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Abstract We show large deviation expansions for sums of independent and bounded from
above random variables. Our moderate deviation expansions are similar to those of Cramér
(1938), Bahadur and Ranga Rao (1960), and Sakhanenko (1991). In particular, our results
extend Talagrand’s inequality from bounded random variables to random variables having finite
(24 0)th moments, where ¢ € (0,1]. As a consequence, we obtain an improvement of Hoeffding’s
inequality. Applications to linear regression, self-normalized large deviations and ¢-statistic are
also discussed.
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1 Introduction

Let (&)i>1 be a sequence of independent non-degenerate random variables (r.v.s) satisfying
E¢& = 0. The study of sharp large deviations has a long history. Many interesting asymptotic
expansions have been established in Cramér [8], Bahadur and Ranga Rao [1], Petrov [17,18],
Saulis and Statulevicius [21], Sakhanenko [22], Nagaev [16], Bercu and Rouault [5], Borovkov
and Mogulskii [6], Petrov and Robinson [19] and [12]. See also Grama and Haeusler [13] and
[11] for martingales. For self-normalized sums, we refer to Shao [23] and Jing, Shao and Wang
[15], where the authors have established Cramér type large deviations for self-normalized r.v.s
under finite (2 + ¢)th moments, where § € (0, 1].

In this paper, we consider the sharp large deviations for sums of bounded from above r.v.s
& < A for all i, where A is a positive constant. Without loss of generality, we take A = 1,
otherwise we consider ¢; /A instead of &. Thus & <1 for all i. Let S,, = Y., &. Denote

o2 =E& and o%= Z o2

X. Fan (=)

Center for Applied Mathematics, Tianjin University, 300072 Tianjin, China;
Regularity Team, INRIA Saclay, Palaiseau, 91120, France

E-mail: fanxiequan@hotmail.com



2 Xiequan Fan

The celebrated Bennett inequality [2] states that: If £ > —1 for all 1 < ¢ < n, then for all
x>0,

P(S, > z0) < B(z,0) := <x i "> T e, (1)

g

However, Bennett’s inequality is not tight enough. One of the improvements on Bennett’s
inequality is Hoeffding’s inequality (cf. (2.8) of [14]), which states that for all z > 0,

P(S, > zo) < Hy(z,0) (2)
B o mo’-i—a'2 n n—xo ml
o r+o n—xro o<z}
< B(z,0), (3)

where (and hereafter) by convention co® = 1 applied when 2 = n. Considering the following
distribution law

a?/n

1+02/n

1

and P(m:—UQ/n) = 1+o2/n’

P =1) = (4)

Hoeffding showed that (2) is the best that can be obtained from the following exponential
Markov inequality
P(S, > zo) < }\r;fo Ee’\(S”_M), z > 0.

Indeed, it is easy to see that En; = 0,7; < 1, En? = 0?/n and

ig%Eexp{ Zm—xo}: n(z,0)

forallogxgg.
Notice that limy—y0o P(S, > 20) =1 — () and limy_, 00 Hp(2,0) = 6_12/2, where

L

is the standard normal distribution function. The central limit theorem (CLT) suggests that
Hoeffding’s inequality (2) can be substantially refined by adding a missing factor O(z) as

o — 00, where
o) = (1~ #(x)) exp{%Q} :o(é), T = 0. (5)

The factor ©(z) satisfies
1 <O(z) < 1 >0 (6)
_ T _ T ,
V2r(l+x) —

—Vr(l+az)’ -
and v27 ©(x) is known as Mill’s ratio.
For sums of bounded r.v.s —B < ¢ < 1 for some constant B > 1 and all 1 < i < n,

Talagrand [24] proved the following inequalities: For all 0 < 2 < o5

P(S, > z0) < <(9(:17) + o§> inf Ee?(Sn—o9) (7)
g ) A>0

< (o) + 02 ) (a0 ®
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where C' > 0 is an absolute constant. See also Sakhanenko [22] for a result similar to (7) but ©(z)
is replaced by @(a(x)), where a(z) = {2sup, [xtA—log Ee*5]}1/2. By (6), Talagrand’s inequality
(8) improves Hoeffding’s inequality (2) by adding a factor ©(z)[1 + o(1)] of order H% in the
range 0 < # = 0(%) as £ — 0. In the i.i.d. case, this range reduces to 0 < z = o(y/n),n — .

In this paper, we extend Talagrand’s inequality (7) from bounded r.v.s to r.v.s having finite
(2 + §)th moments, § € (0,1]. In particular, we improve Talagrand’s inequality to an equality,
which will imply simple large deviation expansions. Moreover, an improvement of Hoeffding’s
inequality (2) under finite (2 + 6)th moments is also given.

The paper is organized as follows. In Section 2, we present the extension of Talagrand’s
inequality. In Section 3, we apply our result to linear regression. In Section 4, we give two lower
bounds for self-normalized moderate deviations and t-statistic. In Section 5, we prepare some

auxiliary results. In Sections 6 and 7, we prove the main theorems.

2 An extension of Talagrand’s inequality

Throughout the paper, we make use of the following notations: a A b = min{a,b}, a Vb =
max{a, b}, ap = a V0, and 6 stands for some values satisfying |8] < 1. Moreover, we denote C
and Cj, probably supplied with some indices, a generic positive absolute constant and a generic
positive constant depending only on J, respectively.

Our main result is the following theorem, which extends Talagrand’s inequality (7) from
bounded r.v.s to r.v.s having finite (2 + §)th moments, ¢ € (0, 1].

Theorem 1 Assume that
51' S 17

and that there exist two constants B > 1 and § € (0,1] such that

Then for all 0 <z < cg37
By° A
> _ = : (Sn—ma)'
P(S, > zo) = (9(:6) —i—HC( ) ) ,{2% Ee (10)

In particular, in the i.i.d. case, it implies that for all 0 < x = o(n%/?),

P(S, > zo)
O(z) inf \>o Ee(Sn—z0)

=1+o0(1) (11)

as n — 0.

By inspecting the proof of Theorem 1, we can see that Theorem 1 holds true for C5 = %61/5
and C' = 127.75.

To show the tightness of equality (10), let S/, = &1 + ... + &, be the sums of independent
Rademacher r.v.s, i.e. P(e; = +1) = % for all 7. We display the tail probabilities and the

simulation of
Rom) = PLZ ) P(S, > 2y7)
x,n) = =
’ O(z) infy>g EerSn—29)  O(z)H,(z,/n)

in Figure 1, which shows that R(z,n) is very close to 1 for large n’s.
In the following corollary, we give an improvement on Hoeffding’s inequality (2).
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Fig. 1 Tail probabilities and ratios R(z,n) are displayed as a function of « and various n.
Corollary 1 Assume condition of Theorem 1. Then for all 0 < z < CZB’
B\
P(S, > z0) < (8(:10) +c(—) )/\1 Hy(z,0). (12)
g

It is clear that inequality (12) improves Hoeffding’s bound H,(z,o) by adding a missing
factor (O(x)+ C(g)é) A 1. By (6), this factor is of order of ©(z)[1+ o(1)] in the range 0 < z =
o((a/B)é) as B/o — 0. In the i.i.d. case, this range reduces to 0 < x = o(n%/2?) as n — occ.

For r.v.s & without moments of order larger than 2, some improvements of Hoeffding’s

inequality (2) can be found in Bentkus [3] and Bentkus, Kalosha and van Zuijlen [4]. See also
Pinelis [20] for an improvements of Bennett-Hoeffding’s inequality (3) which is larger than
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Hoeffding’s inequality (2). In particular, when & < 1 for all 1 < < n, Bentkus [3] showed that
€2 I
P (S, >o)< 5 P (Z;nzx) (13)

where 7; are 1.i.d. with distribution (4) and P° (3°7"_, 7; > x) is the log-concave hull of P(3>"1"_, n; >
), i.e. P? is the minimum log-concave function such that P° > P. Applying (10) to P (3°1"_, n; > x)

with B = max{1, "72} and 6 = 1, we have for all 0 <z < & min{Z, 0},
" 1 o
P(Y iz a0) = (6() +00 =, Z4) Hola, o). 14
Sz ar) = (06 + O max{ 274 e (14)
By the inequalities (13) and (14), we find that (12) refines Bentkus’ constant % (= 3.6945) to
1+40(1) for all 0 < z = o((max {1, 2 )5) as o — 0.
Inequality (12) implies the following Cramér type large deviations.

Corollary 2 Assume condition of Theorem 1. Then for all 0 <z < -2

CsB’
P(Sn>:v0)<(1—d5(gb)) 1+C(1+%) (5)6 (15)
- — o )
where & = —2— and satisfies
35
5 — _ il il
:C—:v(l 60—1—0(0)) as U—>O.
In particular, in the i.i.d. case, it implies that for all 0 < 2 = o(n®/?),
P(S, > 10) < ( 1 4’)(3:«)) [1 + 0(1)]. (16)

The interesting feature of the bound (16) is that it closely recovers the shape of the standard
normal tail for all 0 < x = o(n%/?) as n — occ.

3 Application to linear regression

The linear regression model is given by
X =0¢y +ep, k>1, (17)

where Xg, ¢ and e are, respectively, the response variable, the positive covariate and the
noise. Let (¢x)k>1 be a sequence of i.i.d. random variables, with finite variance Ee? = o7 > 0.
Our interest is to estimate the unknown parameter 6, based on the random variables (Xj)g>1
and (¢ )k>1. The well-known least squares estimator 6,, is given by

— ZZ:l ¢ka
> k=1 Pk
Consider the self-normalized approximation (6,, — 6)/X7_,¢7. In the real-world applications,

for instance considering the impact of the footprint size ¢ on the height Xy, it is plausible
that a < ¢ < b for two positive absolute constants a and b. If X > 0, then we also have

0, (18)

ex =X — Opr, > —0b > —c

for a positive absolute constant ¢. By Theorem 1 and Corollary 1, we have the following result.
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Theorem 2 Assume that there exist three positive absolute constants a,b and ¢ such that for
all k> 1,
a< ¢ <b, €k > —C.

We also assume that E|ei|>T® < oo for an absolute constant § € (0,1]. Then for all 0 < z =

o(vn),

P((G—@n)w/zgzlqﬁizxal) = <(9( )+ 0C 6/2) 1nfEeXp{ (Z\/%—I—xal)}

Vnao
be

< <(9(a:) + cﬁ)Hn(rx, )-

Proof. From (17) and (18), it is easy to see that
—~ e
(0= 0n)\/ X010k = D =5 (19)
VIR L e

breR/na .
bey 22:1 ¢i

Set
§i=—

Then it is easy to verify that

2
naa
& <1, ZEg = L oand (0 -0,)/5p 1¢k

Z@

By Theorem 1 and Corollary 1, it follows that for all 0 < 2 = o(y/n),

P((9—9n)\/21?:1¢i > :601) = (9( )+90 6/2) inf Eexp{ (i& TLCLO’1)}

i=1

:(9()+90 )HleeXp{ (" %—i—xal)}
=1 k=1 Pk

< (@( )+C—>H (e, Y201

6/2 be

which completes the proof of theorem. O

4 Applications to self-normalized deviations and t-statistic

Limit theorems for self-normalized sums S, /V,, V,2 = >""" | €2, put a totally new countenance
on classical limit theorems. It is well known that self-normalized limit theorems require much
fewer moment conditions than that of normalized limit theorems. For example, under finite
(2 + §)th moments, § € (0, 1], Jing, Shao and Wang [15] showed that

P(S,/V, > x)

e Tt {0(1) (1+ x)2+5a;2} (20)

uniformly for all 0 < z = o(min{e,;!, x,,'}), where

;EK /o)t and K2 = Jax E(& /o).



Sharp large deviations for sums 7

The proof of lower bound for self-normalized Cramér type large deviations is based on the
following observation: For any z, A > 0,

{8,022} 2 {5, > TV (5= 2

i=1
where 1
GO = A6 — 3%

Thus P(S,/V, > z) > P(X1, G(A) > ””2—2) Notice that (A&; — 2A%¢2);>1 is also a sequence of
independent random variables and satisfies \§; — %)\251-2 < 1. By an argument similar to the proof
of Theorem 1, we have the following lower bound on the tail probabilities of self-normalized
sums.

Theorem 3 Assume that there exist two constants B > 0 and 6 € (0, 1] such that
E|&|*T < B°E¢}, i>1.

Then for all0 <z = 0(%)7

_ exp{ - %2 + !I/n(/\)} (e(x) + 90(?)‘) : (21)

where
U(A) = log B et (22)
1=1

and A > 0 is defined by the following equation
Xn: EG(N)es g2

Eec(M) 27

1=

Moreover, it holds for all 0 < x = 0(%),
o
v, () = 0(1)a** (2, (23)

where O(1) is bounded by an absolute constant.

The self-normalized sums are closely related to Student’s ¢-statistic. Student’s t-statistic 75,
is defined by the following formula B

where

It is known that for all z > 0,
P(125) = (st 2+ o) )

See Efron [9]. By the last equality, once we have an estimation for the tail probabilities of
self-normalized sums S,,/V;,, we have a similar estimation for the tail probabilities of T,,. So
Theorem 3 implies the following lower bound on tail probabilities of T;,.



8 Xiequan Fan

Theorem 4 Assume the condition of Theorem 8. Then for all 0 < x = o(F),
2

p(1 2 ) 2o { - 5 (i) -0 (oot ) o (2)').

where W, (\) is defined by (22) and X > 0 is defined by the following equation

SEG\)es ™ g2 n
Zl Eet) _?(n—i-:z:Q—l)'

=

5 Auxiliary Results

Consider the positive random variable
n A&
e

so that EZ, (\) = 1 (the Esscher transformation). Introduce the conjugate probability measure
P, defined by
dPy = Z,(\)dP. (24)

Denote by E, the expectation with respect to P . Setting

E ieAfi .
bl()\) :Eké—i = ﬁu 2217"'7/”7

and
ni(A) =& —b;(\), i=1,...n,

we obtain the following decomposition:
Sk ZBk()\)+Yk()\), k=1,..,n, (25)
where

k
Br) =2 bi(N)  and Y =D mi(A).

In the proof of our main result, we shall need a two-sided bound of B,,(\). To this end, we need
some technical lemmas.
For a random variable bounded from above, the following inequality is well-known.

Lemma 1 Assume £ < 1. Denote by o the standard variance of &. Then for all A > 0,
Ee?t < Be(), 0?),

where

Be(\t) = exp{A} + exp{—At}.

1+t 14+t

A proof of the inequality can be found in Bennett [2]. This inequality is sharp, and it attains
to equality when & has the distribution law:

o2 1

P=1)= and P(¢ = —0?) = o2
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Lemma 2 Assume E|¢|?>T0 < BYEE? for some constants B and § € (0,1]. Then
E¢? < B2 (26)
Proof. Using Jensen’s inequality, we deduce that
(E€2)2+0)/2 < E|¢|?+ < BORe2,
which implies (26). O

Lemma 3 Assume E|¢>*° < BOEE? for some constants B and 6 € (0,1]. Then for all A > 0,

Ec2e? > (1 — BOA)EE2 (27)

Proof. Using the following inequality t?e? > t2(1 — [t|%),t € R, we deduce that for all A > 0,
E(X)%eM > E(M)? — EIX*T > (B¢ — (AB) EE?), (28)
which gives the desired inequality. a

In the following lemma, we give a two-sided bound for B, ().
Lemma 4 Assume & <1 for all i. Then for all A > 0,
B,(\) < (et = 1)o?.
If & satisfies B|&;|?T0 < BYEE? for some constants B and § € (0,1] for all i, then for all X > 0,

B
> _ 2 _k'
B,(\) > (1 1+5) Ao“e

Proof. By Jensen’s inequality, we have for all A > 0, Ee?s > ¢ & = 1. Notice that E&e s =
E¢; (e —1) > 0 for A > 0. Then by the fact & < 1, we obtain the upper bound of B,,(\) : For
all A >0,

n n )\
B, <Y B =) /0 B¢’ di
=1 i=1

no e

< Z/ a? etdt
i=170

= (e} —1)o%

If ¢; satisfies B|¢;|?19 < BYEEZ, by Lemma 3, it follows that for all A > 0,

iEgie’\fi = / ingetﬁidt
i=1 0 =1

A

A 540 - 2
> [ (1—Bt%)dt> E¢:
fy a-meay

i=1

Therefore, we get the lower bound of B,,(A): For all A > 0,

"L E&iels BN 5
i=1
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which completes the proof of Lemma 4. a
Next, we give an upper bound for the cumulant function

7, (A) =Y logEe*,  A>0. (29)
i=1

Lemma 5 Assume & <1 for all i. Then for all A > 0,
1 9 a?/n
¥, (\) < nlog (m exp {—Ao?/n} + TTo%/m exp{A}) :

Proof. Since the function

t
1+1¢

f(\t) =log (1 L exp {—At} +

T exp{A}) , At >0,

has a negative second derivative in ¢ > 0, then for any fixed A > 0, —f(\,t) is convex in ¢ > 0.
Therefore, by Lemma 1 and Jensen’s inequality, we get for all A > 0,

70 <3 (0 0?)
=1

<nf(\,0%/n)
a%/n

_ 1 2
_nlog<1+02/nexp{ Ao /n} + 1+U2/nexp{)\}>.

This completes the proof of Lemma 5. a
Denote the variance of Y,,(A) by 72(\) = E»Y,2()\), A > 0. By the relation between E and
E,, it is obvious that

" (E2ers (E€er)?
—2 _ 3 X2
g (\) = E_l ( B (BE)z ) A>0.

The following lemma gives some estimations of 72(\).

Lemma 6 Assume & < 1, and that E|&;|*10 < BYEE? for some constants B, 6 € (0,1] and all
i. Then for all X > 0,

e (1= BN — B2(e* = 1)?) 0 <52 (\) < eo?. (30)
Moreover, if B > 1, it holds
72(\) > (1 =5B°\%) 10 (31)

Proof. Since Ee*i > 1,1 >0, and & <1, we get for all A > 0,
72(\) < Y _Ege <3 Eget = o,
i=1 i=1

This gives the upper bound of 2(\). Next, we consider the lower bound of 72()\). It is easy to
see that for all A > 0,

A A
E&eti = / EcZelSidt < / e'E¢ldt = (e* — 1) EE, (32)
0 0
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Using Lemma 3 and (32), we obtain for all A > 0,

2 NG (T A2
) > Z E¢e (Eges)

02X

0 Bt (1R (e

= o2X

> e 2 (1- BN — B(e* - 1)%) 02,

which gives the first lower bound of @*(\). Noting that *(\) > 0 and B > 1, by a simple
calculation, we obtain (31). O

For the random variable Y,,(A), A > 0, we have the following result on the rate of convergence
to the standard normal law.

Lemma 7 Assume that & < 1, and that E|&|>T0 < BYEE? for some constants B, 6 € (0,1]
and all i. Then for all A > 0,

244 e
P, <?((j)) < y) —@(y)‘ < 2_2”0‘; ZEW”

sup
yeER

Proof. Notice that Y,,(X) = Y., 7;(\) is the sum of independent r.v.s 7;(\) and Exn;(\) = 0.
Using the well-known rate of convergence in the central limit theorem (cf. e.g. [17], p. 115), we
get for all A > 0,

Y, (A - 9
2 <) - 00| < o S Bl (33)

Using the inequality (a + b)!1T? < 29(a'*9 + b'19) for a, b, q > 0, we deduce that for all A > 0,
ZE/\|771'|2+5 < 21+6ZE)\(|§i|2+6 + |E)\§i|2+6)
i=1 i=1
< 22+§ Z E)\|€i|2+6 < 22+5 Z E|§1‘|2+68)\Ei

=1 =1

< 22+66)\ ZE|§i|2+6~

=1

sup ‘P,\ (
yeER

Therefore, we obtain for all A > 0,
Yo (\) 2240 G 245
P <y|-o E|&[**
223‘ A ( =0 = y) (y)’ S 0y Z &l
This completes the proof of Lemma 7. a
We are now ready to prove the main technical result of this section.

Theorem 5 Assume that & < 1, and that E|&|?T? < BPEE? for some constants B and § €
(0,1] for all i. For an x > 0, if there exists a positive X such that W) (\) = zo, then

> _ Y=Y : A(Sn—z0)
P(S, > zo) <(9 (Ae(N)) + 951) ;\gfo Ee ) (34)
where

23+5668X n
er = 2 X N g
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Proof. According to the definition of the conjugate probability measure (cf. (24)), we have the
following representation of P(S,, > xo): For given z, A > 0,

P(S, > xU) = Ek(Zn(/\)ill{SnZIU})

=Ex(e TN 1g S 00y)

_ E}\(efAszrkPn()\)f)\Yn(A)fABn()\)Jr)\zal{Yn()\H_Bn(}\)_mgzo})

67>\xg+q/"()\)E)\ (ef)\[Yn()\)Jan()\)fxo] l{Yyl(k)-i-Bn()\)—JCGZO})'

Setting Uy, (A) = A(Yn(A) + Bn(A\) — zo), we get
P(S, > zo) = e Aot / e Py (0 < U,(\) < t)dt. (35)

0
For an x > 0, if there exists a A\ = A(x) such that

/
e_”_‘”‘w"_(’\) in (35) attains its minimum at A = X.
Un(%) = XY, (N) and

v () = 2o, then the exponential function
Since B,(\) = ¥/ (\) = zo, we have

87Xza'+kbn(3) — inf ef)\za'JrLPn()\) — inf Ee)\(Snfza'). (36)
A>0 A>0

Using Lemma 7, we deduce that

/ e "P5(0 < Uy(
0

/ e MTOPL(0 < U, (V) < Mya(V) Xe(N)dy

/ e TP < N(0,1) < y)Ae(N)dy + Oz,

— / e TN AP (y) + Oe,
0

=0 (A\g(X)) + Oea, (37)
where N(0, 1) stands for the standard normal r.v. Therefore, from (35) and (36), it follows that

> — YA\ : )\(Snfxcr).
P(S, > zo) <(9 (Ae(N)) + 951) )1\%% Ee

This completes the proof of Theorem 5. a

6 Proof of Theorem 1

In the spirit of Talagrand [24], we would like to make use of ©(z) to approximate (A& (\)) in
Theorem 5. The proof of Theorem 1 is a continuation of the proof of Theorem 5.

Proof of Theorem 1. Since |0’ (z)| < m, we deduce that

< L_la o))

VT XFA) Aa2) V1

o (a(%) - el) (38)

Using Lemma 4, we have for all 0 < A < %,

-5 _
( B ) e o < BnY) =x< (ex —1)o. (39)

14+6 o
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By the estimation of @()\) in Lemma 6, it follows that for all 0 < AB < 6-1/9,

e N 5 x B\ N
-\ < _ _ 5 5 _ _ —A
|2 /\O'()\)|_/\O'_( 5 1 5B/\)\/(e2 (1 1+5)e )]
<~ [ 1 5 - 3— 1w ., 35 - -
<o (1 + BB — (1- 43‘&6)) v (5)\3 + §A2B%¥ + )xéB‘se’\B)]
<o (4B% + le%XB) v (§AB + Lot +X‘535)
=27 2 2 48
< 4.6 (AB)°Xo (40)
and
Y227 2 32 2 539 32 2 B°X 2X
> _ -
)\0(/\)/\:10_(/\0(1 5B/\))/\()\U(1 1+5))
12 4 _1/95\%2 4
> = 5(2
25 No“Ne s (6) A
> 13252, (41)
6
Hence, inequality (38) implies that for all 0 < X < ot 1 55

-~ 27.6 B\?‘ 4.6 ~ 1,.5/B\?
o (7)) - 6@)| < W(;) Lgozvey + = () (2) toeve)
5
<2(3) (42)
T \o
Therefore, by Lemma 6 and condition (9), it is easy to see that for all 0 < < o /15 5
by n 1/6 n R [2+e B\ ¢
€ 1248 € >ie1 ElGl
m ZE|€Z| < (5/6)110/2 o2+ < 1'71(;) : (43)
i=1
By (39) and the inequality e=* > 1 — « for all > 0, it follows that
(1-2W)x<2
o
and
- 1 B 2 4
0<X< oy forall 0<a— <2670 (44)

Combining (34), (42) and (43) together, we have for all 0 < z < 2671/92,

27. ~ /BN
P(S, > z0) = (9(:c) + 0(% + 27.3605)(—) > inf Ec?(Sn—9)
T o >

where Cj is the smallest constant such that (33) holds. By Theorem 2.1 of Chen and Shao [7],
we have Cy < 4.1. Thus L\/;ﬁ + 27.36C5 < 127.75. This completes the proof of Theorem 1. O



14 Xiequan Fan

Proof of Corollary 1. Using (36) and Lemma 5, we get for all x > 0,

inf Ee?Sn—0)

AZ0
= inf Ee A7)
A>0
< inf exp {—)\xa + nlog <; exp {— Ao? /n} + 27/ exp{/\}) }
~ >0 1+02/ 14+02/n
= H,(z,0). (45)

Notice that infy>g Ee Sn—29) < Ee(Sn—20) — 1 Thus, the desired inequality follows from
Theorem 1 and (45). O

Proof of Corollary 2. Since O(z) is decreasing in z > 0, we deduce that O(z) < O (&) where
T = . Notice that Hoeffding’s bound is less than Bernstein’s bound, i.e.
V 1+ 3¢

fi'2
H,(z,0) < exp {—?}

(cf. Remark 2.1 of [10]). Therefore, from (12), we have for all 0 < 2 < 75,

P(S, > z0) < <@ (&) + 0(2)5) exp{—%z}
—1-3() +C(§)6exp{—%2}.

Using (6), we obtain for all 0 < 2 < &7,

P(S, > o) < (1—43(5:)) [1+O(1+:i:) (5)5}

This completes the proof of Corollary 2. a

7 Proof of Theorem 3

Consider the positive random variable

so that EH,,(\) = 1. Introduce the following new conjugate probability measure P defined by
dPy = H,(\)dP. (46)

In this section, denote by Ej the expectation with respect to P defined by (46). According to
(46), we have the following representation: For all 0 < z = o(§),

(ZQ 2 ) By |H, (A)fll{z;emz%}}

:E,\[exp{ an A) + (A )} (7, a=22)
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= E,\[exp{ - im(/\) = Bn(A) + ¥n (A )} oo, Z%}]

= Eafesp { = 000 - B+ B0 e s )00

where

771‘()\) = Cz(/\) - EACi()‘)

E () Gi(N)
ZE’\Q _Z; Eech)

Let A = () be the smallest positive solution of the following equation

and

Recall

From (47), we obtain

S s L 2 o (%)
P(ZQ(/\) > 7) =expy o +U(A) pExle™ ™ V1 350y

Set F(y) = Px(Yn(A) < y). Recall Cs < 4.1 (see Theorem 2.1 of Chen and Shao [7]). By an

argument similar to the proof of Lemma 7, we have for all 0 <z = o( %),

a(0) ~ /3o < i (2)

yeR
Hence, for all 0 < = = o(%5),

| ereso < v < vay - | eyP(OSN(O,l)Sy/XU)dy‘§201(§)5,
0 0

where N(0,1) is the standard normal r.v. By a simple calculation, it follows that
/ e VP(0 < N(0,1) <y/Xo)dy = O(\o).
0

From (48), we have for all 0 < z = o(%),

(Zg ) > —) - exp{ - %2 +u7n(X)} (e(xa) +ecg(§)6) . (49)

Next, we would like to substitute = for Ao in the item ©@(\c). By an argument similar to the
proof of (42), we get for all 0 < 2 = o(§),

[6(3%0) ~6()| < 03(5)6. (50)

- o
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So we have for all 0 < x = o( %),

P(i@@) > %2) = exp{ - %2 +wn(X)} <@(:17) +9c(§)6) : (51)

which gives the desired expansion of tail probabilities.

In the sequel we shall give an estimation for ¥, (\). To this end, we need the following useful
lemma (cf. Lemma 6.2 of Jing, Shao and Wang [15]).

Lemma 8 Let X be a random variable with EX = 0 and EX? < oco. For A\ > 0, let ( =
AX — L(AX)% Then for A >0,

Ee =1+ O(1)ey, (52)
1
ECet = 5A2EX2 +O0(1)ey, (53)
where
ex = NME[X?1hxps1y] + VE[XPLax<iy)-

Notice that
ex < E|)\X|2+5 _ )\2+6E|X|2+6.

Since E|¢;|?10 < BYE¢?, by Lemmas 2 and 8, for any A = o(B™!),

U (A) = 0(1) Y NHE[GPH = 0()N T Bo” (54)
i=1

and

BN
3 7E(62(A) = JM\0? + 0N Bo?.

1=

Recall that A = A(z) > 0 is the smallest positive solution of the following equation

i EQ()\)eCi()‘) x?
Z Eeti®) 27

1=

we have for all 0 <z = o(§),
Thus, from (54), it holds

() = 012+ (2

which gives the estimation of ¥, ()). This completes the proof of Theorem 3 O
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