@) andl <k < s(i, ), set Dy = (V, L;TFJ.”kGi) and Q; 1 = (O,Li7j,k)T”Gi, where
L= P;;rJ{0} with P} := XZH;Z Then
{(T % G, Dij, Qi) |1 < < 0,1 < j < (i), 1 <k < s(i,5)}

is a representative subset of II(d,p).
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Based on Lemma [4.16l and by using MAGMA , we have computed a representative subset S
of each of the following sets:

g3 := {(G,D,Q) € 11(6,3) | Go = SL(2,13)},
I} :={(G,D,Q) € 1(4,3) | Go > SL(2,5)},
H43 ={(G,D,Q) e lI(4,3) | Go = E},
— {(G,D,Q) € II(2,p) | Go > SL(2,5) or Go & SL(2,3)},

where F is an extraspecial group of order 32 and p = 5,7,11,19,23,29,59. Note that D is a
2-(u, 741, \) design in each case, where u = 3 for g3, u= 3 for H}Lg and Hi?’, and u = p? for
II3 ;. Our computational results are summarized in Tables [BHI4], where the first row in each table
gives the common value of |Gg| for those proper triples in S whose group entries are pairwise
conjugate in AGL(d, p), and the last row gives the number of proper triples in S whose r and A
values are the same and the group entries are pairwise conjugate in AGL(d, p).

In the case where G = SL(2,13) and u = 35, our computational results are given in Table 5]
and we find that the corresponding G-flag graphs are all disconnected. In addition, by [22, p.73]
we know that A = 1 if and only if one of the following occurs: r = 2 and D = AG(6,3); r = 8
and D is one of the two Hering designs [19]; » = 26 and D is the Hering affine plane of order 27
(see [18] and [10, p.236]).

Table 5. Representatives of Ilg 3

1Gol 2184

r+1|3[5]9[9]14[27 2753
X |1 14271 |53
No. [1[3]3[22 112

ot
Nej
—_

In the case where Go > SL(2,5), d = 4 and p = 3, the results are given in Table [6] and the
corresponding G-flag graphs are all disconnected. In addition, by [22], A = 1 if and only if one
of the following occurs: r = 8 and D = AG(2,9); »r = 8 and D is the exceptional nearfield plane
(see [10] pp.214, 232, 236]); » = 2 and D = AG(4, 3).

Table 6. Representatives of H}Li%

1Go 240 480 480 960

r+1|3]5]9]17]41|3][5]9]41|3][5]9]41|3[5]9]41
XN (1|51 1741|5141 [1 |51 [41]1 1]41
No. |[1|3|2| 1 112111111 [1][1[1]1

In the case where Go> E, d = 4 and p = 3, where F is an extraspecial group of order 32, the
results are give in Table [l and the corresponding G-flag graphs are all disconnected. By [22],
A = 1if and only if one of the following occurs: r = 8 and D is the exceptional nearfield plane
(see [10] pp.214, 232, 236]); » = 2 and D = AG(4, 3).

Table 7. Representatives of Hig

|Gol 160 320 640 1920 3840

r+1{3|5]9 1713151991735 ]917 |39 |17|3|9]|17
A 11519 17 5|9 (1|17 1|5 (1|17 |1 |1 |17 |1 1|17

No. |1]3]2 1 2|11} 1111y 1r 111111

Finally, in the case where Go > SL(2,5) or Go > SL(2,3), d =2 and p = 5,7,11,19,23,29 or
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59, the results are given in Tables BHI4l respectively, and the corresponding G-flag graphs are
all disconnected. By [22], A = 1 if and only if D = AG(2,p).

Table 8. Representatives of IIs 5

|Gol 24 48 96 120 | 240 | 480
r+1{3|14(5|5|7]9|3[5|5/9|3|5]9]3 3 3
A 3141517193159 (3]|1 3 3
No. |11 |11 |1|1|1]1 1|11 f1|1]1 1 1
Table 9. Representatives of Il 7
|Gol 48 144
r+1{3|4|5|7[7]9|13|17|25|3 |4 91131 25
A 3145719131725 |3|4]1]|9|13]|25
No. |1 (2|31 1|32 |1 |1 11|11} 1|1
Table 10. Representatives of I3 11
Gol 120 120
r+113|4[5]6|7|9 11|11 [13|21|25| 3 {456 |7 |9|11|16|21|25]|31]41
A 31415679111 (13|21 |25] 3 |4|5|6 |7 1 11621253141
No. (1232211 |1 (2|21 1321|3113 |2]|]1]3]1

|Gol 240 600
r+1(3|4(5|6|7|911]16|21 25|31 |41 (3 |6|11]21

A 314567191 (1621|2531 4136|121
No. [1|2|1 /121121121 |1]1]1]1

Table 11. Representatives of IIs 19

1Gol 1080

r+1|3[4]7]9[10[13]19[2537] 73121
X [3[4]|7|9[10[13] 1 [25[37]73|121
No. [1|1]|1]2|1 |1 ]1|2[1]2]1

Table 12. Representatives of I3 23

1Go 528

P13 [4[5|7]9][12]13[17 23] 253445496789 133 [ 177 | 265
) 12 (13|17 | 1 |25 |34 |45 |49 | 67 | 89 | 133 | 177 | 265
No. |1|4|9(4[7[ 1431|1491 ]4a]7] 4] 3] 1

W~
ot
-3
Nej

We have completed the proof of Theorem
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Table 13. Representatives of I3 29

Gol 840

r+1 |34 |56 7 89|11 |13 |15|21(22|25|29|29]|36|43 |57 |71 |8 |121 | 141 | 169

A |3[4(5]6|7|8|9|11|13|15(21(22(25[29| 1 |36|43|57| 71|85 |121 | 141|169

No. [1|6]9|4]6(1|3|4 6|1 4|63 |8 14|63 46| 1] 4|3

Gol 1680

r+1 34|56 7|8|9|11|13|15|21(22|25|29|29|36|43 |57 |71 |8 |121 | 141 | 169

A 34567891113 |15(21(22(25[29| 1 |36|43|57| 71|85 |121 | 141|169

No. (1232|2112 |2 |1 (22|12 12|21 2(2|1}|2]/]1

Table 14. Representatives of Il 59

|Gol 3430

r4+103 (45 (6] 7 |9]11|13]21{25|30/|59 |88 | 117|121 | 146|175 | 233 | 291 | 349 | 581 | 697

A 31456 791113212530 1 |8 |117 (121|146 | 175 | 233 | 291 | 349 | 581 | 697

No. |1]10|15|6|10(5)6 (10 6|5 |1 | 110|151 |6 |10 5|6 |[10] 6|35
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Appendix: Sample MAGMA codes

The following MAGMA codes were used in the case where Go > SL(2,5) or Go > SL(2,3), d = 2
and p =5,7,11,19,23,29 or 59 in Section .8l For other cases in Section 1.8 the MAGMA codes
are similar, and we just give the filtering conditions by which we get the groups in Section [A.§]
(see “/ *...* /" parts in the following MAGMA codes).

/* Searching for a representative subset of Il * /

d:=2;
for p in [5,7,11,19,23,29,59] do

u:=p~d; A,V:=AGL(d,p); C:=GSet(A); g:=A.1;
:=NormalSubgroups (A:0rderEqual:=u); T:=T[1] ‘subgroup;
X:=Stabilizer(A,1);

H

/* The following three lines of codes are called the filtering
conditions */
L:=Subgroups (X:0rderMultipleOf:=p~2-1);
L:=[a‘subgroup:a in L|#0rbits(a‘subgroup) eq 2];
Li:=[a:a in L|#[b:b in NormalSubgroups(a:0rderEqual:=120) |IsIsomorphic
(b‘subgroup,SL(2,5)) eq truel+#[b:b in NormalSubgroups
(a:0rderEqual:=24) | IsIsomorphic(b‘subgroup,SL(2,3)) eq true]l gt 0];

v:=Cl!1; i:=1; t:=#L1;

while i 1t t+1 do
"Transitive subgroup of GL(",d,",",p,") containing a normal subgroup
isomorphic to SL(2,5) or SL(2,3), No.", i, " of order ", #L1[i];
nmn.,
GO:=L1[i];
Y:=Normalizer (X,GO);
:=sub<A|T,G0>; f:=#G;
:=Round (#G0/ (u-1)) ;
:=Subgroups (GO :0rderMultipleOf:=b) ;
:=[a‘subgroup:a in S|#(a‘subgroup) ne b];
(=#S;
S1:=[S[1]]; s1:=2;
while s1 1t s+1 do m2:=#S1; al:=1;
while al 1t m2+1 do
if IsConjugate(Y,S1[al],S[s1]) eq true then break;
else al:=al+l;

n 0N N T N

end if;
end while;
if al gt m2 then S1:=Append(S1,S[si]);
end if;
sl:=s1+1;
end while;

time for y in G do
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if [1,2]7y eq [2,1] then g:=y;
"Find an element in G interchanging",V[1]," and ",V[2];

nn.
3

break y;
end if;
end for;

z:=g;

j:=1; s:=#S1;
while j 1t s do

nn.
)

"subgroup of GO No.", j;

nn.
H:=S1[j]; h:=#H; m:=1; e:=Round(h/b+1);
NH:=Normalizer(Y,H); Ob:=0rbits(NH); n:=#0b;
time while m 1t n+l1 do C:=0b[m];
for x in C do
if #Stabilizer(H,x) eq b then v:=x;
"the block of the 2-design has size", e;
for y in GO do
if 27y eq v then g:=y~(-1)*zxy;
break x;
end if;
end for;
else break x;
end if;
end for;

if v eq 1 then m:=m+1;
else
M:=sub<A|H,g>; c:=#M;
if ¢ eq h*e then "lambda equals 1";

nn.
I

else "lambda equals", e;
if ¢ eq £ then "G-flag graph is connected";
end if;

nmn.,
b

end if;
m:=m+1; v:=1;
end if;
end while;
ji=i+;
end while;

i:=i+1;
end while;

end for;

The filtering conditions in searching for a representative subset of Il 3 are as follows:
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L:=Subgroups (X:0rderEqual:=2184) ;
L:=[a‘subgroup:a in L|#0rbits(a‘subgroup) eq 2];
Li:=[a:a in L|IsIsomorphic(a,SL(2,13)) eq truel;

The filtering conditions in searching for a representative subset of H}l’3 are as follows:

L:=Subgroups (X:0rderMultiple0f:=80);

L:=[a‘subgroup:a in L|#0rbits(a‘subgroup) eq 2];

Li:=[a:a in L|#[b:b in NormalSubgroups(a:0rderEqual:=120) |
IsIsomorphic(b‘subgroup,SL(2,5)) eq true]l gt 0];

The filtering conditions in searching for a representative subset of H?m are as follows:

L:=Subgroups (X:0rderMultiple0f :=80) ;
L:=[a‘subgroup:a in L|#0rbits(a‘subgroup) eq 2];
Li:=[a:a in L|#pCore(a,2) eq 32];
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