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Abstract. This work aims to extend X.R. Mao’s work [Automatica J. IFAC, 49 (2013), pp. 3677—
3681] on stabilization of hybrid stochastic differential equations by discrete-time feedback control. In
X.R. Mao’s work, the feedback control depends on discrete-time observation of the state process but
on continuous-time observation of the switching process, while, in this work, we study the feedback
control depending on discrete-time observations of the state process and the switching process. Our
criteria depend explicitly on the regular conditions of the coefficients of the stochastic differential
equation and on the stationary distribution of the switching process. The sharpness of our criteria is
shown through studying the stability of linear systems, which also shows explicitly that the stability of
hybrid stochastic differential equations depends essentially on the long time behavior of the switching
process.
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1. Introduction. Regime-switching processes have received much attention
lately, and they can provide more realistic models in many fields such as biology,
mathematical finance, etc. See, for example, [6, 8, 16, 27]. The regime-switching
process consists of two components (X (¢), A(t)). Usually, (X (¢)) describes the contin-
uous dynamics and (A(t)) describes the random switching device. We call (X (¢)) the
state process and (A(t)) the switching process. Due to the complexity of the system,
many properties of regime-switching processes such as recurrence, stability, and the
strong Feller property show special characteristics compared with diffusion processes
or Markov chains. Refer to, for instance, [4, 17, 18, 20, 21, 27| for the study of re-
current property, and [2, 11, 19, 26, 28] for the study of stability. In particular, [16]
has studied the stability and asymptotic stability of functional SDEs (FSDEs) with
Markovian regime switching, which is closely related to the topic of this work.

This paper investigates the stabilization of regime-switching diffusion processes
by feedback control based on discrete-time observations of the state process and the
switching process. Given an unstable regime-switching diffusion process of the form
(1.1) with b = 0, it is required to find a feedback control b(X (¢), A(t)) so that the
controlled system

(1.1) dX (t) = (a(X(t),A(t)) — b(X(t),A(t))dt + o (X (t), A(t))dW (t)

becomes stable. Here (A(t)) is a continuous time Markov chain on a finite or infinite
countable state space S = {1,2,..., N}, 2 < N < 00, and independent of the Brown-
ian motion (W (t)). Such a feedback control needs continuous observation of the state
X (t) and the switching process A(t) for all ¢ > 0. For the sake of saving costs and
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being more realistic, Mao in [12] studied the stabilization problem by discrete-time
feedback controls, which develops the corresponding studies for deterministic differ-
ential equations (see, e.g., [1, 7]). Namely, design a discrete-time feedback control
b(X ([t/7]T), A(t)), where [t/7] denotes the integer part of t/7, so that the controlled
system

(1.2) dX (t) = (a(X(t),At)) — b(X ([t/7]7), A(t)))dt + o(X (t), A(t))dW (t)

becomes stable. Here 7 is a positive constant standing for the time interval between
two consecutive observations. Mao [12] showed that when 7 is less than some upper
bound 7%, which depends on the Lipschitz constants and bounds of coefficients a, b, o,
the controlled system (1.2) is mean-square stable. Mao et al. in [13] provided a better
bound of 7, especially an explicit bound for linear hybrid SDEs, and in [25] You et al.
weakened the global Lipschitz assumption on coefficients and investigated further the
asymptotic stabilization of such controlled system.

A natural and important question left by the works [12, 13, 25] is to stabilize
the given system by a feedback control b(X ([t/7]7), A([t/7]7)) depending only on the
discrete-time observations of the state (X (¢)) and switching process (A(t)). Geromel
and Gabriel [5] pointed out the necessity to design the feedback control based on
X([t/7]7) and A([t/7]7) from the numerical point of view when studying the state
feedback sampled-data control design problem of Markov jump linear systems. Also,
there exists an essential difference in method between stabilizing a given system based
on X ([t/7]7) or based on A([t/7]7). Heuristically, since X ([t/7]7) tends to X (¢) as
T tends to 0, the effect caused by X ([t/7]7) can be controlled in terms of X (¢) and
X(t) — X([t/7]7). While (A(t)) is a jumping process, which yields that A(t—) and
A(t+) may be at a different state of S. As a consequence, it is useless to expect that
the effect caused by A([t/7]7) is similar to that caused by A(t) no matter how small
T is.

Precisely, we study the stability of the following system:

dX(#) = [a(X (), A(t)) = b(A(6(2))) X (6(1))]dE + o (X (2), A(2))AW (1),

(1.3) X(0) = z(0) € RY,

where 6(t) = [¢/7]7, 7 > 0, is a constant, and (A(¢)) is a Markov chain on a finite
or infinite countable state space S = {1,2,...,N} (2 < N < o) with a regular
irreducible Q-matrix (g;;). (W(t)) is a Wiener process in R? and independent of
(A(t)). When N = oo, the process (A;) is assumed to be nonexplosive throughout
this work. The coefficients a : R x S — R4 b: S — [0,00), 0 : R? x § — RIx4
satisfy the following conditions:

(H1) There exist nonnegative functions C(-) and ¢(-) on S such that

c(i)|z* < 2a(z, i), 2) + lo(z,)|fs < C@)2f*, (2,9) €R! xS,

where ||o(x,7)||}s = trace(oo*)(z,4) with o* denoting the transpose of the
matrix o. ~
(H2) There exists a positive constant K such that

la(z,4) — a(y,i)| + ||o(x,i) — o(y,i)||us < K|z —y|, z,y eRY, i€ S.

(H3) There exists a positive constant M, such that |a(x,7)| < M,|z| for all (z,4) €
R? x S.
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Conditions (H1) and (H2) help to guarantee the existence and uniqueness of a strong
solution of the FSDE (1.3), which will be discussed in section 2. Our main result is
the following theorem.

THEOREM 1.1. Let (X(t), A(t)) satisfy (1.3). Assume (H1)~(H3) hold, and C =
max;es C(i) < 00, b = max;es b(i) < co. Set

(1.4) K(1) =2(2C +3M, + 132)76(2C+M“+1)T,

Assume 1 is sufficiently small so that K(7) < 1. Assume that (A(t)) is ergodic and
denote by (7;)ies its stationary distribution.

(i) If

‘ K \*), .
(1.5) iezsm <C(z) ) (1 — (1—71((7)) ) b(z)) <0,

then lim;_, o E[X (¢)|> = 0.
(i) If

. K(r) \?\,,.
(16) ;m (C(l) -2 <1 + (m) ) b(Z)) > 0,

then lim;_, » E| X (¢)|> = .

To see the sharpness of the criteria in Theorem 1.1, we consider the following
linear system on the line:

dX (1) = (a(A()X (1) = bA([t/7]7) X ([t/7)7))dt + o (A1) X (£)AW (1),

(L7) X(0)=z€R,

where (A(t)) is a continuous time Markov chain on § with irreducible @-matrix
(gij)i,jes. Assume (A(t)) is ergodic, and denote by (7;);cs its stationary distribution.

COROLLARY 1.2. Suppose that C = max;es(2a(i)+0(i)?) < 00, b = max;es b(i) <
00, M, = max;es |a(i)] < co. Set

K(7) = 2(2C + 2M2 + 1 + 1)re2C+2Mat ),

If

N K \*),,
(1.8) %W <2a(z) +0(i)? -2 <1 —~ <1_7K(T)> ) b(z)) <0,
then limy o EX ()2 = 0. If

L K \*),,
(1.9) s <2a(z) +o(i)? -2 <1 + | —— ) b(z)) >0,

> ()

then limy_, o EX (t)? = oco.

The results of Corollary 1.2 show that our criteria given in Theorem 1.1 are quite
sharp. Moreover, these results also explicitly show that the stability of FSDEs with
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regime switching does depend on the long time behavior of the switching process
(A(t)), which is represented by the appearance of the stationary distribution (m;) of
(A(t)). There is no quantity such as (m;) which appeared in the criteria established
in [12, 13, 25].

The present work is organized as follows. In section 2, we prove the existence
and uniqueness of the solution of an FSDE (1.3) with state-dependent regime switch-
ing. Here, we consider the equation with a more general switching, state-dependent
switching, as a preparation for further work, which is of independent interest. In
section 3, we provide the proofs of Theorem 1.1 and Corollary 1.2, where, in partic-
ular, we need to apply the property of skeleton processes of continuous-time Markov
chains. Besides, we also provide a more general result than Theorem 1.1 there. At the
end, as an application, we study the stabilization of linear regime-switching diffusion
processes on R in section 4.

2. Existence and uniqueness of a strong solution. Equation (1.3) is an
FSDE with regime switching. As it is not a standard FSDE with regime switching,
we first study the existence and uniqueness of the strong solution of this kind of
FSDE with regime switching. We shall consider a more general case, i.e., an FSDE
with state-dependent regime switching in an infinite state space.

The following stochastic differential delay equation is well studied by many works
(cf. e.g., [9, 15]):

(2.1) dX(t) =b(X(t), X (t—7),t)dt+0(X(t), X (t—7),t)dW(¢), Xo =& € C([-7,0])

or

dX(t)=b (X(t), t X(s)ds,t) dt+ o (X(t), t X(s)ds,t) dw (#),

t—7 t—7

(2.2)
Xo = 5 € C([_Tv 0])7

where 7 is a fixed positive constant, (W (t)) is a Brownian motion,
C([-7,0)) = {¢: [-7,0] = RY continuous},

and X; € C([—7,0]) is defined by X;(0) = X(t + ) for 6 € [—7,0]. The common
character of (2.1) and (2.2) is that their coefficients can be viewed as functionals on
the product space R% x C([—7,0]) x [0, 00). However, the term X (6(¢)) of (1.3) cannot
be viewed as a functional on the previous product space. So, a little more care should
be paid on the existence and uniqueness of the solution of (1.3). To this aim, let us
first consider the following general FSDE without regime switching, then go to deal
with the case with regime switching:

(2.3) dX(£) = b(X (1), X([t/7]7), )dt + (X (£), X ([t/7]7), ) AW (), X(0) =« € R%
Under the following conditions, Vx,y € R, t € [0, 00),

b(,y,t) = b(z1, 91, 8)| + [|o(2, y, 8) — o(wr, 91, 8)l[us < K(|o — 21| + [y — v1l),
b(z,y, )| + llo(z, y, 1) |lus < K(1+ ||+ |y])
for some constant K > 0; one can prove that FSDE (2.3) admits a unique nonex-

plosive solution by using the Picard iterations following the line of [10, Chapter 5,
Theorem 2.2].
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Next, we study a more general FSDE with regime switching than FSDE (1.3).
Consider

(2.4) dX (t) = [a(X (1), A(t)) + b(X (6()), AS(2)))]dt + (X (t), A(t))dW (t),

with X (0) =z, A(0) =4, 6(¢t) = [t/7]r for some fixed constant 7 > 0. Here (A(t)) is
a jumping process on the state space S = {1,2,..., N}, 2 < N < oo, satisfying

(2.5) P(A(t +6) = I|A(t) = k, X () = z) = {q“(x)‘s +0(9) ifk#1
14+ qer(x)d +0(6) ifk=1
for § > 0. In the rest of this section, for each z € R?, we assume Q, = (qu(2))u
is irreducible and conservative (i.e., ¢i(z) = —qii(z) = >, ¢ij(z) Vi € S). When
(gri(x)) is independent of x and (A(¢)) is independent of (W (¢t)), (X (¢), A(t)) is said
to be a state-independent regime-switching process; otherwise, it is called a state-
dependent one.
Now, we collect the assumptions on the coefficients used later. Here K is a positive
constant.
(A1) 2a(a,i),2)+ o(2,1)[3s < K(1+]al2), [b@ )2 < K(1+]af?) ¥z e RY, ie
(A2) |a(z,i) — aly,i)| +[b(z, i) = b(y, i)+ [|o(z,4) —o(y,i)|lus < K|z —y| Va,y €
R i€ S;
(A3) gi(z) < K(i+|z|) VozeR icS;
(A4) there exist positive constants x and ¢, such that for each fixed z € R? and
i €S8, qij(xr) =0foranyj €S with [i—j| > &, and |gr (y) — qri(2)| < ¢qly—2]
for all y,z € R, k1 € S.
We shall use the representation of (A(t)) in terms of the Poisson random measure
(cf. [22, Chapter 1I-2.1] or [21]). Precisely, for each 2 € R, construct a family of
intervals {T';;(z); 4,7 € S} on the real line in the following manner:

Lia(z) = [0, q12(2)), Ti3(w) = [q12(2), q12(2) + q13(2)), - - -
Ta1(®) = [q1(2), 1 () + g21()), T23(x) = [q1(2) + go1(2), q1 () + g21(2) + ga3(2)),

and so on. For convenience of notation, set I';;(z) = 0 and I';;(z) = 0 if ¢;;(z) = 0
for i # j. Then for each fixed z € R?, (I';;(x));; is a family of disjoint intervals and
the length of T';;(x) equals g;;(z). Define a function h: R? x § x R — R by

i ifzeTu(@)
(2.6) Wi,z = 40 0 H2E @)
0 otherwize.

Then (A(t)) can be expressed by

t
2.7) A(t) = A(0) + / / h(X(s), A(s—), 2)N(ds, d2),
0 Jr
where N (dt,dz) is a Poisson random measure with intensity d¢xdz, and independent
of (W(t)). Set N(dt,dz) = N(dt,dz) — dtdz.

PROPOSITION 2.1 (a priori estimate). Let (X(¢),A(t)) satisfy (2.4) and (2.5).
Assume (A1)—(A4) hold. Then for every T > 0, it holds

E[HXH%"_ ”A”%] < <§|x|2 +4i2) e§(1+K+Cl2K+3(3+TK)n2K)T7



STABILIZATION BY FEEDBACK CONTROL

where C1 is a universal constant induced by the Burkholder—Davis—Gundy inequality,
[ X[le = sups<; [X ()], [|Alle = sup <, A(s), £> 0.

Proof. Set Ty = inf{t > 0;|X (¢)|+A(t) > M} for positive constant M > | X (0)|+
A(0). Using It6’s formula, we get

(2.8)
X(tAm) [ = X0 + / "2 (s), a(X (s), A(s)) + B(X (8(s)), A(6(s))))ds

+/O TM||U(X(5),A(S))||%Sds+2/ (X (9).0(X (5), M)W (5)

0

and

(2.9)
AitATy) =i +/0 M/Rh(X(s),A(s—%z)N(ds,dz)

<i +/o /Rh(X(s), A(s—),z)N(ds,dz) + n/o qa(s—) (X (s))ds.

Since
tATM t
E/ |X (5)]2]lo(X (s), A(s))||Hsds < 2M2E/ 14+ M3ds < 0o
0 0
and
tATM
/ ,2)%dsdz
tATM
/ qa(s—) (X (s))ds

tATM
< /.;21@/ K(A(s—) + | X (s)))ds < k2K Mt < oo,
0

we can obtain that the processes {fOATM X(s),0(X(s),A(s))dW (s)); t € [0,T]} and

{ft/\TMfR ),A(s—), z)N(ds,dz); t € [0,T]} are martingales. By the Burkholder—
Dav1s—Gundy inequality, we obtain

t<T

TATM
< ClE\// X (s)]Pllo (X (s), A(s)) I Fsds
0
TATM
IIXIITATM\//0 IIU(X(S),A(S))II?{stI

1 T AT )
< JEIX iy, +20EKE [ (14 X)) s

TATM
E lsup /0 (X (s),0(X(s), A(s))dW(s)>H

(2.10)

< CiE
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and
tATM ~ 2
E flﬁlg/o /Rh(X(s)7A(s—),z) (ds,dz) ]
T AT
<A4RE h2(X (s), A(s—), z)dsdz
- <am [ [RX().A60) )

T/\T]u
< 4n2E/ qa(s—) (X (s))ds
0
T AT
< 4K2KE / 1ALl + | X | ods.
0

Invoking (2.9) and (2.11), we have

(2.12)
E[|IAIFary]

< 3i2+3E

(sun [ M/ B(X(s), A(s—), Zmd&dz)ﬂ

T AT 2
+3E (/0 /Rh(X(s),A(s—),z)dsdz>
TATM

T/\T]u
<312 1+ 12:2KE / 1Al + | Xl ds + 65T / K2(|A]? + | X]2) ds
0 0
TATM 1
<37+ 12°KE [ AL+ SO + X1 ds
0
T/\TM
+ 6K2KTE / IAJ2 + ([ X |2 ds
0
T AT
< 3% 4 6(3 4 TK)2KE / IAJ2 + X2 ds.
0

Consequently, by (2.8), (2.12), and (A1), we have

EI:HXH%/\TA{ + HAH%/\TZW]

TATM

< |x|2+(1+2K)E/ (1+X]2) ds
0

T AT

1
+ JEIX [, +203KE [ (14 X2 ds

TATM
+3i% +6(3 + TK)/<;2KIE/ A2+ ||X]12 ds,
0
which yields that

E[||X||2TMM + HAH%MM} < (§|x|2 + 4¢2> o3I+ K+CIK+33+TK)R*K)T

by Gronwall’s inequality. The proof is completed.

Recall a basic lemma on the formula (2.6) proved in [21, Lemma 2.1].
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LEMMA 2.2 (see [21]). Under the condition (A3), it holds that for 0 <p <1,
/ \h(z,4,2) — h(y, i, 2)|Pdz < 26PT (K + 2i)cyle —y| Vao,y €RY, i€ S.
R

Similarly to [24], weset 0 < 74 < Tp < -+ < T, < -+ to be the jumping times
of the stationary point process (p(t)) corresponding to the above Poisson random
measure N(dt,dz). Set

7= lim 7,.
n— oo

THEOREM 2.3. Suppose that (A1)—(A4) hold. Then there exists a unique non-
explosive strong solution of (2.4) and (2.5) up to 7 with (X (0),A(0)) = (x,1).

Proof. According to (2.7), we can rewrite (2.4) and (2.5) in the following form:

X(t a(X (1), A(t)) + b(X (5(t)), A(5(¢
d< ()>:(( (t) ())+é (6(2)) (())))dt

A TE LR e ) R

Then, under the conditions (A1)—(A4), the existence of a weak solution is clear
(cf. [23], [29, Theorem 1.3], and note that on [0, 7], this equation becomes an SDE
without delay as (X (6(¢)), A(6(¢)) = (x,7)). Then we can proceed with the argument
on [r,271], [27,37], etc., to obtain a solution. Refer to [16, p. 274] for more details on
this technique.). Due to the Yamada—Watanabe principle, we only need to show the
pathwise uniqueness of (2.4) and (2.5).

Assume that (X (¢),A(t)) and (Y (¢),A’(t)) are two solutions of the FSDE (2.4)
and (2.5) with the same initial condition. For any ¢ € [0,71), (2.4) is equivalent to

AXD(t) = [a(XD(#),1) + (XD (8(t)),)]dt + o(XD(t),)dW (t), XD (0) =z,
which has a unique nonexplosive strong solution (X (t)). So
(X (), A®t)) = (XD(1),i) = (Y(t), N (t)) fortel0,m).
As

A =i+ /O /R h(X (5), A(s—), 2)N(ds, dz),
A (t) :i—i—/o /Rh(Y(sLA'(s—),z)N(ds,dz),

this yields A(m1) = A’(71). Combining this with the continuity of the paths of (X (¢))
and (Y'(t)), we have (X (¢), A(t)) = (Y (¢),A'(¢)) for ¢ € [0, 71].

Next, we consider the time interval [r1,72). Denote A(11) = A'(r1) = k € S.
Then (X (¢)) and (Y (¢)) both satisfy the equation

dx® (t)= a(X(k) (t),k)dt + O’(X(k) (t), k)dW (¢) + b(X(i) (6(t)L10,7,)(6(2))
+ X(k) (6(t))1[‘r1,7'2)(6(t))7 Z‘]-[O,‘n) (6(t)) + kl[n,fz)((s(t)))dt
which still has a unique nonexplosive strong solution. Therefore,

(X(t),A(t)) = (Y(t),A'(t)) for t € [11,72).
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Applying formula (2.7) again, we get A(72) = A’(72) and, further, that (X (¢),A(t)) =
(Y(t),A'(t)) for t € [11,72]. Continuing this procedure inductively, we can show

(X (8),A(t)) = (Y (t),A'()) for t € [0, 7).

Thus, we prove the existence and uniqueness of the strong solution of (2.4) and (2.5)
up to 7. The nonexplosiveness of (X (t), A(t)) follows from Proposition 2.1. O

Remark 2.4. When S is a finite state space, similar to [24], we can modify the
definition of N (dt, dz) under the assumption that ¢;(z) < K for alli € S and x € R? so
that 7 defined in Theorem 2.3 is almost surely finite. When S is an infinite countable
space but (g;;(x)) is independent of x, similarly to [16, Theorem 7.12], Theorem 2.3
still holds for 7 = co almost surely in this case.

3. Proof of the main result. To make the idea clear, we provide a concise
construction of the probability space. Let

Q1 = {w; w: [0,00) = R? continuous with w(0) = 0},

which is endowed with locally uniform topology and the Wiener measure Py so that
the coordinate process W (t)(w) := w(t) is a standard d-dimensional Brownian motion.
Set

Qo = {w; w= Z‘Sti,u” n € NU{oo}, (t;,u;) € [0,00) x [0,00)} ,

=1

which is equipped with the Skorokhod topology and a probability measure Py such
that the coordinate process N(dt,du,w) := w(dt,du) is a Poisson random measure
with the intensity d¢ x du. Define

(Q’y’]}n) = (Ql X Qg,%(Ql) X %(Qg),]?l X ]Pg)

Then, under the probability measure P = Py x Po, for w = (w1, ws) € Q, wi(:) is a
Brownian motion, and ws(-) is a Poisson random measure with the intensity d¢ x du.
As a consequence, (1.3) and (2.7) can be rewritten in the form

dX(t) = [a(X (1), A(t)) — b(A(())) X (3(1))] dt + o (X (t), A(t))dwi (2),
t
AD =M+ [ [ BX(6), A=), 2hwads, d2),

o Jr
and note that h(z, 1, z) is independent of x in the present situation because the transi-
tion rate matrix (g;;) of (A(t)) is independent of z. So (A(t)) is completely determined
by (w2 (¢)). In the rest of this work, we shall work on the probability space (2, .%,P)
constructed above. Denote E*[-] as the conditional expectation with respect to the
o-algebra o{ws(t);0 <t < co}.

LEMMA 3.1. Let (X (t),A(t)) be the solution of (1.3). Under the same conditions
as that of Theorem 1.1, then

K(r)

(3.1) EMX () = X (3(8))*(w2) < =K

EANX (1))?(w2), Pa-a.s.
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Proof. Due to Ito’s formula,
X () — X (a(1))*

=/ 2(X(s) — X(0(s)),a(X(s), A(s)) — b(A(3(s))) X (8(s)))ds

/ lo(X (5), A(5)) [Zsdls + / 2PX06) = X000 (5) A (5

By the mutual independence of (A(t)) and (wq(t)) and (H1), (H2), we get
EAX (1) =X (6(1) 1 (w2)

— A

/5@)2<X(8) — X(8(s)), a(X(s), A(s))) + [lo(X(s), A(S))Ilﬁsd% (w2)

_ EA

/5 , 2X6) = XG5 b(A(é(s)))Xw(s)»ds] ()

< 6(t)C(A(S))]EA [1X ()12 (ws) + 2M,EA [ X (5)]| X (6(5))[] (w2)ds

+/ 2b(A(8())E" [|X (s) — X (8(s))]1X (8(s))[] (w2)ds
5(t)

< /m 2C(A(s)EM[| X (s) = X (8(s))[* + X (8(s))[?] (w2)
+ MoEM[|X (5) — X(8())[2 + 31X (8(5))[2] (wa)ds

+/§<t E* [1X (5) — X (8(5))I” + b(A(5(5)))?I1X (8(5))[*] (w2)ds

t )) + Mo + DEA|X (s) = X (5(s))[*] (w2)

®
(2C(A(s)) + 3Ma)ER X (8(5))[* (w2)ds
(B(A(8(£))*)TEH X (8(1))1% (w2)

t

@\_‘_4—@\

< )) + Ma + DEM|X (s) = X (5(s)) ) (w2)ds

2C+3M + D) TEM X (5())] (w2).

Applying Gronwall’s inequality, we obtain that

EMX () — X (6(8))]* (ws)
< (2C + 3M, + B2)7EN | X (5(£)) |2 (ws)e s ROAE) +Mat1)ds
< 2(2C + 3M, + )T {EM|X (1) — X (5(t))[*)(w2)
+ EA|X(,5)|2(w2)}efm)(2C(A(s))+Ma+1)ds’

which leads to

EMX(1) — X(5(6)(w2) < — )

< T B X O @),
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by invoking the definition of K(7) and the condition K(r) < 1. We conclude the
proof. a

LEMMA 3.2. Under the same conditions as that of Theorem 1.1, the following
estimates hold:

(32) ]E|X(t)|2 < |$(0)|2]E |:ef0t C(A(T))*(2*2 1£<I(<T()q—))b(A(5(T)))dT:| , t> 07

and

K(7)

(3.3) E|X (¢)]2 > |2(0)]?E [ef(f c(A()— (242 1_K<r))b(/\(5(r)))dr] >0

Proof. Applying It6’s formula and (H1), we get

dIX (1) = [2(X (1), a(X (), A1) + o (X (2), A1) [[s]dt
— 2b(A(8(2)))(X(2), X (5(t))>dt+ 2(X(t),0(X(t), A(t))dw1(t))
(3.4) ( ( () — (2= )b(A(5(1)))) | X (1)]*dt
( (6(1))X (1) — X (3(t)*d
+ 2<X( ), o (X (t),A(t))dw1(t), € >0.
By Lemma 3.1, for 0 < s < t,
ENX (1) (w2) — B X (5)[*(w2)

< (€0 - 2 - WAG)E X))
+ Lo AGBNIX () — X)) ) ar

< /St [C(A(r)) - <2 —e— %%) b(A((S(r)))} EA X (7)? (wa)dr-

Set u(t)(w2) = E*| X (¢)|>(w2), then the previous inequality can be rewritten as

(3.5) u(t)(we) — u(s)(we) < / h(A(r), A(0(r)))u(r)(w)dr, 0<s<t{,

where

3.6)  h(A(),A(G(r))) = C(A(r)) — (2 RN (C))

e(l = K(71))

As (X (t)) is the unique nonexplosive strong solution of FSDE (1.3), it is clear that for
Po-a.e. way € o, ¢+ u(t)(w2) = EA X (#)]?(w2) is differentiable on [0, 00). However,
in order to get an estimate on u'(¢)(w2) from (3.5), we also need to consider the
continuity of the function r — h(A(r), A(d(r))). It is well known that the probability
that (A(t)) owns a finite number of jumps during a finite interval equals 1. Let us
focus on the intervals I, :== [n7, (n + 1)7) for n € {0,1,...}.

Case 1. If (A(t)(w2)) has no jump during I, for some n € N, then ¢ —
h(A(r),A(0(r))) is continuous on I,,. Therefore, dividing (3.5) by t — s and letting
s Tt yields

(3.7 w(t)(w2) < h(AE)(w2), AQD())(w2))u(t)(w2), ¢ € (nT,(n+1)7),

) BA((r).
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which implies
(3.8) ult)(we) < uls)(we)els MAM@DACEN @D 4 € (7 (n + 1)7).
Letting s | n7, we get
(3.9) u(t)(wz) < u(nr)(wp)elar MAM@)AGE @A -y

Case 2. If (A(t)(w2)) owns jumps in I, for some n € N, then we denote its
jumping time by nt = 70 < 11 < - < Ty < Tmt1 = (n+ 1)7. Then r —
h(A(r)(w2), A(6(r))(w2)) is continuous on (r,_1,7;) for ¢ = 1,...,m + 1. Applying

(3.9) inductively for t = 7;, s =71, i=1,...,m+ 1, yields that

u(m—)(w2) < U(To)(w2)ej;'1 h(A(T)(M)’A(6(T))(w2))dr7

w(ra—)(ws) < u(ri+)(wz)elrs HAM@)AG) wa)dr

() (wz) < u(ri+)(wa)el MAOEDACED @A oy

Combining the previous inequalities together and using the continuity of ¢ — u(t)(w2),
we get

(3.10) u(t)(wa) < u(nr)elnr AT @) AGM) wa))dr ¢ o 1

In view of the arguments in cases 1 and 2, (3.10) is valid when ¢t € I, and A has no
jump or a finite number of jumps in the interval I,,. Now for any ¢t > 0, we can find an
n such that ¢ € I,,. Either A has no jump or a finite number of jumps in the interval
I,. In any case, (3.10) holds. Then one can use the same argument to obtain

u(nT) ((AJQ )ejrt”— h(A(T)(‘*"?))A(é(r))(w?))dr

u(t)(ws)

IN

(3.11) (1 — 1)) (wa)e i1 HAI@2) ABE) @)

IAIA

u(O) (wz)ejbt R(A(r) (w2),A(8(r)) (w2))dr

IN

Taking the expectation w.r.t. the probability measure Po on both sides of (3.11) yields
that

(3.12) E|X ()% < |2(0)]2E[e/s h<A<T>>A<5<T>>>dT], t>0,

which implies the desired upper bound (3.2) after taking the optimal choice of € =
K(7)
1-K(7)"

Next, we proceed to the lower bound estimate. Applying Itd’s formula and (H1)
again, we get,

dX (@) > [(C(A(t)) = (2+2)b(A(6(1))) X (®)* ~ éb(/\@(t)))lX(t) — X(8(t)| dt

+2AX (1), o (X (£), A(t))dwy ().
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Due to Lemma 3.1, for 0 < s < ¢,

EAX (1) (w2) — EMX (5)* (w2)

> | t <c<A<r>> - (2 ret %) b(A(é(r»)) EA X (1) P (wn)dr

Analogously to the discussion above for the upper bound (3.2), we can obtain the
lower bound (3.3) whose details are omitted. O

In view of the estimates provided by Lemma 3.2, the mean-square stability of
(X (t)) is determined by the long time behavior of two terms in the form separately,

/t f(A(s))ds, /t g(A(6(s)))ds, f,g bounded functions on S.
0 0

The long time behavior of the first term can be determined by using the strong ergodic
theorem for (A(t)) which has been assumed to be ergodic. However, to deal with long
time behavior of the second term, we need to study further a skeleton process of the
Markov chain (A(t)).

Set Y,, = A(n7) for n € N. Then (Y,,) is a discrete-time homogeneous Markov
chain on §. As a skeleton process of (A(t)), the transition matrix (P;;); jes of (¥3)
can be deduced from the transition rate of (A(t)). Precisely,

Pij = fij(T), i, j S S,

where f;;(t) = P(A(t) = jIA(0) =4), 4, j € S, t > 0. It is known that f;;(t) is a
solution of the following equation

fij(t) = eT'6, +Z/ fir(t — s)qrje” 9%ds,

k#j

where ¢; = Z#i ¢ij, 0,5 = 1 if i = j; otherwise, d;; = 0. Since (A(t)) is an irreducible,
ergodic Markov chain on S, this implies that P;; > 0 for all ¢, j € S, and (Y},) is also
ergodic with the same stationary distribution (7;);cs as that of (A(t)). See, e.g., [3,
Chapter 4] for more details.

Proof of Theorem 1.1. Set

O(t,w2) /C ) (w2)) <2—2 T % T)>b wo))dr,

0(t,w2)_/0 (A (ws)) <2+2 S K(r) )b ws))dr.
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By the strong ergodic theorem

(3.13)
lim O, w2)
t—00 t
- lm % [ o)) - <2—2 %) Jim % /0 b(A(3(r)) (w2))dr
[t/7]
=Y " mC() - (2 -2 [T fggﬂ) lim [t/tT]T : [t/lT]T S b(A(nT) (ws))T
€S n=0
. K(7) )
=>» m |C@1) — <2—2 7> b(z)] =:a, Psas.
iez; 1- K(7) :
Similarly,

(3.14) lim Ot w2) = Zm lc(z) - <2 +2 %) b(z)} =:f, Pr-as.

t—o00 t
€S

Therefore, if a < 0, due to (3.2), (3.13), and applying Fatou’s lemma, we get

lim sup E| X (¢)|? < lim sup |z(0)|?Ee®® < |2(0)]*E lim sup e* = 0,
t—o00

t—o00 t—o0

which implies that lim;_, . E|X (¢)]? = 0.
If 8> 0, by (3.3), (3.14), and Fatou’s lemma, we get

lim inf E[X (¢)? > |2(0)|*E lim inf %! = co.
t—o00 t—o00

Hence, (X (t)) is not mean-square stable, and the proof is completed. O

Remark 3.3. In view of [25, Theorem 3.4] or [14, Theorem 2.1], one may expect
to obtain the asymptotic stability of (X (¢)) (i.e., lim;_,0o X (¢) = 0 a.s.) under the
condition that o < 0. If we use their method to study the asymptotic stability for
(X (t)) given by (1.3), the main difficulty is for us is to verify

(3.15) E/ | X (t)[2dt < IE/ eJo @M gy « 5o
0 0
under the condition o < 0. Precisely, to show

E / elo TAEdsqt < 06 and B / elo 9AGENAsqt < oo
0 0

for bounded functions f, g on §. The previous two terms are difficult to check for
general bounded functions f and g, especially the second term.

Proof of Corollary 1.2. Tt is easy to check that C(i) = ¢(i) = 2a(i) + o(i)* under
(H1) for (1.7). Then the desired conclusions that lim;_, ., EX (¢)2 = 0 under (1.8) and
lim; 0o EX (t)? = 0o under (1.9) follow immediately from Theorem 1.1. O
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4. Application to feedback control of linear SDEs with regime switch-
ing. Linear SDEs with regime switching have been extensively investigated in the
past. It is also well known as linear hybrid SDEs. Especially, in [13], the issue to
stabilize a given linear hybrid SDE based on discrete-time observations of the state
process has been studied. In this section, we shall apply Theorem 1.1 to stabilize a
given linear hybrid SDE based on discrete-time observations of the state process and
the switching process.

Precisely, consider the d-dimensional linear hybrid SDE

d
(1) dX(t) = AAD)X ()t + Y Br(A(6)X (t)dwi(t), X(0) =z € R,
k=1

where A, By, : S — R¥*4 W (t) = (wy(t), wa(t),. .., wq(t)) is a d-dimensional Brown-
ian motion, and (A(t)) is an irreducible conservative Markov chain on the state space
S={1,...,N}, 2 < N < oo. Assume throughout this section that (A(¢)) is ergodic
and denote (7;) as its stationary distribution. Suppose (4.1) is not mean-square sta-
ble, and we want to find a feedback control D(A(d(¢)))X (6(¢t)) with 6(t) = [t/7]7 for
some 7 > 0 such that the controlled system

d
(42)  dX(t) = [AQAW)X (1) — DAGE)X G0t + 3 Bu(AW)X (t)duwy (1)
k=1

will be mean-square stable. Here D : S — R%*?, Let us introduce some notation. Set
o(z,i) = (B1(i)x, ..., Ba(i)r) € R¥ for (v,i) € R x S. Set

C(i) = sup (2(A(0)z,2) + llo(z,9)is),

|z|=1
0(7’) = |gic?:fl (2<A(z)x,x> + ||0(x77’)”%{8)7
gﬁnax = Sup |A(’L)(E|7 gﬁnin = ‘H‘lfl |A(Z)£L'|,
|z|=1 T|=

= sup |D(i)z|, nfnin = inf |D(i)z|, i € S.

A
nmax
|z|=1 lz|=1

PROPOSITION 4.1. Let (X (t),A(t)) be the solution of (4.2). Assume C' =
sup;cs C (1) < 00, & = sup;cg Emax(i) < 00, 77 = SUP;cg NMmax (i) < 00. Set

K(7) =220 + 282 + 2 + 1) 7e2C+25 D7,

Suppose T is sufficiently small so that I~((T) < 1.

0 1 1
. i i IN{(T) :
i c -2 min ~ '/max = < 0’
i; m | C(i) n 7 ( R (T)>
then lim;_, o E|X (¢)]? = 0.
(ii) If

N K@) \"\
Zﬂ'z () 2 1+ <1—K(T)> Mmax >07

i€S

then lim;_, » E| X (¢)|> = .
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Proof. The proof of this proposition is completely analogous to that of Theo-
rem 1.1. But, we shall pay attention to the replacement of b : & — [0,00) in (1.3)
with D : & — R¥9 in (4.2), which causes some differences in the estimates in the
proof. In the present situation, we shall use the estimate

7711mn|$||y| < <D(Z)$,y> < nfnax|m||y|7 (XS Sa T,y € Rd'
To be more precise, similarly to Lemma 3.1, it holds

K(r)

A 2 ‘
1—I~((T)E (X0 (w2), Pr-as.

(4.3) EAX (1) = X(6(t)*(w2) <

Then by Ito’s formula, for any ¢ > 0
dIX (0% = (2(AN)X (1), X (1)) + o (X (1), ) [s)di
— 20X (£), DAS(£) X (8(8)))dt + 2(X (£), o(X (), A(£)) AW (£)
< (C(A®) — 200 ™)X (1)2dt — 20X (), D(A(S(1)) (X (6(1)) — X (£)))dt
+ 20X (1), (X (1), A(£)dW (1))
< (C(A()) — 2nEDY | X (1) 2dt + €] X () 2de

1
+ gnﬁi‘l(t”lX(cs(t)) X(#)Pdt +2(X (1), 0(X (1), A(t))AW (2)).-
Invoking the estimate (4.3) and optimizing the choice of € > 0, we can get

EA X (1) (w2) — EX|X (s)[* (w2)

t i %
< / C(A(r)) — 2200 4 9y A0() (f—}{g)) EA|X ()2 (wn)dr
s - T

Then, similarly to the argument of Lemma 3.2, we can obtain an upper estimate of

— 1
(5(r)) A(5(7)) K() 2
EIX(1)]? < |ol?E |/ CACD=2min 42080 (565) ﬂ.

Consequently, this implies the assertion (i) of this proposition by using the argument
of Theorem 1.1. The statement (ii) can be proved in a similar way, and the details
are omitted. |
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