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Abstract

The asymptotical stability in probability is studied for diffusion processes and
regime-switching diffusion processes in this work. For diffusion processes, some
criteria based on the integrability of the functionals of the coefficients are given,
which yields a useful comparison theorem on stability with respect to some nonlinear
systems. For regime-switching diffusion processes, some criteria based on the idea
of a variational formula are given. Both state-independent and state-dependent
regime-switching diffusion processes are investigated in this work. These conditions

are easily verified and are shown to be sharp by examples.
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1 Introduction

This work is devoted to the study of stability of diffusion processes and regime-switching
diffusion processes. Both state-independent and state-dependent regime-switching diffu-
sion processes are studied in this work. Stability of stochastic processes is an important
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subjects and has attracted considerable attention. On the other hand, in the past two
decades, a great deal of mathematical effort has been devoted to the study of regime-
switching diffusion processes. The regime-switching diffusion processes can provide much
realistic models for many applications such as mathematical finance, wireless communi-
cation, biology and etc. (cf. [26] and references therein). For example, these models can
describe the random change of environment (such as dry and rainy weather) on the birth
rates and death rates of the species. The coexistence of diffusion processes and Markov
chains cause a lot of difficulties in the study of regime-switching diffusion processes. And
a lot of issues are still unclear. For instance, we have a dynamical system, which is stable
in warm environment, but is unstable in cold environment. Now, put this system into an
environment changing randomly between warm weather and cold weather. It is known
that this system could be stable or unstable, which depends on many factors. But, to
determine whether it is stable or not is of great importance in application. Analogous
problems exist in the study of population dynamics (cf. [2, 12] and references therein).

We shall not mention all contributions to this intensively studied topic, but refer
to the books [11, 13, 14, 26] for more details on the stability of diffusion processes or
diffusion processes with regime-switching. Moreover, we mention some works which are
closely related to our present work, i.e. [8, 20, 23, 25, 22, 27]. Especially, [22] provides
a good survey on the recent advancements of hybrid/switched systems, which focuses
on the state-dependent switching systems and shows their important application in the
control engineering. Recently, there are also some development on the study of recurrent
property and long time behavior of regime-switching diffusion processes. See, for instance,
[1, 6, 7, 15, 16, 17, 19]. As an application, a sharp criterion on the persistence and
extinction of preys and predators is presented in [2] for the predator-prey model with
Beddington-DeAngelsis functional response.

Usually, the stability in probability is justified by the existence of certain Lyapunov
functions. But, the construction of Lyapunov function is known to be difficult. So, it
is better to obtain some explicit conditions in terms of the coefficients of the processes
and to be easily checked. Moreover, the stability probability of regime-switching diffusion
processes is much more complicated than that of diffusion processes. It is more difficult
to construct Lyapunov functions for these processes due to the coexistence of infinitesi-
mal generators of diffusion processes and jump processes. Due to the remarkable works
[4, 9], the recurrent properties of diffusion processes can be justified explicitly by their
coeflicients, and these criteria could be very sharp (cf. A. Friedman [10, Chapter 9]).
Corresponding results also hold for the stability of diffusion processes. We aim to provide



explicit criteria for stability in probability of regime-switching diffusion processes in this
work.

Consider the stochastic differential equation (SDE):
dXt = b(Xt)dt + O'(Xt)dBt7 X() = X9 € Rn, (].].)

where (B;) is a Brownian motion in R”, and b : R” — R", ¢ : R® — R™*". We use (X;°)
to denote the solution of (1.1) with the initial condition Xy = z. Throughout this work,
we assume the following conditions hold for the coefficients b and o

(H) b(0) =0, 0(0) =0, and there exists a constant K such that
b(z) = b(Y)| + llo(z) — o)l < K|z —yl, VzyeR",

where |b| denotes the absolute value of b and ||o|| denotes the operator norm of
matriz o. Moreover, there exists a function m(x) with m(x) > 0 for x # 0 such that

D ai(n)&g >mx)) &, V(&,....&) R, z R,
ij i
where (a;;(x)) = 30(x)o*(x) and o*(x) stands for the transpose of o(x).

The infinitesimal generator of (X;°) is hence given by

L—ib-(w) 0 + Y a--(ac)a—2
= O T OOy

/L"j:

We focus on the stability of the trivial solution X; = 0, and adopt the notations of
Khasminskii [11]. Namely, the solution X; = 0 of (1.1) is said to be stable in probability
if for any ¢ > 0,

lim P(sup | X} | > ¢) =0,
0

z—0 t>

and X; = 0 is said to be unstable in probability if it is not stable in probability. The
solution X; = 0 of (1.1) is said to asymptotically stable in probability if it is stable in
probability and moreover

lim P( lim X7 =0) = 1.

x—0 t—00



In this work, as a preparation we first provide some easily verifiable conditions for
the asymptotical stability in probability of SDE (1.1). To get some impression on these
results, let us consider the one dimensional diffusion process (X;°) with zo > 0. Under
the condition (H), the point 0 is inaccessible (cf. [11, Lemma 5.3]), which implies that
X; >0 for all t > 0 a.e. Given some constant ro > 0, define

" b(u)
C(x) = —du, 0<z <. 1.2
(x) /z a(a) u x <7 (1.2)
We shall use C'(x) to study the stability of diffusion processes. It is well known that
C(z) is also used to study the recurrence of diffusion processes (cf. for instance, [11,
Example 3.10]). We show that if [ e“@dr < +oo, then X, = 0 is asymptotically stable

0
in probability. Moreover, if [* e“®)dz = 400, and there exists p > 0 such that

To 1 To Yy 1
/ e W du < +oo, / (eC(y) / e’c(“)du> dy = 400,
o uPa(u) 0 o uPa(u)

then X; = 0 is unstable in probability (see Theorem 2.1 below). Obviously, these condi-

tions are easily to be checked. Moreover, these conditions can provide a sharp criterion on
the stability of diffusion processes, which can be shown by the following classical example.
Consider

dX; =0Xydt + o XedB;, Xo=z >0,

and b, o are constants. Then when b < ¢2/2, X; = 0 is stable in probability; when
b > 0?/2, X; = 0 is unstable in probability (see, for example, [11, pp.154, pp.162]).
To apply our criterion, we take rp = 1 and get C(x) = fxl %du = —i—gln x. So when
b < a?/2, fol e“@dx < 400, and hence X, = 0 is asymptotically stable in probability.
When b > 02 /2, it is easy to see that there exists p > 0 such that

L | _ 2 Lo
e CWdy = = ue? 2Py < 400,
o uPa(u) o> Jo

' C(y) Y 1 ~CWqu)d 2 ' —-1-rq
/0 (‘3 /0 wa(u)® “> y_Zb—(1+p)02/0 y ooy = oo

Therefore, when b > ¢%/2, X; = 0 is unstable in probability. This example is a special
case of our Example 2.1:

where a complete characterization is given for such class of diffusion processes.
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The main aim of this work is to study the stability in probability of regime-switching
diffusion processes. This problem has been studied in many works. For instance, [14] and
[26] provided some Foster-Lyapunov conditions to study the stability of regime-switching
diffusion processes with Markovian switching and state-dependent switching respectively.
Moreover, they gave out some explicit criteria for linearized systems. An interesting
phenomenon explained in these works is that this process can be stable in some states
and unstable in other states, but the random switching can make the process stable or
not by changing the switching rate between different states. To solve this problem, in our
previous work [20], we choose a priori Lyapunov function p(x) independent of jumping
states to characterize the stability behavior of this process in each fixed state ¢ in terms of
a constant ;. Then combining these constants ((;) with the jumping rate matrix (g;;), we
provided several criteria to justify the stability in probability of regime-switching diffusion
processes. The intuitive reason to use the common function p(x) is that only evaluating
the stability of the process (X;) at different states i € S using the same ruler p(z),
we can compare them invoking the switching (¢;;). In view of this reason, the previous
criteria based on the integrability of coefficients are not applicable for the regime-switching
diffusion processes. In this work, based on an idea of variational formula, we develop the
results in [20] to provide more explicit formula of the constants f3;, i € S. Our method
is inspired by the idea of Chen and Wang [5], where they provided some sharp estimates
for the lower bound of the spectral gap of elliptic operators.

This work is organized as follows. In Section 2, we state our results on stability
in probability of diffusion processes. In Section 3, we deal with the regime-switching
diffusion processes. Both the state-dependent and state-independent regime-switching
diffusion processes are considered in this part.

2 Stability in probability of diffusion processes

In this section we first consider the SDE (1.1) in R. Due to the assumption (H), 0 is
inaccessible, so X; := X;° has the same sign with its initial point X, = 5. To simplify
the notation, we consider only the case Xy = xq > 0.

Theorem 2.1 Assume (H) holds and Xy =z > 0.



(1) If there exists some 1o > 0 such that
o
/ e“@dr < +oo0, (2.1)
0
where C(x) is defined in (1.2) Then X, = 0 of (1.1) is asymptotically stable in
probability.

(i) If there exists some 1o > 0 and C(x) defined in (1.2) such that

ro
/ e“Wdy = +oo, (2.2)
0
and there exists a nonnegative function f € C((0,r9)) such that

T0 T0 Yy
Me_C(“)du < 400, and <eC(y) Me_C(“)du> dy = +o0. (2.3)
o alu) 0 o a(u)

Then X; =0 of (1.1) is unstable in probability.

Proof. (i) Let
g(x) = / (ro —y)e“Wdy, 0<z <, (2.4)
0

By (2.1), it is easy to see g is well-defined on [0,r¢] with ¢g(0) = 0. Direct calculation
yields that

Lg(z) = a(x)g"(z) + b(x)g'(z) = —a(z)e’@ <0, for z € (0,7).

Hence, according to the Foster-Lyapunov condition (cf. [11, Theorem 5.5] or [13, Theorem
2.3]), X; =0 of (1.1) is asymptotically stable in probability.

(ii) According to the assumption,
ro Y
g(x) = / (€C(y) Me_c(“)du> dy
T 0 a(u)

is well-defined for z € (0, 7o), and

lim g(x) = /07”0 (ec(y) /Oy %6_0(“)du> dy = +o0.

z—0+

For z € (0, r9),
Lg(x) = a(x)g"(z) + b(z)g'(z) = —f(z) 0.
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Therefore, by the Foster-Lyapunov condition (cf. [11, Theorem 5.6]), X; = 0 of (1.1) is
unstable in probability. (]

Note that in Theorem 2.1, condition (2.3) can imply condition (2.2). But compared
with condition (2.1), one should check (2.2) first.

Corollary 2.2 Assume (H) holds and Xo = zo > 0. Let C(z) = [° L“))du for some

z a(u
ro > 0. Assume

ro
/ “Wdy = 400,
0

and there exists p > 0 such that

0 1 T0 Yy 1
/ — e “Mdy < 400, and / <ec(y)/ —G_C(u)du> dy = +o0.
o uPa(u) 0 o uPa(u)

Then X; =0 of (1.1) is unstable in probability.

Although the proof of Theorem 2.1 is quite easy, this result is very useful. As an applica-
tion, we give a complete characterization of the stability in probability for the following
diffusion process.

Example 2.1 Let

where b, o, p, q are constants, b, o # 0, and p, ¢ > 1. Here, cAd := min{c, d}. According
to Theorem 2.1 and Corollary 2.2, we obtain the follows:

(i) If p—2¢ = —1, then when b < 02/2, X; = 0 is asymptotically stable in probability;
when b > ¢2/2, X; = 0 is unstable in probability. These results have been proved
in Section 1. When b = "72, X; = 0 is unstable in probability. Indeed, set ro = 1/2,

f(u) = u?2(Inwu)2, then C(z) = —In2 —Inz for z € (0, 3), 01/2 e“@dz = +oo,

1 1
> f(u) _cw 4 /2 1 4
LAWY —Clu gy = = du =
/0 a(u)e YT o u(lnwu)? T e ST

3 v 2 1 —1
/ (eC(y) / f<u)e_c(“)du> dy = dy = +o0.
0 0

a(u) o’ o ylny




(ii) If p — 2¢ > —1, then X; = 0 is asymptotically stable in probability.

(iii) If p — 2¢ < —1, then when b < 0, X; = 0 is asymptotically stable in probability;
when b > 0, X; = 0 is unstable in probability. Indeed, when p — 2¢ < —1 and
b > 0, setting ro = 1, we get C(x) = 2b(1 — 2™)/(mo?) for z € (0,1), where
m=p—2q¢+1<0. It is clear that

1 1
/ eC@dy = / empz(1-2™) 4y — +00.
0 0

Take f(z) = 2~ with v > max{1 — p,0}. Then

1 2 7271)(17 m)
/ e mo?2 “du < +00.
0

0'2u2q+'7
As
y
. _2b_(q_,m 2 __2b _.m
lim yemoz17¥") e mo? 1) gy
y—0+ o ou?aty
2 (1w 2 -y (-y™)
’ Jo saeme e du + Zozim=—re ™
= lim
y—0+ 2_l2>ym—16—m%’,’2(1—ym)
g
1 1
> lim ——— = lim —
= Y0+ by2atrtm=2 Ty S04 pyrte-l
= +OO7
we get

! my Y2 m
oz (1=y™) o iz (1-u )du dy = 400.
0 0 U2u2q+'y

Then the desired result follows from Corollary 2.2.

Using the results of Example 2.1, we get a criterion on the stability of general diffusion
processes by comparing them with the processes in the form (2.5).

Corollary 2.3 Let (Y;) be a one-dimensional diffusion process satisfying the SDE
dY; = b(Yy)dt + o(Y)dB;, Yo =y >0,

where b(-) and o(-) satisfying (H). Moreover, there exist p,q > 0 and constants b, & # 0,

ro > 0 such that )
b(z) < ixp—%
o(z)? = 62 ’

S (0, 7’0).



When one of the following three conditions holds, Y; = 0 is asymptotically stable in prob-

ability.
(1) p—2¢=—1 and b < 6%/2;

(2) p—2¢> -1
(3) p—2¢ < —1 and b < 0.

Proof. Since a(z) = o(x)?/2, by simple calculation, for x € (0,7g), 1o > 0, we have

o} 2b
C'(JI):/ (U)dugA—hlﬁa

a(u) o2z

if p—2¢=—1and C(x) < Cy + CoxP~24% if p — 2¢ # —1, where

o 20 rh 2t 20
YT 2p—2g+ 17 62(p—2q + 1)

Cy = —

If p—2¢=—1and b < 6%/2, then
o To - 2b 2b
/ “@dr < / 7“6’2 r 2dr < oo.
0 0

By Theorem 2.1, Y; = 0 is asymptotically stable in probability.

If p—2q > —1, then

sup C(z) < C) + |Colrh 7 < 0.
z€(0,70)

Moreover,
7o C(x) o C +|C |,r.17—2q+1
e’ Wdr < e 11210 dr < oco.
0 0

By Theorem 2.1, Y; = 0 is asymptotically stable in probability.
If p—2¢ < —1and b < 0, then Cy < 0 and

C(l’) < Cl + Cgl'p72q+1 < Cl

70 T0
/ “@dg < / e“1dr < oo.
0 0

9

for x € (0,ry), we have



By Theorem 2.1, Y; = 0 is asymptotically stable in probability. ]

Now, we proceed to consider the multidimensional diffusion processes. Firstly, we
introduce some notations used below. Let

1 3

a(x) = §U($)U($)*, b(r) = sup [(x,b(x)) + tracea(x)],

|lz|=vT
a(r) =2 sup [ Z aij(a:)xixj}, (2.6)
\w\:\/; i,j=1
a(r) =2 inf [ a,mx%ﬂ,
(r) R ;Z:l i()

where 7 is the i"" component of = (2,22 --- ,2") € R" and (x, y) denotes the inner

product of & and y with respect to the counting measure.

Theorem 2.4 Let (X;) satisfy the SDE (1.1). If there exists some ro > 0 such that

. b(r)
limsup —%7r9 < —1, 2.7
rsos a(r) (27)
and -
e . " b(w)
/ e“@dr < 0o, where C(x) —/ ——du, = € (0,7). (2.8)
0 T CL(U)

Then Xy =0 of (1.1) is asymptotically stable in probability.

Proof. Let g(z) = [ (ro — y)e“@dy for z € [0,r0). By (2.7), there exists r; € (0,70)
such that for all z € (0,1), ¢'(z) = (ro — 2)e“@ > 0 and
b .
g"(z) = =[1+ (ro — z) ~(x)}ec(’”) >0

Using the Ito formula, we obtain

dg(|X:[*) = 29/ (1X:*) [{X, b(X0)) + trace a( X)) dE + 49" (|X:*) (D aiy(X)Xi X7 )i

i,j=1
+ 29/ (| X|*)( Xy, 0(X,)dBy)
< 29" (| X P)b(| X, ) dE + 29" (| Xe|?)a(| X ?)dt 4 29" (| Xe|*) (X, 0( X )dBy).
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Then it follows that
tAT
Eg(|Xon ) < g(|f?) + 2E / G IXPBIXP) + " (X P)a( X)) ds
0
tAT N 5
= g(|z]>) — 2E / a1 X, 2)eC0XeP s,
0

where 7 = inf{t > 0;|X;|> > r} and r is arbitrarily fixed constant in the interval (0,r).
Hence,

and

P(sup | X,?>r)=P(r <t) < .
(s, PGP 20 =P <) < Sy

Letting t — +00, we obtain that X; = 0 is stable in probability by the arbitrariness of
r € (0,71). Moreover, we can follow the approach of [26, Lemma 7.6] to prove that X; = 0
is asymptotically stable in probability. We omit the details. ]

Theorem 2.5 Let (X;) satisfy the SDE (1.1). If there exists some 1o > 0 such that

- b(r)
limsup —=%r9 > —1, 2.9
7‘~>0+p a(r) " (29)
and -
" C(x) ~ " b(uw)
e"Wdr < 0o,  where C(x) = ——~du, x € (0,79). (2.10)
0 T CL(U)

Then X; =0 of (1.1) is asymptotically stable in probability.

Proof. Let g(z) = foﬁ(ro — y)eCWdy for = € [0,79). Then the proof is similar to that
of Theorem 2.4 by noting that it holds ¢”(z) < 0 for « sufficiently near to 0 in present
situation. (]

Remark 2.6 In the previous Theorems 2.4 and 2.5, we reduce the stability problem of
a multidimensional diffusion to a one-dimension diffusion process by using the transform
x +— |x|?. If one puts some additional conditions on the coefficients b(-) and o(-), the
transform @ +— |x|P with p > 1 can yield different conditions to guarantee X; = 0 to be
stable in probability.
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3 Stability of regime-switching diffusion processes

In this section we go to study the stability in probability of regime-switching diffusion
processes. Let (X, A;) satisfy the following SDE:

dXt - b(Xt,At)dt -+ O'(Xt,At)dBt, XO = 29 € Rn, AO - ’l € 8, (31)

where § = {1,2,..., N} is the state space of the switching process (A;), and (B;) is a
Brownian motion in R™. Moreover,

Gu()8 + 0(6), if k£ 1,

(3.2)

P(Apys =1lAs =k, X; =7) = {
for § > 0. The Q-matrix (g (x)) is assumed to be irreducible and conservative for each
z € R", which means that g,(z) = —qu(z) = >, qu(x), Vk € S. If (giu(z)) does not
depend on x, then (X, A;) is called a state-independent regime-switching diffusion process;
otherwise, it is called a state-dependent one. In this work, we focus on the situation that
(A) is in a finite state space S, i.e. N < oo. Using the similar idea of this work, our
results can be extended to deal with the case N = oo by using the finite partition method
or the principal eigenvalue method introduced firstly in [20].

If we use S to denote the state space of the environment, for example, S = {1, 2},
where “1” denotes the hot environment, and “2” denotes the cold environment. Then
the process (A;) describes the random changing of the environment between states “1”
and “2”. (X;) can be looked on as a diffusion process in a random environment. An
interesting phenomenon of (X, A;) is that X; = 0 could be stable in probability when the
environment is at state “1”, but is unstable in probability when the environment is at
state “2”. When the environment changes randomly between states “1” and “2”7, X; =0
could be stable in probability or not depending on the changing rate of the environment.
But it is difficult to get an explicit criterion to justify whether X; = 0 is stable or not. In
[14] and [26], some explicit criteria are provided for regime-switching diffusion processes
with linear coefficients. In [20], we provided some criteria based on the existence of some
Lyapunov function p(z) independent of environment 7. In this work, we shall give out
more explicit criteria depending explicitly on the coefficients of (X;, A;). Now, we collect
some basic assumptions on the process (X;, A;) used below.

(H.1) (gij(x)) is conservative and irreducible for each z € R™, and ¢;;(-) is a bounded
continuous function for each pair of i, 7 € S.
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(H.2) 5(0,7) = 0 and ¢(0,7) = 0 for every i € §. Moreover, for any sufficiently small
0 < e < ro, there exist [ € {1,...,n} and k(g) > 0 such that a;(z,7) > x(e) for all
(,1) € {m;e < |z| <ro} x S, where a(x,) = s0(z,1)o(x,i)*.

(H.3) There exists a constant K > 0 so that

[b(,3) = b(y, )| + llo(,9) —o(y,i)l| < K|z —yl, Vaz,y eR", i€S.

Conditions (H.1)—(H.3) can guarantee the existence of the weak solution of SDE (3.1),
(3.2). We refer the reader to [18] for more discussion on the existence and uniqueness
of strong solutions for state-dependent regime-switching diffusion processes under non-
Lipschitz conditions.

We first introduce a class of functions on [0, +00). For r > 0, let

= {f c C%((0,7)); f(x) > 0,/36 fw)du < 400,V € (0,71),
lim a(z,i)f (z) + b(z,1)f(z) =0,Vi € S}.

x—0+

(3.3)

According to [21], the generator o7 of the regime-switching diffusion process (X, A;)
can be written as

AV (x,i) = LV (i) (x )+QV( ,)(0)

_Zbkxz (x,1 +Zak1xzamkg/xl( ,1)

k=1

+ Z%’j (2)(V(z,7) — V(z,i)), VeC*R"xS),
J#i

where L is the infinitesimal generator of X, in fixed environment A; = i.

Theorem 3.1 Let (Xy, A;) be a one-dimensional state-independent regime-switching pro-
cess satisfying (3.1), (3.2) with Xo = x¢ > 0. Assume (H.2), (H.3) hold. Let (m;) denote
the invariant probability measure of (A;). Assume that there exist some rq > 0, f € P(ro)
such that b(-,7) and a(-,i) are differentiable on (0,r¢) for each i € S, and

Zwiﬁf(i) <0, (3.4)
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where . o o
By(i) = hfi%‘ip V(z,i) + a(z,i)f"(z) + (af<(xx,)2) + b(z, i) f (55)

Then X; =0 of (3.1), (3.2) is asymptotically stable in probability.

Proof. Since SN m3;(i) < 0, there exist 0 < 7, < o, € > 0 such that

a(x,9) f"(x) + (d(x, 1) + b(x, 1)) f'(x)
f(z)

for all z € (0,71), and S~ m(B4 (i) + ) < 0.

Set B(i) = Bs(i)+, and Q, = Q+pdiag(B(1), ..., B(N)), p > 0, where diag(5(1), ..., B(N))
denotes the diagonal matrix generated by vector (8(1),...,5(N)) as usual. Let

V(x, i)+

< Bs(i) + ¢ (3.5)

n, = —max{Re(y); v € the spectrum of Q,}.

Set Q,; = e'9. Since all coefficients of Q,; are positive (see [1, Proposition 4.1]), the
Perron-Frobenius theorem [3, Chapter 2] yields that —n, is a single eigenvalue of @),.
Moreover, the eigenvector of @, corresponding to e~ is also an eigenvector of @),
corresponding to —n,. Then the Perron-Fronenius theorem ensures that there exists an
eigenvector § of (), associated with —, so that & > 0, which means that all elements
of € are positive. By [1, Proposition 4.2], there exists some py, > 0 so that n, > 0 for all
0 < p < pp since Zfil mB(z) < 0. Fix a p with 0 < p < min{1, po} and an eigenvector &
with & > 0. Then one gets

Qy€(1) = (Q + pdiag(B))&(i) = —m,& <0, Vi=1,...,N.
Set V(z,i) = g(x)& with g(x) = [ f(u)du for £ >0, i € S. Then

AV (x,1) = Q€(1)g(x)P + &LV g(x)P
< QE(i)g(x)" + plig(ax)P ' LWg(x), 0<z <1

Note that for each i € S,
LYg(x) = a(z,9)g"(x) + b(z,1)d (x)

a(z,i) f'(x) + b(x,q) f(x)
= 9(96)( o0 >
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Let h(x,i) = a(x, i) f'(z)+b(x, 1) f(x). As f € D(rg), we get h(0,7) := lim, o4 a(z,?) f'(x)+
b(z,i)f(x) =0. So h(-,i) € C([0,m]) N C*((0,7)). By the mean value theorem,

h(z,i) — h(0,4)

LYg(z) = g(x)

g(x) — 9(0)
ey @@L (@) + b, i) f (@)
=9t e, 7@)

< Blg(x), Ve (0m)

Inserting previous inequality into (3.6), we get

AV (x,i) < QE(1)g(x)’ + pB()&ig(x)? = —mp&ig(x)? = —n,V (w,1).

Therefore, according to the Foster-Lyapunov criteria ([26, Lemma 7.6]), we obtain that
X; =0 is asymptotically stable in probability. ]

Example 3.1 Consider the following regime-switching diffusion process
dXt = bAtXtdt + OA, (Xg A Xt)dBt,

where A; is a Markov chain on S = {1,2,---, N} with invariant probability measure (7;).
X, is asymptotically stable in probability provided one of the following conditions holds:
(1) g>1and >, mbi <0; (2) ¢g=1and >, m(2b; + 02v) < 0.

Proof. Let f(z) =127, v > 0. Then f € C?(0,1), f > 0on (0, 1), fol f(u)du < oo. Since

b(x,i) = bz, a(x,i)= -0’2, x¢c(0,1),

we have

1
lim (af'(zx)+bf(x)) = lim (ﬁwizxzml MﬂM) .

z—0t z—0t

since ¢ > 1. That is f € Z(1). By simple calculation, we get

a(z, i) f"(x) + (d(z,1) + bz, ) f'(x)
_ %ng (’y . 1)x2q+w—2 + q7022I2q+w—2 + bmx”,
Therefore,
(w,9) f"(x) + (a/(x,9) + b(x,4)) f'(x)
f(z)

1
= bi + 500y (v = D27 4 qyo7a® 7 + by

b (x,1) + ¢
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Ifg>1,

By) = lim ¥/(z ) + o — (1+7)b:
Ifg=1,

B5(i) = (14 9) (b + 3707).
The required assertions follows by Theorem 3.1. (]

Next, we shall use the M-matrix theory, which was applied to diffusion processes for
the first time in [24], to study the stability in probability of regime-switching diffusion
processes. From the perspective of M-matrix, we present a new comparable theorem
between the regime-switching diffusion processes with N switching states and that with
two switching states (see Corollary 3.6 and the remark following it). We recall that a
square matrix A = (a;j)mxm is called an M-matrix if A can be expressed in the form
A = sl — B with some B > 0 and s > Ria(B), where [ is the m x m identity matrix,
and Ria(B) denotes the spectral radius of B. Here B > 0 denotes all elements of B are
non-negative. If further s > Ria(B) then A is called a nonsingular M-matrix. There are
many equivalent conditions to justify whether a matrix is a nonsingular M-matrix. We
introduce several conditions here and refer to [3] for more details.

Proposition 3.2 ([3]) The following statements are equivalent.

1. A is a nonsingular n x n M-matriz.
2. All of the principal minors of A are positive, that is,

ay; ... Qg
>0 foreveryk=1,2,...,n.

alg ... Qg

3. Ewvery real eigenvalue of A is positive.

. A is semipositive, that is, there exists x > 0 in R™ such that Az > 0.
p

We first use the M-matrix theory to yield a criterion on the stability in probability
for state-independent regime-switching diffusion processes, then go to deal with state-
dependent processes. For a vector B3 = (8, ..., 8n)* € RN, diag(f, ..., By) denotes the
diagonal matrix generated by the vector 3 as usual.
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Theorem 3.3 Let (X;, A;) be a state-independent regime-switching diffusion process sat-
isfying (3.1) and (3.2). Assume (H.2), (H.3) hold. Suppose that there exist ro > 0,
f € P(ro) so that b(-,i) and a(-,i) are differentiable on (0,ry) for each i € S and

~ (ding(By(1).... B (N)) + Q) (37)

15 a nonsingular M-matriz, where

| i s (o i) 1 A @) (@) + bl D) @)

Then Xy =0 of (3.1), (3.2) is asymptotically stable in probability.

Proof. Because —(diag(8s(1),...,Bs(N))+Q) is a nonsingular M-matrix, by Proposition
3.2, there exists a vector & = (&1, ...,&v)* > 0 such that

A = —(diag(B7(1), ..., Br(N)) + Q)€ > 0.

Set g(x) = [ f(u)du for z € (0,r9). By the definition of (i), i € S, for any ¢ > 0,
there ex1sts r € (0 ro) such that

a(z,i)g"(r) + b(z,i)g' (v)
g(x) — g(0)
2 su (a(z, i) f'(z) + b(z, i) f(2))
<ol )IE(Opm) f(z)
< (By(i) +e)g(z), Vae(0,m), i€S,

where in the second step the mean value theorem has been used. Setting V(z,7) = g(x)&;,
we get

AV (x,1) = LYg(x)& + g()Q&(i)

< g9(x)QE(i) + (B (i) +€)&ig(w)
= (=N +¢e&)g(z), VYre(0,r), i€S.

As e > 0 is arbitrary and (§;1 < i < N) is bounded, we can take £ > 0 sufficiently small
so that —\; +¢&&; < 0 for every i € S. Then we can choose constant r; € (0,7¢) such that
AV (x,1) <0 holds for all z € (0,r), i € S. By the Foster-Lyapunov condition (cf. [26,
Lemma 7.6]), we conclude that X; = 0 is asymptotically stable in probability. ]
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For a state-dependent regime-switching diffusion process (X;, A;), we should use some
suitable transform to change it into a new state-independent one. Then we apply the
criterion obtained above based on the M-matrix theory to get a criterion for the original
process. Note that

e (o 5 o S T (@) £ b))
Bri) = 13H0+pb( R f(z) ’

Assume that M; = inf,eg 57(i) > —o0, My = sup;cgfs(i) < oco. We first divide the
space S into m(1 < m < N) subsets according to the stability of (X;) in each fixed
environment as follows. Let k; € [My, My],i =0,1,--- ,m, satisfy

My =ky <k < <km1 <kpy= M,
and
Fi={jeS:8;(j) € (kir,k]}, i=1,---,m,

is nonempty. Let

F {SupxeR SUDycr; ZjEFk rj (.T), k< Zl, (38)

Qir = N . . .
infyep infrep, ZjeFk a@rj (), k>,
for i, k€ {1,---,m} and i # k. Set ¢/ = —qff =3, ., ¢} < 00. Put Q" = (¢f}). Define

Bf (i) = sup By (j), i€ {1,2,---m}.
jEF;
Then
By (i) < By (i + 1).
Theorem 3.4 Let (X, A;) be a state-dependent regime-switching diffusion process sat-
isfying (3.1), (3.2). Assume (H.1), (H.2), (H.3) hold. Suppose that there exist ro > 0,
f € P(ro) such that b(-,7), a(-, i) are differentiable on (0,79) for each i € S and

—(diag(8f (1), ..., B8f (m)) + Q") Hy,

18 a nonsingular M-matriz, where

—_ =

1 11
000 --- 1
mxm

Then Xy =0 of (3.1), (3.2) is asymptotically stable in probability if f € D(ro).
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Proof. As — (QF+diag(/6f(1), o ,ﬁf(m)))Hm is a nonsingular M-matrix, by Proposition
3.2, there exists a vector n = (91, ...,m,)* > 0 such that
A=A, A)" ::—(QF—i—diag(ﬁf(l) 5f( m))Hp,m > 0.
Set ¢F = H,,m. Then
& =m+nmpt. A i=1..,m,

which yields that €+1 <& fori=1,...,m—1and & > 0. Extend £ to a vector £ on
S by setting & = & if j € Fi. By the definition of @, Bf and the decreasing property
of &&', for i € F,, we have

=) an(@) (G — &) = Y an(@) (& — &)

ki k¢F,

=> ( > qm(w)) & —¢H+> ( > q,-k(x)) (€F —€F) (since & =€F i€ F)

j<r kEF; j>r kEF;

<Y g€ -+ dh€ &) (sincei € F)

= Q"&" (¢(1)),
(3.10)
where ¢: § — {1,--- ,m} is a map defined by ¢(i) = j if i € F.

Let g(x fo u)du for x > 0, where f is given in the assumption. By definition
of (i), for any e >0, there exists r; € (0,rp) such that

(A 4 b))
z€(0,r1) f(I)

< Br(i) +¢

Therefore,

() _ CL(.T, Z)g”(l’) + b(ﬂj‘, Z)g/(ﬂf)
LOg(x) = g(a)( e )
. / . /
< o) sup (a(z, i) f'(x) + b(z,i) f(2)) (3.11)
z€(0,r1) f(x)

< (B7(i) +€)g(w) < (B (6(i)) +)g(x), Va € (0,11), i €S,
where in the second step we have used the mean value theorem and the fact f € Z(ry)
and ¢(0) = 0, in the last step, we have used the definition of 37 (¢(i)).
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Letting V(z,i) = g(z)&;, it follows from (3.10) and (3.11) that

AV (x,i) = Qu€(i)g(x) + &LV g(x)
< QTEN(¢(1))g(x) + (B (i) + €)&fpg(x)  (since & = €5 ;)
= (=Xt + €4 g(x), Ve (0,m), i €S.

As e > 0 is arbitrary, we get that there exists r; > 0 such that for every i € S, —Ag0) +
éég(i) < 0. Hence, we get &V (z,i) < 0. By the Foster-Lyapunov condition (cf. [26,
Lemma 7.6]), we get X; = 0 is asymptotically stable in probability. "

Remark 3.5 In Theorem 3.4, m takes integer value in {1,..., N}. If we take m = 2
in (3.8), then we obtain Corollary 3.6 below, which is of important use in application in
spite of the loss of certain precision. Corollary 3.7 is obtained by taking m = N in (3.8),
which preserves the precision of this type of criterion.

Corollary 3.6 Let (X, A;) be a state-dependent regime-switching diffusion process sat-
isfying (3.1), (3.2). Assume (H.1), (H.2), (H.3) hold. Suppose that there exist ro > 0,
f € D(ry) such that b(-,i), a(-,i) are differentiable on (0,ry) for each i € S and

—(diag(8f (1), 8] (2)) + Q") Hy

18 a nonsingular M-matriz, where
11
H, = ( ! 1) |
2X2

Then X; =0 of (3.1), (3.2) is asymptotically stable in probability.

Let m = N in (3.8). Then G, := ¢}, becomes

~ SupxeR qik (33'), k < ia
ik = V. .
lnf.tER sz(I)a k > L,

fori, k € Sand i # k. Set ¢; = —q;; = Zk# Giw. Put Q = (Gij). The following result
holds immediately by Theorem 3.4.

Corollary 3.7 Let (X, A;) be a state-dependent regime-switching diffusion process sat-
isfying (3.1), (3.2). Assume (H.1), (H.2), (H.3) hold. Suppose that there exist ro > 0,
f € D(ry) such that b(-,i), a(-,i) are differentiable on (0,ry) for each i € S and

—(diag(8;(1),..., Bs(N)) + Q) Hy
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is a nonsingular M-matriz, where Hy is a N x N matriz with m = N in (3.9). Then
X: =0 of (3.1), (3.2) is asymptotically stable in probability.

Remark 3.8 Replace ¢/, in (3.8) with

F_ {SuPreFi > jen, dri k<1,

ik = Y. .
1nfr€F¢ Z]EFk drj, k> Z,

Theorem 3.4, Corollaries 3.6 and 3.7 still hold for state independent regime-switching
diffusion processes.

Example 3.2 Put ¢ > 1. Consider the following regime-switching diffusion process
dXt = bAtXtdt + OA, (Xg A Xt)dBt,

where A; is a birth-death process on S = {1,2,--- , N} with g;;+1(x) = ¢;+ (i —¢) cos x for
i>1,q—1(x) =a;+(i—a)cosx for i > 2 and ¢;;(x) = 0for j ¢ {i—1,4,i+1}, where a;, ¢;,
a, c are all positive constants. Assume that sup;.,b; =k > b;. If K(l—c—c1+b1+7b1) >
bi(ay + a — 2) for some v > 0, then X; = 0 is asymptotically stable in probability.

Proof. Let f(x) =27, v > 0. Then f € 2(1). Since a(x,i) = 022?12, b(x,i) = bz, we
get

e e o ) )+ b D))
Ari) =l ¥z, 9) + (@)

-1
=lim(1 +7)b; + (L + q) yo?z? 1 = (14 7)b;.
x—0 2
Let k € (b1,k). Then Fy = {j: B;(j) <k} ={1}, o ={j : B;(j) > k} ={2,3,--- } and

q§1 = sup(as + (2 —a)cosx) = as + (2 — a),
zeR

qky = inﬂg(cl +(1—c)cosz) =c; — (1 —c).
ze

0 =—ah = die=(1—c)—a <00, ¢ =3 =30y, = (a—2) — az < 0.
Bi (1) = sup B¢ (j) = (bi1(1+ 7)),
IS
B (2) = sup B;(5) = K(1 + 7).
JEF;
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Put Q" = (gf;), by calculation,

—(QF + diag(BF (1), B (2)))Ha = — (1 —c—c+ (14+7)by bi(1+ 7)) |

as —a+2 K(1+7)

Since
| —(@" +diag(84 (1), 8¢ (2) ) Hs| = (149)[k(1 —c—c1+ by + b)) — bi(a + a — 2)],

we have —(Q" +diag(57 (1), 87 (2))) Hy is a nonsingular M-matrix if and only if x(1 —c —
c1+b1+7b1) > bi(ay+a—2). By Corollary 3.6, when k(1 —c—c1+by+7by) > by (as+a—2),
X, = 0 is asymptotically stable in probability. (]

Remark 3.9 For fixed environment i, let (Xt(i)) be the diffusion process associated with
(X¢) in environment ¢ in Example 3.2, i.e.

dX" = b, Xdt + o (X7 A X)dB,.

By Example 2.1, it is easy to see that when b; < 0, X; = 0 is asymptotically stable in
probability; when b; > 0, X; = 0 is unstable in probability.

Let by = —1, k = 1. Then Xt(i) = 0 is unstable in probability for some ¢ > 2 and
Xt(l) = 0 is asymptotically stable in probability. However, X; = 0 is asymptotically stable
in probability once c+c; +7v < ag +a—2 for some v > 0. Therefore, the diffusion process
with switching may be stable even if for some fixed environment it is unstable.

Next, we go to study the stability of multidimensional regime-switching diffusion pro-
cesses by using an analogous method for multidimensional diffusion processes in Section
2. We first introduce some useful notations. Let

2.(r)={fe€2(r); f'(x) >0,VYx € (0,r)}, 2_(r)={f € 2(r); f(x) <0,Vz € (0,7)}.

(3.12)
Set

1 8

a(x,i) = §J($,i)0(ib7i)*, b(r,i) =2 sup [(z,b(x,i)) + trace a(w, )],
jal=v/F

a(r,i) =4 sup [Z ag(z, i)z 2!,

[z|=v/r k=1
a(r,i) =4 inf ap(z,3) k2!

) =4 ol [ 3 auli)et]

k=1

forz=(zt,....,2") eR", r>0,1€8S.
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Theorem 3.10 Let (Xy, Ay) be a state-independent regime-switching diffusion process sat-
isfying (3.1) and (3.2). Suppose (H.2), (H.3) hold. Assume there exist 1o > 0 and
f € P.(ro) such that b(-,7), a(-,i) are differentiable on (0,7¢) for each i € S and

—(diag(Bf(1), ..., Br(N)) + Q)

18 a nonsingular M-matriz, where

| lmeun i i) 1 AEDL ) + @) + b)) ()
ﬁf(,l)—lr—w—l-pb( ’ )_'_ f(’f’) .

Then X; =0 of (3.1), (3.2) is asymptotically stable in probability.

(3.13)

Proof. As —(diag(8s(1),...,8f(N)) + Q) is a nonsingular M-matrix, it is easy to see
from Proposition 3.2 that there exists € > 0 such that

—(diag(Bf(1). .-, B5(N)) + Q)

is a nonsingular M-matrix, where Bf(z) = fB¢(i) + ¢ for ¢ € S. Consequently, using
Proposition 3.2 again, there exists a vector & = (&1,...,&n)* > 0 so that

A = —(diag(B/(1), ..., Br(N) + Q)€ > 0.

Let g(x) = [ f(u)du, z € (0,79). Let 7 = inf{t > 0;|X,[* > ry} for € (0,70) to
be determined later. By It6’s formula (see [21]),

E[g(‘Xt/\T|2)§At/\T]

tAT

= g(|xo|*)& + IEJ/O {29 (|1 X,) (X, b(X,, Ay)) + trace a(X,, As)]

+ 49”(’Xs,2)( Z ar (X, AS)Xin)} + g(‘XSIQ)Qf(AS)dS

kd=1
< g+ B [ 6 [ (PRIXJA) + o (XX, A)
+ (| X ") QE(A,)ds.
By the definition of (i), there exists r1 € (0,79) such that
g'(rb(r,i) + ¢"(r)a(r, i)
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< g(r)(Bs (i) +€) = g(r)B; (i), V€ (0,m1).
Combining with the fact € > 0, we get

Elg(|Xenr*)ean]

Sgme@+E[:BAMﬁmmuu%+Qammu&PMs

AT
—go)e ~E [ Ang(X)ds
0
< g(|zol*)&:-
This further yields that
g(ri) min &P(T <1) < Elg(|Xinr|*)Encn,] < g(|wol*)&-
<j<N

Therefore,

P(sup |[X,>>r)=P(r<t) < 9(|zo[*)

0<s<t g(r1) miny<j<n §; .
Letting t — 400, it follows that

2 ¢
P(sup [ X, > 1) < g(|ﬂfo| )& 7
>0 g(r1) minj<j<n §;

which yields that X; = 0 is stable in probability. Similarly, the asymptotic stability in
probability follows from the proof of [26, Lemma 7.6, Remark 7.8]. ]

Theorem 3.11 Let (Xy, A;) be a state-independent regime-switching diffusion process sat-
isfying (3.1), (3.2). Suppose (H.2) (H.3) hold. Assume that there existrg > 0, f € PD_(ro)
such that b(-,1), a(-,i) are differentiable on (0,7¢) for eachi € S and

—(diag(Bs (1), Br(N)) + Q)

18 a nonsingular M-matriz, where

B = N\ =/ : 7 N\ ff
50 — s (4 4 L) £ @)+ B D))
r—0+ f(T’)
Then Xy =0 of (3.1), (3.2) is asymptotically stable in probability.

(3.14)

24



Proof. This theorem can be proved in the same way as Theorem 3.10 by noting that
for f € 2_(rp) we should use a(x,i) to replace a(z,i) to get the desired inequality. The
details is omitted. .

Remark 3.12 Applying the same method as Theorems 3.10 and 3.11 which extend The-
orem 3.3 to multidimensional case, Theorem 3.7 can be extended to deal with the state-
dependent multidimensional regime-switching diffusion processes, which is omitted to save
space.

References

[1] J. Bardet, H. Guérin, F. Malrieu, Long time behavior of diffusions with Markov switching.
Lat. Am. J. Probab. Math. Stat. 7 (2010), 151-170.

[2] J. Bao, J. Shao, Permanence and extinction of regime-switching predator-prey models,
submitted.

[3] A. Berman, R.J. Plemmons, Nonnegative matrices in the mathematical sciences. SIAM
Press classics Series, Philadelphia, 1994.

[4] R.N. Bhattacharya, Criteria for recurrence and existence of invariant measures for mul-
tidimensional diffusions, Ann. Probab. 6 (1978), 541-553.

[5] M.-F. Chen, F.-Y. Wang, Estimation of spectral gap for elliptic operators, Trans. Amer.
Math. Soc. 349 (1997), 1239-1267.

[6] B. Cloez, M. Hairer, Exponential ergodicity for Markov processes with random switching,
Bernoulli, 21 (2015), no. 1, 505-536.

[7] B. de Saporta, J.-F. Yao, Tail of linear diffusion with Markov switching, Ann. Appl.
Probab. 15 (2005), 992-1018.

[8] M. Ghosh, A. Arapostathis, S. Marcus, Optimal control of switching diffusions with
application to flexible manufacturing systems, SIAM J. Control and optimization, 30
(1992), 1-23.

[9] A. Friedman, Wanding to infinity of diffusion processes, Trans. Amer. Math. Soc. 184
(1973), 185-203.

[10] A. Friedman, Stochastic differential equations and applications, Cover Publications Inc.
Now York. 2nd ver. 2006.

[11] R.Z. Khasminskii, Stochastic stability of differential equations, Stochastic Modelling and
Applied Probability 66, Springer-Verlag Berlin Heidelberg 2ed. 2012.

[12] Q. Luo, X.R. Mao, Stochastic population dynamics under regime-switching II, J. Math.
Anal. Appl. 355 (2009), 577-593.

25



13]
[14]
[15)
16]
17)
18]
19]
20]
21]
22)
23]
24]
25)
26]

[27]

X. Mao, Stochastic differential equations and applications, Horwood Publishing Limited,
1997.

X. Mao, C. Yuan, Stochastic Differential Equations with Markovian Switching, Imperial
College Press, London, 2006.

J. Shao, Ergodicity of one-dimensional regime-switching diffusion processes, Science Chi-
na Math. 57 (2014), 2407-2414.

J. Shao, Ergodicity of regime-switching diffusions in Wasserstein distances. Stoch. Proc.
Appl. 125 (2015), 739-758.

J. Shao, Criteria for transience and recurrence of regime-switching diffusion processes,
Electron. J. Probab. 20 (2015), no. 63, 1C15.

J. Shao, Strong solutions and strong Feller properties for regime-switching diffusion pro-
cesses in an infinite state space, SIAM J. Control Optim. 53 (2015), 2462-2479.

J. Shao, F.B. Xi, Strong ergodicity of the regime-switching diffusion processes, Stoch.
Proc. Appl. 123 (2013), 3903-3918.

J. Shao, F.B. Xi, Stability and recurrence of regime-switching diffusion processes, SIAM
J. Control Optim. 52 (2014), 3496-3516.

A.V. Skorokhod, Asymptotic methods in the theory of stochastic differential equations,
American Mathematical Society, Providence, RI. 1989.

Z. Wu, P. Shi and H.R. Karimi, Stability of stochastic nonlinear systems with state-
dependent switching, IEEE Trans. Automat. Control, 58 (2013), 1904-1918.

F.B. Xi, G. Yin, Almost sure stability and instability for switching-jump-diffusion systems
with state-dependent switching, J. Math. Anal. Appl. 400 (2013), 460-474.

C. Yuan, X. Mao, Asymptotic stability in distribution of SDEs with Markovian switching,
Sto. Proce. Their Appl. 103 (2003), 277-291.

G. Yin, F.B. Xi, Stability of regime-switching jump diffusions. SIAM J. Control Optim.
48 (2010), no. 7, 4525-4549.

G. Yin, C. Zhu, Hybrid switching diffusions: properties and applications, Vol. 63, S-
tochastic Modeling and Applied Probability, Springer, New York. 2010.

C. Zhu, G. Yin, On strong Feller, recurrence, and weak stabilization of regime-switching
diffusions, SIAM J. Control Optim. 48 (2009), 2003-2031.

26



