BOUNDARY PROBLEMS FOR THE FRACTIONAL AND
TEMPERED FRACTIONAL OPERATORS*

WEIHUA DENGT, BUYANG LI¥, WENYI TIANS, AND PINGWEN ZHANGY

Abstract. For characterizing the Brownian motion in a bounded domain: €2, it is well-known
that the boundary conditions of the classical diffusion equation just rely on the given information
of the solution along the boundary of a domain; on the contrary, for the Lévy flights or tempered
Lévy flights in a bounded domain, it involves the information of a solution in the complementary
set of Q, i.e., R™\Q, with the potential reason that paths of the corresponding stochastic process
are discontinuous. Guided by probability intuitions and the stochastic perspectives of anomalous
diffusion, we show the reasonable ways, ensuring the clear physical meaning and well-posedness of
the partial differential equations (PDEs), of specifying ‘boundary’ conditions for space fractional
PDEs modeling the anomalous diffusion. Some properties of the operators are discussed, and the
well-posednesses of the PDEs with generalized boundary conditions are proved.

Key words. Lévy flight; Tempered Lévy flight; Well-posedness; Generalized boundary condi-
tions

1. Introduction. The phrase ‘anomalous is normal’ says that anomalous dif-
fusion phenomena are ubiquitous in the natural world. It was first used in the title
of [27], which reveals that the diffusion of classical particles on a solid surface has
rich anomalous behaviour controlled by the friction coefficient. In fact, anomalous
diffusion is no longer a young topic. In the review paper [5], the evolution of par-
ticles in disordered environments was investigated; the specific effects of a bias on
anomalous diffusion were considered; and the generalizations of Einstein’s relation in
the presence of disorder were discussed. With the rapid development of the study
of anomalous dynamics in diverse field, some deterministic equations are derived,
governing the macroscopic behaviour of anomalous diffusion. In 2000, Metzler and
Klafter published the survey paper [25] for the equations governing transport dy-
namics in complex system with anomalous diffusion and non-exponential relaxation
patterns, i.e., fractional kinetic equations of the diffusion, advection-diffusion, and
Fokker-Planck type, derived asymptotically from basic random walk models and a
generalized master equation. Many mathematicians have been involved in the re-
search of fractional partial differential equations (PDEs). For fractional PDEs in a
bounded domain €2, an important question is how to introduce physically meaningful
and mathematically well-posed boundary conditions on 9 or R™\{2.

Microscopically, diffusion is the net movement of particles from a region of higher
concentration to a region of lower concentration; for the normal diffusion (Brownian
motion), the second moment of the particle trajectories is a linear function of the
time t; naturally, if it is a nonlinear function of ¢, we call the corresponding diffu-
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sion process anomalous diffusion or non-Brownian diffusion [25]. The microscopic
(stochastic) models describing anomalous diffusion include continuous time random
walks (CTRWs), Langevin type equation, Lévy processes, subordinated Lévy pro-
cesses, and fractional Brownian motion, etc.. The CTRWs contain two important
random variables describing the motion of particles [26], i.e., the waiting time £ and
jump length 7. If both the first moment of £ and the second moment of 7 are finite in
the scaling limit, then the CTRWs approximate Brownian motion. On the contrary,
if one of them is divergent, then the CTRWSs characterize anomalous diffusion. Two
of the most important CTRW models are Lévy flights and Lévy walks. For Lévy
flights, the £ with finite first moment and 7 with infinite second moment are inde-
pendent, leading to infinite propagation speed and the divergent second moments of
the distribution of the particles. This causes much difficulty in relating the models to
experimental data, especially when analyzing the scaling of the measured moments
in time [33]. With coupled distribution of ¢ and 7 (the infinite speed is penalized by
the corresponding waiting times), we get the so-called Lévy walks [33]. Another idea
to ensure that the processes have bounded moments is to truncate the long tailed
probability distribution of Lévy flights [22]; they still look like a Lévy flight in not
too long a time. Currently, the most popular way to do the truncation is to use the
exponential tempering, offering the technical advantage of still being an infinitely di-
visible Lévy process after the operation [24]. The Lévy process to describe anomalous
diffusion is the scaling limit of CTRWs with independent & and 7. It is character-
ized by its characteristic function. Except Brownian motion with drift, the paths of
all other proper Lévy processes are discontinuous. Sometimes, the Lévy flights are
conveniently described by the Brownian motion subordinated to a Lévy process [7].
Fractional Brownian motions are often taken as the models to characterize subdiffu-
sion [21].

Macroscopically, fractional (nonlocal) PDEs are the most popular and effective
models for anomalous diffusion, derived from the microscopic models. The solution
of fractional PDEs is generally the probability density function (PDF) of the position
of the particles undergoing anomalous dynamics; with the deepening of research, the
fractional PDEs governing the functional distribution of particles’ trajectories are also
developed [31, 32]. Two ways are usually used to derive the fractional PDEs. One
is based on the Montroll-Weiss equation [26], i.e., in Fourier-Laplace space, the PDF
p(X,t) obeys

L= 6 po(k)
u 1—T(u,k)’

(1) Pk, u) =

where pp (k) is the Fourier transform of the initial data; ¢(u) is the Laplace transform
of the PDF of waiting times £ and ¥(u, k) the Laplace and the Fourier transforms of
the joint PDF of waiting times £ and jump length 7. If £ and n are independent, then
U(u, k) = ¢(u)(k), where 1(k) is the Fourier transform of the PDF of . Another
way is based on the characteristic function of the a-stable Lévy motion, being the
scaling limit of the CTRW model with power law distribution of jump length 5. In
the high dimensional case, it is more convenient to make the derivation by using the
characteristic function of the stochastic process. According to the Lévy-Khinchin
formula [2], the characteristic function of Lévy process has a specific form

(2) / e*Xp(X, t)dX = E(e™X) = !*M),
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where
. 1 ik ‘
d(k) =ia-k — 5(k - bk) +/ [e™X —1—i(k - X)xx|<1}] ¥(dX);
R\ {0}

here x is the indicator function of the set I, a € R™, b is a positive definite symmetric
n X n matrix and v is a sigma-finite Lévy measure on R™\{0}. When a and b are
zero and

sr("52)
21-Fxn/2T (1 — 3/2)

(3) v(dX) = X[ "dX,

the process is a rotationally symmetric S-stable Lévy motion and its PDF solves

(@ PR a0/2p(x, 1),

where F(A%/2p(X,t)) = —|k|PF(p(X,t)) [29]. If replacing (3) by the measure of
isotropic tempered power law with the tempering exponent A\, then we get the corre-
sponding PDF evolution equation

) D _ (a4 272X 1),

where (A + \)?/2 is defined by (32) in physical space and by (34) in Fourier space.

In practice, the choice of v(dX) depends strongly on the concrete physical envi-
ronment. For example, Figure 1 clearly shows the horizontal and vertical structure.
So, we need to take the measure as (if it is superdiffusion)

dX) = v(dx,dxs) = AL (5R) —BL=15(xq)dx,d
V( ) - V( X1 X2) - 217517T1/2F(1 _ 51/2) |X1| (Xg) X10X2

BT (H57)
21=F2 /2D (1 — B2/2)

(6)

+ 6(X1)‘X2|75271dX1dX2,

where 51 and 8 belong to (0,2). If a and b equal to zero, then it leads to diffusion
equation

(7) ap(xla X2, t) _ aﬂlp(xla X2, t) 8’62]9()(17 X2, t)
ot d|x1|% 9[x2|P2

Under the guidelines of probability intuitions and stochastic perspectives [17] of
Lévy flights or tempered Lévy flights, we discuss the reasonable ways of defining
fractional partial differential operators and specifying the ‘boundary’ conditions for
their macroscopic descriptions, i.e., the PDEs of the types Eqgs. (4), (5), (7), and
their extensions, e.g., the fractional Feynman-Kac equations [31, 32]. For the related
discussions on the nonlocal diffusion problems from a mathematical point of view,
one can see the review paper [11]. The divergence of the second moment and the
discontinuity of the paths of Lévy flights predicate that the corresponding diffusion
operators should defined on R™, which further signify that if we are solving the equa-
tions in a bounded domain €, the information in R™\ should also be involved. We
will show that the generalized Dirichlet type boundary conditions should be specified
as p(X,t)|rm\o = g(X, t). If the particles are killed after leaving the domain €2, then
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Fig. 1: Sketch map for the physical environment suitable for Eq. (7).

g(X,t) = 0, i.e., the so-called absorbing boundary conditions. Because of the dis-
continuity of the jumps of Lévy flights, a particular concept ‘escape probability’ can
be introduced, which means the probability that the particle jumps from the domain
Q into a domain H C R™\; for solving the escape probability, one just needs to
specify g(X) =1 for X € H and 0 for X € (R"\Q)\H for the corresponding time-
independent PDEs. As for the generalized Neumann type boundary conditions, our
ideas come from the fact that the continuity equation (conservation law) holds for
any kinds of diffusion, since the particles can not be created or destroyed. Based on
the continuity equation and the governing equation of the PDF of Lévy or tempered
Lévy flights, the corresponding flux j can be obtained. So the generalized reflecting
boundary conditions should be j|gn\o = 0, which implies (V - j)[gn\o = 0. Then, the
generalized Neumann type boundary conditions are given as (V - j)|lzm\o = 9(X, 1),
e.g., for (4), it should be taken as (A%/?p(X,t)) |gn\q = 9(X,t). The well-posednesses
of the equations under our specified generalized Dirichlet or Neumann type boundary
conditions are well established.

Overall, this paper focuses on introducing physically reasonable boundary con-
straints for a large class of fractional PDEs, building a bridge between the physical and
mathematical communities for studying anomalous diffusion and fractional PDEs. In
the next section, we recall the derivation of fractional PDEs. Some new concepts are
introduced, such as the tempered fractional Laplacian, and some properties of anoma-
lous diffusion are found. In Sec. 3, we discuss the reasonable ways of specifying the
generalized boundary conditions for the fractional PDEs governing the position or
functional distributions of Lévy flights and tempered Lévy flights. In Sec. 4, we prove
well-posedness of the fractional PDEs under the generalized Dirichlet and Neumann
boundary conditions defined on the complement of the bounded domain. Conclusion
and remarks are given in the last section.

2. Preliminaries. For well understanding and inspiring the ways of specifying
the ‘boundary constrains’ to PDEs governing the PDF of Lévy flights or tempered
Lévy flights, we will show the ideas of deriving the microscopic and macroscopic
models.

2.1. Microscopic models for anomalous diffusion. For the microscopic de-
scription of the anomalous diffusion, we consider the trajectory of a particle or a
stochastic process, i.e., X(t). If (|X(¢)|*) ~ t, the process is normal, otherwise it is
abnormal. The anomalous diffusions of most often happening in natural world are
the cases that (|X(t)|?) ~ ¢7 with v € [0,1) U (1,2]. A Lévy flight is a random walk
in which the jump length has a heavy tailed (power law) probability distribution,
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Fig. 2: Random trajectories (1000 steps) of Lévy flight (8 = 0.8), tempered Lévy
flight (8 = 0.8, A = 0.2), and Brownian motion.

i.e., the PDF of jump length  is like =" with 8 € (0,2), and the distribution
in direction is uniform. With the wide applications of Lévy flights in characterizing
long-range interactions [3] or a nontrivial “crumpled” topology of a phase (or con-
figuration) space of polymer systems [30], etc, its second and higher moments are
divergent, leading to the difficulty in relating models to experimental data. In fact,
for Lévy flights (|X(¢)|°) ~ ¢*/8 with 0 < § < 8 < 2. Under the framework of CTRW,
the model Lévy walk [28] can circumvent this obstacle by putting a larger time cost
to a longer displacement, i.e., using the space-time coupled jump length and waiting
time distribution W(r,t) = 16(r — vt)$(t). Another popular model is the so-called
tempered Lévy flights [18], in which the extremely long jumps is exponentially cut
by using the distribution of jump length e~"*r~#~" with \ being a small modulation
parameter (a smooth exponential regression towards zero). In not too long a time,
the tempered Lévy flights display the dynamical behaviors of Lévy flights, ultraslowly
converging to the normal diffusion. Figure 2 shows the trajectories of 1000 steps of
Lévy flights, tempered Lévy flights, and Brownian motion in two dimensions; note
the presence of rare but large jumps compared to the Brownian motion, playing the
dominant role in the dynamics.

Using Berry-Esséen theorem [13], first established in 1941, which applies to the
convergence to a Gaussian for a symmetric random walk whose jump probabilities
have a finite third moment, we have that for the one dimensional tempered Lévy
flights with the distribution of jump length Ce="*#=#~1 the convergence speed is

5 TG=8) g, 1
2V/2C T(2 - B)3/2 Vm’

which means that the scaling law for the number of steps needed for Gaussian behavior
to emerge as

(8) m~ AP
More concretely, letting X, Xo, -+, X,, be i.i.d. random variables with PDF
Ce ™ r=F=1 and E(|X1|?) = 02 > 0, then the cumulative distribution function

(CDF) Qm of Yy, = (X1 4+ Xo + -+ 4+ X))/ (04/m) converges to the CDF Q(X)
of the standard normal distribution as

. 5 XY 1 5 TB-F) s 1
|Qm(X) — Q(X)] < 2 <\X|2>3/2 \/m - 2@“2 _5)3/2/\ \/Tn’
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174  since
175 (X3 :c/oo X [Pe XX |71 X | = 20/000 e MXNXP=F1g|X| = 200 3T (3-p)
176 and
77 (X)?) = c/oo 1X|2e MXIX| A 1g|X | = 20/000 e XX P2-A-1g|X | = 20\ 2T (2 ).

178 From Eq. (8), it can be seen that with the decrease of A, the required m for the
179 crossover between Lévy flight behavior and Gaussian behavior increase rapidly. A
180 little bit counterintuitive observation is that the number of variables required to the
181 crossover increases with the increase of f3.

182 We have described the distributions of jump length for Lévy flights and tempered
183 Lévy flights, in which Poisson process is taken as the renewal process. We denote the
184 Poisson process with rate ¢ > 0 as N(¢) and its waiting time distribution between two

185 events is Ce~¢*. Then the Lévy flights or tempered Lévy flights are the compound
N(t)

186 Poisson process defined as X(t) = >~ X, where X; are i.i.d. random variables with
§=0

187 the distribution of power law or tempered power law. The characteristic function of

188 X(¢) can be calculated as follows. For real k, we have

ﬁ(k, t) — E(eik‘X(t))

= SUB(ERXO | N (1) = )PV = j)
j=0
s (©) = S B KX | N () = j)P(N () = j)
j=0

= Z(:) ‘Po(k)j(i)]e_ct

= (CH@ol-1)

190 where ®g(k) = E(e®®X0) being also the characteristic function of X1, Xz, -+, Xj
191 since they are i.i.d.
192 In the CTRW model describing one dimensional Lévy flights or tempered Lévy

193 flights, the PDF of waiting times is taken as (e~¢* with its Laplace transform ¢/(u+()
194 and the PDF of jumping length is ¢=#7=7~! or e=*"r=#~! with its Fourier transform
195 1= cPlk|P or 1 —caa[(A+ik)? — N — caa[(A — ik)? — MP]. Substituting them into
196 the Montroll-Weiss Eq. (1) with po(k) = 1 (the initial position of particles is at zero),
197 we get that p(k,u) of Lévy flights solves

1

198 (10) p(k, U) = m,

199 and the p(k,u) of tempered Lévy flights obeys

1
w4 CC [N+ ik)B — M) + CCp (A — ik)B — NB]
6

200 (11) plk,u) =
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If the subdiffusion is involved, we need to choose the PDF of waiting times as
ctog—e=l with « € (0,1) and its Laplace transform 1 — é®u®. Then from (1),
we get that

e

c

(12) PR ) = = (1= aan) o (h)

For high dimensional case, the Lévy flights can also be characterized by Brow-
nian motion subordinated to a Lévy process. Let Y (¢) be a Brownian motion with
Fourier exponent —|k|? and S(t) a subordinator with Laplace exponent u?/? that is
independent of Y(t). The process X(t) = Y(S(¢)) is describing Lévy flights with
Fourier exponent —|k|®, being the subordinate process of Y (¢). In effect, denote the
characteristic function of Y(t) as ®,(k) and the one of S(t) as ®,(u). Then the
characteristic function of X(¢) is as follows:

bk, t) = / %X (X )dX

(13) :/ / eik'Ypy(Y,T)dY ps(T,t)dr
OOO
:/ e TC® Dy (7 t)dr
0

— ety (),

where p;, py, and ps, are respectively the PDFs of the stochastic processes X, Y, and
S. Similarly, in the following, we denote p with subscript (lowercase letter) as the
PDF of the corresponding stochastic process (uppercase letter).

This paper mainly focuses on Lévy flights and tempered Lévy flights. If one is
interested in subdiffusion, instead of Poisson process, the fractional Poisson process
should be taken as the renewal process, in which the time interval between each pair
of events follows the power law distribution. Let Y (¢) be a general Lévy process
with Fourier exponent ®, (k) and S(t) a strictly increasing subordinator with Laplace
exponent u® («a € (0,1)). Define the inverse subordinator E(t) = inf{r > 0: S(7) >
t}. Since t = S(7) and 7 = E(t) are inverse processes, we have P(E(t) < 1) =
P(S(t) > t). Hence

1) pe = PELED - B pise) <ol = -4 [ ptin

In the above equation, taking Laplace transform w.r.t ¢ leads to

0 o o
(15) pe(T, u) _ _7u—1e—7u — ua—le—'ru )

or

For the PDF p,(X,t) of X(t) = Y(E(t)), there holds

(16) pe(X,t) = /000 Py (X, T)pe (T, t)dT.

Performing Fourier transform w.r.t. X and Laplace transform w.r.t. ¢ to the above
7
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equation results in
Da (ka u) = / ﬁy (k7 T)pe (7-7 U)dT
0

0

ua—l

u® + @y (k)

Remark. According to Fogedby [15], the stochastic trajectories of (scale limited)
CTRW X(F;) can also be expressed in terms of the coupled Langevin equation

{ X(7) = F(X(r)) +n(7),
S(r) =&(7),
where F(X) is a vector field; E is the inverse process of S(t); the noises n(7) and

&(T) are statistically independent, corresponding to the distributions of jump length
and waiting times.

(18)

2.2. Derivation of the macroscopic description from the microscopic
models. This section focuses on the derivation of the deterministic equations gov-
erning the PDF of position of the particles undergoing anomalous diffusion. It shows
that the operators related to (tempered) power law jump lengths should be defined
on the whole unbounded domain R™, which can also be inspired by the rare but ex-
tremely long jump lengths displayed in Figure 2; the fact that among all proper Lévy
processes Brownian motion is the unique one with continuous paths further consol-
idates the reasonable way of defining the operators. We derive the PDEs based on
Egs. (9), (13), and (16), since they apply for both one and higher dimensional cases.
For one dimensional case, sometimes it is convenient to use (10), (11), and (12).

When the diffusion process is rotationally symmetric S-stable, i.e., it is isotropic
with PDF of jump length cg,,7~#~" and its Fourier transform 1 — |k|”, where n is
the space dimension. In Eq. (9), taking ¢ equal to 1, we get the Cauchy equation

dp(k, t) ,
(19) T —|k°p(k, t).
Performing inverse Fourier transform to the above equation leads to
op(X,t
(20) NG

where

X, t) - p(Y
AP/2p(X,t) = —¢p 5 lim pX,t) —p(Y, 1)

dY
e—=0t €¢B.(X) |X — Y|n+ﬁ

(21)
dY

/ p(X—i—Y,t)—i—p(X—Yi)—2~p(X,t)
n,B

1
5¢ NG

G
Cn,p = 21=Ban/20(1 — B/2)
8




258  For the more general cases of Eq. (9), there is the Cauchy equation
dp(k,t)
dt
260 so the PDF of the stochastic process X solves (taking ¢ = 1)

259 (23)

= (®o(k) — 1)p(k, 1),

op(X,t)

o =F H(®ok) — (k. 1)}

261 (24)
= /Rn\{o}[p(x +Y,t) = p(X,t)v(dY),

where v(dY) is the probability measure of the jump length. Sometimes, to overcome
the possible divergence of the terms on the right hand side of Eq. (24) because of the
possible strong singularity of v(dY) at zero, the term

Po(k) — 1= / [e®Y — 1] v(dY)
R\ {0}
262 is approximately replaced by
263 (25) / [e®Y =1 —i(k - Y)y 1y cry | ¥(AY);
R\ {0}

264 then the corresponding modification to Eq. (24) is

265 (26) M: /
ot B\ {0}

266 where y; is the component of Y, i.e., Y = {y1,y2, -+ ,yn}’. If v(—=dY) = v(dY),
267 the integration of the summation term of above equation equals to zero.

p(X +Y,t) - p(X,t) - Zyi(aip(x’t))X{|Y\<l} V(dY)7

268 If the diffusion is in the environment having a structure like Figure 1, the proba-
269  bility measure should be taken as
(27)
l/(dX) = V(XmdXQng R an)
Blr(lgﬂl) —B1—1
= S A 2(1 = By /2) |x1] 77710 (x2)d(x3) - - - (Xp )dx1 dX2dXs - - - dxp,
270 BoT(1f2) a1
+ 3P 120 (1 — B)2) [x2| 7727 18(x1)0(x3) - - - §(xp )dxy dxadxs - - - dxp + - - -
nF 1+8n
+ e ) %5 | 7P 71(x1)8(x2) - - - 6(Xp—1)dX1dXodX3 - - - dxXy,

21=Bngl/20(1 — B, /2)

271 where 81, B2, -, By belong to (0,2). Plugging Eq. (27) into Eq. (24) leads to

(28)
279 8p(X17 aX’nat) _ 851P(X17"' 7X’n7t) 862P(X17"' 7X’n7t)+ _’_aﬁnp(xlv"' ,X,,“t)
- ot - dx1 [P [xa P2 [x,|Pn ’
where

85jp(x17... , X 7t) ‘
Fj ( ENE n = —|kj|59p(X1,~-~ Xi-1, K, X1, X, t)

9
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5
and 271Xt 3 phvsical space is defined by (21) with n = 1; in particular, when

0]x; |3
B; € (1,2), it can also be written as
(29)
857'p(x1,~~~ 7th) B 1 52 oo =5,
alx;|% ~ " 2cos(B;n/2)T(2 - ;) 0x2 /,oo sy R, oy X, )y

It should be emphasized here that when characterizing diffusion processes related
with Lévy flights the operators should be defined in the whole space. Another issue
that also should be stressed is that when §; = 82 = --- = 8, = 1, Eq. (28) is still
describing the phenomena of anomalous diffusion, including the cases that they belong
to (0,1); the corresponding ‘first’ order operator is nonlocal, being different from the
classical first order operator, but they have the same energy in the sense that

F<8p(xl,"' axn,t)> J—_-<ap(xla 7Xnat)>
IIx;| O]

= (k)*P*(x1, -+, X1, K, X1, Xy, £)

:}—(ap(xlv"' 7Xn7t)>]:<ap(xla"' ,Xn,t));
8Xj 6Xj

F(AY2p(X, 1)) F (AT72p(X. 1))
= |k|2ﬁ2(kvt) = ‘F(VP(X7t)> . .F(Vp(X,t)),

even though A'/2 and V are completely different operators, where the notation T
stands for the complex conjugate of v.

If the subdiffusion is involved, the derivation of the macroscopic equation should
be based on Eq. (17). For getting the term related to time derivative, the inverse
Laplace transform should be performed on u®p(k, u) —u®~1. Since p(k,t = 0) is taken
as 1, there exists

1 5(k, T)

(30) L7 Pk, u) — uY) = m/o (t T)fa%

dr,

which is usually denoted as § D&p(k, t), the so-called Caputo fractional derivative. So,
if both the PDFs of the waiting time and jump lengths of the stochastic process X are
power law, the corresponding models can be obtained by replacing % with g D¢ in
Egs. (20), (24), (26), and (28). Furthermore, if there is an external force F'(X) in the
considered stochastic process X, we need to add an additional term V- (F(X)p(X,t))
on the right hand side of Eqgs. (20), (24), (26), and (28).

Here we turn to another important and interesting topic: tempered Lévy flights.
Practically it is not easy to collect the value of a function in the unbounded area
R™\Q. This is one of the achievements of using tempered fractional Laplacian. It is
still isotropic but with PDF of jump length clam’)\e*”r*'@’". The PDF of tempered
Lévy flights solves

(31) WD — (a4 072X, 0),
10
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where

X.t) —p(Y.t
(A+ NP2p(X,t) = —copa lim pX,t) —p(Y,?)

aY
e=0" J¥ B, (X) €>“X_Y‘|X - Y|n+,8

(32)
1 p(X+Y,t)+p(X—Y,t)—2-p(X,t)dY
= 20n7ﬂ,)\ . e)‘IYI‘Y|n+f8
with
r'(3)
33 =2
) = 5 E I (5)

The choice of the constant as the one given in (33) leads to

(30 F((A+N2 1) = ()P — (8 + [k F +O(Ik))i(k, 1),

>

where 8 € (0,1) U (1,2), and [/] means the biggest integer, being smaller than or
equal to .

However, if A = 0, one needs to choose the constant as the one given in (22) to
make sure F (AP/?p(X,t)) = —|k|?p(k,t). The reason is as follows.

1 ekY L o—ikY _ o
fﬂA+ﬂW”ﬂXﬁ):5%ﬁA/ e Y - F(p(X. 1)

1—cos(k-Y) _
e [y e Y - Fp(X. 1)

11



306 For 8 € (0,1) U (1,2), then we have

1—cos(k-Y) 1 — cos(|k|y1) 8 1 —cos(x1) —2 x|
R S = pu—————" L = _ k]
/n ATy [P Yy . Y [ dY = k| X[ e TR gxX

i 1 | i son—2
= C|k|ﬁ/ e Txl'p / 1 — cos(rcosfy)) sin™ ™ “(61)d0: )dr
o Tnts ( o ( ) )

1 oo A ™
:701([3—2)\2/ x| —B+1 / 1_ 0 . n—2 0.)d6: \d
A5+ e (0 (1~ cos(rcos 61)) sin”~*(6:)d6 ) dr
_mc‘k‘671AA 6_ﬁr7“76+1(/0 sin(r cos 61)) sin"72(01)cos(01)d01)dr
- %C|k|ﬁ/ efﬁrr_ﬁ(/ sin(r cos 61)) sin"_2(91)cos(91)d91)dr
_ g ;
_ VIl ("F1) s 2-8 3-8 n [k
307 = CIL=p) () A [1—2F1( 55 ,5,_72)
2Bk} L (3= .o kP
S (g gig Ny
1-Bk?* . (2-83-8n k|2
hrh (g )
= VIL("5) [s 4o B1-Bn_ |k
= OB gy — |V = 2P (=5 = 75,,7)}
— \/7?1—‘(”;1) B B |k|2 % ﬁ n‘l‘ﬁ—l n |k|2
B Yo (HV) 2Fl(_§’ 2 ’§’A2+|k|2)
— ﬁr(ngl) B 2 2. 8 B n+,671 n ‘k‘2
=Creo)l I'(3) -0 +|k|)22F1(_§’ 2 ’5’,\2+Ikl2)}’
308 where o F} is the Gaussian hypergeometric function and
T ™ 2T n—1
2
309 C= (/ sinn—S(gz)dOQ)... (/ sm(en_Q)den_Q)(/ dﬂn_l) _m
0 0 0 res)
310 So
I'(3)
311 Cnpr = —an2)
AT o D(-B)

312 The PDEs for tempered Lévy flights or tempered Lévy flights combined with subdif-

313 fusion can be similarly derived, as those done in this section for Lévy flights or Lévy

314 flights combined with subdiffusion. Here, we present the counterpart of Eq. (28),

(35)

ap(xla"' 7Xn7t) _ aﬁlyAp(xla"' 7X’n’t) aﬁzyAp(le“ 7Xn’t)+ +aﬂn‘)\p(X1’.“ ?X”Ht)
ot n 9|x1|Br* 0|x2|P2:A 9|xyp B ’

8P M p(xa, o x4t

B, P75 ) is defined by taking 8 = 3; and n = 1 in Eq.
317 (32). Again, even for the tempered Lévy flights, all the related operators should be
318 defined on the whole space, because of the very rare but still possible unbounded
319 jump lengths.

320 All the above derived PDEs are governing the PDF of the position of particles. If
321 one wants to dig out more deep informations of the correspondin% stochastic processes,
322 analyzing the distribution of the functional defined by A = [J U(X(7))dr is one of
323 the choices, where U is a prespecified function. Denote the PDF of the functional A

316  where the operator

12
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331

332

346
347

348
349

and position X as G(X, A,t) and the counterpart of A in Fourier space as q. Then

G(X,q,t) solves [31]
9G(X, q,1)

ot = Ka,,@Aﬁ/2Dtl_aé(X7qat) +ZqU(X)é(XaQat)

(36)

for Lévy flights combined with subdiffusion; and [32]

0G(X,q,t . R
ar)  POED e (At 0D g, 0) + iU (X)G(X 1)

for tempered Lévy flights combined with subdiffusion, where

Dl G(X L [0 o) [ bk 0 nd
¢ ( 7Qat)—r(a)[at—lq ( )]/O(t—r)l—a (X, q,7)dr.

If one is only interested in the functional A (not caring position X), then éxo(q, t)
is, respectively, governed by [31]

0Gx, (g, t . R
(38) 00500 _ g, 5D} A 2, (0.1) + gl (X)Cx, (0, )
and [32]
0Gx, (g, t Y . , R
o) PO g D (a0 G, (0.1) + iU (X)Cox, (0,1

for Lévy flights and tempered Lévy flights, combined with subdiffusion; the X in
Gx,(g,t) means the initial position of particles, being a parameter.

3. Specifying the generalized boundary conditions for the fractional
PDESs. After introducing the microscopic models and deriving the macroscopic ones,
we have insight into anomalous diffusions, especially Lévy flights and tempered Lévy
flights. In Section 2, all the derived equations are time dependent. From the process
of derivation, one can see that the issue of initial condition can be easily/reasonably
fixed, as classical ones, just specifying the value of p(X,0) in the domain . For Lévy
processes, except Brownian motion, all others have discontinuous paths. As a result,
the boundary 99 itself (see Figure 3) can not be hit by the majority of discontinuous
sample trajectories. This implies that when solving the PDEs derived in Section 2, the
generalized boundary conditions must be introduced, i.e., the information of p(X,t)
on the domain R™\) must be properly accounted for. In the following, we focus on
Egs. (20), (28), (31), (35) to discuss the boundary issues.

3.1. Generalized Dirichlet type boundary conditions. The appropriate
initial and boundary value problems for Eq. (20) should be
(40)
Op(X,t) _ ppr2 _ ) , / pXt) —p(Y,1) o
o PR = et B S Jen XY 0
p(X7 0)|Q = pO(X)7
p(x,t)an\Q = g(X, t)

13
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Fig. 3: Domain of solving equations given in Section 2.

In Eq. (40), the term
X,t) —p(Y,t
lim p(X, 1) p(ﬂ; )
e—0+ € B.(X) ‘X_Y|n

_ lim p(X7t)—p(Y,t)dY+/ p(X,t) —g(Y,1)
=0t Jwp.(x)ne) 1X = Y8 R\ X =Y H8

dY

dY

(41) (X, 1) — p(Y. 1)
= lim %d\f—f—p()gt)/ X — Y| PdY
=0t JigB.(x)ne) [ X—Y[" R™\Q
_g(Y7t)
+ / D oy
o X — Y|P

According to Eq. (41), g(X,t) should satisfy that there exist positive M and C' such
that when |X| > M,

X, t
(42) ||g)((5,2| < C for positive small .
In particular, when Eq. (42) holds, the function fR"\Q p;_gg{%dY of X has any

order of derivative if g(X,t) is integrable in any bounded domain. One of the most
popular cases is g(X,t) = 0, which is the so-called absorbing boundary condition,
implying that the particle is killed whenever it leaves the domain ). For example,
consider the steady state fractional diffusion equation

(43) {AB/Qp(X) =-1 in Q,

p(X)

R'VL\Q = 0

The meaning of the solution p(X) of (43) is the mean first exit time [6, 19] of particles
performing Lévy flights [8]; if taking = {X : |X]| < r}, then [16]

T/ - x2)P
(44) PX) = ST+ 52T n2 £ 52)

We generate the sample trajectories of Lévy flights to plot one and two dimensional

mean first exit times, respectively, in Figures 4 and 5, which confirm the effectiveness
of the model (43).

14
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Fig. 4: Behaviors of p(x) generated by at least 1.5 x 10° trajectories with 3 = 0.5,
n =1, r =100. The (red) solid line is theoretical result (eq. (44)). The symbols are
for the simulation result.

100

a0 0 Y

y X

Fig. 5: Behaviors of p(x) generated by at least 1.5 x 10° trajectories with 8 = 0.5,
n =2, r = 100. The (red) solid line is theoretical result (eq. (44)). The symbols are
for the simulation result.

Another interesting case is for the steady state fractional diffusion equation

(45) { AP2p(X) =0 inQ,

p(X) |]R"\Q = Q(X)-

Given a domain H C R™\, if taking g(X) =1 for X € H and 0 for X € (R"\Q)\H,
then the solution of (45) means the probability that the particles undergoing Lévy
flights lands in H after first escaping the domain Q [8]. If ¢(X) = 1 in R™\(, then
p(X) equals to 1 in £ because of the probability interpretation. This can also be
analytically checked.

15
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For the initial and boundary value problem Eq. (28), it should be written as

8p(X1, T 7Xn7t) _ 851])()(17 e axnvt) 8’82p(X1, e 7Xnat)
ot - d|x1|P 9[xz|?
8ﬁnp(x17"' 7Xn7t) :
(46) N PR in Q,
p(Xh e 7xn70)|Q = pO(X1> o uxn)7
p(xla T 7Xnat)|]R"\Q = g(xlv T axnvt)~

Similar to (41), in (46) the term

S TR 7t — S, PR 7t
lim p(x1 Xj, " Xn,t) pl(f;_ Vi Xn,t) dy,
=0t J¥B. (x;) | — y; [t 7
T p(xh"'7Xja"'7Xn’t)_p(xl7"'7yja"'7xnat)
= lim 15, dy;
e=0% J (@ B. (x;)nQ) x; — |t P

(47)
+p(x1’... 7Xj7... 7)(n,t)\/ IXj_y]|—1—Bdej
R\ (2NR;)

_gX17"'ay'7"'7Xat
+/ ( — )dyj'
R\(QNR;) x; — y;[ P

From Eq. (47), for j = 1,---,n, g(x1,--- ,X;, - ,Xp,t) should satisfies that
there exist positive M and C such that when |x;| > M,

(48) LICSEIARRES - X, ) < C for positive small e.
|x]%i—¢
The discussions below Eq. (45) still makes sense for Eq. (46). If g(x1,--- ,Xj, -+ ,Xp,t)
satisfies Eq. (48), and it is integrable w.r.t. x; in any bounded interval. Then
fR\(QmR_) 79("‘;"";/_y’|'{;'/3’],’("L’t) dy; has any order of partial derivative w.r.t. x;.
z =Y

The initial and boundary value problem for Eq. (31) is

ng’” =(A+XN2p(X,t) in Q

p(X,0)]a = po(X),
p(Xat)hR"\Q = g(X,t).

Like the discussions for Eq. (40), g(X,t) should satisfies that there exist positive M
and C such that when |X| > M,

lg(X,1)]
=o)X

(49)

(50) < C for positive small €.
If Eq. (50) holds and ¢(X,t) is integrable in any bounded domain, the function
Jema %dY of X has any order of derivative.

Again, the corresponding tempered steady state fraction diffusion equation is

(51) {(A+A)B/2p<X) =0 in Q

p(X) |z = 9(X).
16
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For H C R™"\Q, if taking ¢(X) = 1 for X € H and 0 for X € (R"\Q)\H, then the
solution of (51) means the probability that the particles undergoing tempered Lévy
flights lands in H after first escaping the domain Q. If g(X) =1 in R™\, then p(X)
equals to 1 in €.

The initial and boundary value problem (35) should be written as
ap(xla e 7Xnat) _ 8617)\1)()(17 T aX’rut) aﬁz)\p(xh e ,X,,“t)
ot N D)y [P Dxa| P2
65n7>\p(xl cee L X t)
92 . ’ UiL2) in Q,
(52) + -+ PR in
p(Xh e aX’mO)'Q = p(](xh e 7xn)7
p(X17 e 5Xn7t)‘R"\Q = g(xl7 e axnat)~
For j =1,---,n, g(x1,--- ,Xj, -+ ,Xp,t) should satisfy that there exist positive
M and C such that when |x;| > M,
|g(X1,"',Xj,"',Xn,t)| ipe
(53) o] < C for positive small €.
If g(x1, - ,%j, -+ ,Xp, t) is integrable w.r.t. x; in any bounded interval and satisfies
_g(x ,...,yv,,‘. 7xn7t) . . .
Eq. (53), then fR\(QnRJ) e*'xjiyj\x]»]fyﬂ“ﬁj dy; has any order of partial derivative
w.r.t. X;.

The ways of specifying the initial and boundary conditions for Egs. (36) and (38)
are the same as Eq. (40). But for Eq. (36), the corresponding (42) should be changed
as

UX)g(X,t)|

(54) |X‘6—a

< C for positive small €.

Similarly, the initial and boundary conditions of Egs. (37) and (39) should be specified
as the ones of Eq. (49). But for Eq. (37), the corresponding (50) needs to be changed
as

U(X)g(X, 1)

(55) O X]

< C for positive small ¢.
For the existence and uniqueness of the corresponding time-independent equations,
one may refer to [14].

3.2. Generalized Neumann type boundary conditions. Because of the in-
herent discontinuity of the trajectories of Lévy flights or tempered Lévy flights, the
traditional Neumann type boundary conditions can not be simply extended to the
fractional PDEs. For the related discussions, see, e.g., [4, 10]. Based on the mod-
els built in Sec. 2 and the law of mass conservation, we derive the reasonable ways
of specifying the Neumann type boundary conditions, especially the reflecting ones.
Let us first recall the derivation of classical diffusion equation. For normal diffusion
(Brownian motion), microscopically the first moment of the distribution of waiting
times and the second moment of the distribution of jump length are bounded, i.e., in
Laplace and Fourier spaces, they are respectively like 1 — c;u and 1 — co|k|?; plugging
them into Eq. (1) or Eq. (9) and performing integral transformations lead to the
classical diffusion equation

Ip(X,t)

(56) = (e2/c)Ap(X,1).
17
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Fig. 6: Sketch map of particles jumping into, or jumping out of, or passing through
the domain: €.

On the other hand, because of mass conservation, the continuity equation states that
a change in density in any part of a system is due to inflow and outflow of particles
into and out of that part of system, i.e., no particles are created or destroyed:

Ip(X, 1)

(57) o -V-j,

where j is the flux of diffusing particles. Combining (56) with (57), one may take

(58) j=—(c2/c1)Vp(X,1),

which is exactly Fick’s law, a phenomenological postulation, saying that the flux goes
from regions of high concentration to regions of low concentration with a magnitude
proportional to the concentration gradient. In fact, for a long history, even up to
now, most of the people are more familiar with the process: using the continuity
equation (57) and Fick’s law (58) derives the diffusion equation (56). The so-called
reflecting boundary condition for (56) is to let the flux j be zero along the boundary
of considered domain.

Here we want to stress that Eq. (57) holds for any kind of diffusions, including
the normal and anomalous ones. For Eqgs. (40,46,49,52) governing the PDF of Lévy
flights or tempered Lévy flights, using the continuity equation (57), one can get the
corresponding fluxes and the counterparts of Fick’s law; may we call it fractional
Fick’s law. Combining (40) with (57), one may let

59 =<3 ——0cCy dY dx;
(59) ja { on 8 /_OO /n Y| +5 X

nx1

being the flux for the diffusion operator A%/2 with 3 € (0,2), or calling it fractional
Fick’s law corresponding to A%/2. From (46) and (57), one may choose
(60)

) 1 xi +°°pX+X~/i,t erX—{/i,t - 2-p(X,t
Jho = q — 5018 / / ( )+ 7B, ) ( )d}’idxi ;
2 N A [yl +F
nx1
where Y; = {xX1,...,¥i, -, X, } T, being the flux (fractional Fick’s law) corresponding

to the horizontal and vertical type fractional operators. Similarly, we can also get the
18



153 flux (fractional Fick’s law) corresponding to the tempered fractional Laplacian and
454  tempered horizontal and vertical type fractional operators, being respectively taken
455 as

(61)
1 p(X+Y, X-Y 2-p(X
456 jA,A = {—2 Cn,B3, )\/ / * t +p( t) p( 7t) deXl}

AYI[Y|n+6 nx1
457 and
(62)
. 1 X0 (X4 Y, t) + p(X — Y, t) — 2 p(X, 1)
158 Jhor =14 —=c1, ,\/ / : : dy;dx;
{ A A Ty [

159  with {’i:{xl,...,yi,w- ,x, )T

160 Naturally, the Neumann type boundary conditions of (40,46,49,52) should be
461 closely related to the values of the fluxes in the domain: R™\€; if the fluxes are
462  zero in it, then one gets the so-called reflecting boundary conditions of the equations.
463  Microscopically the motion of particles undergoing Lévy flights or tempered Lévy
464 flights are much different from the Brownian motion; very rare but extremely long
165 jumps dominate the dynamics, making the trajectories of the particles discontinuous.
166 As shown in Figure 6, the particles may jump into, or jump out of, or even pass
467 through the domain: 2. But the number of particles inside €2 is conservative, which
468 can be easily verified by making the integration of (57) in the domain €, i.e.,

169 (63) gt/ p(X,t)dX = / V- jdX = _/89J nds =0,

170 where n is the outward-pointing unit normal vector on the boundary. If j|gn\ =0,
171 then for (40) Agp(X,t) =V -j=0in R"\Q. So, the Neumann type boundary
472 conditions for (40), (46), (49), and (52) can be, heuristically, defined as

173 (64) A%p(X,t) = g(X) in R™\Q,
474
(65)
,_,._) ) b b ) ) .. ) ) Y — X_ . Rn Q
g d|x1 |5 + 0|x2]|P2 oot A% | P g(X) in \Q,
476
177 (66) (A 4+ X)P2p(X,t) = g(X) in R™\Q,
178 and
(67)
861a)\p(xl e X t) 81327>\p(xl e X t) 8Bn:>‘p(xl e X t)
) ,l_ ) ) >y ) b ny .. ) ) mn> — X_ . Rn Q
179 8|X1|Bl’>‘ + 8|X2|ﬁ27)‘ + + 8|Xn|5717>‘ g( ) 1mn \ s

480 respectively. The corresponding reflecting boundary conditions are with g(X) = 0.

481 Remark: 1. The Neumann type boundary conditions (64)-(67) derived in this
482  section are independent of the choice of the flux j, provided that it satisfies the con-
483 dition (57). 2. Sending 8 — 2, the usual Neumann boundary condition is recovered;
484  for example, consider the model

dp 8

— —Azp= in Q,
155 (68) ot p=7
186 Agp = in R"\Q
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The weak solution p : [0, +00) — HA/2(R™) of (68) satisfies

/thqu+ 5 AB/‘*pM/‘*quz/qudX—/ \ngdX Vg € HP/2(R™).

Taking 8 — 2 leads to the usual Neumann boundary condition since

/ gqdX = (Ap)gdX = f/ —qds — / Vp - VqgdX
RM\Q R\Q o0 On RM\Q

and

AV2pAV2¢dX = [ Vp- VgdX.
Rn R™

4. Well-posedness and regularity of the fractional PDEs with general-
ized BCs. Here, we show the well-posedesses of the models discussed in the above
sections, taking the models with the operator A% as examples; the other ones can be
similarly proved. For any real number s € R, we denote by H*(R™) the conventional
Sobolev space of functions (see [1, 23]), equipped with the norm

1

el ey = ( / 1+ k|28>|a<k>|2dk) ,

where U denotes the Fourier transform of u. The notation H*(€2) denotes the space
of functions on € that admit extensions to H*(R™), equipped with the quotient norm

[ull o) = i%f @]l s rm),

where the infimum extends over all possible w € H*(R™) such that @ = w on Q (in
the sense of distributions). The dual space of H*(€2) will be denoted by H*(2)". The
following inequality will be used below:

B
< C(|ATul| g2 @ny + [0l 2@)-

— B8
(69) (A ull oy + ullage) < Jull 5. <

Let H§(S2) be the subspace of H*(R™) consisting of functions which are zero in
R™\. It is isomorphic to the completion of C§°(2) in H*(2). The dual space of
H§(Q) will be denoted by H~*(£2).

For any Banach space B, the space L?(0,T; B) consists of functions u : (0,T) — B
such that

T }
(70) lullz2o. 755y = ( / u(~7t)||23dt) e,
and H'(0,T; B) = {u € L*(0,T; B) : dyu € L*(0,T; B)}; see [12].

4.1. Dirichlet problem. For any given g € RU (L?(0, T} H%(R")) NHY(0,T;
H*%(R”))) < C([0,T]; L?*(R™), consider the time-dependent Dirichlet problem

% ~ASp=Ff inQ,
(71) P=g in R"\Q,
p(-,0) = po in Q.
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The weak formulation of (71) is to find p = g + ¢ such that

(72) 6 € L2(0.T3 Hy () 0 H'(0,T3 H~3(2) = O([0,T]; L*(%)

and
T T ) ; T ,

(73) / /at(quth—i—/ AZ¢Aquth:/ /(f—l—Afg—@tg)qudt
0o Ja 0 Jrn 0o Ja

8
Vg€ L*0,T; HZ ().
It is easy to see that a(¢,q) = [z qubA%qu is a coercive bilinear form
8 8
on HF (Q) x Hf (Q) (cf. [34, section 30.2]) and £(q) == [(f + Azg 8:9)qdX is a

continuous linear functional on L?(0, T’ HO2 (2)). Such a problem as (73) has a unique
weak solution (cf. [34, Theorem 30.A]).
The weak solution actually depends only on the values of g in R™\(2, independent
of the values of g in . To see this, suppose that g,g € RU (L2(O,T;H§(R")) N
H(0,T; H_%(R”))) < C([0,T]; L*(R™)) are two functions such that g = g in R™\,
and p and p are the weak solutions of
p

a5 A2p f in Q, afAfp:f in Q,
(74) p=g in R7\,  and p=37 in R™\Q,
p(,O) = Po in Qv ﬁ(vo) = Do in Qa

8
respectively. Then the function p—p € L?(0,T; HZ (Q)) N H (0, T; H™% (2)) satisfies
(75)

/ /atp @qudt+/ p @A4qudt—O VqEL(OTHz(Q))

Substituting ¢ = p — p into the equatlon above immediately yields p — p = 0 a.e. in
R™ x (0,T).

4.2. Neumann problem. Consider the Neumann problem

ZZZ Afp=Ff i Q
(76) A2p =g in R™\Q,
p(+,0) = po in Q.

DEFINITION 1 (Weak solutions). The weak formulation of (76) is to find p €
L2(0,T; H= (R")) N C([0,T); L*()) such that

(77) B € L2(0,T; H? (Q)') and p(-,0) = po,

satisfying the following equation:

/ /@p X, t)q(X, t)dth+/T AT p(X, ) AT (X, t)dXdt

(78) //th Xthdt—// 9(X, 1)q(X, t)dXdt
0 0 "\Q

Vg e LX0,T; H? (R™)).
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THEOREM 2 (Existence and uniqueness of weak solutions). If po € L?(Q), f €
LQ(O,T;Hg(Q)’) and g € LQ(O,T;HQ(R"\Q)’), then there exists a unique weak so-
lution of (76) in the sense of Definition 1.

Proof Let ty = kT, k = 0,1,..., N, be a partition of the time interval [0, 7], with
step size 7 = T/N, and define

1 [t

(79) fe(X) == f(X,t)dt, k=0,1,...,N,
T Jte_1
1 [t

(80) ge(X) == —/ g(X,t)dt, k=0,1,...,N.
th—1

Consider the time-discrete problem: for a given p,_; € L?*(R"), find p; € Hg(R”)
such that the following equation holds:

- [ maax + [ Atpx)atxx

-
(81)

1 B n
B */pkfl(X)Q(X)dX'i_/ frX)g(X)dX — gr(X)q(X)dX  Vqe Hz(R").

T Ja Q R™\Q
In view of (69), the left-hand side of the equation above is a coercive bilinear form
on HS (R™) x H 5 (R™), while the right-hand side is a continuous linear functional on
H (R™). Consequently, the Lax-Milgram Lemma implies that there exists a unique
solution py € HQ(R”) for (81).

Substituting ¢ = py, into (81) yields

181172 () = lIPr=11172(0)

8
+ A% prl T2 @y

27
<1505 12 + 19805 o 1P
< el 198112 g 1P 2
8 2
(82) < il g+ 1980 1 g JIA TPl By + el )
Then, summing up the inequality above for k = 1,2,..., N, we have

k122 (0) +TZ||A4pkHL2 Rn)
k=1
N

2 2 2 2
63 <ol + 073 M g ) 1981 g+ P61

1<k<N

By applying Gronwall’s inequality to the last estimate, there exists a positive constant
7o such that when 7 < 79 we have

N
max [1pel7 o) + TZ 128115, 4 o
N
< 2 2 ;
(4) < Gl + O A g o+l g

22



567

568

569

587
588

589

590

Since any ¢ € Hg(Q) can be extended to ¢ € H?= (R™) with ||g]| a2

choosing such a ¢ in (81) yields

‘/ pr(X) = pr— 1(X)q(X)dX'

< (el 5 g, + el 5

<
el 5 g, + ol 3

H?z2

which implies (via duality)

Pk — Pk—1
T

&) |

Hg(Q)/

/ fe(X)g(X)dX —
Q Rm\Q

2 (R™\Q)’

2 (RM\Q)

CIfxll

HZ(Q)

+ llgwll

H (Rm\Q)

The last inequality and (84) can be combined and written as

2
— Pk—-1
max el + TZ ( atr Pt e )
N
< 2 2 ;
(86) < Clipoll2 () + Ofgl\fkll 2y T 1902 oy

If we define the piecewise constant functions

87) (X, 1) = fru(X) = =

(88) ¢(X,t) =

(89) (X, 1) := pr(X)

tr

F(X, t)dt

tr—1

tp—1

and the piecewise linear function

(90)

te —t
P (X, ) =

pr—1(X) +

then (81) and (86) imply

T T
/ / 8™ (X, t)q(X, t)dXdt + / / AT (X, 1) A% (X, t)dXdt
0 Q 0 n

t—tr_1
pn

Pr(X)

for t € (tk—lytk]7

for t € (ti—1,tx],

for t € [tk‘—latkL

k=0,1,...

k=0,1,...

k=0,1,...

T T
- / / FOX, )q(X, t)dXdt — / / g (X, t)q(X, t)dXdt
o Ja 0 7\ Q)

Vqe L*(0,T; H? (R™),

23

7

7

)

B
+ ||A4pkHL2(R”))~

N

7

tr
gr(X) = 7/ g(X,t)dt for t € (tp—1,tx), k=0,1,..., N,

N

7

N

)

oy <20l 30
8 8
gx(X)g(X)dX — [ Adp(X)A7¢(X)dX
R’n
+ [|A% pk”L?(]R" )||Q||H2(Rn)
1A pelaen)lal g



591 and

1P Nleqoryzz@n + 107N L 1wt o

+ [P 2 gy T 12

8
L*>=(0,T;H 2 (R Le=(0,T;H 2 (R™))

< (7) ()
<C (|f ||L2(07T;H§(Q),) +llg ||L2(0,T;H§(Rﬂ\ﬂ)/)

<
=¢ (IfHL?(o,T;Hg(Q)') - ”g”w(o,T;Hg(Rn\m')) ’

593 respectively, where the constant C' is independent of the step size 7. The last in-
504 equality implies that p(™) is bounded in Hl(O,T;Hg(Q)’) N L2(07T;H§(R”)) —
505 C([0,T]; L3(R)). Consequently, there exists p € H(0,T; H= (Q))NL2(0,T; H= (R")) —
506 C([0,T7; L*(©2)) and a subsequence 7; — 0 such that

507 (91)  p(™) converges to p weakly in L?(0,T; HS (R™),

598 (92) p(f) converges to p weakly in L2(0, T H? (R™),

509 (93)  9up'™) converges to dyp weakly in L(0,T; o (),

g9 (94)  pl™) converges to p weakly in C([0,T7; H% (©)") (see [20, Appendix C]).

602 By taking 7 = 7; — 0 in (91), we obtain (78). This proves the existence of a weak
603 solution p satisfying (77).

604 If there are two weak solutions p and p, then their difference n = p — p satisfies
605 the equation

(95)

T T
60 / /8t(p—@qudt+/ A% (p—p)ATqdXdt =0 Vqe L*0,T;H?(R™)).
! 0 JQ 0 JRn

608 Substituting ¢ = p — p into the equation yields

(96)
0y Ipet) = B DI a0y + I1AT (0 = D22 = [IP(:0) = B 0)[[2(0) = 0,
611  which implies p = p a.e. in R™ x (0,7). The uniqueness is proved.
612 Remark: From the analysis of this section we see that, although the initial data

613 po(X) physically exists in the whole space R™, one only needs to know its values in
614 to solve the PDEs (under both Dirichlet and Neumann boundary conditions).

615 5. Conclusion. In the past decades, fractional PDEs become popular as the
616 effective models of characterizing Lévy flights or tempered Lévy flights. This paper
617 is trying to answer the question: What are the physically meaningful and mathe-
618 matically reasonable boundary constraints for the models? We physically introduce
619 the process of the derivation of the fractional PDEs based on the microscopic mod-
620 els describing Lévy flights or tempered Lévy flights, and demonstrate that from a
621 physical point of view when solving the fractional PDEs in a bounded domain €2, the
622 informations of the models in R™\§2 should be involved. Inspired by the deriva-
623 tion process, we specify the Dirichlet type boundary constraint of the fractional
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PDEs as p(X,t)|rmo = g(X,t) and Neumann type boundary constraints as, e.g.,
(AB2p(X, t))lrm o = g(X,t) for the fractional Laplacian operator, which is the usual
Neumann boundary condition when g — 2.

The tempered fractional Laplacian operator (A + )\)ﬂ/ 2 is physically introduced
and mathematically defined. For the four specific fractional PDEs given in this paper,
we prove their well-posedness with the specified Dirichlet or Neumann type boundary
constraints. In fact, it can be easily checked that these fractional PDEs are not
well-posed if their boundary constraints are (locally) given in the traditional way;
the potential reason is that locally dealing with the boundary contradicts with the
principles that the Lévy or tempered Lévy flights follow.
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