Coloring graphs with two odd cycle lengths

Jie Ma* Bo Ning'

Abstract

In this paper we determine the chromatic number of graphs with two odd cycle
lengths. Let G be a graph and L(G) be the set of all odd cycle lengths of G. We
prove that: (1) If L(G) = {3,3 + 2I}, where | > 2, then x(G) = max{3,w(GQ)}; (2)
If L(G) = {k,k + 2l}, where k > 5 and | > 1, then x(G) = 3. These, together with
the case L(G) = {3,5} solved in [14], give a complete solution to the general problem
addressed in [14, 3, 8]. Our results also improve a classical theorem of Gyérfds which
asserts that x(G) < 2|L(G)| + 2 for any graph G.
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1 Introduction

Only simple graphs are considered. For a graph G, let x(G), w(G), and L(G) denote the
chromatic number of GG, the size of maximum cliques in G, and the set of all odd cycle
lengths of G, respectively. For notations not defined, we refer the reader to [1].

The study of the relation between x(G), w(G) and L(G) is a fundamental area in graph
theory and has been a subject of extensive research. It is well-known that x(G) < 2 if
and only if L(G) = (. A general upper bound for x(G) in terms of the size of L(G) was
proposed by Bollobas and Erdés [5], where they conjectured that x(G) < 2|L(G)| + 2 for
any G. In [7], Gyarfas confirmed this by showing that if |[L(G)| = k > 1, then x(G) < 2k+2
with equality if and only if some block of GG is a Kop1o. If one considers the elements of
L(G), then often the value of x(G) can be improved. Indeed, in [14] Wang proved that
x(G) = 3 if L(G) = {k} for some k > 5. Kaiser, Rucky and Skrekovski [8] obtained a
slight improvement that any proper 3-coloring of an odd cycle of G can be extended to
a proper 3-coloring of G, assuming G contains no K, and has |[L(G)| = 1. The problem
of determining x(G) seems to be much harder for graphs with |L(G)| = 2. The case
L(G) = {3,5} was resolved by Wang [14], where he proved that if G contains neither K,
nor Ws (a wheel on six vertices) then x(G) = 3, and otherwise x(G) = max{4,w(G)}.
In [3], Camacho and Schiermeyer showed that every graph G with L(G) = {k,k + 2} for
k > 5 satisfies x(G) < 4. The special case L(G) = {5,7} was improved to x(G) = 3 by
Kaiser, Rucky and Skrekovski in [8].

In this paper, we determine x(G) for every graph G with |L(G)| = 2. Our main
theorems are as follows.
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Theorem 1. Let | > 2 be an integer. Any graph G with L(G) = {3,3 + 2l} has x(G) =
max{3,w(G)}.

Theorem 2. Let k > 5 and | > 1 be integers. Any graph G with L(G) = {k,k + 2l} has
x(G) = 3.

We point out that these results improve the aforementioned theorem of Gyarfas in the
family of graphs considered. Recently, the theorem of Gyarfas was extended to cycles of
consecutive odd lengths in a joint paper [10] of the first author. Answering a conjecture of
Erdés [6], Kostochka, Sudakov and Verstraéte in [9] proved that every triangle-free graph
G with |L(G)| = k satisfies x(G) = O(y/k/log k). For general L(G), the precise value of
X(G) seems to be out of reach. However, maybe it is possible to determine the maximum
integer t such that any triangle-free graph G with |L(G)| = t has x(G) = 3. The Grotzsch
graph and Chvétal graph both have L(G) = {5,7,9,11} and x(G) = 4, which, together
with Theorem 2, show that 2 <t < 3. It will be interesting to see if t = 3.

Let G = (V, E) be a graph, z,y be vertices of G, and H, H' be subgraphs of G. For
a subset S of V, by Ny (S) we denote the set of vertices in V/(H)\S, each of which is
adjacent to some vertex of S in G. We also denote by H — S (and H — H’, respectively)
the induced subgraph of H on the vertex set V(H)\S (and V(H)\V(H'), respectively).
For x,y € V(H), the distance in H between x and y, denoted by dg(z,y), is the length
of a shortest path in H with endpoints  and y. For a cycle or a path @, the length of @,
denoted by |@Q|, counts the number of edges in Q). A cycle C' is called a k-cycle if |C| = k.
If we draw a cycle C' as a circle in the plane, then xC'y denotes the path on C' from x to y
in the clockwise direction. A path P with endpoints x and y is called an (z, H,y)-path if
V(P)\{z,y} CV(H), and an (H, H')-path if V(PN H) = {z} and V(PN H') = {y}. For
the convenience, we use P to denote P — {z,y}. An H-bridge of G is either an edge with
two endpoints in V' (H) or a subgraph induced by a component D of G — H together with
all edges between D and H. For subsets A, B of V| the pair (A, B) is called a k-separation
of Gif AUB=V,|ANB| =k, and G has no edges between A\B and B\A. A graph G
is k-chromatic if x(G) = k, and is k-critical if G is k-chromatic but any proper subgraph
of GG is not. If there is no danger of ambiguity, we often do not distinguish the vertex set
and the graph induced by it. And if H consists of a single vertex v, we also often write v
instead of H or {v} in the above notations.

The organization of this paper is as follows. In Section 2, we prove Theorem 1. In
Section 3, we prove Theorem 2, assuming Lemmas 3 and 4. We then complete the proofs
of Lemmas 3 and 4 in Sections 4 and 5, respectively.

2 Proof of Theorem 1

Throughout this section, let G be a graph with
L(G) = {3,k}, where k:=3+2l and [ > 2. (1)

We shall show that x(G) = max{3,w(G)}. It is fair to assume that G is 2-connected.
Otherwise, there is a cut vertex u such that Gy UGy = G and G1 N Go = {u}. Assume
that & € L(G1). Then L(Gy) is either {k} or {3,k}, and L(G3) can be (), or {3}, or
{k}, or {3,k}. Then we can use induction for L(G;) = {3,k}, or Wang’s result [14]
that x(G;) = 3 for L(G;) = {k}, or Gyarfds’ result [7] that x(G2) = max{3,w(G2)} for
L(G2) = {3}. Combining them will be easy to see that x(G) = max{3,w(G)}.



By (1), observe that w(G) € {3,4}. According to the value of w(G), we divide the
proof of Theorem 1 into two subsections as follows.

2.1 w(G)=4

Let X be a Ky in G with V(X) = {x1,22,23,24}. We will need to prove x(G) = 4.
To achieve this, we propose to show that for any component H in G — X, any proper
4-coloring of X can be extended to a proper 4-coloring of G[V (X U H)].

First we claim that for distinct z;,2; € V(X) there is no (z;, z;)-path of even length
in GG internally disjoint from X. Suppose to the contrary that there is a such path P in G,
say from 1 to 9. Then PUzix9 and P U x1x32479 are two odd cycles in G with lengths
differ by two, a contradiction to (1). This proves the claim.

Suppose that H contains an odd cycle, say C. Since G is 2-connected, there are
two disjoint (X, C)-paths Pj, Py, say from z1,29 € V(X) to y1,y2 € V(C), respectively.
Since |C| is odd, there exists a (y1,y2)-path @ on C such that P, U P, U@ is an even
(z1, H, z9)-path in G, a contradiction. So, H is bipartite.

Let (A, B) be the bipartition of H. Next we show that no distinct z;,z; € V(X) can
be adjacent to the same part in (A, B). Otherwise, by symmetry we may assume that
there exist a € AN Ng(x1) and ' € AN Ng(z2). Let P be an (a,a’)-path of H. As |P| is
even, we see r1a U P Ud'zy is an even (z1, H, z5)-path in G, a contradiction to the claim.

We can then derive that there are at most two vertices in X adjacent to H, say
V(X)N Ng(H) C {x1,22}. Now it is clear that any proper 4-coloring ¢ of X can be
extended to a proper 4-coloring of G[V (X U H)J, by coloring all vertices of A by the color
¢(x3) and all vertices of B by the color ¢(z4). The proof of Theorem 1 when w(G) =4 is
completed. O

2.2 w(G)=3

To finish the proof of Theorem 1, it remains to consider a graph G containing no K4. We
are going to prove x(G) = 3 by the means of contradiction. Let G be a minimal Ky-free
graph satisfying (1) but x(G) > 4. We claim that G is 4-critical. Indeed, if not, then
there exists e € F(G) such that x(G — e) > 4; by the choice of the minimality of G, we
have L(G — e) = {3} or {k}, which, by Gyérfas’ result [7] or Wang’s result [14], implies
that x(G — e) = 3, a contradiction. So

G is 4-critical, which implies that 6(G) > 3 and G is 2-connected.

Recall that we write k = 3 4 2, where k > 7 (as [ > 2).

Our starting point is a result of Voss [12, Theorem 2| (also see [13]) that every Ky-free
graph with chromatic number at least 4 contains an odd cycle with at least two diagonals.
By this theorem, G contains a k-cycle C' with at least two diagonals, as clearly such cycle
can not be a triangle. Let C := vgvy ... vp_1v9, and Gg := G[V(C)]. (The subscripts will
be taken modulo £ in the rest of this section.)

In what follows, we will prove a sequence of claims. The first claim shows that the
induced subgraph G consists of the k-cycle C' and exactly two diagonals. Without loss
of generality, we may assume that

Claim 1. E(Gp) = E(C) U {vgva, v1v3}.



Proof. For any diagonal v;v; of C, there exists a (v;,vj)-path P on C such that P U v;v;
forms an odd cycle. Since L(G) = {3,k} and j ¢ {i — 1,7+ 1}, we see that P Uv;v; is
of length less than k and thus a triangle, implying that j € {i — 2,7 + 2}. Without loss
of generality let vguy be a diagonal of C'. Consider any other diagonal v;v;49 of C. If
i ¢ {1,k — 1}, then there is a (k — 2)-cycle (C — {v1,vi41}) Uvgva Uvvige, so l =1, a
contradiction. Thus, except vgve, only vivs or v1vi_1 can be a diagonal of C, and one can
easily see that both of them cannot be. This proves Claim 1. m

We define a proper 3-coloring ¢ : V(Go) — {1,2,3} of G by the following rule:
o Let Sy :={vs3,v5,...,5_2,v0} and Sy := {vo, vy, ..., Ux_1}.
e Assign ¢(vq) := 3, and for any j € {1,2} and x € S}, assign p(z) := j.

The essential idea behind the coming claims is to show that for every component H in

G — V(Gy),
¢ can be extended to a proper 3-coloring of G|V (Go U H)]. (2)

Note that, if true, this in turn will give rise to a proper 3-coloring of G and complete the
proof of Theorem 1. We prove by contradiction. Suppose that there exists a component
H in G — V(G)p) such that (2) does not hold.

Claim 2. If there exist v;,v; € N(u) N V(C) for some u € V(H), then dc(v;,vj) =1 or
2. Moreover, {v;,vj} # {vp, Vps2} for any p € {k —1,0,1,2}.

Proof. There exists a (v;,vj)-path P on C such that P Uwv;uUuv; forms an odd cycle. As
L(G) = {3, k}, it is easy to see that dc(v;,v;) = 1 or 2. Suppose that {v;,v;} = {vp, vpy2}
for some p € {k —1,0,1,2}. Then it is easy to check that this will force a 5-cycle in G, a

contradiction. m
Claim 3. We may assume that |V (H)| > 2.

Proof. Suppose to the contrary that V(H) = {u} for some u € V(G). Claim 2 shows that
any two neighbors of u is of distance one or two on C. Since 6(G) > 3 and |C| =k > 7,
one can deduce that N(u) = {v;,viy1,v42} for some i. If v ¢ N(u), then we can
assign o(u) := 3 such that (2) holds. So v; € N(u), which means that i € {k — 1,0, 1},
contradicting Claim 2. =

Claim 4. Let v;,v; € V(C) with i # j. If there are two (v;, H,vj)-paths P and @ with
lengths differ by one, then {v;,v;} N {vi,v2} = 0, {|P],|Q|} = {l + 1,1 + 2}, and the
(vi,vj)-path on C containing {vy,vs} is of length [ 4 2.

Proof. Recall that k = 2l + 3. Let p:= |P| and ¢ := |Q|, and assume by symmetry that p
is odd. Then p > 3, implying that p + ¢ > 5. Let X be the even (v;,v;)-path on C such
that C1 := X U P forms an odd cycle. Then Cy := (C — )?) U Q also is an odd cycle. As
L(G) = {3,k}, |C1| +|C2| = |C|+p+q € {6,k + 3,2k}. In view of p+ ¢ > 5, we see that
|C1| 4+ |Cs| = 2k and thus p + ¢ = k.

We first show that {v;,v;} N {v1,v2} = 0. Suppose not, say v; = v1. If v; € {vg, v},
then (C —v;v;) UP is an odd cycle of length more than k, a contradiction. If v; = v3, then
(C —{v1,v2}) Urguavy U P is an odd cycle of length more than k, a contradiction. So v; €



V(C) —{wo,v1,v2,v3}. Let X be a (v, v;)—path on C through vy, and choose R € {P,Q}
with the parity different from X. Then X U R and (X — vgv1) U R U wvjv3v9v9 are two odd
cycles whose lengths differ by two, a contradiction to (1). This proves {v;, v; }N{v1,v2} = 0.

Let Z be the (v;, vj)-path on C containing {v1,v2}. So [Z] > 3. Let {R1, R2} = {P,Q}
such that ¢’ := Ry U Z forms an odd cycle. Then C” := Ry U (Z — {vgv1, v1v2}) U vgvg is
also an odd cycle. So [C'|+|C"|=p+q+2|Z|—1=k+2|Z] —1€ {6,k + 3,2k}. As
|Z| > 3, this shows that |Z| = (k+1)/2 = 1+ 2 and |C'| = |C"| = k, further implying
that |Ri| =1+ 1 and |Rz| =1+ 2. Claim 4 is proved. m

A book of r pages, denoted by B}, is a graph consisting of r triangles sharing with
one common edge. It was proved in [14, Theorem 8| that every 2-connected non-bipartite
graph containing no odd cycles other than 3-cycles is either a K4 or a book. This leads
us to the next claim.

Claim 5. Every non-bipartite block in H is a book B} for some r > 1.

Proof. Let B be a non-bipartite block in H. Suppose that B contains a k-cycle C’, which is
disjoint from C. As G is 2-connected, there exist two disjoint paths X, Y from z,y € V(C)
to 2’,y’ € V(C"), respectively and internally disjoint from C'UC’. Let P be an (z,y)-path
on C and P’ be an (2/,3’)-path on C’ such that C; := PUP'UXUY is an odd cycle. Then
Cy = (C—P)U(C'—P)UXUY is also odd. But |Cy|+|Ca| = |C|+|C'|+2|X|+2|Y]| > 2k,
a contradiction to L(G) = {3,k}. This shows that B contains no k-cycles and thus
L(B) = {3}. Claim 5 then follows from Theorem 8 in [14] just mentioned and the fact
that G is Ky-free. =

Claim 6. H has at most one non-bipartite block.

Proof. Suppose to the contrary that H has two such blocks, say B; and Bs. Let W be
a path in H from w; € V(Bj) to wy € V(Bsg) internally disjoint from B; U By, where
w; is a cut-vertex of H contained in B; for i = 1,2. By Claim 5, B; is a book and thus
contains a triangle, say T; := G[{w;, z;,y;}|. Each of z;,y; is either a vertex of degree two
in the book B; or adjacent to such a vertex in V(B;) — V(T;); while for each vertex u
of degree two in the book B;, there is a path from u to V(C) internally disjoint from B;
(since 0 > 3). Hence, by symmetry, we may assume that there exist two internally disjoint
paths Pi, P from x1, 25 to v;,v; € V/(C) for some 4, j, respectively and internally disjoin
from Ty UT, UW UC.

If one can choose the above Py, P, such that v; # v;, then we can find three (v;, H,v;)-
paths, namely, P := PyUxjwi UWUwazoUPs, (P—xi1w)Uz1y1w and (P—{xjwq, zows })U
r1y1wy U zayswe, with three consecutive lengths, a contradiction to Claim 4. Thus, for all
choices of { Py, P},

Py, P, intersect V(C') at the same vertex, say v;. (3)

Then we get three cycles of consecutive lengths, which implies that the middle cycle is a
k-cycle and so
|Pi| + |Po| + W] +3=20+3. (4)

Since G is 2-connected, there exists a path @ from v, € V(C) — {v;} to w € V(I1 U
To UW U Py U P,), internally disjoint from CUTy UToUW UP,UP;. If w € V(P UP2) U
{z1,y1, 22,92}, then we get a contradiction to (3). Thus, w € V(W). For each i € {1, 2},



let Q; := QUuwWw; Uw;z; UP;, then Q; and (Q; — w;z;) Uw;yx; are two (vg, H, v;)-paths
whose lengths differ by one. Claim 4 then implies that for ¢ € {1,2}, the length of Q; is

Q| + [wWw;| + 1+ |P| =1+1.
Adding |@1] and |Q2| up, we have
|Pr| 4 |Po| + W +2|Q| 42 = 21 + 2,

which, compared with (4), shows that |@| = 0, a contradiction. This proves Claim 6. m

By Claims 5 and 6, let D be the unique non-bipartite block of H (if existing), such
that V(D) = {x1,22,y1,....,4r} and E(D) = {z122} U {z;y; : 1 <i <2,1 < j <r}, where
r > 1. Denote H' := H — {x1x2} if D exists; otherwise, denote H' := H. Therefore,

H' is connected and bipartite. (5)
Let (A, B) be the bipartition of H'. So {z1,29} C A or {z1,22} C B if D exists.
Claim 7. If Ny (v1) # 0, then D does not exist and thus H = H' is bipartite.

Proof. Suppose that Ny (vi) # 0 and there is the non-bipartite block D of H. Let T be
a triangle in D and denote V(T') by {z1,z2,23}. Since G is 2-connected, there exist two
disjoint paths P, Q@ from V(C') to V(T') internally disjoint from C' UT. Since Ny (v1) # 0,
by rerouting paths if necessarily, we may assume that P, Q are from vy,v; € V(C) to two
vertices u,v in T. Let w € V(T) — {u,v}. Then PUwuwv UQ and P Uuwv U Q are two
(v1, H, v;)-paths with lengths differ by one, however it is a contradiction to Claim 4. m

Recall the sets S1 = {v3,vs5,..., 052,00} and Sy = {va,vy,...,vk_1}, and the proper
3-coloring ¢ on Gy.

Claim 8. Ny(v1) = 0.

Proof. We prove this claim by showing that if Ny (v1) # 0, then (2) holds. Without loss
of generality, assume that there exists u; € Ng(v1) N A. By Claim 7, H is bipartite.

We first show that Ny (S1) C B. Otherwise, there exists v;u; € E(G) for some v; € Sy
and u; € A. Let P be a (v1, H,v;)-path with even length. If v; = vy, then P U vov;
and P U vivgvaug are two odd cycles with lengths differ by two, a contradiction. So
v; € S1— {vo}. Let X be the (v3,v;)-path on C not containing v;. Note that X is even.
Then vivs U X U P and vyvguavg U X U P are two odd cycles with lengths differ by two,
which cannot be.

Next we show that Ny (S2) € A. Suppose to the contrary that there exists vju; € F(G)
for some v; € Sy and uj € B. Let Q be a (vi, H,vj)-path with odd length at least three.
If vj = vg, then (C' — viv2) UQ is an odd cycle of length at least k 4 2, a contradiction.
So v; € Sg — {va}. Let Y be the (vs,v;)-path on C not containing v1. So Y is odd. Then
v1v3UY UQ and vivgrevg UY U Q are two odd cycles with lengths differ by two, again a
contradiction.

Note that V(C) = {v1} U S1 U Sy and G is 2-connected. So N (S1) U N (S2) is not
empty. Recall that we have proved Ny (S1) C B, Ny(S2) C A and H is bipartite. So ¢
can be extended to a proper 3-coloring of G[V (GoU H)], by simply coloring all vertices in
A using color 1 and all vertices in B using color 2. m



Claim 9. If there exist distinct v,,v, € S; for some ¢ adjacent to u, € A,u;, € B,
respectively, then the (v, v,)-path on C not containing vy is of length I + 1, any (uy, uq)-
path in H' is of length [, [ is odd, and |Ng(A) NS;| = [Ng(B) N S;| = 1.

Proof. By (5), any (up, ug)-path P in H' is of odd length . Let X be the (vp,vq)-path on
C not containing vy, and Y be the (v, v,y)-path (C' — X - {v1}) Uvgva. By the definitions
of S1 and S, both X and Y are even with | X|+|Y| = k—1. Then X Uvyu,UPUugv, and
Y Uvpu, U PUugu, are two odd cycles, implying that | X |+ |Y'|+2|P|+4 € {6,k + 3, 2k}.
As | X|+|Y|=k—1and |P| > 1, we deduce that | X |+ |Y|+ 2|P| + 4 = 2k. This implies
that |[P|=(k—3)/2=1land | X|=(k—1)/2=1+1.

Suppose that there is some v; € Ng(A) N S; — {vp}. Note that |C| = 21 4+ 3. By a
similar argument above, we have dc(vj,vq) = dc(vp,vg) = 1+ 1. Since v; # vy, vertices
Up, Vg, vj must lie on C' in cyclic order and thus the (vy, v;)-path on C containing v, is of
length 2/ 4 2, a contradiction to the definition of S;. This shows that |[Ng(A) N S;| =1
and similarly |Ng(B) N S;| = 1, completing the proof. m

Claim 10. [ is odd.

Proof. Suppose for a contradiction that [ is even. By Claim 9, we see Ny (S;) C A or B for
each i. By the symmetry between A and B, we have two cases (see below) to consider; and
we will show that in each case, ¢ can be extended to a proper 3-coloring of G[V (GoU H)].
Note that Ny (v1) = 0 by Claim 8.

Suppose Ng(S1) € A and Ny (S2) € B. We may further assume that 1,29 € A (if
D exists). Then we can extend ¢ onto G[V(Go U H)], by coloring z; using color 3, all
vertices of A — {x1} using color 2 and all vertices of B using color 1. If D does not exist,
color each vertex in A by 2 and each vertex in B by 1.

Now we may assume N (S1) U Ng(S3) € A. Suppose that D exists. If x1, 29 € B, we
can color z1 by color 1, color B — {1} by color 2, and color all vertices of A by color 3.
Thus, x1, 29 € A. If there exist some i, j € {1, 2} such that 2; ¢ Ny (S;), then we can color
x; by color j, color all vertices of A — {z;} by color 3, and color all vertices of B by color
3 —j. It remains to consider the situation that for each i € {1, 2}, there exist v, € S; and
vg € Sa such that vy, v, € N(z;). By Claim 2, we see that dc(vp, vy) = 1 or 2. As {vp, vy} #
{vo,v2} (by Claim 2) and v, € S1, vy € Sg, it holds that in fact dc(vp,v4) = 1. Hence, we
may assume that there exist vertices vs, vs41 € N(z1) and vy, vi41 € N(x2). Clearly s # ¢,
for otherwise G contains a K. Then (C' — {vsvst1, 0041 }) U (vs210s41) U (vp220441) forms
a (k + 2)-cycle in G, a contradiction. Suppose that D does not exist. Then we color all
vertices in A by 3 and color all vertices in B by 1 or 2. This proves Claim 10. m

Claim 11. If there are v; € Si,v; € Se both adjacent to F' for some F' € {A, B}, then
dc(vi,v;) = 1 and Ng(v;) N F = Ng(vj) N F = {u} for some vertex u. Moreover, if
Na(S1))NFEF # 0 and Ng(S2) N F # () for some F € {A, B}, then Ng(S1) N V(H) =
Ne(S2) NV (H) and |Ng(Sy) N V(H)| = 1.

Proof. Let P be any path in H' from u; € Ng(v;) N F to u; € Ng(vj) N F. Clearly
|P| is even. Let X be the (v;,vj)-path on C not containing vi, and Y be the (v;,v;)-
path (C — X — {v1}) Uvgva. Then both X and Y are odd with | X| + |Y| = &k — 1, thus
Cy == X Uwvu; U P Uuwujv; and Cy := Y Uvu; U P Uwujv; are two odd cycles. This
shows that |X| + |Y|+ 2|P| +4 € {6,k + 3,2k}, so |[P| = 0 or |P| = (k—3)/2 =L
The latter case contradicts Claim 10, as |P| is even. Hence |P| = 0, implying that both



Ng(vi) N F and Ng(v;) N F consist of a single vertex, say u. If |Ci| = |C3] = 3, then
| X| = Y| =1and k = 3, a contradiction. If |Cy| = |Cs| = k, then |X| = Y| =k —2
and thus |X| + |Y| = 2k — 4 = k — 1, implying that & = 3, again a contradiction. So
we have {|C1|,|Ca|} = {3,k}, which implies {|X|,|Y|} = {1,k —2}. If |Y| = 1, then
{vi,v;} = {vo,v2}, a contradiction to Claim 2. So |X| = 1. That is, dc(vs,v;) = 1.

Suppose there is a vertex w € V(H) — {u} such that w € Ng(vp) N Ny (vpyy) for
some p. If {v;,vit1} # {vp, vps1}, then (C — {vjvit1, vpvpi1}) U (viuvipr) U (vpwops) is
a (k4 2)-cycle in G, a contradiction. So {v;,vit1} = {vp, vp11}. Let P’ be a path in H'
from u to w, and @ := v;u U P Uwv;11 be from v; to v;11 with |Q| > 3. Denote C’ to be
the cycle (C' — {v;v;41}) UQ if Q is odd and (C' — {v;v;41,vov1,v102}) U vgve U Q if @ is
even. As |Q| > 3, in either case C’ is an odd cycle of length more than &, a contradiction.
This proves Claim 11. =

By Claim 11, if Ng(S1) N F # 0 and Ng(S2) N F # 0 for some F € {A, B}, then
Ng(S1) N V(H) = Ng(S2) N V(H) = {u} for some vertex u, and there exists a unique
number p € {2,3, ..., k} such that u € Ny (vp) " Ng(vp41) and we let U := {u}; otherwise,
let U := ().

Claim 12. Ny(S;) € AUU and Ng(S;) € BUU for some {i,j} = {1,2}.

Proof. By Claim 11, we see that if Ny (S;)\U # 0 for each i € {1,2}, then this assertion
follows. Thus, without loss of generality, we assume that Ny (S2) C U. If Ny(S;) C
AUU or BUU, then again this assertion follows. So we may assume that there exist
v; € Ng(A—-U)NS; and v; € Ng(B —U) NS (and we will choose distinct v;,v; if
existing). Suppose U = {u}. Recall u is adjacent to both v, and vp41. By the symmetry,
assume that u € A and v, € S3. We then apply Claim 11 to the pair of vertices v;, vp, and
it follows that Ng(v;) N A = {u}, a contradiction to the choice of v;. So U = (). Then we
have (SyU{v1}) N Ng(H) = 0 and thus |S;1 N Ng(H)| > 2 (as G is 2-connected), implying
that v; # v; (by the choice). This in turns enables us to apply Claim 9 and conclude that
Ng(A) NSy, = {UZ} and Ng(B) NSy = {Uj}.

By symmetry, if D exists, then we assume {z1, 22} C A. If v; is not adjacent to some
vertex in {x1,z2}, say x1, then ¢ can be extended onto V(H) by coloring x; using color
1, all vertices in A — {1} using color 2 and all vertices in B using color 3. It is clear that
(2) holds. So v; is adjacent to both z1 and xo. Since H' is connected, there exists a path
P in H' from w € Ng(vj) N B to some vertex in {x1,z2}, say 1. By Claim 9, |P| = [.
Then vjw U P Uzv; and vjw U P U (x1220;) are two (v;, H, v;)-paths of lengths [ + 2 and
[ + 3, respectively, a contradiction to Claim 4. If D does not exist, then color all vertices
in A by 2 and all vertices in B by 3. This proves Claim 12. =

Let (i,7) = (1,2) in Claim 12. Note that Ny (v1) = (0 (by Claim 8). We show how to
extend ¢ onto V(H) and make (2) hold. By symmetry, if 21, x5 exist, then we assume
{z1,22} C A. Suppose that either U = (), or x1, 22 do not exist, or U = {u}, x1,x2 exist
and z,u ¢ E(G) for some r € {1,2}. Then we can color vertices in {z,,u} using color
3, all vertices in A — {x,,u} using color 2 and all vertices in B — {x,,u} using color 1.
Hence, we may assume that vertices x1,xs,u exist and induce a triangle in H. As G is
2-connected, there is a path P in G — {u} from some vertex vs in V(C') to some vertex x;
in {x1, 22} internally disjoint from V(C'). By symmetry, we assume x, = x1. Recall that
u is adjacent to both v, and v,41. By the symmetry between v, and v,11, let vy # vp.
Then vyux; U P and vpuzox; U P are two (vp, H,vs)-paths with lengths differ by one.



By Claim 4, {vp,vs} N{v1,v2} = 0 and the (vp, vs)-path X on C containing {vi,vs} is of
length [+2. This also shows vy ¢ {vp, vpt1}. Then vy uzr; UP and vyqjuzez UP are two
(vp41, H, vs)-paths with lengths differ by one as well. By Claim 4 again, the (vp41,vs)-path
on C' containing {vy, vy} is of length [ 4+ 2, which is a contradiction to |X| =1+ 2. The
proof of Theorem 1 is finished. U

3 Proof of Theorem 2

In this section, we shall prove Theorem 2, assuming the following two lemmas whose proofs
are postponed to the later sections.

Lemma 3. Let G be a 4-critical graph with L(G) = {k,k + 2l}, where k > 5 and | > 1.
Then G is 3-connected.

Lemma 4. Let G be a 4-critical graph with L(G) = {k,k + 2l}, where k > 5 and | > 1.
Then every two odd cycles in G intersect in at least two vertices.

Like in the proof of Theorem 1, we start the arguments by finding a cycle with certain
property. We say a cycle C' in G is non-separating if G — V(C) is connected. The coming
result will be needed in the proof.

Theorem 5 ([11, 2]). Every 3-connected non-bipartite graph contains a non-separating
induced odd cycle.

Now we are ready to prove Theorem 2.

Proof of Theorem 2.(Assuming Lemmas 3 and 4) We prove by contradiction. Sup-
pose it is not true. Then there exists a counterexample graph G such that the number of
vertices is minimal, and subject to this, the number of edges is minimal. So, similar as
the proof of Theorem 1, it is

4-critical and clearly non-bipartite with L(G) = {k, k + 21}, where k > 5 and [ > 1.

By Lemma 3, GG is 3-connected. Then by Theorem 5, G has a non-separating induced odd
cycle C such that H := G — V(C) is connected. Moreover, Lemma 4 implies that H is
bipartite. Let (A, B) be the bipartition of H. Since 6(G) > 3,

every vertex on C has at least one neighbor in H. (6)

We will need to prove a sequence of claims and then arrive at the final contradiction to
conclude this proof.

Claim 1. For any u € V(C), Ng(u) € A or B.

Proof. Suppose that some u € V(C) has two neighbors a € A and b € B. Since H is
connected and bipartite, there is an (a, H,b)-path of odd length. So D := ua U P Ubu is
an odd cycle such that V(C' N D) = {u}, contradicting Lemma 4. =

We can further deduce that

Claim 2. Ny(C) C A or B. In the rest of this proof, assume that Ny (C) C A.



Proof. We say a vertex u € V(C) is of type 0if Ny(u) C A and of type 1 if Ng(u) C B.
In view of Claim 1, every vertex on C' has type 0 or 1.

Suppose there exist vertices on C of different types. Then we can divide C' into paths
Py, Py, ..., Pos (appearing along a given cyclic order of C') such that V(C) = U?il V(P;)
and for each j € {0,1}, V(Pa—;) consists of vertices of type j, where 1 < i < 5. We
now define a 3-coloring ¢ : V(G) — {0, 1,2} as follows: every vertex in A is colored by 1;
every vertex in B is colored by 0; and for every j € {0,1}, we alternatively color V(P;_;)
using colors j, 2 such that the first vertex of the path (along the given cyclic order of C) is
colored by j. It is easy to see that ¢ is a proper 3-coloring of GG. This proves Claim 2. m

Claim 3. |C| = k. Denote by C := xgr129 - Tf_120.

Proof. Suppose that |C| =k + 2I. Write C' = xox122 -+ Tf12-120. We show that for any
i, Ng(x;) = Ng(xiy2). Otherwise, there exist aj,as € A with a1x;, aszi+2 € E(G). There
is an (a1, az)-path P with an even length in H. Thus (C — {z;41}) U{a124, aszit2} U P is
an odd cycle of length at least k + 2] 4 2, a contradiction. Now we can infer that in fact
all Ny (x;) are the same set, implying that there are triangles in G, a contradiction. =

Claim 4. |V(H)| > 3.

Proof. Otherwise, |V(H)| =1 or 2. Then by Claim 2, in either case there exists a vertex
u € V(H) which is adjacent to every vertex on C. This implies that there exist triangles
in GG, a contradiction. m

Claim 5. (1) If there is a vertex y € V(H) such that z;y, z;10y € E(G), then | = 1. (2)
If there is a trivial end-block (i.e., an edge) in H, then [ = 1.

Proof. Set xj := x;19. Clearly x; 11y, xj41y ¢ E(G), since otherwise there is a triangle. So
xj41 has a neighbor y' € A — {y}. There is an even (y,y’)-path P in H, so PUyz;z; 1Yy
and P Uyz;xzip1x;xj41y are two odd cycles with lengths differ by two. This proves (1).
Suppose B := yb is a trivial end-block in H, where b is the cut-vertex. Since G is
3-connected, y has two neighbors z;,z; € V(C). Since |C| = k is the least odd cycle
length, we have dc(x;,x;) = 2. By Claim 5(1), we obtain { = 1. This proves (2). =

Claim 6. For any 2-connected end-block D in H, if there are two vertices x;, z; 12 € V(C)
adjacent to D, then [ = 1.

Proof. Suppose not. By Claim 5(1), assume that [ > 2 and there are distinct y;, y;12 €
V(D) such that z;y;, zi1oyir2 € E(G). Let R be any (y;, yit+2)-path in H, which must be
of length 2. This is because R U {z;y;, xiroyit2} U (C — {x;+1}) is an odd cycle of length
|R| + k=Fk+ 2.

Since D is 2-connected, there are two disjoint (y;, y;+2)-paths P, @ in D such that |P| =
|Q| = 2, Then C’ := P UQ is an even cycle of length 41. Write C' := ugujusg . . . ug_1ug
with ug := y; and ug := y;19. Let Py := xup and Py := x;19u9. As G is 3-connected,
there exists a path P3 from v € V/(C) to uj € V(C’) — {uo, ug }, internally disjoint from
PLUPR,UCUC". Next we aim to show

for every path P defined as above, v = x;11 and u; € {u;, uz }. (7)

By symmetry, assume that 0 < j < 2. We draw C’ in the plane such that wug, w1, ..., ug_1
appear on C’ clockwise, and let Q1 := uyC'u;, Q2 := u;jC'uy and Q3 := uyC'uy so that

C'=0Q1UQ2UQs.
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To prove (7), we first show v € V(C) — {z;, zi+2}. Otherwise, say v = z;, then either
Cl == zxip1xi00 U Po U Q2 U P3 or Cs = (C — {l‘i+1}) UP,UQoU P3is odd. If Cy
is odd, then C3 := P} U Q3 U Q2 U Ps is also odd with |C3| — |Cy] = 21 — 2 € {0,2l},
implying that [ = 1; otherwise C5 is odd, then Cy := (C' — {x;11}) UP, UQ3U Q1 U Ps
is an odd cycle of length at least k + 2/ + 1, a contradiction. Now we see Py, P», P3 are
disjoint paths. Since C is odd and |Q1| + |Q2| = 2l = |Q3], there is a (v, x;)-path L on
C such that C5 :== LUP, UQ1 U P3, and Cg := LU P; U (Q2 U Q3) U Py are odd. So
|Cs| — |C5] = |Q2| + |Q3| — |Q1] = 41 — 2|Q1| € {0,2]}. Since |Q1| < 21, this implies that
|Q1] =1 and thus u; = w;. Lastly, suppose that v # 41, i.e., v € V(C) — {z;, Tit1, Tit2}
By the symmetry between z; and x;y9, let X be the (v, z;42)-path on C not containing
x; such that C7 := X U P,UQ2U P3 is odd. Then Cyg := X U (zj42zir12;) UPLUQ1 U Ps
is also odd with |Cs| — |C7| = 2, implying [ = 1. This proves (7).

Let u; = u; and Q;’s be as above. Since [ > 2, Q1 — {ug,u;} is not empty. Since G is
3-connected, there is a path R from r € V(Q1) — {ug, w} to s € (C' — Q1) UCUP,UP, U
(P3 — {w}), internally disjoint from C"UC U P, U P, U Ps.

If s € Qa — {w}, then C” := upQ1r U R U sQoug U Q3 is a cycle of length 4/, however
the path rQiu; U P3 from C” to C contradicts (7). If s € Q3 — {ug,ug}, then Ry :=
upQ1r U R U sQ3ug;, Ry := (C' — Ry) U R are two (y;, yi+2)-paths in H, implying that
41 = |Ry| + |R2] = |C'| + 2|R| > 4, a contradiction. Hence, s ¢ C’. By (7), we also
have s ¢ (C — {zi,xiza}) U (P3 — {w;}). Therefore, s € {x;,x;42}. In either case, let
Cy =218 URUTrQuuy U Py and Cy := (C — {x;418}) U RUrQru; U Ps. There is some
C;, which is odd. As C’ is even, the cycle C} := C;AC’ is also odd. But |C!| — |C;| =
|C'| — 2|rQyuy| > 41 — 21 = 21, a contradiction. The proof of Claim 6 is completed. m

Claim 7. [ =1 and thus L(G) = {k,k + 2}, where k > 5.

Proof. Suppose to the contrary that [ > 2. By Claims 5 and 6, we see that H is not 2-
connected, and all its end-blocks are 2-connected. Let D; be an end-block of H, b € V(D)
be the cut-vertex of H contained in Dy, and Dy := H — V(D1 —b). Since G is 3-connected,
there exist z; € V(C) and y; € V(D1 — b) such that z;y; € E(G). Let y;—1,y;+1 € V(H)
such that x;—1y;—1, %i11Yi+1 € E(G). By Claim 5(1), y;—1, yi+1 are distinct, and by Claim
6, {yi—1,vi+1} € V(D;). According to the locations of y;—; and y;11, we consider the
following two cases.

Suppose that exactly one of {y;—1,y;+1} is in Dy — b, say y;—1 € V(D;) and y;41 €
V(Dy — b). Since G contains no triangles, y;—; # vy;. Choose y;—2,yi+2 € V(H) such
that z;_oyi—2, Titoyira € E(G). We see that y;_o,yi+2 € V(Dy —b) (by Claim 6) and
are distinct (as, otherwise, G has an odd cycle of length k — 2). Let P be a (y;,b)-
path in Dy, P; a (y;—2,b)-path in Ds, and P, a (y;12,b)-path in Dy. Then by Claim 2,
C1:= (C—{z;_1})Ux;i_2y; 2sUPLUPUy;z; and Co := (C — {11 })Uxis2yiroUPUPUy;x;
are two odd cycles with |Py| — |Py| = |Co| —|C1| € {—21,0,2l}. Let P’ be a (y;—1,b)-path in
D;. Then C3 = (yi—1%i—12i—2yi—2) UPLUP" and Cy 1= (Yi—10—12iTit1Ti12Yit2) UPUP’
are two odd cycles satisfying that

G4 — |Cs| = 2+ |Po| — |P1| € {2 — 21,2,2 + 21} N {—21,0, 21}

From the non-empty intersection, one can infer that [ = 1.
Now assume that y;—1,9;41 € V(D2 —b). Let Q be a (y;,b)-path in Dy, Q1 a (y;—1,b)-
path in Ds, and Q2 a (y;+1,b)-path in Dy. Consider the odd cycles Cs := (y;—12;—12;y;) U
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QUQ and Cq := (Yir12i+17iy;) UQU Q2. We can deduce that |Qa] — |Q1] = |Cs| —|C5| €
{=21,0,2l}. Since G is 3-connected, there exist y; € V(D; —b) and z; € V(C) — {z;}
such that z;y; € E(G). Let Q3 be a (y;,b)-path in D;. If z; is one of {z;_1,%;+1}, then
we are in the previous case. So x; is distinct from x;_1,2;41. Let X be an (z;,2;-1)-
path on C' and X’ be an (xj,2;41)-path on C such that both |X|,|X’| are odd. By
symmetry, let |X’| — |X| = 2. Then C7 := X U zjy; U Q3 U Q1 Uy—1w;—1, and Cg =
X' Uzjy; UQsUQaUyirixiq are two odd cycles with

|Cs] = |C7| = |Q2f = Q1| + (IX"] = |X]) € {2 - 21,2,2 + 21} N {~21,0, 21},

which again implies that [ = 1. This proves Claim 7. m

In [8] (see its Theorem 1.2), it was proved that every graph with L = {5,7} has
chromatic number 3. By this result, we can assume that k£ > 7 in the rest of this section.

Claim 8. H is not 2-connected.

Proof. Suppose that H is 2-connected. Note C is the least odd cycle and 0(G) > 3.
For any two consecutive vertices x;,z;+1 € V(C), there are distinct y;,y;11 € A such
that z;y;, xir1yi+1 € E(G). There are 2 disjoint (y;, y;+1)-paths Py, P» in H, which are
even. Then for each i = 1,2, C; := P, U (y;z;z+1yi+1) is an odd cycle, implying that
|P;| > k — 3. Then C' := P, U P, forms an even cycle of length at least 2(k — 3) > 8, as
k > 7. Since G is 3-connected, there are 3 disjoint paths X, j = 1,2,3, from u; € V(C")
to v; € V(C), internally disjoint with C' U C’. Let C! be the (u;—1,u;j—2)-path of C’,
containing no w;, where subscripts are taken mod 3. Assume that |C]| > |C})| > |C4]. So
C1+ 105 — |yl = | =213 > || — 2|15 = 151 > 18] =3,

Since C' is odd and C’ is even, there exists a (v1,v)-path P on C such that C3 :=
PUX;UXoUC4 and Cy := PUX; UXoU(C]UCY) are both odd. However, |Cy| —|Cs] =
|IC1| + |Ch] — |C5] > 3, contradicting L(G) = {k, k + 2}. This proves Claim 8. m

Let  be a cut-vertex with V(H; N Hy) = {z} and H; U Hy = H. For a pair of
vertices {z;, rit2} on C, we say that it is feasible (with respect to the cut-vertex z), if
N(z;) NV (Hy —2z) # 0, and N(z;42) NV (Hy — x) # 0.

Claim 9. For any cut-vertex x of H, N(x) N V(C) = () and there exists a feasible pair
{zi, zit2}

Proof. If there exist u,v € N(z) N V(C), then u,v are of distance 2 on C, since otherwise
there is an odd cycle of length less than k. This shows that |[N(z) NV (C)| < 2. Assume,
if existing, that xg,z2 € N(z) NV (C).

Suppose that there is no feasible pair. We say a vertex z; € V(C) is of type i if
Np(zj) C V(H; — ) for some ¢ € {1,2}. Then every vertex in C, except z and x2, must
be of certain type. By symmetry, let x;_o be of type 1, then we can infer (in order) that
Th—gy Th—Gy -y 1, Th—1, Tk—3, ..., £4 Must be all of type 1, and moreover Ny (x2) C V(Hy).
This shows that {z,x¢} is a 2-cut of G separating Hs and G — Ha, but G is 3-connected,
a contradiction.

Hence there exist z;,zi10 € V(C) and y € V(H; — z),z € V(Hs — x) such that
ziy, rir2z € E(G). Suppose that N(z) N V(C) # (. By Claim 3, z,y,z € A. So
every (y,z)-path P in H passes through x and thus is of even length at least 4. Then
(C —{xiy1}) Uzjy U P U zzi49 is an odd cycle of length at least k + 4, a contradiction.
This proves Claim 9. =
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Claim 10. |V(H)| = 3.

Proof. By Claims 8 and 9, there exist a cut-vertex x of H with N(z) N V(C) = () and
a feasible pair {z;,z;12}, where V(H; N Hy) = {z} and Hy U Hy = H. Choose vertices
y1 € N(z;)NV(H; —x) and yp € N(x;42) NV (Hy — ). By Claim 2, y1,ys € A. If there is
a (y1,y2)-path P in H with length at least 4, then (C' — {z;11}) Uz;y1 U P Uyaxwiio is an
odd cycle of length at least k + 4. So all (y1,y2)-paths in H are of length 2. This shows
that for each j € {1,2}, y;o € E(G) and H — y;x is disconnected. If |V(H)| > 4, then
there is some |V (H;)| > 3 and thus y; is a cut-vertex of H, which is a contradiction to
Claim 9. Thus |[V(H)|=3. =

By Claims 8 and 10, let V(H) = {z, 21, 22} such that xz1, 229 € E(G) and 2122 ¢ E(G).
Claim 9 shows that Ny (C) C {z1,22}. So each vertex in V(C) is adjacent to z; or za,
which will force triangles in G. This contradiction completes the proof of Theorem 2. [

It remains to show the proofs of Lemmas 3 and 4, which we leave to Sections 4 and 5,
respectively.

4 Proof of Lemma 3

In this section, we establish Lemma 3, which we restate below for the reader’s convenience.

Lemma 3. Let G be
a 4-critical graph with L(G) = {k,k + 21}, where k >5 and | > 1. (8)
Then G is 3-connected.

Clearly every graph G satisfying (8) is 2-connected with §(G) > 3. The following weak
version of Lemma 4 will be crucial in the proof of Lemma 3.

Lemma 6. For any graph G satisfying (8), every two odd cycles intersect.
Let us first prove Lemma 3, assuming the above lemma.

Proof of Lemma 3. (Assuming Lemma 6) The proof technique is similar to Corollary
4.2 in [8]. Suppose that G is not 3-connected. Then there exists a 2-separator (A, B) of
G such that V(G) = AU B, AN B = {z,y} and no edges are from G[A] — {z,y} to
G[B] — {z,y}. We need a result from [8] (see its Lemma 1.2), which states that for any
two vertices v1, vy in a 4-critical graph, there is an odd cycle containing v; and avoiding
vg. So for the vertex z and any vertex u € A — {xz,y}, there is an odd cycle C; in G
containing u and avoiding x; and for the vertex y and any vertex v € B — {x,y}, there is
an odd cycle C5 in G containing v and avoiding y. It is easy to see that V(Cy) C A — {x}
and V(C3) C B — {y}, which imply that V(C; N Cs) = 0. However C; and Cy are odd,
contradicting Lemma 6. The proof of Lemma 3 is finished. U

In the remainder of this section, we prove Lemma 6. To do so, as L(G) = {k, k + 2},
we consider three situations: (i) two (k+ 2[)-cycles; (ii) one (k+ 2[)-cycle and one k-cycle;
and (iii) two k-cycles. We will demonstrate each of the situations in a following separated
subsection.

The next result will be used several times in this and forthcoming sections.

Theorem 7. ([8, Theorem 3.1]) Let G be a graph with |L(G)| =1 and C be an odd cycle
i G. If G contains no Ky, then any proper 3-coloring of C' can be extended to a proper
3-coloring of G.
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4.1 (k+ 2l)-cycles intersect
We first consider the case of two (k + 20)-cycles and show that it holds even for Lemma 4.

Lemma 8. For any graph G satisfying (8), every two (k + 2l)-cycles intersect in at least
two wvertices.

Proof. Suppose to the contrary that there exist two (k + 20)-cycles Cy,C1 in G with
[V (ConCy)| < 1. Since G is 2-connected, there are two disjoint (Cp, C})-paths, say R, S,
from zg,z1 € V(Cp) to yo,y1 € V(C1), respectively. In the case that |[V(Co N Cy)| = 1,
we choose R = V(Cy N Cy). So we always have |S| > 1. Let X be an (x¢,z1)-path in
Co and Y a (yo,y1)-path in C; such that Co ;== X UY U RU S is an odd cycle. Then
C5:=(CoUC, — X UY)URUS is also an odd cycle. But |Ca| + |C5] = 2(|R| + |S]) +
|Co| + |C1| > 2(k + 21), a contradiction to L(G) = {k,k + 2l}. This proves the lemma. [J

4.2 (k+ 2l)-cycle intersects with k-cycle
We then consider two odd cycles of different lengths.
Lemma 9. For any graph G satisfying (8), every k-cycle and (k + 21)-cycle intersect.

Proof. Suppose to the contrary that there exist some k-cycle Cy and (k + 21)-cycle C in
G with V(Cy N Cy) = (. We will prove three claims, which lead us to contradictions.

(A). For any vertex u € V(Cy), there is a (u, C1)-path internally disjoint from CoUCY.

Proof. Since Cy is induced (as it is a shortest odd cycle) and 6(G) > 3, for any vertex
u € V(Cy), there exists a neighbor of u not in Cy. Now suppose that (A) fails. Then there
exist some u € V(Cp) and Cp-bridge H such that u € V(H) and V(C1 N H) = 0. Let
Go := G[H U Cy] and Gy := G — V(H — Cy). Note that G; is a proper subgraph of G.
Since G is 4-critical, Gy has a proper 3-coloring ¢. If there is a (k 4 2[)-cycle in Gy, say
Csy, then V(C1 N Cy) C V(CyNCy) =0, a contradiction to Lemma 8. Thus L(Gy) = {k}.
By Theorem 7, the restriction of ¢ on Cjy can be extended to a proper 3-coloring of Gy.
This gives a proper 3-coloring of GG, a contradiction to (8). =

(B). Let R, S be any two disjoint (Cy, Cy)-paths from xg, 21 € V(Cp) to yo,y1 € V(C1),
respectively. Let X be any path from zy to ;1 on Cpy, and Y be any path from yg to y;
on Ci. Then |R|+ |S| =1, and |X| e {k+1—|Y|,|Y| -1}

Proof. Set Co := XUY URUS, and Cs3 := (CoUC; — X UY)URUS. If Cy is odd, then
C3 is odd, and |Cy| + |Cs| = 2(|R| + |S|) + 2k + 2I. Since L(G) = {k, k + 21}, we can then
infer that |Ca| = |Cs| =k +2I, |[R|+|S| =1 and |Y| = (k— |X|) + . If Cy is even, repeat
the above proof using X’ := Cy — X instead of X. In this case, it holds that |R| + |S| =1
and Y| = (k — |X'|) + [, implying that |Y| = |X|+1. =

(C). There are three disjoint (Cy, C1)-paths.

Proof. Since G is 2-connected, there are two disjoint (Cy, Cy)-paths, say R, S, from xg, 1 €
V(Co) to yo,y1 € V(C1), respectively. By (B), |R|+ |S| = 1. Let P,Q be the two (z¢,x1)-
paths on Cy with |[P| < |@Q|. Since [Cy| > 5, we have |Q| > 3. Let x2 be any vertex
in V(Q)\{zg,z1}. We draw C in the plane such that zg,z1,x2 appear on C clockwise.
Define «; := |2;Coxit1|, where subscripts are taken modulo 3. By (A), there is an (22, C1)-
path, say 7', internally disjoint from Cy U C;. Suppose that (C) fails. Then every such T’
intersects with R U S.
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Let z € V(TN(RUS)) such that |x9T 2| is minimal. If z € V/(R), then R’ := 2:0T2Uz Ry
and S are two disjoint (Cp, C1)-paths. Consider the following paths xoCox1, x1Coxa, x2Cox1
and x1Cpzo. By (B), we obtain that ag, a1, g+ g, a1+ € {k+1—|Y|,|Y|—1}, where Y
is a (yo, y1)-path on C;. Since as > 0, we have ag = 1. If z € V(.9), then by symmetry, we
obtain ciy = ae. Note that x9 can be picked to be any vertex in V(Q)\{zo, z1}. This shows
that for any such xs, either |x1Cyza| or |z2Coxo| equals ag. Thus |V (Q)\{zo,z1}| < 2,
which, together with |@Q| > 3, imply that |Q| = 3. Then |Cp| =5 and |P| = 2.

Let a be the vertex in P—{xq, z1} and let b, ¢ be the vertices in @ such that Q = x1bcxy.
By (A), there exist a (¢, Cy)-path Th and a (b, Cy)-path Ts, where each of them is internally
disjoint from Cp U C;. Since we assume that (C) fails, each of 77,7, intersects R U S.
Applying the arguments in the previous paragraph with choosing x5 = ¢, we have that T}
contains a subpath c¢Tiu for some vertex u in R internally disjoint from RU S since a; = 1
and ag = 2. Similarly, T5 contains a subpath b7T5v for some vertex v in .S internally disjoint
from RU S. Then c¢Tiu U uRyy and bThv UvSy; are disjoint (Cy, Cy)-paths. (Indeed, by
a similar argument as above and (B), one can see ¢Tju and bThv are disjoint.) Let Y be
a (yo0,y1)-path on Cy. By (B), {|zoaz1|,|z1bcxol,|be|} = {1,2,3} C{k+1— Y], |Y]| -1},
which of course is a contradiction. This proves (C). m

Hence, there are three disjoint (Cy, C1)-paths P; from some vertex z; € V(Cj) to some
vertex y; € V(Ch), for i € {0,1,2}. By (B), |P1|+|P2| = |Pi|+ | P3| = |P2| + | P3| = [, thus
3l = 2(|P1| + | P2| + | P3|), implying that [ is even.

Observe that the subgraph CoUC;UFPyUP;UP, is planar. So we can draw it in the plane
such that zg, 1, x2 appear on Cy clockwise and g, y1,y2 appear on C; counterclockwise.
Define «; := |z;Coxit1] and B; := |y;+1C1y;i|, where the subscripts are taken modulo
3. Soap+ a1 +ax =k and o+ 1+ B2 = k+ 2[. By (B), for any ¢ € {0,1,2},
Bi =a; +1or B; +a; =k+ 1. We discuss all possible cases. If 8; = «; + [ for all 7, then
Bo + 1+ B2 = k + 3l, a contradiction. If §; + a; = k + [ for all 7, then By + 51 + B2 =
3k + 3l — (g + a1 + ag) = 2k + 31, a contradiction. If exactly two i’s satisfy §; = a; + [,
say i = 0,1, then By 4+ 51+ B2 = k+ 3l + ag+ a1 — ao, implying that £+ 1 = 2as is even, a
contradiction to the facts that k is odd and [ is even. So there is exactly one i, say i = 0,
satisfying 8; = a; + 1. Then By + By + B2 = 2k + 3l + g — a1 — ao. This shows that
k + 2l =k + 3l 4+ 2a, which cannot be. This finishes the proof of Lemma 9. O

4.3 k-cycles intersect

Lastly, we consider two k-cycles and prove Lemma 11, thereby completing the proof of
Lemma 3.

Our proof is dependent of a well-known result due to Dirac [4] (also see [1, pp.367—
368]). Let {u,v} be a 2-cut of a k-critical graph G and H be a component in G — {u,v}.
We say G[H U{u,v}] is of type 1 if every (k—1)-coloring of G[H U{u, v}] assigns the same
color to u and v, and of type 2 if every (k — 1)-coloring of G[H U {u,v}] assigns distinct
colors to u and wv.

Theorem 10. [4] Let G be a k-critical graph with a 2-vertex cut {u,v}. Then there exists
a 2-separation of G, say (V1,Va), with Vi N'Vy = {u,v}, such that:

(1) uwo ¢ E(G);

(2) G = Gy UGy, where Gy = G[V;] is of type i, fori=1,2;

(3) both G1 + wv and Ga/{u,v} are k-critical.
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Lemma 11. For any graph G satisfying (8), every two k-cycles intersect.

Proof. Suppose to the contrary that there exist two k-cycles Cy, C; in G with V(CoNCy) =
(). The case I = 1 was solved in Proposition 4.1 of [8], so we assume that [ > 2. Write
Cy := xpx1...x1_120 throughout this proof. We divide the proof into a sequence of claims.

Claim 1. For each i € {0,1} and each vertex u € V(C;), there is a (u,Ci_;)-path P, in
G, internally disjoint from Cy U C7.

Proof. By symmetry, we may only consider vertices in Cy. Suppose to the contrary that
there exists u € Cp and some Cy-bridge H such that v € V(H) and V(H N Cy) = 0.
Let Gy := GI[H U Cy] and Gy := G — V(H — Cy). As G is 4-critical, G; has a proper
3-coloring ¢. If G contains a (k + 2l)-cycle, say Cs, then V(C1 N Cy) C V(CoNCy) =0,
a contradiction to Lemma 9. Thus L(Gy) = {k}. By Theorem 7, the restriction of ¢ on
Cy can be extended to a proper 3-coloring of GGy. This gives a proper 3-coloring of G, a
contradiction. m

Claim 2. Let R, S be any two disjoint (Cy, C1)-paths from z;,2; € V(Cp) to y;,y; €
V(Ch), respectively. Let X be any (z;,2;)-path on Cy and Y be any (y;,y;)-path on C;.
Let ¢t := |R| 4+ |S]. Then ¢t € {[,2l}. If t = [, then || X|+ Y| — k| =1lor | X| - |Y]|| =
and if ¢ = 2[, then |Y| = |X| or k — |X|. In particular, when 1 < |X| < 2, we have
Yie{l+|X,k—1—-|X|}ift=1 and |Y| € {|X|,k— |X]|} if t = 2L

Proof. Let Cy := X UYURUS and C3 := (CoUC; — X UY)URUS. Then |Co| + |C5| =
2(|R|+|S))+|Co|+|C1| = 2(|R|+|S])+2k. If Cs is odd, then Cj is also odd. There are three
cases: (a) |Co| =k, |C3| = k+21; (b) |C2| = k+ 21, |C3| = k; and (c) |Ca| = |C5] = k +2L.
In each case, we can infer that |Y| = (k—|X|)—land t =1; |Y| = (k—|X|)+land ¢t = ;
Y| = k — | X]| and ¢t = 21, respectively. Otherwise, C5 is even. Then we can repeat the
above proof by using X’ := Cy — X instead of X. Similarly, we have ¢t € {l,2[}, and it is
a routine matter to verify other quantities. The result when 1 < |X| < 2 easily follows by
the facts that [ > 2 and 1 <|Y[<k—1. m

Claim 3. Let Py, Py, P3 be three disjoint (Co, C1)-paths of G, with |Pi| < |Py| < |Ps|.
Then one of the followings holds:
(1) || = |Po| = |Ps| =1/2; (2) |P1| = | 2| = [Ps[ = I; 3) | P1| = [Po| = 1/2,|Ps| = 3/2.

Proof. Set |P1| = a,|P2] = b,|P3] = ¢. By Claim 2, each of a + b,a + ¢ and b + ¢
must be in {[,2{}. Consider the vector (a + b,a + ¢,b + ¢), which cannot be (I,1,2l).
Therefore, the vector only can be (1,1,1), (1,21, 2l) or (2,2l,2l), which gives that (a,b,c) =

(%, %, %), (%, %, 37[) or (1,1,1), respectively. This proves Claim 3. m

Claim 4. There exist two disjoint (Cy, C1)-paths from two consecutive vertices ;, x;4+1 €
V(Cy) to V(Cy) for some i € {0,1,...,k — 1}.

Proof. Since G is 2-connected, there are two disjoint (Cy,C)-paths Py, P5, say from
zi,x; € V(Cop) to y;,y; € V(C1), respectively. We choose Pi, Py such that de,(xi, x;) is
minimal. It is enough to show that dc,(x;,2;) = 1. Suppose to the contrary that there
exists some vertex z,, € V(X) — {z;,x;}, where X is the shorter (z;,z;)-path on Cy. By
Claim 1, there exists an (x,,,C1)-path @, which is internally disjoint from Cp U C;. If
@ is disjoint from some Pj, then P, Q is a pair of disjoint (Cy, C})-paths with a shorter
distance on Cj, a contradiction. So @ intersects P; U P,. Let z € V(Q) NV (P, U P,) be
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the vertex such that |z,,,Qz| is the minimum, say z € P;. Then z,,Qz U 2P y; together
with P, form a pair of disjoint (Cy, Cy)-paths such that the length of the shortest path in
Cy connecting their ends in Cj is less than d¢, (i, z;), a contradiction. m

Let P;, Pi+1 be two disjoint (Cy, Cq)-paths from consecutive x;, z;11 € V(Cp) to some
Yi, Yir1 € V(C1), respectively. If exist, let P;1o be a path from x;49 to z € V(P,U Py1) —
{z;,z;+1} internally disjoint from P; U P;;1 U Cy U Cy. If such P, 9 does not exist, then
the coming Claim 6 will hold trivially and in this case readers can skip Claim 5 and the
proof of Claim 6. Let t := |P;| + |Piy1].

Claim 5. Assume that P; 9 exists. (1) If z € V(P;41), then k = I43, |x;41Pit12| = t—1+1
and |Pijo| =204+ 1 —t.
(2) If z € V(F)), then |z;Piz| = |Py2| = 1 or [ + 1; in the latter case, we have z = y;.

Proof. Without loss of generality, let i = 0 and Py, P; be from zg, 21 to yo,y1 € V(C1),
respectively. By Claim 2, ¢t € {l,2l}. Let Y be a (yo,y1)-paths of C;.

First consider z € V(P;). Let Pj := P, UzPiy; and Cy := z1 P12 U Py U z12z5. Let
s := |Py| + |Py|. By Claim 2, if s = [ then |Y| € {l + 2,k — [ — 2}; and if s = 2] then
Y] € {2,k — 2}. Similarly, if ¢ = [ then |Y| € {I + 1,k — 1 — 1}; and if ¢ = 2[ then
Y| € {1,k — 1}. As a consequence, t,s cannot both be 2l (as, otherwise, we can obtain
k = 3, a contradiction). If t = s = [, then {{ + 1,k -1 -1} N{l+2,k -1 -2} # 0
implies that k& = 2[ 4+ 3; moreover, x1P;z has the same length as P», implying that C5
is odd. Thus |z1Piz| 4+ |P2| > k — 1 = 2] + 2, contradicting the fact that |z1Pz| +
|P2| < |Pi| + |Py| < s+t = 2l. Hence, {t,s} = {l,2l}, and in this case, we can always
get k = 1+ 3. Let r := min{|z1P1z|,|P|} and ' := max{|z1Piz|,|P2|}. Note that
ICol =14+ (' —r)+2r =1+t —s|+2r =k —2+2ris odd. If |Co| = k + 2[, then
r =141 <min{t, s} =, a contradiction. So |Cs| = k and thus r = 1, ' = 1 +1. The left
part is easy to check. This proves (1).

Now suppose z € V(Fy). Let P} := P, U zPyyo and s := |P;| + |Pj|. By Claim 2,
s,t € {l,2l}. If s # t, then by Claim 2, |Y| € {1,k — 1} N{l + 1,k — 1 — 1}. This implies
k =1+2. Let r := max{|zgPyz|, |P2|} and " := min{|xo Pyz|, | P2|} with r—r' = |s—t| = .
Then zgxi122 U Py Uz9Pyz is an odd cycle with length 2 + 1+ 21" = k + 2r/, implying that
" =1 and r = 2[. This is a contradiction to r < max{s,t} = 2l. So s = t. Then
|zoPoz| = | P|, implying that Cs := 20Pyz U P, U (Cy — {z1}) is an odd cycle with length
k — 2+ 2|Py|. Thus |Ps| =1 or [ + 1. In the later case, C3 is of length k + 20 and by
Lemma 9, we must have z = yo. This proves (2). =

Claim 6. There exist three disjoint (Cy, C1)-paths from consecutive z;, x; 11, z;+2 € V(Cp)
to V(Cl)

Proof. By Claim 4, we may assume that there exist two disjoint (Cy, Ci)-paths Py, P
from zg,x1 to yo,y1 € V(C1), respectively. Write t := |Py| + |P1| € {l,2l} (by Claim 2).
For each i € {2,k — 1}, let P!/ be a (x;,C1)-path satisfying the conclusion of Claim 1.
Suppose that each P/ intersects Py U P;. Let z be the vertex in V(P5) NV (Py U P;) such
that the path 29 P}z, denoted by P, is as short as possible. Similarly, let w be the vertex
in V(P,_,) NV (PyU P;) such that the path z;_1P,_,w, denoted by Pj_1, is as short as
possible.

We show that P, and P,_1 are internally disjoint. Suppose not. Then there exists = €
V(Py N Py_q) such that 2 Py_1xk_1,2Pyxe and x Pz are internally disjoint. At this point,
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one actually need not to distinguish between x P,z and xP,_jw, and thus we may assume,
without loss of generality, that z € V(Py). Let Cy := xo Pox Uz Py_125_1U(Co— {x0,21}),
and C3 := zoPyx Uz Py 121U (2 _1201122). If Cy is odd, as V(CoNCy) = 0, by Lemma 9
we infer that |Cy| = k. Let Py := xPozUzPyyy, Py := (zox120)U Py, and Ps := x_120UF).
Note that {Ps, P4} and {Ps, Ps} are both pairs of disjoint (C7,Cs)-paths. By Claim 2,
| P3| + | Pal, | P3| + | P5| € {l,2l}, where |P5| = |Py| + 1. This implies | = 1, a contradiction.
Hence Cj is odd. As V(C3NCy) = 0, we infer that |C5| = k. Note that Py, Ps are disjoint
(C1,Cs)-paths, and Py, P, U zPyy; are disjoint (Cy, Cy)-paths. Since Ps is a subpath of
P, U zPyy1, we have |Py| 4+ |Ps| = [ and |Py| 4+ |P, U zPy1| = 21, implying |z Pyx| = I. By
Claim 5, k =1+ 3. Then |C5]| > [+ 3 = k, a contradiction. Therefore indeed P, and Pj_4
are internally disjoint.

Next we discuss the locations of z, w. First assume that both z,w € V(P;), say j = 1.
By Claim 5(1), we have k =1+ 3, |21 P1z| =t — [+ 1 and |P;| = 2l + 1 — ¢; and by Claim
5(2), we get |[x1Piw| = |Pr—1| =1or i+ 1. Let Cy:= PoU Py UwPyz U (x2x1202)—1).
If t =1 and |x1Piw| = |Py—1| = 1, then |z1P1z| = 1 (implying z = w) and |P| =
l+1 =k —2, implying |C4] = k + 2 and thus | = 1, a contradiction. If ¢ = [ and
|z1Pyw| = |Pi—1| = 1+ 1, then |z1Piz| = 1, |P2] =1+ 1 and w = y; (by Claim 5(2)),
implying that |Cy| = 2(1+ 1) +1+ 3 = k + 2l + 2, a contradiction. Hence ¢t = 2I. So
|z1Piz] =1+ 1 and |Py| = 1. If [y Piw| = |Pe—1| = 1, then w € z1 Pz and |wP; z| = [,
implying [C4| =1+ 5 = k + 2, a contradiction; otherwise |x1 Pyw| = |Py_1] =+ 1, then
w = z, also implying |Cy| =1+ 5 = k + 2, a contradiction.

Suppose z € V(P;) and w € V(P). By Claim 5, k = (43, |1 P1z| = |zoPyw| = t—1+1
and |P2| = |Pk_1| =2l +1—t. Then (Co — {:E(]:Ek_l, :E1:E2}) Uz1PizU Py, UxgPywU P4
is an odd cycle of length (k —2) +2(l +2) = k + 2] + 2, a contradiction.

Lastly we consider z € V(P) and w € V(Py). By Claim 5, |Ps| = |xgPyz| € {1,l + 1}
and |Pk_1| = |$1P1’LU| € {1,l+1}. Then (Co—{l‘ol‘k_l,:Ell‘Q})U:ElPl’wUPk_lU:E(]P()ZUPQ
is an odd cycle of some length s, where s € {k + 2,k + 21 + 2,k + 41 + 2}. Note that each
case yields a contradiction. This completes the proof of Claim 6. =

In the rest of this proof, we write Cy = uguy...ur_1ug. By Claim 6, we may assume that
there exist three disjoint (Cy, Cy)-paths Py, Py, P, from consecutive zg,z1,29 € V(Cp) to

)}

For each i € {0, 1,2}, define Y; to be the path of C; from y; to y;11 not containing y; 2,
where the indices are taken modulo 3. Let ; := |Y;|. So 5y + 1+ B2 = k. Without loss of
generality, we draw Cy, C on the plane such that z1,z9, z3 appear in Cj in the clockwise

Yo, Y1, Y2 € V(C1), respectively. In view of Claim 3, we can get
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order and ug, uq1, ..., up_1 appear in C7 in the counterclockwise order.
Claim 7. (|Po|,|P1|,|P2]) = (4,4, %) and thus [ is even.

Proof. First suppose (|Pyl,|P1],|P|) = (%,%l,%) Note that [ is even. By Claim 2,
Bo,P1 € {1,k — 1} and Bo € {l + 2,k — 1 —2}. As By + B2 + B3 = k, we must have
Bo = /1 =1 and thus By = k — 2 is odd, a contradiction.

Next, we assume that (|Pp|,|P1], |P2]) = (3, £, L). Note that [ is even. By Claim 2,
Bo € {1,k—1}, 1 € {l+1,k—1—1} and 35 € {2,k—2}. Note that Sy+ 1+ 02 = k. Clearly

Bo = 1. If o = k — 2, then 3; is odd and thus 5y = [+ 1, implying 5o + 51 + P2 =k + [,
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a contradiction. Therefore Sy = 1 and fo = 2. So B; is even and thus 8y = k — [ — 1.
This shows that & = k — [ + 2, implying [ = 2. Now we have |Py| = 3,|P1| = |P| =
[Yo| = 1, [Y1] = k — 3 and |Y3| = 2. Without loss of generality, let yo = ug,y1 = uy and
Y2 = ug_o. By Claim 1, there exists an (z3, Cy)-path. So there exists a path P3 from x3
to z € V(PyU Py U Py, U CY) internally disjoint from Py U Py U Py U Cy U Cy. We consider
the location of z. If z € V(Fy), then P3 U zPyup and P are two disjoint (Cp, Cy)-paths
from x5, x5 to ug, up_o, respectively. By Claim 2, 2 = |Ya| € {1,k—1} or {i+1,k—1—1}.
Since | = 2, the only possibility is 2 =k — 3. Thus k =5 and |P3 U zPyug| + |P2| =1 = 2,
implying that z = up and |P3| = 1. Then P3 U Py U (zgz122x3) is an odd cycle of length
7, a contradiction. So, z € V(Cy) — {up} (as |Pi| = |P2| = 1) and Ps is disjoint from
Py. By Claim 2, we see that |Py| + |P3| € {2,4} and so |P3| = 1. If z = wuy, then
P3 U (Cy — {upui}) U Py U (zox12z273) is an odd cycle of length k£ + 6, a contradiction.
If 2 = ug_9, then G has a triangle on {9, z3, 2}, a contradiction. If z = wug_1, then
P; U (Cy — {ug_1ug—2}) U P, Uxexs is an odd cycle of length k + 2, a contradiction to
Il = 2. Thus z € V(Y1) — {u1,up_o}, then by Claim 2, [zYiug_o| € {3,k — 3}. Since
|2Yiug_o| < |Y1] = k — 3, we obtain that |zYjug_s| = 3. Then P3 U zYius U Py U (212973)
is an odd cycle of length (k —6) +4 = k — 2, a contradiction. By symmetry, we can prove
([Pl |21, [P2]) # (£ 5, ).

Lastly, we suppose (| Py, |P1l, |P2]) = (1,1,1). So |P;| + |P;| = 2l. By Claim 2, fy, 31 €
{1,k —1} and B9 € {2,k — 2}. Tt is easy to see that By = 1 = 1 and B2 = k — 2. Without
loss of generality, let y; = u; for i € {0,1,2}. By Claim 1, there exists an (x3, C})-path
internally disjoint from CoUC. So there exists a path Ps from z3 to z € V(PyUP,UP,UCH)
internally disjoint from PyU Py U P, UCyUCy. Similarly as the above analysis, we consider
four cases. If z € V(P), then PsUzPyup and P; are two disjoint (Cy, Cy)-paths from x3, z1
to g, u1, respectively. However, this is a contradiction to Claim 2, as |Ps U zPyug| + | P |
is larger than [ and thus equals 2I, which implies §y € {2,k — 2}. If z € V(P;), by Claim
5(2), |x1Prz| = |P3|. Then (zozixoxs)UPsUzPry; U(C—Yy)UPy is an odd cycle of length
3420+ (k—1) = k+2l+2, a contradiction. If z € V(P,), by Claim 5(1), we get k = +3,
|zoPoz| =1+ 1 > |Py| =, a contradiction. Lastly, we consider z € V(C}) — {ug,u1,us}.
In this case, Py, Py, P3, P, are four disjoint (Cy, C;)-paths. By Claim 3, | P3| = [. By Claim
2, we see that z = y3. Then (C1 — {yoy1,y2y3}) U {zox1,z223} U Py U P U P, U Py is an
odd cycle of length k 4 4[, a contradiction. This proves Claim 7. m

Claim 8. L(G) = {5,9}, and any two disjoint 5-cycles Cp,Cy in G induce a Petersen
graph G[V (Cy U Cy)].

Proof. Note that [ is even. By Claim 2, fy, 51 € {{+1,k—1—1} and 55 € {{+2,k—1—2}.
Since By + B1 # k, we have fy = (1 and thus S must be odd, so fo = k — [ — 2. Since
2(0+1)+(k—1—2) > k, we have By = 1 = k—1—1and thus 2(k—1—1)+(k—1—2) = k.

We then get

k::%l+2, 9)

which implies that 5y = g1 = é+ 1 and §y = é Observe that % is odd. Applying Claim 1
for x3, we see that there is a path, say Ps, from x5 to z € V(Py U Py U P, U (), internally
disjoint from Py U Py U P, UCy U Cf.

We show that z € V(C1) — {yo,v1,y2}. Suppose not, we consider three cases that
z € V(PB) fori=0,1,2. If z € V(F), then P3 U zPyyp and P, are two disjoint (Cy, Cy)-
paths from z3,x2 to yo,y2, respectively. Let ¢t = |P3 U 2Pyug| + |P]. By Claim 2, if
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t =1 then Bo+p1 € {l+1,k—1—1} = {I+1,5+1}. However, B+ 1 =1+2, a
contradiction. If ¢ = 2[, then 5y + 1 € {1,k — 1} = {1, %l + 1}, and thus %l +1=10+2,
implying | = 2. So, k = 5 and L(G) = {5,9}. And Py := zoyo € E(G), z = yo. But
Cy := P3 U Py U (zgrix213) gives a T-cycle, yielding a contradiction. If z € V(P;), by
Claim 5(2), |Ps| = |z1P1z|, and then, P3s U zPyy; UYyU Py U (zor12223) is an odd cycle of
length % + % +1+ é + 3 =k + 2. This implies that [ = 1, a contradiction. If z € V(P),
then by Claim 5(1), we get k = [+ 3. Together with (9), this yields that (I, k) = (2,5). By
Claim 2, we obtain |P;| = 1, | P3| = 3 and z = y,. However, P3 U zC1yo U Py U (zox12223)
is an odd cycle of length 11, a contradiction. Therefore, indeed, z € V(C1) — {vo, y1,y2}
and thus Py, P, P», P3 are pairwise disjoint paths.

By Claim 3, |Ps| € {%,%l} Let yo = uo, y1 = Ui4y2, Y2 = W2, and Y be a (y2,2)-
path on Cy. First suppose that |Ps| = 37[ By Claim 2, we deduce that |Y| € {1,k — 1},
which implies z = w1 or w3 If 2 = wyyg, then P3 U yoCiz U Py U (xgz1m023) 1S
an odd cycle of length 37[ + % -1+ % + 3 = k + [, a contradiction; if z = w;11, then
P; U zChy1 U Py U (z1x223) is also an odd cycle of length %l + % + % +2=Fk+1, again a
contradiction. Thus, |Ps| = é From Claim 2, we infer that z = y; (this cannot happen)
or z = uy. Then (Cy — {z1,22}) U Ps Uypz U Py is an odd cycle of length k + [ — 2.
This shows that [ = 2 and by (9), we have L(G) = {5,9}. We then see that Cy, C
are both 5-cycles, and zgug, x1usg, xoug, z3u; € E(G). Consider the path Py from x4 to
w € V(PyUP,UP,UCY), internally disjoint from PyUP; UP,UCyUC,. By the symmetry
between x3 and x4, similarly as above, we can derive that |Py| = 1 and w = ug. In view
of L(G) = {5,9}, now it is easy to verify that G[V (CyUC7)] induces a Petersen graph. =

Claim 9. Let H := G[V(Cy U C1)]. For any u ¢ V(H), there are 3 disjoint paths from u
to H.

Proof. Otherwise, there exists a 2-separation (G, G2) such that G = G1UG2, V(G1NG2) =
{a,b}, {u} C Gy, and H C G5. Since G is 4-critical, by Theorem 10, we have ab ¢ E(G)
and either G1 + ab or G1/{a,b} is 4-critical. First we claim that there is a 5-cycle D
in Gy which is disjoint with {a,b}. This can be deduced from an easy observation that
Petersen graph has a 5-cycle disjoint from any two prescribed nonadjacent vertices of it.
Next we show that G; — a contains a 5-cycle. Note that in either case that G + ab or
G1/{a,b} is 4-critical, we have that G; —a is 3-chromatic. So, there always is an odd cycle
in Gy —a, say D'. If D' is a 9-cycle, then D and D’ are disjoint 5-cycle and 9-cycle in G,
a contradiction to Lemma 9. Thus D’ is a 5-cycle. Observe that there are no two disjoint
edges connecting D and D’. So G[V (DU D’)] cannot be a Petersen graph, a contradiction
to Claim 8. This proves Claim 9. m

Now we are ready to finish the proof of Lemma 11. If G = H, then G is 3-colorable,
a contradiction. Thus, there exists u ¢ V(H). By Claim 9, there are 3 disjoint paths,
say Q1,Q2,Qs, from u to vy, ve,v3 € V(H), respectively. Since G contains no triangle, we
may assume that vive ¢ E(G). Observe that there exist (v, v9)-paths of lengths 2,3,4,5
in the Petersen graph H for any nonadjacent vertices vi,vs. These paths, together with
the path P; U P, (internally disjoint from H), form two odd cycles of lengths differ by two,
a contradiction to L(G) = {5,9}. This final contradiction proves Lemma 11. O

Putting Lemmas 8, 9 and 11 together, we now complete the proof of Lemma 6.
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5 Proof of Lemma 4

We devote this section to the proof of Lemma 4, which asserts that for any graph G
satisfying (8), every two odd cycles in G intersect in at least two vertices.

In view of Lemma 8, it is enough to consider two cases: (i) one (k + 2[)-cycle and one
k-cycle; and (ii) two k-cycles. To this end, we need the following two lemmas.

Lemma 12. For any graph G satisfying (8), every k-cycle and (k + 21)-cycle intersect in
at least two vertices.

Lemma 13. For any graph G satisfying (8), every two k-cycles intersect in at least two
vertices.

5.1 Proof of Lemma 12.

Let Cy be a k-cycle and Cy be a (k + 21)-cycle. Suppose that Cy, C; intersect in at most
one vertex. By Lemma 6, we see V(Cy N Cy) # 0. In the following, we denote the unique
vertex in Cy N Cy by o.

Claim 1. For any u € Cy — {o}, there is a path P, from u to v’ € Cy — {0}, internally
disjoint from Cy U Cf.

Proof. Suppose to the contrary that there exist u € Cy — {0} and some Cy-bridge H such
that u € V(H) and V(H N C1) C {o}. Let Gy := G[H U Cy] and G; := G — (H — Cy).
Then G; has a proper 3-coloring ¢. By Lemma 8, we have L(Gp) = {k}. Then Theorem
7 shows that the restriction ¢ on Cjy can be extended to a proper 3-coloring of Gg. Now
this gives rise to a proper 3-coloring of G, a contradiction. m

Claim 2. Let P be a (Cp,C})-path from z € V(Cy) to y € V(Cy) disjoint from o.
Let X be an (o,z)-path on Cp, and Y be an (o,y)-path on C;. Then |P| = [, and
Y]e{(k— X)) +1,[X]+1}.

Proof. Let Cy := X UY UP and C5 := (CoUC; — X UY)UP. If Cy is odd, |Ca| + |C5| =
2|P| + k + (k + 21), which implies that C5 is also odd, |C2| = |C3| = k4 20 and |P| = I.
In this case, |Y| = (k — |X|) + . If Cy is even, then X’ UY U P is an odd cycle, where
X' :=Cy— X. Similarly, we have |P| =1, and |Y|=(k — |X'|) +1=|X|+[. =

We write Cy = ox129 - - xx_10 and C1 = oy1y2 - - - Ypa21—10. For any x; € Cy — {o} and
(x;,C)-path P; from Claim 1, we denote by z} the vertex in V(P; N C}). Claim 2 implies
that for any 4, [Pi| = [ and 2} € {yi4k—i, Yi+i}-

Claim 3. [ > 2.

Proof. Suppose that [ = 1. Set i := % Note that |P;| = |Piy1| = 1 (so P;, P41 are
disjoint) and by Claim 2, z, 2} | € {yiy1,yit2}. If @ = 2}, ;, then there is a triangle,
a contradiction. By symmetry, assume that 2} = y;41 and 2 4+1 = Yir2. Then (Cp —
Yit1Yi+2) U Py Uiz U Py is an odd cycle of length k + 2] 4 2, a contradiction. m

Claim 4. P; and P,_; are disjoint.
Proof. Suppose that P, and Pj_; intersect. Let z € V(P N Py_1) such that |z5_1P_12|
is minimal. Let R := z1 Pz, S := xj_1P;_1z and T := zPj2}. By Claim 2, |R| + |T| =
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I = |S| +|T|, thus |R| = |S|. Then Cs := (Cp — {0o}) URU S is an odd cycle of length
k — 2+ 2|R| € {k,k + 21}, implying that |R| = 1 or [ + 1. Since |R| < |P| = [, we have
|R| = 1. If z # 2, then Cy and Cy are disjoint, a contradiction to Lemma 6. So z = /.
Then R is a (Cy, Cq)-path, which is disjoint from o. By Claims 2 and 3, |R| = [ > 2, again
a contradiction. m

By Claims 2 and 4, {z},2},_;} = {¥i+1,Yk+i—1}. Let Y be an (2}, z)_,)-path on C;
with length 2/ + 2. Then (Cy — {0}) U P, U P,_1 UY is an odd cycle of length k + 4l, a
contradiction. This proves Lemma 12. O

5.2 Proof of Lemma 13.

We prove by contradiction. Suppose that every two odd cycles intersect in at most one
vertex. By Lemma 6, we know every two odd cycles intersect in at least one vertex. Thus,
there exist two k-cycles Cy,Cy in G with |V(Cop N C1)| = 1, and denote the vertex in
CoNCy as o. Write Cy = ox122...25_10 and Cy = oy1¥y2 . . . Yp_10.

Claim 1. Let P be any (Cy, Cy)-path from x € V(Cy) to y € V(C4) disjoint from o. Then
|P| =1 or 2.

Proof. We choose X as an (o,z)-path on Cp, and Y as an (o,y)-path on Cy, such that
Cy:=XUY UPisodd. Thus C5:= (CoUC; — X UY)UP is odd. Since |Ca| + |C3] =
2k 4 2|P| € {2k + 2,2k + 4}, we have |P| € {[,2l}. =

Claim 2. For any z; € Cy — {o}, there is a P, from z; to a vertex in C; — {o} (say %),
internally disjoint from Cy U C. Similarly, for any y; € C1 — {0}, there is a path Q; from
y; to a vertex in Cp — {o} (say y), internally disjoint from Co U C1.

Proof. By symmetry, consider an arbitrary vertex z; in Cy—{o}. Suppose that there exists
some Cy-bridge H such that: z; € V(H —{o}) and V(HNC1) C {o}. Let Gy =: G[HUCy]
and G1 := G — (H — Cp) such that G = Gy U G1. Note that Gy is a proper subgraph of G
and thus has a proper 3-coloring ¢. By Lemma 12, we know L(Gy) = {k}. Then Theorem
7 ensures that the restriction ¢ on Cy can be extended to a proper 3-coloring of Gg. Thus
G is 3-colorable, a contradiction. m

In the following of this subsection, for any vertex x; € Cy — {o} and any (z;, C})-path
P; from Claim 2, we denote by z the end vertex of P, in V(C1). And we also define y} for
y; € C1 — {o} analogously. The next claim summarizes the possible locations of 2/ and
y;-, which can be obtained along the same line as in the proof of Claim 2 in Section 5.1.

Claim 3. If |P;| = 21, then @} € {yx_;,yi}; if |P;| =1, then «} € {yi—1, Yit1, Yh—i—1s Yk—it1}-
Similarly, if |Q;] = 21, then y; € {z;, xx_;}; if |Q;| = [, then y; € {zj_1, 21, Th—j1, Th—j 11}

In particular, for each ¢ € {1,k — 1}, we have the following: if |P;| = 2[, then 2} €
{y1,yk—1}; if |P;| = I, then 2, € {y141, yk—i—1}. Similarly, if |Q;| = 2I, then vy, € {1, z_1};
if |Q;] =1, then vy, € {147, Tr—1—1}

For convenience, we draw Cj, C7 on the plane such that o, z1,x9, ..., xx_1 appear in Cy
in the clockwise order, and o, y1,yo, ..., yx—1 appear in C] in the counterclockwise order.

Claim 4. Let P, P; be (Co, C1)-paths, from x;, z; € V(Co) to xj, 2, € V/(C1), respectively,

where ¢ < j. Let X be the (z;,z;)-path on Cjy not containing o. Then the following hold:
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(1) If |P;| =1 or |Pj| =, then P;, P; are internally disjoint.

(2) Suppose that |P;| = |P;| = 2. If | X| is odd, then P; and P; are internally disjoint; if
| X[ is odd and z} = %, then ¢ = 2I. In particular, when {i,j} = {1,2} or {1,k —1}, P, P;
are disjoint.

Proof. (1) By symmetry, suppose that |P;| = and P;, P; intersect on some vertex not in
C1. Let w € V(P; N P;) — V(Cy) such that |wPjz;| is minimal. Let P := z; Bw U wP;x;,
Cy:= XUP, and C5 := (Cy — X’) U P. Since C5 and C1 are disjoint, Cs is even. So Cy
is odd, and since V(Cy N C3) = {o}, we infer that |C3| = k by Lemma 12. But wP;z} is a
(C1, C3)-path, disjoint from o, with the length less than [, a contradiction to Claim 1.

(2) Suppose that there exists w € V(P; N Pj) — V(Cy). Choose w such that |z;Pjw|
is minimal. Let P = z;P,w UwPjx;. If |P| is even, then X U P is an odd cycle disjoint
from C1, a contradiction to Lemma 6. So |P| is odd, then Cy := P U (Cy — X) is also
odd. As V(Cy N Cy) = {0}, we infer that |C| = k by Lemma 12. Note that wP;x/ is a
(Cy, C1)-path with length less than 2/. Thus |wP;z}| =, and |z; P;w| = |z;Pjw| = . This
implies P is even, a contradiction.

Suppose V (P, N P;) = {z}}. Then C3 := X UP,UP; is an odd cycle. As V(C5NCY) =
{«}}, we infer that |C3| = |X| + 4l = k. Note that oCyx;, z;Coo are two (C3,C)-paths
disjoint from 2. By Claim 1 and Claim 4(1), since | X| = k — 41, we deduce i = [oCyz;| =
|:Ej000| =2l .

Now let {i,j} = {1,2}. In this case, |X| = 1 and |X]| is odd, so P;, P; are internally
disjoint. Suppose that P, P; are not disjoint. Then V(P; N P; N C1) = {2}} = {2}},
implying that ¢ = 2I, a contradiction to i = 1 (as ¢ < j). The remaining case {i,j} =
{1,k — 1} can be proved similarly (as |X| =k — 2 is also odd). This proves (2). =

Claim 5. |Pi| = |Py_1| = |Q1] = |Qr—1] = L.

Proof. Suppose not. By symmetry, assume that P; is of length 2/ from x; to yi, so we
may further assume zf = y; by symmetry and Claim 3. Note that P; can also be viewed
as Q1. Suppose that |Py_1| = 2l or |Qg—1] = 2l (let us say |Py_1| = 2[). By Claim
4, Py is disjoint from Pj,_1, and thus x}_; = yr_1 (because z}_; € {y1,yx-1}). Then
(Cy — {o}) U Py UP,_1 U (z10xK_1) is an odd cycle of length k + 4l, a contradiction. So
|Pr—1| = |Qr—1] =, where 2}, _; € {141, yk—1—1} and y;,_; € {z141, Tp—1—1}.

Suppose that z,_; = yi41 or y;,_, = 2;41. By symmetry, let P;_; be from zj_; to
Yi+1. Then PrUzCoxp_1 Uy+1Cr1y1 U Pr_1 is an odd cycle of length k + 41 — 2, implying
l=1. So Py_1 is from z_1 to yo. If Qr_1 = yrp_172, then (x10y;_1) U Qk—1 Uz2Coz)_1 U
Pi_1Uyoy1 U Py is an odd cycle of length k4 20+ 2, a contradiction. So Qr_1 = yr_1Tk_o,
but then z1Cozr_o U Qp_1 U (Yyp_107k_1) U Pr_1 U yoy1 U Py is an odd cycle of length
k+ 2l + 2, again a contradiction. Hence we may assume that Py_; is from x_1 to yp_;_1,
and Qr_1 is from yp_1 to zp_;_1.

If kK # 142, then yr_;—1 # y1. Let X be the (y1,yrx—;—1)-path on C} containing o and
with |X| =1+2. Then P, UX U P;_1 U (Cy — {o}) is an odd cycle of length k + 41, a
contradiction. Thus k = [+ 2, and now Py_q is from xp_1 to y1, and Qp_1 is from yi_1 to
x1. Recall that [ = k — 2, implying that [ > 3 is odd. Consider the path P from Claim 2.
If | Py| =1, then by Claim 3, 2% € {ya—i, Yi+2, Yk—2-1, Yk—2+1}, contradicting the facts that
k=1+2and !> 3. So |Ps| =2l. Then 2} € {ys2,yr_2}, and P, is internally disjoint with
Py or P,y (by Claim 4). If :17/2 = Yp_o2, then Po U (C1 — {0, 21}) U Pr_1 U (Cy — {0, yk—_1})
is an odd cycle of length k + 41 —4 > k + 21 (as [ > 3), a contradiction. So 2, = y. Then
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(C1 —y1y2) U Py Uz129 U Py is an odd cycle of length k + 41, a contradiction. The proof
of this claim is complete. =

By Claims 4 and 5, we see that for any distinct i, j, where ¢ € {1,k — 1},
P;, P; (and respectively, Q;, Q;) are internally disjoint. (10)
Claim 6. For any 7,5 € {1,k — 1}, P, and Q; are disjoint.

Proof. By symmetry, it will suffice to show that P; and @)y are disjoint. Suppose for a
contradiction that P, ()1 are not disjoint.

We first show that P; can be chosen from x1 to y; and k =1+ 2 (thus [ > 3 is odd).
Since |Q1]| = I, by Claim 3, we have v} € {z141,2k—1—1}. If ¥} = 21, then we must have
k =1+ 2 and one can view the (y1,x1)-path Q; as P;, done. So y] # x; and thus @
can be viewed as some P; for j # 1. By (10), P;,Q: (which are viewed as P, P;) are
internally disjoint, but not disjoint. So we have either 2} = y; or ¥} = 1. By symmetry
(as we shall see) assume that z} = y;. Since |Pi| = [, by Claim 3, | € {y141, Yk—1-1},
which forces 2} = y1 = yg—1—1. So k =1+ 2 and P; is from x1 to y;.

Next we claim that Py, P, are disjoint, where Py_; is from xp_1 to yx_1. By (10),
P, P,_y are internally disjoint and by Claims 5 and 3, z}_; € {y1,ys—1}. If 2}, = y1,
then (Co — {xp_10,0x1}) U Py U Pr_1 is an odd cycle of length k + 2] — 2, which implies
that | = 1 and k = 3, a contradiction to k > 5. So z}_; = y,—1 and thus P;, P,_; are
disjoint.

In the following, we will consider P», P._5 to find an odd cycle of length larger than
k + 21, which is a contradiction. If |Py| = [, in view of the facts k =1+ 2 and [ > 3, there
is no valid choice for x4 € {ya—1, Y241, Yk—2-1, Ys—2+1} according to Claim 3. So |P| = 2I
and by Claim 3, 25 € {y2,yx—2}. Similarly, we have |Py_o| = 2l and z}_, € {y2, yr—2}.
Suppose that z, = xj_, (which is either ys or yz_2). Let X be the (z2,z,_2)-path
on Cj avoiding o. So |X| = k — 4 is odd. Then X U P, U P;_5 is an odd cycle of
length k+ 4l —4 > k+ 2l (as | > 3), a contradiction. So we have x5 # zj._, and thus
Py, Py, Py_9, P, are pairwise disjoint. In either case of z, € {y2,yr_2}, we see that
PyUy1yo U P, U(Co— {m1x9, )12k —2}) U Pr_o Uyg_oyr_1 U Pr_1 is an odd cycle of length
k + 6l > k + 2[, a contradiction. This proves Claim 6. m

Claim 7. Py, P._1 share the endpoint in Cy, or 1, Q_1 share the endpoint in Cj.

Proof. Otherwise, P, Py_1,Q1,Qr_1 are pairwise disjoint. By symmetry, assume that
yi € yp_1Coo. Let X be the (z,z}_,)-path on C; not containing o. Then z1Coy_; U
Qk—1 U (yg—10y1) U Q1 Uy Cozg—1 U P,_1 U X U Py is an odd cycle of length k + 4i, a
contradiction. m

Claim 8. | =1, N(z1) " N(zk-1) N{y2, yk—2} # 0 and N(y1) N N (yk—1) N {22, 22} # 0.

Proof. By Claim 7, assume by symmetry that Q, Qr—1 are from y1,yr—1 to x;+1 respec-
tively. Then Cy := Q1 U Qk—1 U (C1 — {o}) is an odd cycle of length k — 2 + 2, which
intersects Cy only on z;11. By Lemma 12, |Cy| = k and thus | = 1. Suppose Pj, P,
can be chosen to be disjoint, say P, = z1yr_2 and Pr_1 = xr_1y2. But then the cycle
(Co — {o}) U Py U (yk—2yr—10y1y2) U Pr_1 is an odd cycle of k + 21 + 2, a contradiction.
This proves the claim. =
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By symmetry, we may assume that Py = z1ys, Pr_1 = Tp_1y2, @1 = y122 and Qr_1 =
Yg—122. Let Cy := (Cy — {0}) U (z1y2xk_1). Note that |Cy| = |C1| =k and V(Co N Cy) =
{y2}. We then can treat Cs,ys as the new Cj, o0, and thus all previous claims hold for
Cy and C5. 1In particular, by Claim 8 we have N(y;) N N(y3) N {zo,xp_o} # 0. If
Y172,y372 € E(G), as Qr—1 = yp—172, G has an odd cycle (C1 — {0,y1,¥2}) U (yx—172¥3)
of length k — 2; otherwise y12%_2, ysxx_2 € E(G), then, as Q1 = y1x2, G has an odd cycle
(Co—{0,x1,25-1})U(zk_2y122) of length k—2, a contradiction. Lemma 13 now is proved.
This, together with Lemmas 8 and 12, complete the proof of Lemma 4. O

Acknowledgements. The authors would like to thank Rong Luo for pointing out the
question, and an anonymous referee for carefully reading the manuscript and for giving
valuable comments which helped improving the presentation of the paper.

References

[1] J.-A. Bondy, U.S.R. Murty, Graph theory, Graduate Texts in Mathematics, 244.
Springer, New York, 2008. xii+651 pp. ISBN: 978-1-84628-969-9.

[2] J.-A. Bondy, A. Vince, Cycles in a graph whose lengths differ by one or two, J. Graph
Theory 27(1998), 11-15.

[3] S.-M. Camacho, I. Schiermeyer, Colourings of graphs with two consecutive odd cycle
lengths, Discrete Math. 309(2009), 4916-4919.

[4] G.-A. Dirac, The structure of k-chromatic graphs, Fund. Math. 40(1953), 42-55.

[5] P. Erdés, Some of my favourite unsolved problems, A Tribute to Paul Erdés, Cam-
bridge University Press, Cambridge, 1990, pp. 467-468.

[6] P. Erdés, Some of my favourite problems in various branches of combinatorics,
Matematiche (Catania) 47(1992), 231-140.

[7] A. Gyarfas, Graphs with & odd cycle lengths, Discrete Math. 103(1992), 41-48.

[8] T. Kaiser, O. Rucky, R. Skrekovski, Graphs with odd cycles lengths 5 and 7 are
3-colorable, SIAM J. Discrete Math. 25(2011), 1069-1088.

[9] A. Kostochka, B. Sudakov, J. Verstraéte, Cycles in triangle-free graphs of large chro-
matic number, Combinatorica 37 (2017), no. 3, 481-494.

[10] C. Liu, J. Ma, Cycle lengths and minimum degree of graphs, J. Combin. Theory, Ser.
B, to appear, see http://dx.doi.org/10.1016/j.jctb.2017.08.002.

[11] C. Thomassen, B. Toft, Non-separating induced cycles in graphs, J. Combin. Theory,
Ser. B 31(1981), 199-224.

[12] H.-J. Voss, Graphs having circuits with at least two chords, J. Combin. Theory, Ser.
B 32(1982), 264-285.

[13] H.-J. Voss, Cycles and Bridges in Graphs, Kluwer Academic Publishers, Dordrecht,
VEB Deutscher Verlag der Wissenschaften, Berlin, 1991. xii4+-271 pp. ISBN: 0-7923-
0899-9

25



[14] S.-S. Wang, Structure and coloring of graphs with only small odd cycles, STAM J.
Discrete Math. 22(2008), 1040-1072.

26



