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GLOBAL SMALL SOLUTIONS TO THE COMPRESSIBLE 2D
MAGNETOHYDRODYNAMIC SYSTEM WITHOUT MAGNETIC
DIFFUSION

JIAHONG WU' AND YIFEI WU?

ABSTRACT. This paper establishes the global existence and uniqueness of smooth solutions to
the two-dimensional compressible magnetohydrodynamic system when the initial data is close
to an equilibrium state. In addition, explicit large-time decay rates for various Sobolev norms
of the solutions are also obtained. These results are achieved through a new approach of diago-
nalizing a system of coupled linearized equations. The standard method of diagonalization via
the eigenvalues and eigenvectors of the matrix symbol is very difficult to implement here. This
new process allows us to obtain an integral representation of the full system through explicit
kernels. In addition, in order to overcome various difficulties such as the anisotropicity and
criticality, we fully exploit the structure of the integral representation and employ extremely
delicate Fourier analysis and associated estimates.
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1. INTRODUCTION

This paper examines the global (in time) existence and uniqueness of solutions to the two-
dimensional (2D) compressible magnetohydrodynamic (MHD) system, namely

op+ V- (pi) =0, (t,z,y) € Ry xR xR,
(1.1)

with the initial data

pli=o = po(2,y), @m0 = Go(x, y), bli=o = bo(z, y).

Here p € R* denotes the density, @ = (u, v) € R? represents the velocity field, P = P(p) the
pressure, b € R? the magnetic field and X is a constant with |A\| < 1. Moreover, the pressure
term P(p) is assumed to obey the following polytropic law,

P(p) = Ap”,

where A is the entropy constant and v > 1 is called the adiabatic index. We remark that there
is a large literature on the compressible MHD equations (with both velocity dissipation and
magnetic diffusion) due to their physical importance and mathematical challenges (see, e.g.,

[, 4 5, 6, [7]).

This paper aims to achieve three goals. The first is to establish the global well-posedness of
smooth solutions of (ILT]) when the initial data (po, i, bo) is smooth and close to the equilibrium

state (1,0,€;), where we denote 0 = (0,0) and & = (1,0). To this end, we may assume
that v = 3 and A = %, since the other cases can be essentially reduced to this case, after

omitting some high-order terms. The second is to explore the hidden structure in the system
of the linearized equations and offer a new way of diagonalizing a complex system of linearized
equations. The third is to obtain explicit and sharp large-time decay rates for the solutions
in various Sobolev spaces. As we shall see in the subsequent sections, we need to overcome
several major difficulties including the anisotropicity and the criticality associated with the 2D
compressible MHD equations with only velocity dissipation and no magnetic diffusion.

In the 2D case, V - b=0 implies that for a scalar function ¢,

b=V"6=(0,6,-0.9).
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With this substitution, (I.I]) becomes
Op+V-(p)=0, (t,z,y) € Ry xR XR,
Oy (pid) + V - (pit @ 1) — Al — A\V(V - @) + p?’Vp = —VoAg, (1.2)
op+u-Vo=0.

We will mainly work with this form of the equations, which is more convenient for the estimates.

However, this form is not essential for our main result.

To precisely state our main result, we introduce the functional settings. The operator
notation (V) is standard. Let

U= (n7u7vv¢) and UO = (nO,UO,UO,T/JO)-

Let M be a big integer (M > 8 is sufficient, as a careful computation would show). Let € > 0
be a small parameter, v € (%, 1], and % <y<1l+4 % We define X, Xy, Xy with their norms
given by

e 1 1 3 3
Inllx, = sup {<t> V)M nllz, + @511V g2, + 02 1(V) 20l Lgg + (B)3 H<V>8anLgy};
>0
_ e _ 1 _ 3
4]l x, = sup {<t> V)Ml L2, + )2 |l z, + V)@l Lgg, + (0310l 22 L0
>0

+ TNV 12, + BVl 2, + B (V) Vo] 2 };

Ilx, = {<>EH< PV Ulliz, + O3 [V + 020wl

‘;
D5 [0:50ll, + IV s |-

Now we define the working space X = X,, x X x Xy, whose norm is given by

1Ulx = lInllx, + @l x. + 14, - (1.3)

Note that we have incorporated the large-time behaviors of various Sobolev norms into the
definition of X and these rates will become clear in the subsequent sections. Moreover,

1Uollx0 = (V)Y (o, o, Vo)l 2, + (V) (no, @o, Vo)l L1, - (1.4)

Our main result can then be stated as follows. We use A < B or B 2 A to denote the statement
that A < CB for some absolute constant C' > 0.

Theorem 1.1. Assume |\ < ¢o for some absolute constant co > 0, and let n = p —1,9p =
¢ —y, no = po— L,vg = ¢g —y. Then there exists a small constant 6 > 0 such that, if the
initial data (no, o, ¢o) satisfies ||(no, o, ¥o)||x, < 0, then there exists a unique global solution
(p,u, v, ¢) € X to the system ([LI)). Moreover,

1(n,u, v, )lIx <.
Especially, the following decay estimates hold

In®)les S 56725 @O S0t (Ve S 6173

Ty N Ty N Ty N

We remark that the smallness condition on A is not essential for our main result. The
term AV(V - @) is treated as a nonlinear term in order to simplify the treatment on the
linearized equations. We could have included A\V(V - i) as a linear term. That would make the
diagonalization process more sophisticated and our main idea murky. Moreover, we remark that
the treatment on the “nonlinear” term AV (V -4) is rather non-trivial and has of independence
interest, even though X is small.
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Due to the lack of dissipation or damping in the transport equation for ¢, the global
existence of smooth solutions to ([L2)) is an extremely difficult problem and is currently open.
Recent strategy has been to seek solutions near an equilibrium state. This has been very
successful in the incompressible counterpart of ([2). The paper of Lin, Xu and Zhang [§]
appears to be the very first to establish the global existence of smooth solutions (near an
equilibrium) for the 2D incompressible MHD equations without magnetic diffusion. They
resort to Lagrangian coordinates and anisotropic Besov spaces. [§] inspired several different
approaches ([3, @, 10, I1]). Little has been done for the compressible MHD equations. The
only work currently available is a very recent preprint of Hu [2], in which the author constructs
a global solution for the compressible MHD equation without magnetic diffusion starting from
an initial data near a constant background and the Lagrangian deformation gradient near the
identity matrix. [2] involves hybrid Besov spaces. The approach of this paper is completely
different from that in [2].

Besides the global existence of smooth solutions of (L2]), this paper also aims at thoroughly
understanding the structure of the linearized system and how this structure leads to the exact
large-time decay rates for various Sobolev norms of the solutions. Keeping all nonlinear terms
on the right-hand side, the equations for the perturbation U = (n,u,v,%) can be written as

8,0 = AU + N, (1.5)

where

0 -0, —0y 0 Ny
-0 A4+ Xy AOzy 0 ﬁ | M
_8y Aaxy A + )\ayy —-A ’ NQ

0 0 -1 0 N3
with Ny, N1, N and N3 given in ([Z3H2Z.0). The terms involving A are treated as nonlinear
terms. The natural next step would be to diagonalize the system, but the standard method
via the eigenvalues and eigenvectors of A appears to be impossible to carry out. We provide
a new systematic approach. The diagonalization here is obtained by suitable differentiation of
(L3) and magically all the resulting equations have the same structure,

(0 — 20, = A2 = 29y, )n = R,

U= A=

e e 3

(9 — 20, = A = A9y, Ju = B,
(O — 20, = A = 29y, )v = P,
((att NG, — A)? - Aayy>¢ -

where Fy, F1, Fy and F3 are given in (ZIIH2I4). By factorizing and inverting the differential
operator in the equation

(O — DD, — A — Mg, |@ = F,

we obtain the integral representation
¢
b = L((I)L(), (1)270, (13370, (13470) + / K(t — 8,0y, 8y)F(S) ds,
0

where @1, @20, P30, P4 and K are given in Lemma[Z2] This integral representation and its
simplified variants form the foundation for proving Theorem [[.Il Due to the standard continu-
ity argument, the proof of Theorem [[.1]is then reduced to verifying the integral representation
obeys

IUlx < CollUollx, + QUIUIx), (1.6)
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where C is an absolute positive constant and Q(r) represents a polynomial of  with the lowest
order at least quadratic. In this paper, we shall prove that

1 1
IUlx < 5C0llollx, + CulAIU]Ix + 5 QU] x), (1.7)

for some absolute positive constant C,. Indeed, by choosing |A| < ¢, for ¢y = ﬁ, we
obtain (LG]). To prove (7)), we first need to understand the exact decay properties of L and
K. Because K = K(t,z,y) is anisotropic, the decay rates of K and its various spatial and
time derivatives depend on the Fourier frequencies. These decay rates are explicitly given in
Section Bl In order to prove (7)), we further recast the integral representation and estimate
each component of U = (n, u,v,v) and verify (7). This is a complicated and lengthy process.

We need to deal with several difficulties. The first is the tanglement in the linear operator.
The linear operator under study is

(O — DDy, — A)? — A,
vy

which is a four-order (both in time and spatial variables) wave type operator. In general,
the number of the unknown functions gives the order of the linearized equations. In light
of this, the problem in the incompressible case is much easier than the compressible one,
since, under the incompressibility condition, the number of the unknown function members
reduces to 2. But in the compressible case, we have four unknown members U = (n,u, v, ).
This marks the first challenge in this paper and it takes extraordinary efforts to completely
understand the properties of the operator and obtain the decay estimates. Another difficulty
is the anisotropicity. It is easy to see from the expansion

(O — A0, = A = Ay = (0 — A0, = A) = /Bd,, ) (9 — A0, — A) + \/Ad,,)

that the operator has different behaviors along different directions. Indeed, by a delicate
analysis, we observe that kernel of the linear operator obeys the estimate that

= 1 _ 142 1 &2
|K(t,&,m)] S xa>1 A%

1 _&y
v T € + =7 X|¢|<aze 247,
A4 Al AsrlElS

with A = /&2 4+ n?. Tt is singular and anisotropic. More precisely, it has a high-order negative
regularity in the kernel, and has weaker behavior in y-direction than in z-direction. These
properties of the operator are reflected in the definition of the working space, kernel properties
and various estimates.

—ct
e+ xa<1

Another difficulty is the criticality, due to the slow dispersion and quasilinearity. Indeed,
the spatial L™-norm of @ behaves like ¢!, which is not integrable in time. What’s more,
the spatial L>®-norm of n and 1 decay like t~/2, which is even far from being integrable. To
overcome this difficulty, we make full use of the structure of the system. In particular, for n and
1), we obtain the cubic type nonlinearities, thanks to the structure of the velocity diffusion. In
contrast to the incompressible case, the compressible MHD problem is much harder. Indeed,
by using V - @ = 0 in the incompressible case, one may transfer the derivative 9, to 0, and
then faster decay rates result due to the presence of 0,. However, in the compressible case,
the fast decay rate associate with 0, can not be converted into that for 9, due to the lack of
incompressibility condition. This criticality prompts us to use extremely fine Fourier analysis
and associated estimates.

The rest of this paper is divided into seven sections and an appendix. The second section
derives the integral representation for the perturbation U = (n,u,v,1) through the kernels K
and L. The third section provides pointwise as well as LP-estimates for K (t,€,m) (defined in
[242)) and the Fourier transforms of various derivatives of K. The fourth section establishs
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the decaying estimates of the linear flow. The fifth section contains the local existence and
uniqueness theory and an energy estimate serving as a part of the proof for Theorem [[L1l Sec-
tion [@ through Section [@] verify (7). The appendix proves Lemma [3.4] and several inequalities
used in the previous sections.

2. INTEGRAL REPRESENTATION

This section derives the integral representation for the perturbation U = (n,u, v, ). The
derivation consists of four steps, which are presented in four subsections. The first subsec-
tion writes the equations for U with the nonlinear terms kept on the right-hand side. The
second subsection diagonalizes the equations through suitable differentiation and magically all
the equations have the same structure. The third subsection obtains an preliminary integral
representation through factoring the differential operator. This representation involves some
intermediate variables. The last subsection eliminates the intermediate variables to reach the
final integral representation.

2.1. Linearization. First of all, by a simple computation, the second equation in (2] can
be rewritten as
VoAg

. AT+ AVY(V i)
- +

ol + 1 - Vi pVp = (2.1)
Setting
p=n+1, d=(u,v), ¢=¢+y
converts (L2)) into the following equivalent system of equations for (n,u,v,1)),
on + Ozu + Oyv = Ny,
Oru — Au — N(Opgtt + Ogyv) + 0 = Ny, (2.2)
0w — Av — XN(Oyyu + Oyyv) + Oyn + Atp = Ny, ’
8t¢ +v= Ng,
where
Ny = — 0z (nu) — Oy(nv); (2.3)
A xrx X x A
N1 = — (u0pu + voyu) — nad +n)\(i utOnyv) 9 iﬁp v_ noyn; (2.4)
Np = — (udyv + v8yv) — nAv + n)\((‘)xyup—i- Oyyv) — nAY B qu/JpAl/J ~ niyn: (2.5)
N3 = —u0z1 — vO. (2.6)

2.2. Diagonalization. From (2.2]), we can write the system in the form
o0 = AU + N,

where
0 —0y -9, 0 No
—0p A+ N0y AOzy 0 N) N A
—0y AOzy A4+ A0y —A |7 Tl N
0 0 -1 0 N3

T =

A=

< 2 3

The aim of this subsection is to diagonalize A. However, the standard approach involving
the eigenvalues and eigenvectors of the symbol of A appears to demand extremely tedious
calculations. Our strategy is to diagonalize through carefully selected differentiations. As
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mentioned before, we treat the terms involving the parameter A as nonlinear terms for the
brevity of the presentation. The main result of this subsection is

Proposition 2.1. The functions (n,u,v,) obey the following equations,

((att NG - A2 — Aayy>n ~ R, (2.7)
( (O — DD, — A)? — Aayy)u - (2.8)
( (O — A, — A)? — Aayy)v - (2.9)
(0 — 20— A = A9y, ) = By, (2.10)
where
Fy =(0y — MOy — M)y + A9, ITs; (2.11)
Fy =0y — A0y — A — 9y ) Ty + Oy I; (2.12)
Fy =(0n — AQy — Opa) o + Oy 114 (2.13)
Fy =(0y — ADy — A)II5 + 0,11, (2.14)
and
Ty =8, No — ANy — 9, Ny — 0, Ny — A9 Au + 9, Av); (2.15)
I}y =0y N1 — 0, Ny + A0 (0t + Oryv); (2.16)
Ty = — 0, No + 9Ny — AN3 + A0y (Dt + Dyyv); (2.17)
3 = — No + (0 — A)N3 — A(Ozytt + Dyyv). (2.18)

Proof. First, we give some reductions. Taking the time derivative on the first equations of
[22), then using the second, third and also the first equation of ([22)), we obtain

0 =0yn + 0,0;u + 0,0 — 0y Ny
=0un + Oy [Au + MOzttt + Opyv) — Opn + Nl]
+ Oy [Av 4+ A(Dzyu + Oyyv) — Oyn — Ap + Na| — 8Ny
=0un + A(Oyu + Oyv) — An — 9y AY
+ 0p N1 + 0y Ny — 0Ny + (0, Au + 0yAv)
=0un — Adn — An — 0y Ay
+ (A = 0;)No + 0, N1 + 0yNa + N0, Au + 0y Av).
Therefore, we obtain that
Oun — Adn — An = Ady) + (0y — A)No — 0, N1 — OyNa — N0, Au + 0, Av). (2.19)
Now we denote
Iy = (0 — A)Nog — 0, N1 — 0yNo — X0 Au + 0y Av),
then (2.19) becomes
Oun — Adn — An = Adyyp + Ily. (2.20)

Taking the time derivative on the second equation of (2:2]), and then using the first equation,
we obtain

0 =0yu — Adyu + 9,0im — Oy N1 — A@t(amu + amyv)
=0pu — Adyu — 0y (0zu + Oyv) + 0pNo — Oy N1 — A0y (Onztt + Opyv).
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Thus, we get
Ot — AOpu — Opgpt = Ogyv — O No + O N1 + A0t (Opgtt + Ozyv). (2.21)
Again we denote
Hl = —axN() + atNl + )\Z?t((‘)mu + axy’l)),

then (227)) turns to
8ttu — Aﬁtu — 8mu = Z?xyv + Hl. (222)

Taking the time derivative on the third equation of (2.2]), then by the first and the fourth
equations we find

0 =0uv — Ay + 0y0in + AO) — 0 Na — A0y (Opyu + Oyyv)
=0uv — A0 — Oy(Oyu + Oyv) + 0y Ny
— Av 4+ AN3 — 0; Ny — AOy(Orztt + Opyv).
Therefore, we obtain that
O — Ay — Av — Oyyv = Ogyt — Oy Ny + 0y No — AN3 + A0y Oyt + Oyyv). (2.23)

Again we denote
I, = —ayN() + 0Ny — AN3 + A@t(axyu + 3yyv),

then (2.23) turns to
O — AOw — Av — Oy = Oyt + 1o, 2.24
vy Yy

At last, taking the time derivative on the fourth equation of (2Z2)), and using the third and
also the fourth equations, we find

0 =0y + Opv — Oy N3
=0u1) + Av + A(Opyu + Oyyv) — Oyn — Ath + Ny — 0, N3
=0u) — A0y — A — Oyn + No + AN3 — ;N3 + MOyt + Oyyv).
Thus we have
Ont) — AOpp — Ap = Oyn — Ny + (0 — A)N3 — X(Ogyu + Oyyv). (2.25)

Again we denote
I3 = —Na + (9 — A)N3 — A(Ozyu + Oyyv),

then (Z23) turns to
att¢ — Aat¢ — A”L/J = 8yn + Hg. (226)

In conclusion, we get (220)), (222), [224]), (226]) at this step. To diagonalize the systems,
some further analysis on these equations are needed.

Applying the operator dy — Ady — A on ([2:20)), and using (2:26]) we obtain that
(O — ADy — A)*n =(0y — ADy — A)AIy + (O — A, — A
:A8yyn -+ Fo,

which is (Z7)). Applying the operator 0y — Ady — A — 0y on (Z22), and then using ([2:24]), we
obtain that

(O — DOy — Op) (O — A0y — A — Oyy)u
= (O — Ay — A — 0yy)Opyv + (O — Ay — A — Dy )1y
= Orayyt + F1.
Using the formula,
(O — DOy — 03z) (O — AOy — A — )
=(0n — A0y — A+ 0yy) (O — A0y — A — Oyy)
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:(att — A — A)2 - ayyyy’

we obtain
(8tt — Aﬁt — A)Qu — Oyyyyu = (%nyyu + Fl.

So we have (Z8). Similarly, applying the operator 0y — A9y — Oy, on (2.24]), and then using
[222), we obtain that

(Ot — AO; — A — 0y (Ort — Ay — D)o =(Ost — Ay — D) Oy + (Oot — Ay — D) T
:ammyyv + F3,

which gives (23)). Finally, applying the operator 9y — A9, — A on ([2.26]), and then using ([220)),
we obtain that

(On — A0y — N2 =0 — Ay — A)Iyn + (O — AJy — A)II3
=A0y Y + F3,
which is (ZI0). This finishes the diagonalization process. O

2.3. Preliminary integral representation. Since the linear parts in ([27), (28], (Z3) and
(ZI0) all have the same structure, it suffices to consider the inhomogeneous equation

(O — O, — N)? — Aayy] o=F (2.27)

and our aim here is to derive an equivalent integral representation of (Z27) by inverting
the differentiation operator. The main result is presented in Lemma As we shall see,
the integral representation here involves some intermediate variables. Rather than using the
eigenvalues and eigenfunctions, we present a basic method to resolve ([227]).

We now start the derivation process. First, we set
((att —Ad —A) — \/Aayy)cp = Uy ((att —Ad—A) + Aayy)cp = . (2.28)

Then
2/ A0yy® = ¥y — V. (2.29)

Moreover, one may find from (2.27)) that
O — A0y — A) + /Ay, | ¥ = F;
O — A0y — A) — /ANy, | Uy = F.
According to the first equation in (2:30]), we set

(8t—%A—\/iA2+A—\/A3yy)\I’1 = Oy; (2.31)
(at - %A + \/EN +A - \/Aayy)\h = ®,. (2.32)

(2.30)

Then

1
2\/ZA2 + A — 4/ Aayy\lfl =Py — Py (233)
Moreover, from the first equation in (2.30]), we have
(0 - 32+ /a2 + A — /A, )01 = F;
(- 38— 1A+ A~ /AD, )0, = F.

(2.34)
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Now according to the second equation in ([230]), we set

1 1
(8t — §A — \/1A2 + A + RV Aayy) \Il2 - (1)3; (235)
(8t — %A + \/EA2 + A+ vV Aayy) \Ij2 = (1)4' (236)
Then
1
2\/ZA2 + A+ /Ay Uy = Oy — O3. (2.37)

Moreover, it holds that

(0 - 38+ /422 + A+ /A, )05 = F
(0 - 38— \/1a2+ A+ /A, ) o) = F

Now by (234), (Z38) and the common Duhamel’s Principle, we have

b, = e(%A-M%A%A—M)t@LO n /t (3O 522 HA—/ADy)(t-5)
0

b, = e(%A+\/%A2+A—\/Fyy)t(I)27O n /t SBAFFA2 LA /ADy)(t-5)
0

By = (BAVEN AN B /t S5O IR A+ /BB (-9) o

Dy = e(%A—l—\/iA?—i-A—i-\/Fyy)thp n /Ot e(%A+ iA2+A+\/Wyy)(t—s)F
0

Furthermore, by (2.29), [2:33]) and ([2.37)), we find
@4 — @3 q>2 - (I)I
WA% 2\/1A2 + A+ /AD,, 2\/ A2+ A — /A,

Therefore, we thus have obtained the following lemma.

(2.38)

o =

Lemma 2.2. Let ® be the solution of ([2.21) with the initial datum of ®; : ®;(0) = ®j0,j =
1,2,3,4. Then it obeys the following formula,

t
b = L((I)LQ, (1)270, (13370, (13470) + / K(t — 8,0y, 8y)F(S) ds, (239)
0
where the linear part
L(®1,0, P20, P30, Pay) (2.40)
_ 1 ( (1a+t %A2+A+w/A8yy)t(I)4’0 CY %A2+A+1/A8yy)tq)370)
2VAy |2, /1A2 + A+ /AD,,
- 1 ( (la+ %AH—A—\/@)]&(I)ZO _ha- iAQ—I—A—\/Fyy)t(I)LO)] 7
2\/1A2+ A - /D,

(2.41)
and the operator

K(t, 0y, 0y)
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1
- 2,/Ady,

2\/102+ A+ /A,

11

1 <e(%A+\/%A2+A+\/A6yy)t _ e(%A—,/iAZJFAJr,/AaW)t)

1 (e(%A-h/%AZ—i-A—\/Fyy)t B e(;A—,/}lMJrA—M)t)] . (2.42)

2\/1A2 + A — /7D,

2.4. Final integral representation. The previous integral representation involves some in-
termediate variables ®; g, ®20, P39 and ®49. This subsection eliminates these variables and
replaces them by the initial data ®(0). In addition, we also eliminate the intermediate variables
Iy, I1;, 115 and II3 (defined in (ZI5H2I8) from F' = (Fy, F1, Fy, F3) and rewrite F' directly in

terms of Ny, N1, No and Nj.
Lemma 2.3. The operator L defined in (2-41) can be written as
L(®1,0, P2,0,P3,0, Pao) = K(t)[(nr — ADy — A)0,P(0)]
+ (O — Ady — A)K (1) [0,2(0)]
+ (8 — A)K(t)[(0y — A — A)D(0)]

_ % ARy K (1)[2(0)] + K1 (£)[®(0)],

where K1 is given by
K 1 (e(%Aﬂ/iAerAh/Aayy)t 4 o(BA 1A%+ A+ /A0yt
4
n e(%A+ TA24A— /DDyt I e(%A-M%A%A—\/Wyy)t)
or, with A = /&2 + n?2,
I/(\l(t £ :1<e —lazy [lasazy At n e(—%AQ—,/iA‘l—AQ—I—AM\)t
) ) 4
n e(—%A2+,/§A4—A2—A|m)t n e(—%AQ—, /%A4—A2—A\n|)t).
Proof. By ([236) and (2:28)), we have
1 1,
D40 =(00 - SA+ /A7 + A+ VA3, ) W5 (0)
:at((att — NG~ A) + Aayy)cp(m

1 1
. <§A . \/ZAZ LA+ \/Aayy) ((att “Ad —A) + Aayy)cp(());
similarly, by (235), (Z32), @31) and Z28),
@30 =04 (0 — A0, — &) + \/Ady ) 2(0)

- (%A + \/%M + A+ /B8y, ) (0 — A0 — A) + /Ay, ) (0);

Bag :at((att NG, —A) — \/Wyy)w)
- <%A - \/EM + A+ /B8, ) (0 — A0 — A) = /A, ) (0);

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)



12 J. WU AND Y. WU
@1 o =0; ((att — A0y —A) — \/Aayy><I>(O)
1 1
- <§A + \/ZN +A+ \/Wyy) ((att —AO —A) - Aayy)cp(()). (2.52)

Inserting (2:49)-(2.52) into (Z41]), we have
L(®1,0, P20, 3,0, Pa0)

_ 1 [ 1 <e(%A+,/§A2+A+,/Aayy)t B e(%A—,/iA%Ah/Aayy)t)
2VA% L2, [1A2 + A+ /RS,
(010 — A0 — A) + 9\/AD,, ) D(0)
1 (e(éAﬂ/%A%A—\/@)t _ e(%A—M%A%A—M)t)

2\/182+ A - /D,

- (at(att NG —A) - aﬁ/Aayy)cp(O)} (2.53)
A [ 1 (e(%A—h/%AQ-i-A-i-\/Fyy)t B e(%A—‘/%AZ—i-A—i-\/FW)t)
WAy Lo\ [LA2 + A+ /BT,

: ((att NG —A) + Aayy)cp(())

- 1 (e(éAﬂ/%A%A—\/@)t - e(%A—M%A%A—M)t)
2\/482+ A — /A3,

- ((att NG —A) - ,/Aayy)cp(())} (2.54)
- 1 [(e(%A—h/%AQﬁ-A—H/@)t n e(%A—,/iAZJFAJr\/Fyy)t)

1/AD,,

: ((att “Ad —A) + Aayy)cp(())
_ <e<%A+JM>t N e(éA—JéA%A——\/@)t)
: ((att A9, —A) — \/@)cp(())}. (2.55)
Further, by using the definition of K in (33 and the formula (321]), we have
E53) = K(t)[(0n — A, — A)0,®(0)]

n [ 1 <e(%A+ A4 A+ /At e(%A—‘/iAQ-l-A-l-\/Fyy)t)
1/482 + A+ /AD,,

n 1 (e(%A+\/iA2+A—\/Fyy)t _ e(%A-,/iAzJFA—\/@)t)]atq)(o)
1\/ia2+ A - /5D,

= K(t)[(8y — Ady — D)9, ®(0)] + (0 — Ay — A)K (1) [8,2(0)];

similarly, we find

254) = - %AK(t) (O — D, — A)®(0)] — %AV Ay, K (t)[®(0)];
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and by the definition of 0, K in (B.19) and K; in (2:48]), we get

o) = — 1 [(e(%mr FAZRAL/RO) | (A iA2+A+\/A8yy)t)
1,/A0,,

— (lATVEATEATVRI . (GATVESASVARIN (5, — A, — A)|2(0)

n i [e(%A-i- TARRAS/RO) | (3A\FA2 AL /Ay, )
I e(%A—h/%AZ—i-A—\/Fyy)t I e(%A—,/iAZJFA—\/FW)t} ®(0)
1
=— §AK(t) (0 — ADy — A)D(0)] + 0K () [(0y — ADy — A)P(0)] + K1(2)[P(0)].
Therefore, collecting the estimates above, we get ([2.40]). O

We now derive the final form of I’ by eliminating the intermediate variables Iy, 11, IIo and
I3 (defined in ([ZI5H2TE])). First, we consider Fy. By 2I5)-(2I8]), we have
Fo =(0 — A0y — A)IIp + AO, I3
:(8tt —AQ; — A)(atNo — ANy — 0Ny — 8yN2) + Aay(—NQ + (8t — A)Ng)
(D At + Dy Av + 0,0, A%+ 0,9 A% — B, Dy A — D,y Ao )
=0,(Oy — A0y — A)Ng — A(Oy — A0y — A)Ny — 0(0u — A0y — A)N1 — 0y (O — AO;) N2
+ A0y(0y — A)N3 — A0y — A0y — Opa) (0xAu + 0y Av). (2.56)
Second, we consider Fj.
Fl :(8tt - A@t - A - ayy)Hl + 8xyH2
=(0n — A0y — A — 0yy) (0 N1 — 0 Ng) + Oy (—0yNo + 0 No — AN3)
+ MOy — Ay — A)0; 05 (0ru + Oyv)
= — 04(0n — A0y — A)No + 04 (O — A0y — A — Oyy) N1 + O0py0¢ No — 0y AN3

+ MOy — Ay — A)0r 05 (0ru + Oyv). (2.57)
Third, we consider Fb.
Fy =(0y — AOy — 05 )y + 0y 11
=(0p — Ay — 032)(—0yNo + 0Na — AN3) + 03y (0: N1 — 0 Np)

+ A(@tt — Aﬁt)at(‘)y(ﬁxu + 8y'U)

— — 0,(0 — ABYNo + 0y N1 + 04(Dy — Ay — D) Na — A(Oyy — AD; — D) N3
+ A(@tt — Aat)at(axyu + 8yy’l)). (258)

At last, we consider Fj.
Fy :(att — AO; — A)Hg + 8yH0

:(att — A9, — A)(—NQ + (8t — A)N3) + 8y(8tN0 — ANO — O, N7 — ayNQ)
— A(@tt — A@t)ay(&cu + 8yv)

:8y8tN0 — ayANO — 8xyN1 — (8tt — A9y — 8xx)N2 + (at — A)(@tt — A9, — A)N3
— A(@tt — A@t)ay(&cu + 8yv). (259)
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3. FOURIER ANALYSIS ON THE LINEAR FLOW

This section provides pointwise as well as LP-estimates for K (t,&,n) (defined in (ZZ2))
and the Fourier transforms of various derivatives of K. The pointwise estimates are stated in
Lemma while the LP-estimates are stated in Lemma B.7] through Lemma The last
lemma of this section provides the estimates for K defined in ([248]). Before presenting these
estimates, we provide several notations and basic tool inequalities.

The definition of the Fourier transform is standard, namely
f(() = / " Cf(x)de, forany (eR%
Rd

In the 2D case, F¢f and F,f are used to denote the corresponding Fourier transforms with
respect to the x and y variables, respectively. Furthermore, for each number N > 0, we define
the Fourier multipliers

PnF(C) == x<n (O F(©),
Pon () = x>n (O F(C),

Py f(¢) == (xen — xany2)(Q)F(€)
and similarly P-y and P>py. Here, we use x to denote a smooth bump function such that
{x<x> =1 <1,
x(x) =0, |z[>1+1074
and denote xr = x(-/R). We also define, for 0 < N; < Ny
Pn,<.<n, == P<n, — P<n,.
We will use the following Bernstein’s inequality.
Lemma 3.1 (Bernstein’s inequality). For 1 <p < ¢ < oo and M > 0,
IV FEPas £ oy ~ M2 Pt £l o eay,
|P<at Il agrey S M> ™| Pers oy,
1Pyt Flacgey S MP ™51 Por o ey

We define differential operator P(D) as

o — o~

P(D)f(&n) = P(&n)f(&m), forany (¢ n) € R%

Then we have the following generalized Young’s inequality.

Lemma 3.2 (Generalized Young’s inequality). Let 1 < 71,79 < 2 < p < 00, q1,q2 > p' be

the numbers satisfying % = % — q% = % — q% =1- :z%’ then for any two-variable function
flzy) € LY LR X R),
1PD)f| 5, S IPE Mo e I Fll gz pye- (3.1)

In particular, let 1 <r <2 <p<oo, q>p bethe numbers satisfying % + % = %, then for any
felL (R,

PO, < IPEDzg, 12z, (32)
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Proof. Since p > 2 and v’ > 2, by Young’s and Holder’s inequalities, we have
|P(D S “P(g’n)|’LglL%2

A~

T'l T'l .
L1L2
£ n
Since r} > 2,74, > 2 and 7} > ro, by Fubini’s, and Young’s inequalities again, we further have

1PD) 1z, SIPEM sz 1776 )]

!
T

1
Le

SJHP(San)HLglLZZ Hfﬁf(fay)‘ I

§|’P(£7n)HL21LZ2 Hf(‘/nvy)‘

T2
LZJ

Ly Ly?"
This proves BI)). In particular, letting ¢1 = g2 = ¢, = ro = r yields (3.2)). O

The rest of this section is divided into two subsections with the first devoted to the pointwise
estimates and the second to the LP-estimates. To simplify the notation, we again write A =

V&% 412, Then, by ([242),

K(t,€n)
1 1 <e(—%A2+,/§A4—A2+A|m)t - e(—%A2—,/§A4—A2+Am|)t)
2A0n| 2,/144 - A2+ Al

1 <e — 3 AT [ LAY A2— At e(—;AQ—,/}lA4—A2—An|)t)]‘ (3.3)

2,/14% — 42 — Aly|

3.1. Pointwise estimates. The main results in this subsection are stated as follows.

Proposition 3.3. Let K be defined in B3). Then there exists a constant ¢ > 0 such that the
following estimates hold:

= 1 _. . 14 €2
Lo K@®Em| S xaz1—4ze "+ xa<1 mm{Alélln A_} 74 A4X‘f‘<A2e . (34)
> 1 _. . 1 _1y &2
2. oK (t,€n)| S XA>1757¢ "+ Xa<1 min {F’ T} 4 6X|§|<A26 “aa2l, (3.5)
3. 0K (t < L et i Ly tan, & ot 3.6
- 0K (€ )] S Xaz1gge” + Xa<i min A_ e + EXleglgaze (3.6)
~ 1 1 1 142
2 2 142
4 [(0n+ A%+ AP)K(t,€,m)| S S Xazige +XA<1H11D{|£| A2}
T ZaXlglgaze 247 (3.7)
5. 10 (9 + A0, + A2 K (t,€,1)| < L et —g A% & s 3.8
. e (Ot t Ui NXA>1A2€ + xa<ie +X‘5‘5A2A4e . (3.8)
2 2 | —1 4% ¢ —5—2215
6. [Ou (att + A0+ A ) (t &) < XA>1A2 +XA§1A€ 1 +X|§|§A2F6 242", (3.9)

—ct 1 1y & £
e +XA§12€ 4 +FX|§|§A2€ 242", (3.10)
4

_ &
e+ XASle_iA% + %lelime a2’ (3.11)

1
T (0 + A%0, + &) K (tin)\NXA>1A2

~ 1
8. ‘(&tt + A%0, + 52)3tK(tafﬂ7)’ S XAZlﬁ
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We make several remarks. As shown in the proposition, we pointwise estimates are split into
three parts contained: X 4>1,x4<1, X|¢<a2- They reflect the different behaviors of the operator
in different regions. The parts x4>1- tells the behavior of the operator in high-frequence; the
parts xa>1- tells the behavior of the operator in low-frequence, also it tells the strength of
the singularity of the operator; the parts x|¢<42- will tell us how the {—direction affects the
decaying of the linear flow.

In contrast to the incompressible MHD equations studied in [I0], the estimates for K
sensitively depend on the spatial dimension and as we shall see in the later sections, the 2D
compressible MHD equations is critical in the sense that the spatial L°° norms behave like
t~! and is barely time integrable. One may expect from the parabolic structure that 9; ~ 0,
in the large time behavior, but this proposition implies that d; ~ 0,. This weaker regularity

./ 1
effect of 0, is due to the dispersive effect of e’ A2_1A4+imn|t, as indicated in the proof of
this proposition. We also point out that the operator ((%t — AO; — A)K behaves like that of
V—AJy K, which is better than AK. That is,

(O + A%0, + A%) ~ Aln].

We emphasize the anisotropicity here because of its non-obvious and its improtant role in our
analysis. This anisotropicity will be frequently used in the subsequent sections.

Proof of Proposition [3.3. First, we estimate K. According to the singularity of ﬁ from the
expression (B.3]), we split into the following two cases.

1 1
Case 1: Aln| < §A2; Case 2: Aln| > §A2.
Case 1: Aln| < %AQ. It is divided by the following two subcases,
1 1
Subcase 11: 1A4 — A%+ Aln| > 0; Subcase 12: ZA4 — A%+ Al <o0.

Subcase 11: A" — A%+ Aln| > 0, then A > 1, and

1 1 1
——A? \/—A4—A2 Aln| < —=.
3 V1 A< =5
Now we need the following lemma, which will be proved in Appendix A.1.

Lemma 3.4. Leta > 0,b € R,c > 0. Then there exists a constant C' > 0, such that

c|Vote Vbh—ec

C

1 {; [e<—a+\/m>t _ e(—a—x/ﬁ)t} _ [e(—a+\/E)t _ e(—a—\/E)t] H

Cmin{t?’,%}e—“t when b+ c <0,
<

- {Cmin {t3, C\/ll7+_c’ %} e(matVOtAIt  when b+ ¢ > 0.

Thus, by Lemma [B4] if A ~ 1 we have
\K(t, &) < te72! < e for some small constant ¢ > 0;

if A>> 1, then 1A% — A2 + Aln| ~ A%, and

7% (t) -1 [
K(t,¢n) S 2t e,

Therefore, no matter in which case,

~ 1,
(K (t,&,m)] SXAzlﬁe " (3.12)
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Subcase 12: %A‘l — A% + Aln| < 0. If A > 1, then by Lemma 34}, we have

~ 1
K (&) S tPe 3t < —em 14,

~ A4
So we only need to consider A < 1. Then, we have
1 1 1
ZA‘1 — A%~ Aln| <0, and \ZA‘* — A%+ Apn|| ~ |1A4 — A% — Ap|| ~ A% (3.13)
So an immediately estimate from (B.3]) is that

21 o~ 1A% < 1 1A
A2|n| Al¢]|n]
Moreover, using the following elementary inequality (see Appendix[A.2] for its proof),

IK(t,&n) S

sinx  siny < B . L
=y sl llmin G g

and (3.13)), we have
1 Y (sin (\/|%A4 — A2 + Alnl|t) - sin (\/‘%A4 — A% — A\nHt)) '
V1341 — A2 4 ap) V1541 — 42— ap|

for any z,y € R, (3.14)

K(t,¢n)| =

t 1 1 1
5m€ 2A2t<t\/|1A4—A2+A|T]H —t\/|1A4—A2—A|T]H>

1
X <XAt§1At + XAtzlA—t>

1 A2¢

1 _
S (t3XAt§1 + tﬁXAt21>e 24

1 1 1
S(F * ﬁt> e g e,
Therefore, we proved that in this subcase and A < 1,

~ 1 1 142
K tufan 5 XA<1 min TSI Y] e_ZA ¢
(t.&ml S xastmin g )

Case 2: Aln| > %Az. Again, we consider the following two subcases respectively,
1 1 1 1
Subcase 21: ZA4 — A% Al < %A‘l; Subcase 22: ZA4 — A%+ An| > %A‘l.

Subcase 21: A% — A%+ A|n| < &A%, In this subcase, we have
11 &
S <AZ A =A-—— < &%
(4 367 — g A+ |n| <t

That is, A* < €2, and thus A < 1. Then by mean value theorem,

)A*

—2,/ 2 A4 A2 Ayt
Rt 6m)) =] Lo b [evim—mw e A
24An| 2,/ LAY — A2 4+ Aly|
1
—2¢/ 1 A1 A2 Ayt
144 A2 1—e¢ 4
— eV adim ATl (3.15)
2\/544 — A2 — Al
t 1 V1A t 1 [la4_p2_
§E€ Lazt| /341 A2+A\n|t‘+ﬁe La2t] o/ 3A1-A2 Ahﬂt‘
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t _lAZ 1 —lAQ
SEe S (3.16)
where we have used TA* — A% — Aln| < 1A — A% + An| < %A, Moreover, if A% ~ 2, then
by B.16),

If A* <« €2, then
1 1
0<—(3A" =A%+ Appl) ~ €%, and 0.< = (5 A% = A% = AJy]) ~ A*
Hence, by [B.I5),

- _l 2 LAd_A24 At __A2t LA4_ A2 Aln|t
K€ )| < B eV [+ e 14V |
A|€||77| A2[p|
5 1 e_lAQt
Al¢[In|

Therefore, no matter in which case, we also obtain that

1 1 — 12
-, <7 (€ 4% .
Al¢]In] A4}

Subcase 22: %A‘l — A2+ Alp| > %A‘l, then ¢2 < A*. Further, since
A &
A+l 142 4 V1At A2+ Al

(K (t,€m)] < xaz1 min{

_1 2 \/1 4 _ A2 - _
2A + 4A A%+ An| =

we have
252 1 2
Thus, by (BI7) and Lemma B4 we have
N 1 _&, 1 _£,
[K(t, & m)| S Xjg1<az e 240 S TpXje|gaze 27

Alnly[3 4% — 42 + Al
To collect the estimates above, we obtain (3.4]).

Now we turn to 0;K (t,0,,0y). A direct computation gives us that
atl?(t - S, 57 77)

: { : [ T N e

24An| 2\/%A4—A2+A|77| 2
(= 1A2 — 1A4—A2 + Al (T3 AT A=A At
2 1 !
! (- 2424 2 as - 2 agg) i A

2/440 — 42— Ay 2

(- %A2 _ \/%A‘l — A2 — Al )l 3 AV RAT A AR } (3.18)
2
A IA((t )+ 1 [e(—%AQ—i-\/M)t Y Y e E )
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B e(—%A2+‘/%A4—A2—A|n\)t B e(—%Az—,/%A‘l—AQ—A\nDt]' (3.19)

Therefore, by (8.19) and the similar estimates as those for ([8.4]), we obtain (8.5). By a similar
way, we also get the following the estimates on 0y K (t,0;,0y) in (B.6]).

We now give the estimates on the special forms. First, we consider (8tt—A8t—A) K(t,0y,0y).
To this end, we derive an identity. Let

¢M17M2 = e(%A+u1\/%A2+A+u2 Aayy)tv

where 1, uo = +1, then we have

2
1 1
attﬁbul,pz = <§A + \/ZAz + A+ poy Aayy) Dt o

1 1
:(§A2 + ,ulA\/ZAQ + A+ pa/Adyy + A+ pay Aayy)‘%h%
=A3t¢u1,uz + A¢u1,uz + p2y/ Aayy(?ﬁmmv
that is,
aftqbuhuz - Aat?bm,m - Aqbuwtz = H2v/ Aayyqu,m. (3-20)
Now using ([B20]), we have
(&t + A0, + A2)I?(t, &,n)

1 (e a2y Jlatoa2pap)e e(—%Az—,/iA‘*—AZ—i-A\m)t)

4/ 148 — 42 + Al

. 1 <e(_%A2+¢Mﬁ B e(—%AZ—\/m)t) (3.21)

WA

Compared with &/J?(t, & n), Azl?(t, &, n), the form (8tt + A%0, + Az)f{(t, &, n) erases the bad
factor of ﬁ, and thus gives (87). Further,

3 (O + A20, + A2 K (t,€,m)
- (O + 420, + A%)K (.6, m) + 1(e(‘%f‘”v AT AT AL | (-3 A%y AT AT Al
2 STy
T L e(—%AQ—\/%A‘*—AQ—A\m)t) (3.22)

From ([3:22]), and by the similar argument as the proof of ([34]), we have ([B.8)).
Next, we consider another special form (8tt — AO; — 8m)K (t,0r,0y). It obeys the same
estimate as the operator (Oy — Ad; — A)K (t,0,0,) when || is small. Indeed, we have

(On — DOy — 032) K (t,00,0y) = (O — Ay — A)K(t, 05, 0y) + Oyy K (t, 0y, 0).

But on the other hand, from the form itself, we see that it is better when [{| is small. Thus
similar as above, we have [BI0) and BII)). O

Recalling I/(\l(t, &, n) defined in (2.48]), we have
. 1 . _
Oy (O + A%0; + A2)K(t7 §n) = —5142 (O + A%0; + Az)K(ta §n) + Ki(t,€,m). (3.23)

This equality is useful in the following sections.
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3.2. Estimates in LP-space. This subsection provides estimates for K and the Fourier trans-
forms of various derivatives of K in LP-spaces. The pointwise estimates in the previous sub-
sections will be used here. We first state and prove an elementary lemma, which will be used
repeatedly in the estimates.

Lemma 3.5. Let ¢ be a positive constant, and let N > 0 be the dyadic number (N = 27 for
some j € Z), then

/ AP et gedn N <t>_1_§, for any B > —2; (3.24)
A<1
and
e .2, 148
// T abdedn < NP2 @)y==,  foranya e R, 5> —1. (3.25)
A~N

In particular, for any « € R, € R, 8 > —1 with ' > 3,28’ — B+ 2 — a > 0, we have

!

¢’ 148
// X‘ﬂgAzEe A2 dgd?’] < < > . (326)
A<1

Proof. First, we prove B.24). If t > 1, we set & = &v/t,m; = nv/t. Then by changing variable,

we have
| weeagam =k [ (@i oh agay
A<1 E24n2<t

<l / (& + )2 e ) dedn < 47175
R2

If 0 <t <1, then

// APe=14% dedn g/ AP dedn < 1.
A<1 A<1

Now we prove (B.25). Similarly, by changing variable, we obtain that for some positive
constant ¢,

56 &2t a£2t
// Ee_c? dédn ~ // —e “NZ dédn
A~N A~N

2
: t
< ¢~ NBHI- 6¥/|<N/5 ] e d(—fj‘vf)dn
€

< t—ﬂNﬁ+2 a

// —e S dgdn<// dgdn<N5+2 “
ANN

] . . .
Further, since x|¢|< a2 ia < m, by using ([B.25) and the dyadic decomposition, we also

have (B3.:20)). O

Remark 3.6. The L7 estimates can also be easily obtained from the conclusions in Lemma
[ZA For example, from [B.24), let ¢ = cq, we obtain

If 0 <t <1, then

| 48ee2| Ly = AP 3, < =),
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3.2.1. Estimates on I?(?)
Lemma 3.7. Let 1 < g < oo, and N = 1. Then

HA4I?(7§’£’77)HL27](AS1) 5 <t>_i7 Hl?(t7£7 HLq (ANN) < N7_4< > i

1
Moreover, for any B > 3,

1

4P R ) 1 a5 10

J(A<1)

Proof. By (B8.4), we have

7% - 14 _ £
‘A4K(t75777)‘ < xasie” 4+ xa<ie 14 +X|§|<A26 2azt,

Note that from (3.29)),
| 4K @6 <1

Further, when A > 1,

52
‘A4 (t,&, 77)‘ §XA216 +x|§|<A2e 24zt

Thus, by (3.25),
7o — _ &
HA4K(t’€’n)HL§n(A~N) Slxazie CtHL%n(ANN) + e 2A2tHLgn(A~N)
<NZe 4 N2(t)~2 < N2(t) 2.
That is,
B (€0 11 any) SN2 7S,
&n
Now, when A <1,
2
‘A4 (t,€, 77)| < xa<ie —3 47 +x|§|<A2e 2€A?t
Similarly, by [B24]) and (3:26]),

2
J[_ et raam sy [ et s ok,
A<1 A<1

| AR & m) gy acry <0072

thus,

21

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

Now the conclusion ([B27)) follows from interpolation between ([B.30) and [B.33]), (3:31) respec-

tively. For (B.28]), by 332]), we have
52

‘AHB[A(@,&H)‘ S xac AP lemi A AP e < aze 2R,

which is square integrable. Thus direct integration and using ([B3.24]), (3:26]) give (B:28]).

We give the estimates on the operator d,, VK (), which read as
Lemma 3.8. Let 1 <qg<oo and N 2 1. Then

lenAR (t.&m)l| 1 4y SO

L

H&ﬂ?(t’ & n)“Lgn(ANN) 5<N>_2+% <t>—%—2 )

Q

0

(3.34)

(3.35)
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Moreover, for any 3 € [%, %],

tle 7 -1 o -2,
HAB EUK(t,Em)HLg;(ASl) S HABEUK(t,ﬁ,U)||L§n(AS1) S ()2 (3.36)
Proof. By ([B.4]), we have
-~ 1 _. 1 _1 _£
|EnK (t,&,m)] SXAz175¢ b4+ Xa<1—€ A X|§|5A2%e 247", (3.37)
Thus, we further have, for any «,
e, 7o 1 —ct a—1_—1A4A% 3 —ﬁgt
[A%EnK (1€, m)| Sxazimege ™ +xai A" e Ny e (3.38)
Similar as the proof of Lemma 329, by 3.38)), (3:24) and (3:26]), we have
HgnAl?(tvé.vn)Hng(Agl) 5 17 HgnAI?(tg’n)HL%n(Agl) 5 <t>_17
and thus (3:34) follows from interpolation. For N 2 1, by B.37) and ([B3.23)),
7> —2/ =1 7> -1
H&?K(’fafﬂ?)HLgfy(ANN) SN <t> 23 anK(tfﬂ])HLén(ANN) S <t> )
and thus (3:30) follows from interpolation again. Using (3.38]) and Lemma 3.5 ([8.30) is also
easily followed. O
Lemma 3.9. Let N 2 1 and 1 < ¢ < oo, then
~ _1_1
HAE277K(t7£777)HLgn(AS1) Sy 2 (3.39)
2,1 < NIyl
Hg nK(t@n)HLgn(ANN) SNa (1) . (3.40)
Moreover,
HA2£277K(75,£,77)HL3(AS1) S (3.41)
1A K (€ m| oo 4y SO (3.42)
Proof. By ([B.37)), we have
2, AT —ct — 1A% &2 e,
|EnAK (t,€,n)| Sxas1e” + xa<1Ae™3 + Xjegazme 4T (3.43)

Then by ([B24) and ([B:20]), we have
~ 1
H§277AK(t7§777)HL?;I(A§1) NEORER

HfznAf?(tfﬂ])HLén(Ag) St e,

njw

and by (3.25),
“527714]?(75,5’77)HL3(ANN) S <t>_1§
HénznAR:(ta 57 T,)HLEW(ANN) 5 N2<t>_%7

thus the conclusions ([3.39) and (340) follow from interpolation. Further, (B:41]) easily follows
from (3.43)). O
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Since
— Aln| ~ €
we have
2 2
| A2(A% — Al K (t,€,7)| S xas1e™ + xacie 14 +Xjgza2 ze 247",
Thus similar as above, we have

Lemma 3.10. Let 1 < g <oo. Then
4247 = AlDR (60| g 4y S (V)3 (87120,
Moreover, for any 8 € [0,2 — %],
| A7A%(A% — ADR (.6, 5 4ty SO %
3.2.2. Estimates on &J?@ and 8ttl?(t\).
Lemma 3.11. Let 1 < ¢< oo and N 2 1. Then if B € (%, %],
90K (€ )l g 4y SN2
[ 4nd K (€ mll s (asr) S0
HAﬁnatf?(t,&n)HLgn(Agl) St

Proof. By (B3], we have

Q
~—
|
_
—~
~~
~
|
—_
|
o
s}

Q=

NIy

51 L et 1 142, & 2y
\natK(t,&nH 5XA51E€ +XA5126 : +$X|g|5,426 242t
Then by (B.50),
310 | S
|XANNT]3tK(t,§,7])| < ﬁe + Ee 242",
Thus, by (351) and (325,
Lo 1 &t & P
|XA~N775t t,&n)| < SN3e t+ﬁﬂe 2 SN
e —c £ &
a0 K Eml g 1oy < [ agedean+ [ Soemdetazay
en(A~N) A~NA AN A
SNTH T

This proves ([3.47)) by interpolation. When A < 1, by ([B.50) again,

.7 <
‘XA§1A773tK(t,£,77)| Se A% + %X|§|<A2€ 242 < 1.
That is,
HA??E?tK(tafm)HLg;(Agl) S

Further, by (324 and (3:26]),

HAna/tf\((t,&n)HLén(Agl) §//A< Atdgd +// e 2,42 d¢dn

S

23

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)
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Then ([348) follows from interpolation. Similarly, since

‘Aﬁnﬁ((t, &, n)‘ < XA21A31—6 e 4 XA51A5_16_%A% + A§—2X|§|§A26_2€;t. (3.52)
Note that it is integrable when £ > %, then integration and Lemma B3] give (3:49]). O
Moreover, from (B.52]), we have for any g € [0, 2],
| AP AnBe K (t.6,m)| e S (675 (3.53)
We also need the following estimates.
Lemma 3.12. Let 5 € [0, 3|, then
HABUattIA{(t - Safaﬂ)“Lg; §<t>_§§
HAnatt[?(t - 375777)“Lgn §<t>_1-
Proof. 1t follows from ([B.6) and Lemma 31 directly. O
Now we consider some related estimates about (9 + A28t)l?
Lemma 3.13. Let 1 < ¢ < o0, $€[0,1] and N 2 1. Then
(@ + AP0 R (4. €)1 4y SN )7 (3.54)
(@1 + A20) R (1. €.1m) | 1 (4cry S0 (3.55)
14%0(9u + A20)K (8,6 0| 12 ac) S (3.56)
[ 49(Due + AP0 K (8 €| o 451y SO (3.57)
| AP0 + A0 R (1 E0)| s ) SO (3.58)
Proof. By ([B.3) and (B.6]) we have
7(0n + A%0) K K (t,€, n| < XA21% — +XAg1€_‘11A +X|§|<A2A_2€ %t (3.59)

Thus, for N > 1, by (3:25)),
HTI att +A2at) t € n HLO"(ANN) N~ 1( > 1,

3
2

HT/ 8tt +A at) (t 57 HLl (ANN) 5 N<t> ’

and by ([3.24)) and (3.26]),

Then the conclusions (8.54]) and (B55) follow from 1nterpolation. Moreover,
2 &2
|AB 8tt +A2(9t) (t £, 7])| < AP- 1XA>16 et +XA<1A66 a4 +X\§\<A2 A§ Be ~aazt,

Then [B.56), B57) and ([B.5]) follow from integration directly. O
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Furthermore, since
2 —ct —1 A% S
| A0y + A0 K (t,€,1)] < xaz1e™ + xa<ie” T + Xjglgazome A7 (3.60)

Thus one may find that it has the same bound with A2(A2 — A|n|)K (t,£,n). Thus the same
as Lemma 310} we have

Lemma 3.14. Let 1 <g< oo and N = 1. Then
2 _q_1
| A2(0 + A%00)K (t,€.m Mg ) S (V)7 (8) 1= (3.61)

Moreover, for 8 € (0,2 — l],

[Ny

| AP A% (8, + A29) K (t,€,1 HLq (A<1) S .

Proof. By B860), (3:24) and ([B:26), we have
_B
HAﬁA2 8tt + A2at) (t 5 n HLoo (A<1) §<t> 2, for any 5 € [07 2])

(3.62)

147420 + 200K (1€ )| 13 () S0 =%, forany § € 0,1,
then ([3.62) immediately follows by interpolation. For N > 1, by (3.25]),
HA2 att +A2at) (t 5 n HLoo (A~N) <<t>_1;

<N2(t)3.

HA2 att +A28t) t 5 n HLI (A~N) ~

Then the conclusion ([B.61]) follows from interpolation again. O

3.2.3. Estimates on (att + A%0, + A2) (t &,n). To this end, we also need some special basic
estimates.

Lemma 3.15. Let ¢ be a positive constant, 8 > 0 and let N > 0 be the dyadic number (N = 2J
for some j € Z), then

—cA%t —cA2t _48
|APee HLEOL,%(Agl)—i_HABe ‘ HL%L;o(Agl) S (3.63)
and
B
Hi - < NBFLme =5, (3.64)
A LLLg(A~N)
B
Hg— iz < NA+1-a(y-3, (3.65)
A« L LL(A~N) ™
£ n
Moreover, for any a € R, e R, >0 with 3 > 3,28 — f+1—a >0,
B &2 148 55/ &2 B
2 Car! ST H > a2 <72 (3.66
iesaesme™ |y ey SOTF ngen e 0 SO7E @00

Proof. First, we prove (3.63). Since
APemeA < (1) =T e 5AN < (1) 2 5E Y,

we have , , , s
1474y e acny S O F |72y S 077

_ A2 . )
oA tHLgOL}](Agl) S ()™ e . This gives (B.63).

By the symmetry, we also have HAB e
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Now we turn to prove ([B.64) and ([B65]). For A ~ N, there exists a constant ¢ > 0, such
that

B B g2
flae ZT ~ %e c%tSNﬁ_O%w_%
Therefore,
B
Hé—e‘ w S NS,
Aa L& LL(A~N)
Moreover,
H S - Hﬁe_ag‘;t < NFFHLa -1
LILg(A~N) ™ Li(ElSN) ™

Furthermore, using (3.64]), (B:65)) and the dyadic decomposition, we also have (3.60). O
Lemma 3.16. Let 1 < g,7r < oo and N 2 1. Then

1

HA2 8tt +A2at +A2) (t € n HLqu (A<1) §<t>_%7

1

| 4%+ 420+ AR (60| gy 4y SV (07

Proof. By ([B.1), we have

~ 1 _ £
A9y + A%0, + AV)K (t,6,1)| S xas1e™ + xacie 14 + X|e|<Aze 247",

Then by (B.63) and ([3.60]), we have

14 @1 + 4200 + AR (4,6 0| ooy 4y S 1

| A%(8 + A%0, + ADK(t,€,n Miizpasy S £,
and by 3.64)) and (3.65]),
| A28y + A28, + AP K (t,€,n i rpaeny S N+
14291 + 420, + AP K (.61 HLlL’ F(A~N) S SN
Then the conclusion follows from interpolation. ]
Lemma 3.17. Let 1 < ¢ <2, and N > 1. Then
€ + 420+ AT R(t.E )| 0 (1) < <SNa ()72 (3.67)
_1
Hg(att + A28t + A2) (t7 67 n HLgn(ASI) §<t> 7. (368)
Moreover,
| A€ (8 + A%, + A2 K (t,€,1) HLQLOO(ANN) (3.69)
| A€ (9 + A%, + A2 K (t,€,m) \\Lngo(Ag1>- (3.70)
Further, for any B > 5 L
HAﬁf(att + A%0; + A2) (t, 5777)“Lgn(A§1) §<t>_%_%§ (3.71)
| APE (O + A%0, + A2 K (t,€,n Mizzzaen <Nt (3.72)

HABé(att + A2at + A2) (t € n HL1L2 (A<L1) ~ <<t>_1' (373)
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Proof. By (871), we find that the function £ (8tt + A20; + A2)I? (t,&,m) has the same estimates

as EnAK (t,€,m) in 338) (a = 1). Thus, we get the estimates ([367) and (3.68) as Lemma B8
Moreover, by ([B.7)) again, we have

~ B 52
|AB£(8“ + A2at + Az)K(t7 f, 77)| ,S XAEIA_H_BG_Ct + XA§1AB€_iA2t + %XmgAze mt.
Then (B69)-B.73) follow by integration directly and using Lemma BI51 O

Lemma 3.18. Let 1 < ¢ < oo, N 2 1. Then for any 8 € [%, 1],
~ 2 1
162 (et + A0, + AQ)K(t,i,n)HLq ) SNE(E) o, (3.74)
2(9y + A20, + A K (t < (177 a; 3.75
Hg(tt"i' it + (577HLq A<1)N<> ( )
s
| AP€2(8y + A%0, + A2 K (t,€,1 HLOO (< S 7 (3.76)
Moreover,
162 (D0 + A0+ ALY R (1€ )| e 4y S4E) 1 (3.77)
1
162 (D1 + 420, + A% K (1,60)]| oo oy SNZHT (3.78)
Proof. By 8.1,
2 &2
62O + A%0, + A2 K (t,€,m)] Sxasie™ + Xa<1Ae 1A% 4 %X|§|§A26_2‘th§ (3.79)
~ 2 2
|AB£2 (att + A28t + A2)K(t, g, 77)| SXAZlABG_Ct + XA§1A1+B€_%A% + A§_5X|€|SA2€_mt.
(3.80)

Then similar as the proof in Lemma B9, we obtain (374) and B70). (77) and BI8)
follow from (B7J) and Lemma directly. Also, from ([B80) and Lemma BI5 (B70) are

followed. O
Now we give the estimates on (9 — Ady — Opz).

Lemma 3.19. Let 1 < ¢<oo and N > 1. Then

(1 + A%0, + €K (t,€,n Mg (aem) S SN ()T (3.81)
HA att +A2at +€ ) t 5 n HL‘Z (A<1) ~ <<t>_%; (382)
| A%(0y + A%0, + €K (t,€,n Mz (as1) SO (3.83)

and for any B € [£,2], B2 € [0,2],

~ B
HAﬁl (att + Azat + 62)K(t7 57 77)HL§7I(A§1) §<t>_71; (384)

B2

HA1+52 (8tt + A2at + 52)[?@757 77)HL§37(A§1) §<t>_ 2 (385)

Proof. From B.I0) and [B.59), the function A(dy + A20, + €K (t,£,n) obeys the similar
estimates on n(dy + A%0;)K (t,£,m). So the estimates can be obtained by the same way in the
proof of Lemma O

Much similar as A?(9y + A28t)f? , we have the estimate on the operator 9;(9y — Ady — A)
as following.
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Lemma 3.20. Let 1 <g<ooc and N = 1. Then

0000+ 4201 + AR (€1 1y (acy ()7 (3.86)
|40 + 400+ A)E(t.6m)] 1o (e SURT (3.87)
10404 + A20; + A2K (t,€,n Mz aom <Ny (3.88)
Moreover, for 3 € [0,3],
|47 + A0, + VR (61| 12 4cr) S35 (3.89)
| 4°00@re + 4%, + AR (1€ (4cy <y (3.90)

Proof. By BX) and B50), the function 8, (9 + A28, +A2) K (t, ¢, 1) obeys the similar estimates
on And K (t,&,m). So [B.80) and (B8] are followed similarly as (3:47) and ([B.48]). Again, by

~ 1 142 2 e
| A0, (O + A%0 + A*) K (t,€,m)| Sxas1—e " + xa<14e 4At+X\g\§A2E€ 247,

A
Therefore, by (3:24]) and (3:26]),
| A0 (Bu + A28, + AP K (.6, HLOO (a<1) S 73,

(V[

140130 + A0, + ATE (61| 1y acyy ST

Then the conclusion ([B:87]) follows from interpolation again. By ([B.8)), when A < 1, we have

| AP0, (0 + A20, + AP K (1,€,m)] Sxac1Ae T4 4 x e a2 Ai ﬁe—%t.
Then the conclusions (8:89]) and (3:90) follow from Lemma O
In particular, one may find from (B.8]) that for any 5 € [0, 2],
[(A)>~7 AP0, (0 + A20, + AD)K (1,6, oz S ()%, (3.91)
Furthermore,
Lemma 3.21. Let 1 < g < oco. Then
| A60,@1 + A%0; + AMK (1€ )| 450y SH) 2 (3.92)
14%€0,(Bu + %0, + AE (60| o acy ()73 (3.93)
Proof. By ([B.8]), we have when A > 1,
| A€, (B + A%0; + A2) K (1,€,1)] Sxasie™ + x|§|<Agj—ze—§ft < (t)s.
while when A <1,
| A28, () + A0, + A*) K (t,€,1)] Sxac<iAlem 1A% 4 X55A2j—26_§7t <.
This proves the conclusions. ]

We also need the following estimates.



THE COMPRESSIBLE 2D MHD SYSTEM 29

Lemma 3.22. Let 5 € [0,2], then
H (A)2~P AP, (O + A0, + A + 772)f?(t7 3 U)HL?;] §<t>_%_§;
Hatt (3tt + A%8, + A% + 772)%(’57 &, 77)HL§77 §<t>_l-
Proof. Since
O (On + A%0 + A* + Uz)f?(t, &,m) = Oy (On + A%0, + A2)[/€(f, £,m) + n*Ou K (t,€,1),
the conclusions follow directly from (3.9, (3.6]) and Lemma O

3.2.4. Estimates on K1(t,&,n). We also need the estimates on the operator K1 (t). Note that
by the definition of K (t,&,n), we have

= _ 142 _£
K1 (t,€,m)| S xas1e™ + xacie 1 4 g caze 2a7"

Moreover,

—~ 1 _ £
EK (8, €,m)| S xas1Ae™ + xacide” 147 4 X|e|azée 242",
Thus by integration and Lemma we have
Lemma 3.23. Let N 2 1. Then

— 1l _1
HKl(t7£777)HL§Lg°(A§1) + N2 HKl(tg’n)HLgL%o(ANN) 5 <t> 43
JATRER & g (acry S 075

168t & 1 (acay + N ERLEE Mz 4oy S (75
&n( ) gn( )

4. LINEAR ESTIMATES ON THE OPERTOR K (t)

In this section, we establish the decaying estimates of the linear flow, by using the conclu-
sions obtained in the previous section.

Proposition 4.1. For any smooth function f, 5 > %,

V2R @f 2, < O £, -
Proof. By Lemma B.7] and Lemma [B2]

IIVPPED L S 1Pl VPRl + D0 | PNV E@f] 2
N>1

SIA*REE D 2 ac 1P F iy, + 0 NNRE &z g 1PV,
N>1

SO P flluy, + 077 D N[ Pa sl
N>1
= XOOud I\ tad

.-
Lz,
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i), V70 K (1) fHLz S ()7

(i), [[IVI7+ 0y K (1) ny S

(i), VO K(O)f 1 S (O)7[(V)
Proof. By Lemma [3.8 and Lemma B3.2]
V17 Oay K () 1]] o, < [PtV ay KO [ o+ D | PNIVIT Oy K@) F 5.

N>1
S HAﬁinf?(t,6777)HLgn(A51)HP§1fHL N§>:1NB anK (t,&,7 HL2 , (A~N) HPNfHLl
S O3 NP oy, + 075 D NI Py
N>1
< )75 ][(v)7
Similarly,
V170, K| 2, S HAﬂHsnff(t,s,mHLm(ASl)HngHLgy 3 NI enK (4,6 e g | P F
N>1
< O Pl + (072 DN Baf e,
N>1
< <t>—§H<v>ﬂ’—l+fHL;;
and
IV 0y K ()F gy < NAERK & 1y acnyIP<1fllzs, + D0 NIEnR BED 1y oy [[Pnfllpa,
N>1
SO NPl + 07 Y NPy,

N>1
SO,

Proposition 4.3. For any smooth function f,
(), (Va0 KO f | Smin { &NV, 4. 07 IV Sy,
(i), [[A0020, K (0)f]| 5 SOV, -
Proof. The estimates are followed from Lemma[30] Lemma B2 and Sobolev’s inequality. First,
[V0ua0y K@) f|| ) S | P<1VOraOy K (|| 1z + | Po1VOuaOy K@) F | 2,
S AR e 2 ey lIP<i N1y, + 1AENK(ED o as 1P|,
<O,
On the other hand, by (3:39) and 340) (¢ = 4) instead,

9000, K01 15 < [[P1V0md, K0z + 3 PN V000, K015
N>1
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< NAEK & 1 acn Pl g + D0 N2|E€0E & 1 amy 2wt
Lay N>1

STy
Furthermore, by (341 and (342),
[80200, K () f[| 2 S [[P<1A02a@y K1) f ||z + [[P1V - 0020y KOV | 2.
S HAzfznk(ug’77)”1;?;](,451)”P§1fHL%y + HASUIA((t’57n)“L?;I(Azl)“lefoLgy

SO,

Proposition 4.4. For any smooth function f, p € [2,00], € [0,2 — %],

[IVPAQ + VA K01 15, S 077 2|07 ],
Proof. From Lemma 310l and Lemma [3.2]
[IVPAA+ VB, K0f .
SP<lVIPA(A + Ay ) KM f ||y, + D N[ PyA(A + /BBy K(®)f |2,

N>1

< | APA%(A% — Al E(t.6,n HLP(A<1 1P<i fllpy, + Y NP||A%(4% — Al K tanLp e Lz

Ty
N>1

_1_8 2
SO

Proposition 4.5. For any smooth function f, 5 € (5,

V170, 0K () f |5 <
(i), |vVo,0,K fHLoo ~
Moreover, for any B’ € [0,2],

i), (VI VO,aK W SO

(4.1)
Proof. From Lemma [B.1T] and Lemma [3.2]
IVPO0KO s, < PV oK OS5, + 3 NPtk O] 5,

N>1

S A% K (4 €| 2 asny IP<1 Dy, + 32 NP nOK @& mllz amIPN S,
N>1

S W75 P fllny, + 0772 > N2 Paslly,
N>1

<Oy,

By the similar way, using [8.47) and (348]) (¢ = 1) instead, we get (ii). For (@1l), we use the
special estimate (3.53]), and get

1917 V0,05 1) f 1, < 147 400K (1€ 0)| o 1 ] 12,
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<7 s,

0
Proposition 4.6. For any smooth function f, 8 € [0,1],
@), (19170, (0 ~ 20 K(0)f | 2, < (67 F (V)74
V17419, (9 — 20) K (®)f [ 1, < 7% (V)PS5 ;
(iii), INCAGY —Aat)K(t)fHLg% < (t) 1H 1+fHL2 .

Proof. From Lemma B.I3] and Lemma 3.2

19170y (0 — A0) KD 12,
S |P<ilV 170y (0 — DOV W)z + D N7 Prdy (0 — Ad) K (2)

N>1
< || APn(0y + A2 K (t,€,n HLz (a<pllP<ifli, +N NP ||n (0% + A0 K (8, HL2 (A~N) HPNfHLl
>1
SO IPaafllny, + 0773 D N Pl
N>1

SO,
Moreover, by B54) (g = o) and (FE58) instead,

191720, (0 — A0 KD ] 1,
S || P<lVIPT 0, (0 — AG) K ( me +[[P21V0y (0 — A0 K ()Y | 2,

HA‘”1 (O + AP0 K (4,6 0)l| oo a1 P1 Fll 22, + 1 An(Oue + A%0) K (€| e oy 1€V 1] 2,
SO Wz, + O N9 e,
Sl % V' Flr2,

Similarly, by @34) (¢ = 2), @58), and Sobolev’s inequality,
V0, (0 — AO) K (¢) fHLg%
S [[P<1V0, (90 = B0 () | 1y + [ P10, (90 — A0 K1) |
< || An(Ou +A2at) (t,&m HL2 (AS1) HP<1f”L2 + | An(8y +A28t) (t,&m HLOO(A>1 HfHLoo

SO 1] 5.

Proposition 4.7. For any smooth function f, p € [2,00], € [0,2 — %],
_1_8 2
H‘v’BA(att - Aat)K(t)fHLgy 5 <t> o2 H<V> v +B+fHL}Ey’

Proof. From Lemma [3.10] and Lemma [B.14], the operator A(@tt - A@t) (t) obeys the same

estimates as A (A + 4/ Aayy) . Hence the lemma follows from the same way as in the proof
of Proposition .4l O
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Proposition 4.8. For any smooth function f,

|80 = 20, = KD 5. S O F min { (V)T Fliyrz. | (V) Fllny, |-
Proof. From Lemma and Lemma B3.2]

| A (O — A, — A)K(t)fHL%y
S| P<1A@n — 20 = MED) 5 + Y [[PvA@Gn — A — MK @) f| .
N>1
< 1A% (0u + A%0 + A2)1?(t,g,77)HLEL%O(ASDHPSJHL;L%
+ N§>:1 |42 (01 + A0, + AK€, 77)HL§L;;<>(A~N) HPNfHL;Lg

SOV g

Further, by the Sobolev inequlity, H(V>%+fHL;L§ < H(V)HfHL;y, we prove the lemma. O

Proposition 4.9. For any smooth function f, 2 <p < oo, and 8 > %,

1 _2

(i), [0:(0u — A0 = A)K@)f || o, S O V)7 Fllua

.. _3 1

(ii), Hvax(att — Ay — A)K(t)fHL%y Sty H<V>2+fHL;L§;

(it), [[IV1°05(00 — A0, = MK @) |z, S @73 g,

(). V100 — 20, — MKz, S () min {[(F) Ly, + 1) a5 .
Proof. From Lemma B.I7 and Lemma B8, we find that £(0y + A%0; + A?) and A¢n obey the

same LP estimates. Hence, the parts (i) and (iii) in the present proposition can be obtained by
the same way as Proposition 2] (i) and (iii). For part (ii), by (3.69), (B.70) and Lemma [3.2]

Hvax(att — A0y — A)K(t)fHL%y
< || P<1V Oy (00 — ADy — A)K(t)fHL%y + Z | PnV 0y (00 — Ay — A)K(t)fHL%y
N>1
5 HAé(att + A28t + A2)I?(t’5’77)HL§L$]°(A§1)HPSlfHLgch%
+ Z “Ag(att + A28t + A2)I?(t’£’n)HL§L%°(A~N)HPNfHL}CLg
N>1
SOV E Fllpare.
Similarly,
|IV1°0, (0 — A0y — A)K(t)fHLg%
S|PtV 0000 — A0 = MK f]] 0 + D 1PNV (O — A0 = A)K (D f
N>1
S HAgg(att + A28t + Az)[?(tv57n)“LéL%(ASU||PS1fHL;L?2!
3 A€+ 270, + AR (1) 30|
N>1
SO f s
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At last, we use the Sobolev inequality, ||g||L310L§ < ||(V>%+g||L;y, to complete the proof of the
lemma. O

1],

Proposition 4.10. For any smooth function f, B € [%
(), [0uel0r — 20, - i fHL2 S min{< AT Py 01190 Flly, b
<n> [1V12 0.0 (84 — Aat fHL2 ST e,
(iii) Haxx (O — Ay — fHLoo ~ 1”( > fHL2 .

Proof. From Lemma B8 and Lemma B3, we note that £2(0y + A20; + A?) and A&?n obey

the same LP estimates. Thus, the same way in the proof of Proposition (i) gives part (i)
in this proposition. Moreover, for part (ii) from B.74]) (¢ = oo), B706) and Lemma B.2]

191702 (0 = A0, = MK O] .

< HP§1|V|Bamm(att — A0y — A)K(t)fHLgy + Z HPN|V|Baxx(att — A, — A)K(t)fHLgy
N>1

< ||APEX (O + A%0, + A2)K (t,€,1 HLoo a<nllP<ifllzz,

+ D NOER O + A0+ AR (€| oo (o 1PN F ] 12

N>1
SO s,
Similarly as (i), and using B74) and @74) (¢ = 2) instead, we get (ii). O
Proposition 4.11. For any smooth function f, 1 € [%,2],52 €[0,2],
@, [IVI7 (0 — A0, fHLz SN s
(i), [V (0 — Aat > fHLQ <O 2V s,
(iii), ||V(Ou — A8, — t)fHLoo S 1H< Y fll,s
(iv), [[A(0n — AG; — t)fHLoo SO flles,-
Proof. From Lemma BI9 and Lemma B2
[V (0 — A0, — fHL2
S| P<rl V17 (@ — AD = Or) K(0)F ||z, + Y [IPNIVI7 (O = A0k = 0aa) K ()| 1
N2>1

< HABl Ot +A2at +€ ) t 5 n HL2 (A<1) HPSIfHL}w

+ Z NBlH(att + A2at +€2) t7€777 HLSW(ANN)HPNJCHL}W
N>1

_B1 _
<O E TP
By [B.83) and (B.85)) instead, we have
V172V (8 — A, — me

S P11 (00 = A0, = 0a) K(0)f |, + [| P21 | VI (0 — A0,

5 HABz—H(att + A2at + 52) t7€777 HLgf](ASl)”PSlfHL?w
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+ (1A% + A%, + 52)f{(t=57”>HL;§;(A21)HP21<V

SNV e,

Simlarly,
IV (0 — 20, = 0u) K (O ]
S HA att +A2at +£2) tv&vn HLI (A<1) HP<1f||L1
+ZNH 8tt+A28t+£) tg) HLl (ANN HPNfHLl
N>1
SO flla,;
and

1201 — 20k — 0ua) K1) ]|
S HA2 att +A26t +£2) tvé.vn HLQ (A<1) H})<1f||L2

+ZN2H 8tt+A28t+£) té.’r}HL2 ANN HPNfHL2
N>1

<79 Lz,

]
Proposition 4.12. For any smooth function f, 8 € [0,2],
@, [[IVI°0:(0u — Aat fHL2 < min {0 E (VB (07 FIN9) 2, §
(i), Hat 3tt — A0y — fHLoo ~ 1”( >0+fHL;y';
(iii), ||V (O — Aat fHLoo SOV >O+f||Lgy§
(iv), HAat Oy — A0y — fHLoo A<J min {(t>_1|](v>1+fHL%y, <t>_1HfHLg‘;}

Proof. From Lemma and Lemma 3.2]
H|V|Bat(att — AQy — A)K(t)fHL%y
<PV 00 — 80~ MK f| 12, + 3 | PYIVP 00 — A0~ MK 2,
N>1
S HAgat(att + A28t + Az)j(\v(t’ £, 77)HL§71(AS1) HPSlfHL;y

+ D N7)|0(0e + A%0: + A2)f((tv5777)HL§,7(A~N)HPNfHLiy
N>1

< <t> min

~

5 ﬁ+1 _9

G }”P<lf”L1 + ZNB 1HPNfHL1
N>1

S (1)~ (v s,

~

Similarly, using (3.91]),
H‘V’B&t Oy — A0 — A)K (t) fHL2

S (A2 P ARG, () + A28, + AMK (t,€,n M e 1697 £z,

SOV 2 e,
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Moreover, by ([B.86]) and B88)) (¢ = 1),
1040 — N0y — A)K(t)fHLg%

S Hat(att + A28t + Az)[?(tv5777)HL§77(AS1)HPS1fHL;y

2 110k(0u + 420, + AE (@t E M|y o [P F 1,
N>1 !

SO flln,

Using (3.87) and [B.88)) (¢ = 2) instead, we have (iii). While using (3.88)) and (390) (¢ = 2),
we have ||Ad,(0y — AO; — A)K(t)fHLOo < ()7 H<V>1+fHL%y. At last, by the special estimate
zy

B91)), we have
| A8y (O — Ay — fHLoo < || A%0,(8u + A%0, + ADE (8,6, HLoonHL
SOl
This finishes the proof of the lemma. U
Proposition 4.13. For any smooth function f,
1800, (8 — A0, = KO f 5, SOV f Nz,
Proof. From Lemma [3.21] and Lemma [3.2]

180,09 — 80, = MK 2. = [[(V) 7" 20:0,(9u — 20, = A)E B}V |z,

V)~

< 142 2 2

< |[(A) A0, (9 + A%0, + ADK (8 & e V) F 2,
3
2

SO 2V e,
O
Proposition 4.14. For any smooth function f, B € [0,2],
s (>IN0 (0 — A0, — A = ) K fHLz SO N e
|64t (Ort — Ay — A = 9y ) KK fHLoo S lHfHL2 :
Proof. From Lemma [3.22] and Lemma [3.2]
(V)2 PV P04 (0 — DO, — A — D) K0S 2,
S (47470 (00 + A0, + A% + )R (60| o 1 £ 22,
SO N e,
and
100 (O — DDy — A — 9y ) K fHLm |00t (O + A28, + A% + nz)l?(t,f,n)HLganHL%y
SO g2,
This proves (i) and (ii). O

Proposition 4.15. For any smooth function f,
1K1 (01l < @3RIy

|0e K1 ()F] 1, S min { () 7FNV) T F g, (O FID) Fl, |-
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Proof. From Lemma [3.23] and Lemma [3.2]

10N, S 1PEatf | p + D (1PN OS]z,
N>1

S HKl(t,f,77)HL§L%<>(AS1)||P§1f\|L;L§ + Z HKl(t,5,77)HL§L%<>(ANN)HPNfHL}CL§
N>1
1 1 1
S (O)TH(V)2 TV flles,

and
v
|01 () f|] o S | Per—x OuBa(8) - V] o + > PN KA ()£,

A
N>1

5 “A_lfl/a(t7€777)HLE7I(A§1)”PﬁlfoL}w + Z Hfl?\l(ug77)HL27I(A~N)”PNf”L}cy
N>1
_1
SOV S I,

~

Similarly, using the third estimates in Lemma B.23] we also have

|0: 2 0)f | 2 S OTTUVY Fllr,

5. LOCAL THEORY AND ENERCY ESTIMATES

This section presents the local (in time) existence and uniqueness result for (2.2]), which
can be deduced from the work of Kawashima [6l [7]. More importantly we obtain an energy
inequality needed in the proof of Theorem [I1]

Proposition 5.1. Let 1+ A > 0. Assume that (no, o, Vibo) € H°(R?) with o > 3. Assume
p=po=1+ng=p

for two constants p > p > 0. Then there exists Ty = To(||(no, to, Vibo)|ge) > 0, and a unique
smooth local solution (n, i, V) € CY([0,Tp); H° (R?)) to @2) with

p>p=1+n>p. (5.1)
Furthermore, for € and M given in the definition of X in (L3),
(O NUM (n, @, V) (0| < [[{V)M (no, @0, Vibo)[|, + QIUIIx), (5.2)

where Q(r) represents a polynomial of r with the lowest order at least quadratic.

Proof of Proposition [51]. The existence of the local solution (n, %, Vi) with the property (5.1)
follows from [0l [7]. The main effort of this proof is devoted to the bound in ([B.2]).

For any o > 0, we have, from oyn +V - @+ V - (n@) =0,
%at / (V)| de = — / (V)°V - @) (V) ndx — / (V)7V - (n0)) (V) n dz.

Using the commutator notation

(V)OV-, @n = (V)°V - (nid) — @ V(V)7n
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and integrating by parts, we have

/((V)"V-(nﬁ))(V)"ndx:/([(V>"V-, an) (V)onde — %/(V-ﬁ)(<v>”n)2dx.

It then follows from the commutator estimate
(V)7 V-, dlnlla S linllo (V) V|, + V]| (V)7 7l
and Holder’s inequality that

30 (109713) <= [ (909 - @)@ + Clanlo (V)70 (7)7 V], + 7]

§—/((V>”V-ﬁ)(v>”nda: )
+ (Il + 1V ) [9)°nl; + 219y vl

n||2

(5.3)

where C' is a large constant which may depend on p,p and may vary from line to line, and
A =1+ A\ Applying (V)7 to [ZI)) and then dotting with (V)7i, we have, after integration by

parts,
1
50 / (V) a@l* dae = Jy + o + Js + Ju+ T,

where

Ja= [0y (o a) - (9 ida,
Ji =) / V(V - @) - (V)i da,

Js = — / (V)° (p"'V6AG) - (V)i do.

We bound the terms on the right-hand side. Writing

Jy=— /[(V>”,ﬁ- Vi - (V)i dx + % /(v @) |(V)idl* de,

we have, by a commutator estimate,
~ (2
711 S IV lloo| (V) 7]
After integration by parts,

‘/(V>”(nVn) (V)i dx

SV ()12 (V)7 (V- @)z

Snllso [KV)7nll2 (V)7 (V - @) [l2-
That is ,

32 < [(9)°0 (9 (9 @) do -+ [l | (9)mle | (9) V],

< /<V>“n (V)7 (V- @) dz + |[nll3, 1{V)7nll3 + %II(VY’VUH%
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To estimate J3, we write
Jy = — / (V) (1) - (V)Y dr + / (V) (Vo) - Vid) - (V)i da
— [Uvyr o Vi (9 Vide ~ [ 57 (V) Vi da
+ /(V)U(V(p_l) Vi) - (V)i de.
Therefore, by a commutator estimate,
Js < —/p—1 (VY Vidl2 do
+ O Villloo [{V)7 (0™ D2 [KV) 7 Vill2 + C IV (p™ Y lloo (V) 7 @ll2 (V)7 Vil
Invoking (B.1) and using Sobolev’s inequality,
(V)7 (0™ N2 < Clp. D)I(V) T2,
IV (0™ Ylloe < ClP) V7]l c0s

we obtain, by Young’s inequality,
J3 < — //fl [(V)7V i de + C|| Vil (V)7 nll2[|(V)7 V|2
+ OVl (V)72 [{V)7 V]2

— o757 — o o= A o
S—/p LWVl de + Ol VS [(V)7nl3 + ClIValS (V) UH§+@H<V> v

Jy is similarly estimated as J3. Writing J; as

Jy=— )\/p_l V)V - il do — A/[<v>0,p—1]v i - (V) Vi dr

Y / (V) (V( )V @) - (V)i

we obtain, after similar estimates as for Js,

— o — — o [0 2d 5\ g
J4§—A/p LWV -l da + C V% (V)03 + O Va3 (V) UH§+@H<V> \

Since |(V)°V - 4|? < [(V)?Vii|?, for any A+ 1 > 0, we have

J3+ Jy < — /p_l (V) Vii* do — )\/p_l (V)OV - i) da

— o o~ A o7
+ C|IVa5 (V)7 nl3 + Ol Vall5 (V) u||§+5||(v> Vi3
5‘ o772
S—; (V) Vi|* dx

+ CIVEZ (V) nll3 + ClIVRIZ V) 7a@l3 + (V)7 val3.

2
op
To bound J5, after integration by parts and using ¢ = ¢ + y, we write

Js =/<v>"v¢- (V)T Vo dz — /p—1<v><’(wmp) (V)@ dx
- / (V)7 (VYA - (V) i de - / (V)7 (200) (V)"0 da.

I3

39

(5.4)

2

3.
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Since VY Ay = V - (VV) — V(| Ve|?), we have

‘/ UV (VoAY) - (V)i da| < C(p) Vel |[(9)7 V|| (V)70

<CIVHIE WYVl + 35|97Vl

By a commutator estimate and (54,
1T v - (e
<CIV (e IVl 197912 1(9)7 Vil + CUTI VI, 1) (=) 149Vl

A .
<C(IValZ + IVel3) IKV)7 VI3 + CIV) VIS [KV)nll3 + E)H(W”VUH%

Since (V)70 = (V)7 P<yv + (V)7 P>qv,

/ ()7 (2A0) (V) v do

<| [0 Can (v Pavas

<Clv[lslIn[l2]| A%l
+ Ol [0, |97 0], + Tl IDVT6 9 Poro]

A
<O (Iollss + 1)l + NIYIL,) ()7l + 1) V6IB) + g5 19Vl

+ ‘/(W“(%Aw) (V)7 P>rvda

Therefore,

A 2

J5 <C(Iolloo + IK9InI% + IEIVR[2,) (V)7 nI3 + (¥ ) VUIE) + £ (V)7 Vil

From 0y + v + 1 - Vi = 0, we have
%at / (V) V| da
__ / (VYT - (VYT Vep dr — / (V)Y (- Vo) - (V) Vi de

. / (V)7Vo - (V) Vida — / (V)7 (Vi - V) - (V)7 Vb da

1

+§/(v-ﬁ)|<v>0vw|2da;—/[<v>0,ﬁ-v]v¢-<v>0v¢da;.

Similar as above, we obtain

1

§at/|<v>0vw\2dx < - /<V>”Vv (V) VY dx

Ao

@II(W vi3.

Adding the estimates above, and taking o = M as in the definition of X in (L3]), we have
(V) (n, @, V) ()], SI[(V) (no, o, Vo)

+ [ (1 + (90 T2 ) [ (91 (0, .0

+ (V] + [IVEIZ) V)T VI3 +
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S (o T [+ [ 4517 dsQqU )

SV (no, @o, Veo) ||, + O QUUIx),
which gives (5.2]). This completes the proof of Proposition [5.1] O

6. THE ESTIMATES ON n

In this section, we shall prove that there exists some small constant ¢y > 0, such that

V) 2n() 2, < &) (I1Usllx, + co|Ux + QUIUIx)); (6.1)
V) En(t)llzs, < (072 (10ollx, + eollUllx + QUIUIx)); (6.2)
1) (®)llzz, S O (10sllxo + collUllx +QUUN)).- (6.3)

Moreover, it follows from Nash’s inequality, that
1 1
715y < 10712, 109)™ FIlE,
Using this inequality,
3 1 1
) 3n(0) ez, < 10903 (V)0 (0)]3,

Thus, we only need to show (G and (G3]). The rest of this section is divided into three
subsections. The first subsection recasts the integral representation given in Lemma 2.3, which
we call “reexpression” of n. This new representation further reveals the structure of the model
and is suitable for the desired estimates. The second subsection estimates the linear parts
while the third section bounds the nonlinear part.

6.1. The reexpression of n. This subsection recasts the representation given in Lemma 2.3]
More precisely, we prove the following proposition.

Proposition 6.1. The unknown function n obeys the formula,
n(t, x,y) = (Ln + By)(t; no, o, bo) + Ny (t;n, @, 1)), (6.4)
where (L, + By,) is given by
Ly (t; 10, o, bo) + Bn(t; 0, o, bo)
=—K(t) [8yA2¢0] + O K (t) [Adyto| — (O — Ay — A)K (1) [Opuo]

1
— (att — A@t)K(t) [ay’U(]] — §A Aany(t)’l’Lo + K1 (t)n(] (6.5)
and N, (t;n,d,v) is defined as

Ny (i, 1)) = /Ot 0 (O — Ay — A)K (t — s)Ny(s) ds
- /t A(@tt — A@t - A)K(t - S)N()(S) ds — /t Gx((‘)tt - A@t - A)K(t — S)Nl(S) ds
0 0
+ /t Oy (O — AOL)K (t — s)Na(s)ds + /t Ady (0 — A)K(t — s)N3(s) ds
0 0

t
2 / (Ot — Ay — D) K (£ — )(Da D + D, Av) ds. (6.6)
0
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Now we begin to prove this proposition. According to ([239]), (Z43)—([2.46]) and (2.50]),

t
n(t7$7y) :Ln(ta n(])UO)bO) +/ K(t - S)FO(S) dS,
0

where
Ly (t;n0, 1o, bo)
K(t)[(8y — Ady — A)9yn(0)] (6.7)
+ (O — A0y — A)K (1 )[ "(0)} (6.8)
— AK(t)[(9y — A9y — A)n(0)] + 9K () [(On — Ady — A)n(0)] (6.9)
~ SAVATLK (0 o] + Ka(t) o] (6.10)
and

Fy(s) :(85 — A) (0ss — AODs — A)Ny — 0, (0ss — ADs — A)Ny
— 0y(05s — AOs)No + A0y (0s — A)N3 — AN(Oss — ADs — Oy ) (0x Au + 0y Av).
To prove Proposition 61, we essentially replace 9¢n(0) and 0yn(0) in L, by the terms in
the equation of dyn. The terms in By, (t;no, Up, by) are the boundary terms that come from

integration by parts in the time integral fg K(t — s)Fy(s)ds. The details for deriving the
expressions of L,, and B,, are given in the following two sub-subsections.

6.1.1. Ly (t;n0, @, b). Since 8;n(0) = —8,u(0) — d,v(0) + No(0), by @21)) and [Z23) we have
G1) = — K(t) (0 — Ay — A)(0u(0) + 9yv(0)) + K (t)(dp — Ady — A)Np(0)
K (t)( = O2yyt(0) + Opayv(0) + 9:0;N1(0) — 85 No(0) 4 A0y (Ozzztu(0) + Oayv(0))
K (1) (0yyyv + Opyyu — OyyNo + 0,0y Ny — Ay N3 + NIy (Dyytt + Dyyyv))
(t)(att - Aat A)No(0)
t) [ANo(0) — 8:0,N1(0) — 0,0, N2(0) 4+ 8,AN3(0)] + K (t)[(0n — A — A)No(0)]
KﬁﬂaAw)+A@@Amm+A@@Amm]
Moreover,
©E38) =0y — AO; — (t)[0rn(0)]
=(0y — ADy — [ Opu(0) — 9yv(0) + NO(O)]
— 0, (0 — A@t A)YK (t)u(0) — 0y (0 — AGy — A)K (t)v(0)
+ (O — Ady — A)K (1) [No(0)] .

Further, since by (2.19),
AK(t )[(att — A9y — A)n(O)]

—AK(t) [A8,¢(0) + 8 No(0) — ANy (0) — 0z N1(0) — 9yN2(0) — A(0=Au(0) + 0,Av(0))];
LK () [(0n — A0 — A)n(0)]
_ﬁtuMA@¢ ) + 8:No(0) — ANG(0) — 0z N1(0) — 9yN2(0) — A(0xAu(0) + 0,Av(0))),
we have

63) =0,K (t)[(0y — Ady, — A)n(0)] — AK () [(8y — Ad, — A)n(0)]
= (0 — A)K(t) [0:No(0) — ANp(0) — 9, N1(0) — 9, N5 (0)]
+ (0 — A)K (1) [A0y$(0) — M(0:Au(0) + 9, Av(0))].
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Collecting the equalities above, we have
Ly, (75 n0, 1o, bo)

(t)[ (8 — DGy — A)No(0)] — (8¢ —

A)AK (£) Ny (0)

(6.11)

K (t) [0:ANo(0) + 0,0, N1(0) + 9,0, N2(0)]

K(t)[ANo(0)
(t) [8tN0( ) —
K(t)[8,A0(0
— MK () [0,0:Au(0) + 9,0 Av(0)
— MK () [0, Au(0) + 8,Av(0)]

- —A,/Aany

+at 0:N1(0

)[no + K1(t)[no]-

6.1. 2 B, (t; no,uo,bo) Now we consider the boundary term B, (t; no,ﬁo,go).

0K (0) = 0 K(0) = 0, we have

/Kt—s

—K(t - s) [(833

= — K(t)[(0n — A, — ANy

= — K(t)[(0y — Ady — A)N,

9y N2(0)]

— AQs — A)Ny(s)ds

(
+ 0, AN1(0) + 9, AN>(0) + %ANg(O)]
) — + (O — A0, —
)+ 8yA2<;5( )} + 0K (t)Ady¢(0) —
— 0, A%u(0)

— A, — A)Ny(s

()]

A)K(t)[No(0)]

- %A%(O)]
(6.12)

Since K(0) =

/aKt—s)(ass Ay — A)Ny(s) ds

/at (t — 8)(Bss — Ay — A)No(s) ds

0K (1) [(0r — A)No(0)]

—/ QK (1 — 5)ANy(s ds+/ DK (t — 5)(0s — A)No(s) ds

— — K(t)[(9y — A8, — A)N,

0(0)] =

O K () [(0r — A)No(0)] — 9 K (t)[No(0)]

+ / 0By — AB, — A)VK (t — s)No(s) ds.
0

By a similar treatment, we have

_ /t K(t — s)A(0ss — ADs — A)Ny(s) ds
0

:K(t) [(at -

—/OtK(t—s)E?x(

:K(t) [(at -

—/OtK(t— 50, (Dyy —

:K(t) [(at -

/Ot K(t — 5)A0,(

AQds)Na(s)ds

0s — A)N3(s) ds

A)ANy(0)] 4 0K (t) [ANo(0)]
0ss — A0y — A)Ny(s) ds

A)9;N1(0)] + 0K (t) [0:N1(0

A)ayNg(O)] + oK ( )[8 N2

- /t A(@tt - A@t - A)K(t - S)N()(S) dS;
0
/ O0p (O — AOy — A)K (t — s)N1(s) ds;

/a (O — A0y K (t — s)Na(s);
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=— K(t)[AdyN3(0)] + /Ot Ay (9 — A)K (t — s)N3(s) ds;

5\ / "Rt = 5)(0s — DD, — O (Bt + By A0) d
0
SN (8)[(0) — D) (0 Au(0) + 8,A0(0))] + A (£) [0 Au(0) + 3, A0(0)]
) / (O — A — ) Kt — 5)(0 Au(s) + Dy Ao (s)) d.
0

Collecting the estimates, we obtain that
By, (t; o, o, bo)
K ()[(0e — Ad — A)No(0)] + K (1) [(9r — A)AN(0)]
(1) [AND(0)] + K (1) [810:. N1 (0) + 8,0, N2(0)]
K (t) [0 AN1(0) + 8,AN>(0) + 9, AN3(0)]
— 0K (t)[0:No(0) — 92 N1(0) — 9y N2(0) — ANo(0)] — 0 K () [No(0)]
+ AK (8) [(0r — A) (0, Au(0) + 9,Av(0))] + X0 K (t) [0 Au(0) + 0, Av(0)]. (6.13)

The recasting above allowed us to cancel some of the troubling terms from ([G.12]) and ([GI3]) to
get (6.5]). This property is also valid for @ and v, which is important in analysis. The rest of
this section is split into two subsections to estimate the linear and nonlinear parts, respectively.

+ O K

6.2. Estimates on the linear parts L, + B,. In this subsection, we prove that
Lemma 6.2.
(V) (Lo + Bu)(t:m0, 0, B0)| > S(8) ™+ [Uollxo: (6.14)
[49)0a (L + Bu) (t: o o, Bo) | 2 S5 Ul x,. (6.15)

Now we estimate the terms in (6.5]). First of all, we consider K () [8yA2¢0] . By Proposition
41l we have

[P KOB,A%] s, = [AKO B e S O ol 610
Moreover, almost the same as (B.I6), and using Proposition B2 (i) (8" = 3) instead, we have
910K [5,8%0] |5, = |ATOwK® - [(7)9%0] s, S 09 P, . (617
Now we consider 0;K (t)[Ady1)g]. From Proposition 3l (i) (8 = 1), we have
9 O [800lls. = 98,000 - (9]l S 02> V], . (©15)
Similarly, by Proposmon (i) again (8 = 2),
0.0 020,00, = [ABAKDT) bl S O[Tl (629

Now we consider the term (0 — Ad; — A)K (t) [0uo]. From Proposition 9 (i) (p = 2) and
Proposition EI0 (i), we have

H att — A0 — (t) [a:cuo] HL%y A<J<t>_% H<V>3+UOHL;y§ (6'20)
(V) 0,(8y — ADy — A)K () [Dpuo] HLgy §<t>—1|](v>2+uo\\%. (6.21)

Now we consider the term (9 — Ady) K (t) [8yvo]. From Proposition (i) (8=0,1),
(V)2 (O — DI K (t) [9yv0] H% <(t)"z U<V>3+voHL;y% (6.22)
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()00 = A0 K (1) [Dyvo] || 12 S8 (V) o[ - (6.23)
At last, we consider the terms (6I0). For the first term —3A/Ady, K (t)[ng], from Propo-

sition 1] we have

(V)Y AV/B,, K ®)noll| . S 875 (6.24)
Similarly, by Proposition [£2] (i) (5" = 3),
1(¥)2:A VBB, K@)nolll 2, S 673 [(V)* o, . (6.25)
For the second term K (t)[no], by Proposition FI5]
oY B @O0l 2, S 07 (V) no| 5 (6.26)
(W)oK (Oalll . S O [(V)2 ol (6.27)

By the estimates (6.16]), (6.18)), (6.20), 6.22]), (6.24), and (6.26]), we have
H( > ( +Bn)(ta n(]vﬁngO)HL2
2,)

<673 ([0 Vol + (9 o
S Uollx,-
Similarly, by the estimates (617)), (€19), 621), (623, ([6.25]), and (627)), we have
H<v>ax(Ln + Bn)(t; n07710780)HL§y S <t>_%HU0”X0‘

u, + IO

M»—A

6.3. Estimates on the nonlinear parts N,,. By Proposition and Lemma [62], we are
left to prove that

(72N, @ )| S 07 (coll Ul + QUIUIX) )5 (6.28)
[(9)0uN(tim, 7)1z S (07 (coll UL+ QUITI))- (6.29)

First of all, we split each of the nonlinearities N;, j = 0,1,2,3 (which were defined in Section
2.1) into the low frequency part and high frequency part, which reads as

Nj(n,u,v,) = Ni(n,u,v,¢) + N (n,u,v,9), (6.30)
where
le (nyu,v,9)(t) = N; (n§<t>0401 s UL ()0.01, U< (£)0.01 ¢S<t)0‘01 ) (t).

Here we use the notation f<ny = P<yf. That is, each term in NV ]h contains at least one high
frequency part and the terms in N, ]l involve only low frequencies. Then we have

Lemma 6.3.
(V)N (w0 ) D], S OO 5= 0.3 (6:31)

IUII%
1—||Ullx

Proof. We only give the corresponding estimate on Ny, since the others can be proved by the
same standard way. By the definition of Ny in (23]), and choosing M large enough and e small
enough, we have, for any 2 < p < 400,

)

(9N 1,0, ) By, ST Prggpnn®] (o), + o)

H<v>4Nf(n,u,v,zp)(t)H% < (o =1,2. (6.32)
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+ 0@ 15, (K7 Pogoonul®) 15, + [TV Pogoorv(t)]
SO0 @V a(e)] . (O], + 06, )

)], (9 @) 5, + 10900 1, )]
SO [V x @7 ILx + S UL 81U x|

<P

~

)

This proves the estimate on Nj. O

This lemma provides explicit decay rates for the L'-norm of the high frequency parts in the
nonlinearities. Since the decay rates in the estimates are smaller than —1 (—1.03 indeed), the
corresponding nonlinearities are time integrable in the light of kernel estimates in Section [3
See Section as an example.

6.3.1. fg Ot (O — Ay — A)K (t — s)Np(s) ds. In this subsubsection, we will prove that

[0 [ oo — 20— 8= Mo as], SOH0E 639

Ty

H (V)O, /Ot By(8 — A, — AVK(t — 5)No(s) ds‘ .

Yy

< 71UN% (6.34)

First, we consider the piece of N}. By Proposition (i) (8 =0) and ([631)), we have

2
L3,

H<V>3 /Ot O (On — ADy — A)K (t — s)N[(s) ds‘

t
< [ Jou - 20 - a)xte - 0N, s
0 Ty
t 1
< [ =0 @)y, ds
t 1
S [=sahe e
0
SO7z|U%-
By the same way, from Proposition (i) (8 =1) again, we have
t
|2, / 010 — 20, — MK (t — N () s |
0 zy
t
< / | V000 — 80, ~ A)K (@ — sy @)NG )|, as
0 Ty

< [ =0 @ N o), ds

t
< /0 (t— )" s) 9 ds|| 1%
<O U

Remark 6.4. In the following context, we focus our attention on the low-frequency parts most

of the time, since the high-frequency parts can be treated standardly as Noh above, by using the

energy estimates. To simplify the notation, we only write n, u, v, for n< go.01, U< (50.01, V< (5)0.01, P ()0.01
in the low-frequency parts, if there is no confusion.
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Now we consider N} piece. By Lemma 320,

H (V)? /Ot (O — DDy — A)K (t — s)N)(s) ds‘

zy

t
< / Hvat(att — AQy — A)YK(t — 5) - (V) Pe pyyon (nﬁ)(s)‘ |, ds
0 zy
t
< / (t = )7 (9)° Pegoan (n) )] . ds
0 x
t
< [0 0 ol
0 Ty Ty
t
S [ (=87 00002 asju
0
SN
Also, almost the same, and using
10 nD)l123, < (I9emlzz, T2z, + Inllz, IV - sz, ) < ()~ U1 (6.35)
we have
t
H<v>ax / B,(8 — ADy — A)K(t — s)NL(s) ds(
0 Ty
t
< / [V00u — 20, — M)k (t ) - Pegynon (Vi) s)] s
0 Ty

< [ =97 0u ),

t
S [ (t= 97 asgu

_3
SOV
Therefore, we give the estimate (6.33]) and (6.34]).

6.3.2. fg A0y —AO—A)K (t—s)Ny(s) ds. This is one of most tricky terms. Indeed, regardless
of the loss of regularity, the best estimate one may get is

HNO(S)HL;Lg < ()7 HIU%

which is critical for integrable (and it is not integrable). We need some new argument to prove
the estimates followed,

_1
LSOO (630)

zy

H<V>3 /Ot A(Oy — A0y — A)K (t — 5)No(s) ds‘

<@ 7TU- (6.37)

2
Yy

H<V>am /Ot A(Oy — A0y — A)K(t — s)No(s) ds‘

According to the frequency, and the definition ([Z3): Ny = 0,(nu) + 0y(nv), we have
No =N§ + N
=Ng' + Ou(ne (oo Uug(so0) + Oy (ne(goor ugiaon)
=NG' + Ou(n< oo ug (o) + Oy (oo ve(y-m0) ds

+ ay(ng<s>o.01 U(s)*0~05§v§<s)0~01) + 8y(ng<s>o.01 ’U(SVIOS'S(S)*O'%)‘
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Similar as before, we denote f>n = P>nf and fn<.<m = Pn<.<umf here. Then by the fourth
equation in ([Z2): v = —dy) + N3, and the product rule, we further have

— Oy (8sn§(s>0~01 P<S>*10S'S(S>*O'O5¢) + other parts, (6.38)

where the other parts include the terms which Js hits P<g0.01 or Prg-10<.<(5)-0.05. By (6.38),
we split the term into several parts as follows,

/t A(@tt — A@t — A)K(t — S)NQ(S) ds
0

= /0 t A0y — AOy — A)K (t — s)NJ(s) ds (6.39)
+ /Ot A(On — A0y — A)K(t — 8)0z(n<(sy0.01 u<(gp0.01)(8) ds (6.40)
+ /Ot A(On — A0y — A)K(t — 8)0y(n<(sy0.01 v<(sy-10)(8) ds (6.41)
+ /Ot A(On — Ady — A)K(t — 8)0y(n<(sy0.01 Vs (5)-0.05)(5) ds (6.42)
+ /Ot A8y (O — Ady — A)K (t — 5) (n<(syo01 Pgy—10<.<(5y-0.05N3) (s) ds (6.43)
+ /Ot A8y (Dt — Ady — A)K (t — )05 (n< (5001 Prgy—10<.<(s5y-0.05) (s) ds (6.44)
_ / N0 (O — A, — AVt — 8)(Dne oo Prgy 1< o) (s) ds (6.45)

—i—o other easy terms, (6.46)

where the other easy terms is the corresponding terms from other parts in (G.38]).
The high frequency piece ([6.39) can be treated standardly as in Section [631] and thus we
obtain (the details of the proof are omitted)

v ez
_3
|[ma.@mm| , s®-Hui.
Ty
Now we consider the part (6.40]). By Proposition (ii) we have

v )|

1
< ($\~1 2.
L SOV

< /0 1P (001 VO (Bh — AD; — AYK(t — 5) - V(V)3(nus)(5)]|,, ds

2
Lz,

t
< / (t - 5)H| Pegyoor (VY *nullyy ds
0

t
s/@—@%@WW@*“wwwa
0

_1
SO
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By the same way, and using (6.35]) we have

[wo.@m],, = / (129t — )10 () |, ds

t
S [0 15— s Eas U IR S (0 HIU IR
0
Next, we consider (6.41]) and ([6.42]). First, by Bernstein’s inquality, we have
S () NV %

Hn§<8)0‘01 ’U§<8>710

Then by Proposition [£.8],
2k

t
5/ HA(att — A0 — A)K(t — S)ay(n§(5>o.o1 U§<s)*10)(3)”L§y ds
0

*1°HL§L5<> S (s

5/0 (t — 3>_iH<V>5(”§( y0-01 V< (s5)— )HL1L2 ds

< /0 (t - 5)~F ()09 (5)~5 ds|[U|%

_1
SO 71U
On the other hand, since

~

S ()%l e, 1V0llze, < ()70

Il 3, [[0> (005

by the same treatment we also have

|vrem|,, <ol
Therefore, we get
|7 (@ + @), <010l (6.47)
By using Proposition (ii) instead, we also get
|70, (@M + @) ||, < ®-Hulk. (6.48)

Now we turn to consider the part (6.43]), by Pr0p081t10n 4.8

H< > (IBI{DHLZ / HA 8tt—Aat A) (t—S)ay(n§<S>o.01 <8>—10§,§<5>—0.05N3)(S)HL2 ds

Yy

5/0 (t—s)~ i( 005Hn§ (5)0-01 P(5>710§'§<8>70‘05N3HL}W ds

< [0 =9l |
< /0 (5095151 — )~ ds|U|1%

_1
SOTIUN%- (6.49)
Also, using Proposition (ii) instead, we obtain

B (6.50)
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To prove ([6.44]), we integrate by parts to get
@A4) = — ADy (O — ADy — A)K (t)(P<ing Puitbo) (6.51)
+ /Ot A8y Dyt — DDy — D) K (t — 5) (n<(syo0r Plgy—10<.<(5y-0.051p) (s)ds.  (6.52)

By Proposition .8 and Proposition .9 (ii), the boundary term (6.5I]) can be controlled as
following,

|V @ED 13, SO VY Perno Prtbollzy, S (5 Inollzz, 1900l
102 @B ||z, <8~ 1(V)> Peano Paatbollzr, < ()71 [Inollzz, [IV%ollze,
To prove ([6.52]), we need the following estimate, for any € > 0,
[Prgy-10<.<(sy-0.05 Las S|V Prgy-10<.<(s y-0059|
<<8>_0'02H|V|5+E¢|\L3y S (77U x- (6.53)

~

Then using (358), [9T) and [53), we have
9P @EDlsz, < [ 470100 + 4%+ ADR (=600
UV (ngsyoon Prgy-10<.<(s y0058)| 12 d
<f t<t—s>—1<s>°-03unHL§yHP<s>wg.gwwu% ds
< [t omomon - g asiu
S 73U
Similarly,
V)0 @B, 5 [ 470000 + A0+ ARG 5,60
(V)02 (ne oo Pgy-10<.(gy-0009) || 5 @

! 1/.,0.03
S [ = (ol | Pg-mssi-soetlg + Il
0

;)

! 0.04—1
5/0<> (t— syt ds|U )%

_3
SOT1UN%
For the term (6.435]), since 9yn = —0,u — dyv + Ny, we have
t
©45) = — / A0y (O — A0 — A)K (t — s) (PS<S>0.01890U Prgy-10<.<(5y-0. 05¢)( ) ds (6.54)
0

t
_ / AOy (D — Ay — A)K(t — 5)(Pe 5001 Oy0 Py 102 (gy-0058) () s (6.55)
0

t
+ / A0y (O — A0 — A)K (t — 5) (PS<S>0.01 Ny P<s>71 <. <(s)=0- 051/))( )ds. (6.56)
0
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These three terms can be treated by the similar way. Now we consider the term (€.54]). By
Proposition €8, Sobolev’s and Beinstein’s inequalities, we have

t
H<V>3M)”L%y 5/0 HA(@tt - A@t - A)K(t - s)(“?y (P§<S>o.018xu P<8>—10§,§<5>—0.05¢) (S)HL%y
t

5/ <t_s>—i<s>0.01(3+%)

0

P§<S>O.018xu P<8>—10§,§<5>—0.05IbHL;Lg ds
t
5/0 <t . S>—i<s>0.06H8quL%y Hf’(5>—10§,§<5>—0.05”L/JHL%LZo ds
t
S [ te= ol g 191305
t
S [ = s) s o asju
0

_1
SO71UN%

Almost the same, we have the estimate on the term (6.53]),

O @Dz, 5 [ (6= 54600 oy0l] 5, 19120

ds
Liy

t
S =i o B s
0

_1
STk

Also, for the term (6.56l), we have
t
O @Dz, < [ (5= ) ]
t
< [ @079 ol 4
0 Yy

t
</0 (5)0-08-0-25-0.75-025 1y _ S>—§ ds||U|1%

L2rze || Plo-ro<<(s-00¥]| o ds

s |90

ds
Lgy

1
SO
Combining these three estimates, we obtain
_1
(V) @5) |2, < (O (IUIK + IU]1%). (6.57)

Replacing the operator A(0y — Ady — A)K (t — s) by Ady (O — Ady — A)K (t — s), and using
Proposition 9] (ii) instead, we also get

_3
(V)0 @F8)| 2, < (71 (IUIK + 1UIIX)- (6.58)
At last, we estimate ([6.46]). Since for any 5 € R, 1 < ¢ < oo,
105 P< ()5 fllzs S (8) ™ [ Pogsye £l o (6.59)
(see Appendix ([A.3)) for its proof) it is easy to prove that
_1 _3
(V) @Z8) || 2, S )4 1UIR;  110.@8) |2, S )+ 1U[I%- (6.60)

Collecting the estimates above, we establish (6.36]) and (6.37).
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6.3.3. fo (O — A0y — A)K (t — s)N1(s) ds. We shall prove that

V) [ 0u0n - 80, - A - M) a5, sOTHQUUI: (66D

2
L3,

<SO71QIUIx)- (6.62)

t

H/ 82O — ADy — AVK(t — s)N1(s) ds‘ .
0 Ty

As before, the estimate for the high frequency part is standard and can be obtained by Lemma

BI7 and (6.32). Thus we only consider the low frequency piece Ni. We first split Ny it into

two parts,

N1 = Ni1 + Nig,
where
—-Vn-V A Oy Oy MTVAN
Ni1 = —(u0pu + voyu) — i u—l—np( U+ Oy +n3;ﬁ w;

Nig = =0, A — ndyn — V - (nVu),
and write N! = N!; + N{, respectively. Then

/ 0u(0n — AD, — AVK(t — 5)N'(s) ds

0

= / t 0p (O — Ay — A)VK (t — s)NY, (s) ds (6.63)
0

+ /Ot Dp (O — ADy — A)K (t — s)Nly(s) ds. (6.64)
First, we have
Lemma 6.5.
INL Iz, S 67 QU x)-
Proof. By Holder’s inequality and Bernstein’ inequality, we have

1)nllzz, (IVullzz, + IAP< (o0 (Deste + Byl 2, )

INh s, SIVallzs, Iz, +

1—[nllrg
Illza, 1012, | Pegoon Al 22,
1—nllLg
- B V) nllcz, (IVullzz, + ()OI @l gz, + ()M 10: 0] 2, IVl 22, )

Ty

(1)~0-25-0.75 U1 + I1U11%
1-[|U]lx

<)

N

or ([6.63]), by Proposition @ ( ) and Lemma [G.5]

¢ &z

0z (0 — A0y — A)K(t — )<V>3N{1(3)‘

LQN

N/o (t— )72 ()" N ()]s, ds
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' _ g5 (g)0-04-1
s/o (t — 5”5 ()1 QU )

SH71Q(IU]|x)- (6.65)

Replacing 0, (0 — Ady — A)K(t — s) by Oy (O — AJy — A)K (t — s), and using Proposition
(i) instead, we get

|mo.m],, < [ @97 @eo QUi s @ eUUIy). (660)

Now we consider the part (6.64]). Since

Nig = =V - (8, V + nVu) + %ax(\vw) - %&cmz%

we have,
t
©6d) = — / 0p (O — A0y — AYK (t — 5)V - (0,0VY +nVu)(s) ds (6.67)
0
t
+ %/ Op (O — AO, — A)K (t — s)ax(|v¢|2 —n?)(s)ds, (6.68)
0
where 1) and n lie in the low frequency. For (6.67)), by Proposition (ii), we have

H (V)3 ([6.60) 5/0 VO, (0 — ADy — A)K(t—s) - Peg0.01 (V) (0 + nVu)(s)HL%y ds

2
L;vt

t
S [ 6= O 10,0V, + I Vugioanley,) d
0
t
_3
S [ (= @00 lz, IV, + iz, iz, )

t
S [ =8 o0 0B asu
0

<O7TU% (6.69)
Moreover, by Proposition 101 (ii) (8 = 1),
H <v>ax(m\ S /O t V022 (Dht = A0 = DK (t = 5) - Pegoor (V) 00V + nVu)(s) | ds
< [t P 0, + I Voo, ds
< /0 i 8) 1) (10l 2, V9l s, + 1l 2, lullzgs) ds
< [t oo asu g
<1 Uk (6.70)
For (G.68)), by Proposition 101 (i), we have
H<V>3(IBESI) L2, e /ot 020 (O — Ay — AVK (t — 5) Pegyo.01 (V)? (|Vh|* — n2)(3)HLgy ds

t
< / (t— )1 ()05 ||Vl - n2),, ds
0 zy



54 J. WU AND Y. WU
¢ 1 0.05
< / (t - 5" P (1V0l 12, V4] 2, + Inllcz, lInllzz, ) ds

< /0 (t - 5)"1(5)°% ()% ds||U[1%

SOTNU. (6.71)
Moreover, Proposition (ii) (8 =1) again,
(w0, @) S /0 V0 0 — DD, — MK (t — ) Pegoon (V) (V0 — n?)(s)]| 5, ds
S /0 - )71 ) ([ Vg - Voscigoor 15 + [0, ) ds
< [ 4= 970 (1002, IVl + 0l Il ) s
< [te- a7 emom o asjuly
SO~ HU% - (6.72)
Collecting the estimates in (6:69)(672), we have
| Emm|, <@ Fe(ui); (6.73)
|@o.@m|,, < H-euly). (6.74)

Therefore, we finish the estimates in this subsubsection and thus give (6.61]) and (6.62)).

6.3.4. fg Oy (O —A0;) K (t—5)Na(s) ds. This term is at the same level as 0, (0y — A0, —A) K (t—
$)N1(s)ds. Indeed, the two symbols have the relation

n(Oy + A%0;) ~ % (O + A0, + A?),

Therefore, by the same way as Section [6.3.3] (details are omitted here), we have

[0 [ oou - sone -t a |, stoiQUUln):  (073)

2
Lz,

(w30 [ o0~ 20K = Ve as] , s07HQIUIN). (6.76)

2
L3,

6.3.5. fg A0y (0 — A)K(t — s)N3(s)ds. This term is at the same level as fot(at — A) (O —
A0 — A)K (t — s)No(s) ds. Indeed, the operator A(0; — A)K (t) has the same decay estimates
as (0y — A)(Oy — A0y — A)K(t). Moreover, we shall show that the nonlinearity d,/N3 has the
same estimates as Ny. Indeed, as the part d,(nu) in Ny, the part 9, (u0,v) in N3 is subcritical
in integration (decay rate larger than —1), so it is easy to treat. For the other term

Oy (VOyY) = Oyv Oyth + VO,
the first piece is easy since it is subcritical in integration again. So one may find that the
trouble is from the piece vdy,1). However, by the third equation in ([2.2]), one may find that
ayyﬂ) + ayn - _8xx7)[) - at'U + Av + )\(&cyu + ayyv) + Na.

Since the right-hand side in the identity is decaying faster than the each piece of the left-hand
side, we roughly obtain that
Oyyth ~ —0yn.
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Thus, the estimates on vy, can be reduced to the ones on vdyn, which the most trouble
piece in Ny and we have dealt with it as before. So by the same way, we establish that

<H71Q(IU]1x); (6.77)

)3 /0 Aay(at—A)K(t—s)Ng(s)ds‘L2

Yy

<H71Q(IU]1x). (6.78)

00 [ 80,00~ &K (- )Vl s

Ty
6.3.6. )\fg(att — AO; — Opa) K (t — 5)(0:Au(s) + 0yAv(s)) ds. This indeed is a linear term, to

use the continuity argument, we need some small bound. To do this, we set Ty = ¢ 6 and
assume that ¢ > 2Tp, otherwise it is concluded in the local theory. Then from Proposition TIT]

(ii) (B2 =2), we get

H (V)27 /0 (O — A — D)t — 5) (020 (s) + 0y Av(s) ds(

ny
t
< [ [av@n - 20 - o)kt~ 5) - (9|, ds
0 Ty
t
5/ (t— )7 |[(V)4as)|] . ds
0 ry
t
< [ =97 asulx
0
_1 -1 1
SOz UNx ST, "0~ 3|Ullx
eoft)~T(|Ux, (6.79)
where we have used (by choosing M large enough)
. 1——
(VY a(s)]] s (v HLz < ()75 (U1 x
Similarly,
[wa / (0 — 20, — 0. )K (1 — )(0.2u(s) + 0, 80()) ds|
t
5/ (t = )7 (9 0gii(s)| 1, ds < eo(t)"1||U| x. (6.80)
0 x

Now collecting the estimates obtained in Section B.3.I}-Section [63.6] we obtain (G.23).
Combination with ([GI4)), gives us (G1J).

7. THE ESTIMATES ON u

In this section, we shall prove that

lu()llzz, < 7= (10ollxo + A [Ullx +QUIUx)); (7.1)
I(V)u)llzz < &7 (10ollxo + A Ulx + QUIUIx)):; (7.2)
IV ubllzz, S 671 (100l xo + N Ullx + QUUIUx)); (7.3)

(V) Oaut)llzz, < (& (10ollx, + A UlIx + Q(IU1x)). (7.4)
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7.1. The reexpression of u. Similar as the expression n in Section [6.1], we give the reexpres-
sion of v and prove that

Proposition 7.1. The unknown function u obeys the formula,
u(ty x, y) = (Lu + Bu)(t; no, 607 50) + Nu(t; n, ﬁa 1/})7 (75)
where (L, + By) is given by
Lu(t;no, i, bo) + Bu(t; no, o, bo)
= — K(t) [8xyA¢0] — 8tK(t)[8yyu0 — 8gcyvo]
1
—A(A + \/A&u,y)K(t) [uo] + 0Oy — Ay — A)K (1) [uo], (7.6)
and N (t;n,d,v) is given by
Nu(t;n,d, ) = / 0 (0 — ADy — A)K (t — s)No(s)ds
+ / E?t(att - A@t —A— 8yy)K(t - s)Nl(s) ds
/ OpyOr K (t — s)Na(s / OpyAK (t — s)N3(s)ds
t
A / (Ot — DD, — A (t — ) (Ouwu(s) + Opyo(s)) ds.  (1.7)
0

The proof of this proposition will occupy the rest of this subsection. First, according to
(239)), using (Z57) and integration by parts (see details in Section [[LI.2]), we have

t
) =Lutino. o, Bo) + [ K6 = 9)F(5)ds
0

t
— L (t: 110, @0, bo) + / K(t - s) [ — 0y(Bys — Ay — A)Ng + 0(Dss — ADy — A — By )N
0
+ 92yOsNa — uy AN + Mgy — Ay — A), 0y (D + ayv)] ds
:Lu(ta no, ﬁO) 50) + Bu(ta no, UO) 50) + Nu(t7 n, Ua ¢)
Here

L (t’ no, ﬁo, g())

K(t)[(0s — A0y — A)Dyu(0)] (7.8)
+ (O — A0 — A)K(t )[ U(O)] (7.9)
- AK( ) [0 — A — A)u(0)] + 9K () [(85 — Ady — A)u(0)] (7.10)
A\/Aany ug + K1 )’LL(), (711)

and B, (t; ng, o, 50) is the boundary term given below. Now we give the explicit expressions
of L, and B, respectively.
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7.1.1. Lu(t;no,ﬂ’o,go). By the equations (2.2 and (2I9) at ¢t = 0, we have
(O — A0y — N)Ou(0) = [(9n — Ay — A) (Au(0) + A(Dzzu(0) 4 O2yv(0)) — 9n(0) + N1(0))]
=(0y — Ay — A)Au(0) + (O — Ay — A)N1(0)
— 028, 89(0) + 0 No(0) — ANg(0) — 8:N1(0) — 9, Na(0) — A8 Au(0) + 8,A0(0))]
+ X0y — DOy — A) [052u(0) + Dyyv(0)]
=(0u — AO, — A)Au(0) + (O — AJy — A)N1(0) — 9y Atp(0)
+ [ = 2102 No + Ad:No(0) + 92e N1(0) + 9y N2 (0)]
+ X0y — ADy) [Drou(0) + Dpyv(0)].
Thus,
[C8) =K (t) [(0n — Ady — A)Au(0)] + K () [(0y — Ay — A)N1(0)] — K (t) [02y Ab(0)]
+ K(t)[ = 0:0:No(0) + 9, ANo(0) + 91 N1(0) + 9y N2(0)]
+ MK (1) [ (91 — A04) (022 (0) + Duyv(0))].
Similarly, by the equations ([22]) and (22I]) at t = 0,
(T3 =(9 — A, — AYK (1) [Au(0) + ADyou(0) + 01y 0(0)) — m(0) + N (0)]
=(0n — ADy — A)K (t)[Au(0) — 0;n(0)] + (8 — A — A)K (t) [N1(0)]
+ A0 — A0y — A)K (1) [022u(0) + 8zyv(0)];
CI0) = — AK(t)[(0 — A — A)u(0)] + 0K (t) [(On — ADy — A)u(0)]
— — AK()[(On — Ad — A)u(0)] — 8,0 K (1)[u(0)]
+ 0K (t) [D2yv(0) + 9y N1(0) — 03 No(0) + A0y (Dzau(0) + Dzyv(0))].
Then collecting the estimates above, we have
Lu(t;no, o, bo)
=K (t)[(0n — A9y — A)N1(0)] + K (t)[ — 8,0, No(0) + 82 ANy(0) + 022 N1(0) + 9y N2(0)]
+ (On — A0y — A)K () [N1(0) } + 9K () [0:N1(0) — 02 No(0)]
K(1) [8wyA¢ ] O K (t)] yyu( ) = Ozyv(0)]
+ (O — A, — A)K (1) [Au(0) — 0:n(0)] + MK (1) [(Onr — A8;)(zzu(0) + Dryv(0))]
+ )\(att — Ady — A)K () [Dzau(0 )+8xyv( )] + ALK (t) [0 (D2eu(0) + 8yv(0))]

— A\/Aany ’LLO +K1( )[ ]

7.1.2. By(t;ng, do, bo). Now we consider the boundary term B, (t; ng, dp, 50). By integration
by parts, and arguing similarly as in Section [6.1.2] we have

—/OtK(t—s)[ax — Ads — A)Ny(s)] ds
=K (t)[(8; — A)0:No(0)] + 8K (t) [0 No(0)]
_ / Ba(Ous — DB — AVK(t — 3)No(s) ds:
0
/O UKt — 8)[04(0s — MO, — A — 8,)N1(5)] ds
=~ K(t)[(0n — A0 — A = 0y )N1(0)] = O (1) [(0 — A)N1(0)]
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0K (B[ NL(0)] + /0 00O — MG — A — 8, Kt — 5)Na(s) ds:
/O Kt — )[00y05 Na(s)] ds
= K (1) [0y Na(0)] + /0 Dy (t — 5)No(s) ds:

)\/0 K(t — 5)[(0ss — A5 — A)Ds(Dpgu(s) + Opyv(s))] ds

=— \K(t) [(&t — A0y — A)(0zpu(0) + amyv(O))]
— XK (1) [(0r — A)(Oau(0) + O5yv(0))] — AIpK (t) [0rzu(0) + Ozyv(0)]
+ A /t(ﬁtt — Ady — N K (t — ) (Dpau(s) + Opyv(s)) ds.
0
Therefore, we obtain the boundary term By, (; ng, dy, I;o) as
Bu(t;no, o, bo)
=—K(t) [((%t — A0 — A — 8yy)N1(O)] + K(t) [Z?taxNo(O) — 0,ANp(0) — &CyNg(O)}
+ OuK () [0 No(0) — 0:N1(0) + AN1(0)] — 9 K () [N1(0)]
— MK (t)[(81 — A8 — A)(9zzu(0) + Bzyv(0))]
Together with the result obtained in Section [.T.1], we have
Lu(t; no, ﬁo, 50) + Bu(t; no, ﬁo, 50)
— — K(8) [0y AV(0)] — B (D] u(0) — Dyy0(0)]
+ (O — A0y — A)K () [Au(0) — 9,n(0)] — %A A0y K (t)[uo] + Ki(t)[uo]. (7.12)
The terms can be further simplified. Indeed, by (B:23),

(O — A8, — A)K()[Au(0)] — %A Ay, K (H)uo + K1 (t)uo
= [%A(att — A0 — A)K(t) - %A\/ Aﬁny(t)] [u(0)]
+ [ 800 — 80— A () + K (1)] [w(0)]

=A@ — A0)K(H)[u(0)] ~ A (A + /A8) K (5)[u(0)
+ 8t(att AN A)K(t) [’LL(O)] . (713)

Using (I3) and (7.I2]), we have (Z.6). Now we split into the following two subsection to
consider the linear parts and nonlinear parts separately.

7.2. Estimates on the linear parts L, + B,. In this subsection, we prove that

Lemma 7.2.
Lo T _1
12t 20, 0, Bo) + Bu(ts mo, o, bo)| ()72 1ol xo:
(V) Lu(t; no, o, bo) + Bul(t; nOaﬁO7EO)HLg<Z>/ S M 1ol o

- 7 - 7 _3
1977 Lut: mo, o, o) + Bt mo. o, Bo) | 5, (0~ F1Vollxes
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(V)05 Lu(t:no, o, Bo) + Bu(timo. o, Bo) | 5 <00 1Volx,-

To prove this lemma, we will show that each term in (6] obeys the estimates claimed in
the lemma. Since it is quite direct by the same agrument in Section 6.2 we only give the
sketch of proof. For example, the first term K (t) [3xyA¢0] can be proved by using Proposition
and Proposition as follows,

1

um[amywo} i, =IV0n K@) - (V0] o S 0 MO V], (714)
() K)oy ], =¥02 1) - [(9) wo]um @], (715)
mvw« D0, =197 90, K0 - [F60] 5, S 07O Vo], : (716)

(7.17)

(V)0 K (8) [9ay Aol || 5 =[[V 020, K (2) - [(V WoH!Lz S OV Yol -
(t

Similarly, the estimates on the term 0,K (t)[0y,uo — Ozyvo] follow from Proposition The
estimates on the term (9 — Ady — A)K (t) [0,n0] can be obtained by using Propositions
and IOl The estimates on the term A(9y — Ad;) K (t)[uo] follow from Proposition Bl The
estimates on the term A(A +/ Aﬁyy)K (t) [uo] can be proved by Proposition E4l At last, The
estimates on the term 0;(0y — Ady — A)K (t)[ug] can be shown by Proposition

7.3. The estimates on nonlinear parts A,. In this subsection, we establish that

IVuts @ )| <0072 (100lx, + 1N IU]Lx + QUIUIx)); (7.18)
H<V>Nu<t;n,a,w>um < (I0ollx, + A U x + QUIUIx)):; (7.19)
VPNt @)l 2 S073(Tollx, + N T x + QUIUTX)): (7.20)

(230Nt @, )| SEOT (1ol + AL IU]Lx + QUITIL)). (7.21)

By the definition of N, (t;n, 4, 1), we estimate it terms by terms in (Z1).
7.3.1. fo (O — AOy — A)K (t — s)No(s) ds. In this subsubsection, and we prove that

H /0 0u(0 — A0, — MK (t — 5)No(s) ds| ., <3 QUIU )
v) /0 00Dk — A0, — MK (t — 5)Nofs)ds| . (1) QU]
[I4E /0 0 (O — DD, — A)K(t = $)No(s) ds|| ;. S(0)71Q(IUx);

t
V)0, [ 000 = 80~ DK (-~ 9)No(s)ds]| 5, SO Q).
0 x
The treatment is similar as what in Section First, we rewrite

t
/ O0p (O — A0, — A)K (t — s)No(s) ds
0
t
:/ Dp (O — AOy — A)VK (t — s) NP (s) ds
0
t
+ / am(att - A@t - A)K(t - S)(Tl§<8>0401 u§<5>0.01)(8) ds
0

t
+ / axy(att — A@t - A)K(t - S)P§<8>—0404 (n§<5>0.01 ’U§<8>0401)(S) ds
0
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t
+ / axy(att — A@t - A)K(t - S)P2<8>—0404 (n§<5>0.01 ’U§<8>0401)(S) ds.
0

Furthermore, by (B38), we also split it into several parts as follows,

/0 000 — DD, — AVK(t — 5)No(s) ds
= /Ot Dp (O — Ay — AYK (t — s) NI (s) ds

+ /0 (Ot — A, — AVt — 8) (oo 1 o )(5) ds
+ /0 00y (O — Dy — AVt — 5) Py 001 (e o v gyoon)(s) d
+ /0 00y (O — Dy — AVt — 5)Po ) 001 (e o vy 10)(s) ds
+ /0 00y (O — Dy — AVt — 5)Po ) 001 (s o vy 005)(s) d
+ /Ot Dy (Ot — A0y — A)K (t — 5) Ps g)—0.04 (n< (9001 Prgy—10<.<(5y-0.05N3) (s) ds.
- /0 (O — DDy — AV (t — 5)Po ) 001 (e goon Prgy- 10y 00518) (s) d

¢
+ / 8xy(8tt — A@t — A)K(t — 3)83 <P><8>70404 (n <(s >0 01 P< > 0<. §(5>—0.051/)) (S)) ds
0
+ other easy terms.

Again, the other easy terms is the corresponding terms from other parts in (G.38]).

(7.22)
(7.23)
(7.24)
(7.25)
(7.26)
(7.27)
(7.28)

(7.29)
(7.30)

As before, the high frequency piece is standard, and thus the estimates on (Z.22)) are omitted
here. Now we consider the term ([Z.23]), by Proposition [L10] (i) and interpolation estimates,

WEHM%SA\QA%—A@—AMU—$Mgwm%@MM$MQ®
< [t nzggnor nuom )] 0
< [t s, )
S R L P O ER O P
< [t om0 aulg
SO2 U

Similarly, by Proposition (iii) instead,
| @2, < / Jocs(Bu — 20~ )t = s)<gopor o)), s

5%@—@ (5003 gyoon o) (3)ll 52, ds
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S [ =97 (e iz,

u(s) HL%; ds

t
S [ =700 s U
0
SOTUE-
and by Proposition 0 (ii), for any § € [%, 1],

|V @z, S /0 19100001 — A0, — MK (1~ ) (V) (o o)), ds

2
L3,

ds

2
L3,

t
5/ (t — 8>_# <S>0'02H(n§<5>0.01 u§<8>0‘01)(8)‘
0

~

t
S [ 900 s U
0

_1+8
2

S U,

where f =~ and § = 1 (which turns to 0, ([7.23])) are the estimates we want.
Now we consider (.24]). By Beinstein’s inequality, and Proposition (ii), we have

t
VP, < /0 191902y (O — A0, = AV (¢ = ) Pegy-von (nggoon veggoon)(s)]| 1z ds
t

</ (s>_0'O4BHV6m(8tt — A0y — A)K (t — 8) P<g)-0.0a(n< (001 U§(5>0.01)(s)| ds

~

0 L2y

t
< (= 8) ) OB | (e 001 veay0.00)(8) ds
; <(s)0:01 V<(s)

LLL3

”(S)HLngo ds

t —s_%s_o'owns 2
S [ =97 (s g,

S/W—srﬂ@*wﬂdwww%
if =0, we obtain i
@2, < OV
if 8 =, we obtain
VP @2, < 0 I0I%

By using Proposition (iii) instead, we have

t
H(V>(m>‘ ng 5/0 HV(‘)x(att — A@t - A)K(t - S) P<<s)*0<04 (Tl§<8>0401 U§(5>0'01)(8)HL§@ ds

t
5/ <s>_0‘02H\V1%8x(8tt - A@t - A)K(t - S) P<<s)*0<04 (n§<5>0.01 v§<3>0‘01)(8)HL°§>} ds
0 x

t
5/ (t — S>_1<S>_O'O2H(n§<8>o‘01 U§(5>0'01)(8)HL1 L2 ds
0 x
t
S [ (=87 T Bln(s)lnz, [[v()]| 13 e ds
0 Y =y

t
5/@—@*@VWPWﬂw&
0
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SOTHUIR-

By using Proposition 10! (ii) (8 = 1) instead,

t
H<V>ach)||L%y 5/0 ||V8m(8tt — A@t - A)K(t — S) P<<s>70.04 (nS<s>0.01 US<S>0.01)(8)| ds

Liy
¢ 1

S/ (t—s)~ ||n§<s)0~01 ’US<S>0.01||L%y ds
0
¢ 1

S [ =9 e, o) 5,

t
< /0 (t— 5) M) OB U )%
<O U

We consider the terms (7.25)-(7.28]) together. First, we show that the nonlinearities in
these terms satisfy the following same estimates. Let

I1(s) é|(77JS<S>0.01 US<S>710)(S)‘ + ‘(ng<s>o.01 U2<s)*0~05)(3)‘
+ ‘(ngs)om P<8>710§.§<8>70405N3) (S)| + |(asn§<s>o4o1 P(S>710§.§<8>70405¢) (S)|
Then,
TT($)][ 10 ()" Q(IU1x)- (7.31)
Indeed, by Sobolev’ and Beinstein’s inequalities, we have
[(n<(syoor v<(sy=10)llL2rz Slinllzz, lvs-w0llrz e
S(8) 7 nlle, llvllcz, S (8)7HIU IR
[ (n< (syo.01 Uz(er»OS)(S)HL;Lg SHHHL%yHU2<8)*0<05HL%L§°
S in 1z [Vollzz, S ()7 20 1%
also, recall N3 =4 - V1,
| (n<(gyoon P(s>*10§v§<s)*0~05N3)(S)HL;L% Shnllzz, il 22 Lo IV g,
S(s) OB TOTOBH TR S ()UK

Since Oyn = —0,u — dyv + N, we have

|19sm<apoor Pgy-ro<.<oy-008l| 3 5 S (| Pegsyoo oml| g | Prsy-10<.<y-005 ] 0
SOOI - 13, + P Nollzz, )| IV1E 50
NPV -z, + ez, Nl NIV . S (9572001 + 101,
Thus we have (Z31]). Now from Proposition (ii), we have
V(@2 + -+ @) 5,

t
< / V0,01 — A0, — A)K(t — 5) Pegyoor (VII(s) | 2, d
0
t
< [ =9 e R0 usz ds
0 Y

S /Ot@ — )71 ()72 dsQ(|U ] x)
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_3
SOT1QIUx)-
This estimate concludes the estimates what we want on H T28)+- - -+ ([28)) H 72 and H IV ((C28)+
Ty
-+ ([T23)) HL2 . Similarly, by Proposition (iii), we have
Ty

(o@D + -+ @)

t
< / 102y (81 — DOy — AYK(t = 5) Peisyon (V)T1(3)]| 15, ds
0

t
S [ =9 ) 1

~

SO QUx)-
Now by Proposition (ii) (8 =1) instead, and by Beinstein’s inequality we have

[(9)0. (@D + - + @) .,

t
5/ Hva;m;(att - Ac‘?t - A)K(t - S) P§<8>0401 <V>H(S)”L%y ds
0

! L o) 1(g)003-1.2 g
</0 (t— s ()05 12 45Q(|U 1)

~

t
< / (t = )71 ()"9%)| P o TL(s) | 12, ds
0

t
S [ = O ) 1y s

~

-1
SO QUIUIx)-
Similar as (6.60), it is easy to treat the term (30]), so we omit here. At last, we consider
the term (7.29]). Integration by parts, we find

(m = 8xy(8tt - Aat - A)K(t)PN1 (PSlno PN1¢0) (732)

- /0t<t B S>_1<S>0.04—1.2 dSQ(”UHX)

t
— / 8y(att - Ac‘?t - A)@tK(t - S)Pz(s>*0»048x (n§<5>0.01 P(s>*10§~§<s)*0<051/}) (S) ds. (733)
0
By Proposition (ii) and (iii) and Proposition (i), the boundary term (32]) can be
controlled as following. For 2 < p < oo,
IS RS
VDN g, <0 (V) (Peamo Paatio) s, S (64 Imollza, IV ollzz,
(V) 8: @32 2, S I(V) P<aino Paatbolley, S ) Hinollzz, Vol 2, -
The first estimate gives the desirable estimates on ||(Z32) 12 , [[|V|"(C32) | 12, and [(C32) || L -
Now we consider (7.33]). By Proposition (i) (8 =2) and (653]), we have

t
H(IEE)HL%y 5/0 HA@t ((%t - A@t — A)K(t — S) (n§<5>0.01 P(s)*10§~§<s)*0<051/}) (S)”L%y ds

t
</ (t — S>_1<S>0'01Hn§<5>0.01 P(S>710§.§<8>704051/J|’Lgy ds
0

~

t
</0 <t—s>_1<8>0'01HnHL§yHP(SVNS'S(S)*O‘OE'szLg% ds

~
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t
S [ e s om0y
0
_1
Sz UN%.
Moreover, since v > %, by Proposition and ([6.53]), we have
t
H ’V"YGBZ{DHL% 5/0 H ‘V’7+18t (att —AG — A)K(t — 5)0y (n§<8>0401 P<8>710§,§(5>70.05¢) (S)HL%y ds

t .
5/ (t — S>_T’Y (|02 (n§<5>o.01 P(S>710§.§<8>704051/1) ”L%y ds
0

! ity
5/0 (t =) 2 ([0nllzz, [ Psy-10<.<(o)-005¥l g + InllLgg 1024 (l22, ) ds

+

t 1

< /0 (t— s~ F ()L ds| U 1%
_3

< Hul.

For |[(V)@33)||,. , we need some special treatment (which will be used frequently below).
Ty
By Beinstein’s inequality and Proposition .12l (iv), we have

(V) @33)|

t
L, 5/ HP2(3>*0~048y6t (61% — A0y — A)K(t — s) 0,(V) (ng<s>0.01 P(S>*10S'S<S>*O'O5¢) (S)HL% ds
e 0

t 0y (V
< / | A0 (01t — DDy = A)K(t — 5) Ps(g)-008 y<A> Or (g0 Prgy-10<.<()-0.001) (5)| 25, ds
o _
¢ 0, (V
5/0 (t — S>_1HP2<5)*0~04 y_<A>ax (7’L<s>70~04§v§<s>0~01 P(s>*10§»§<s)*0~05¢)‘ . ds.
zy
Now we claim that
0y (V _
HPZ@MM y_< A>am (ngy-00a . (gy001 P<8>710§.§<5>70.05¢)\ LSOO (730

Yy

Indeed, by Littlewood-Paley’s decomposition and (6.53]),

0y(V
HPZ(SVO'M y—<A> O0x (n<8>704o4§.§(5>0.01 P<8>710§,§(5>70.05¢) ‘

L3y

< Z Nt H@x (nN P<8>710§,§(5>70.05¢) HL;O + HP21<V>O+3I (n1§.§<8>0401 P(5>*10§~§<s)*0405¢) HLgO
(s) 004 <N<1 ’ !

S N 10enwllig 1Py -10<.<sy-00 | o + [Inv || Leg, || Prsy~10 <. < 5y -0.05 00| s )
(s)70-04<N<1
+ (||<V>O+amn§<s>o.o1||Lg<7;||P(S>710§.§(5>70.051/)||ng + ||<v>0+n§<s>0<01||Lg§’/||P<s>*10§-§(5>*0'056{E¢||Lg§’1)
_ _ 1 1_
S Y N 0enlle, | Pgy-10<.<(y-00tl e + N 1||n||ng||6m||z%y||vam||z%y)
(s)70-04<N<1
+ ()T (V) unll 22, |1 Prsy-10<. <oy -0059 | g + ()™ % [nllrgs 1029l 22, )
SO U

This gives (T34]). Using (7.34]), we further obtain that

[V @D, < [ =79 a0
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SOHU
For H(V>8I(IE3|)HL2 , similarly, by Proposition {.13] instead and the same treatment to
Ty
I(V)@33)|| ;. . We also have
zy

-1 2
V)0 @3] 5, O IV
Collecting the estimates obtained above yields the claimed estimates in this subsubsection.

7.3.2. fg 0t (O — A0y — A—0yy) K (t—s)Ni(s) ds. This is the most troubled term in this section.
Indeed, we take one of the terms in Ny, 0¥ A for example. We have the estimate

3
109029 |1y, < 10:9ll22, 1Az, S ()7 1UII%-

But this is far from integrable, even weaker than the term in [6.3.21 Therefore, some special
techniques which heavily depends on the structure and the Fourier analysis, shall be employed
to deal with it. The main estimates we state in this subsubsection are the following

| [ 0 = 80— & 0, K (¢ = 5)Na(s) ds ) <(0F QUL
1(9) [ 010 = 800 = & = 0, Kt = 9Ni(5) s, <07 QU L)
WVW/() 01O = A0y = A = 0y ) K (t = ) N1 (s) ds| 5. SO7IQUIUx);

()0 [ 0100 = 20— A= 0, (¢ = 5)Na(s) ds| 1, 107 QU

According to the frequency, we also split Ny into N and NJ pieces. The estimates on the
high frequency piece Nlh is standard and we omit the details. Now we continue to estimate
the low frequency piece N{. However, one may find that direct estimate fails. To overcome
the difficulties, firstly, by using the first equation in ([Z2]), we rewrite Nj as

Ny = — (udpu + v0yu) — n[Au + MNyptt + Oyyv) — Opn] — 2ndpn — Dptp A¢)
n n2Au + n2\(Opptt + Opyv) N nOz A
p p
— —n(Ghu—Ny) = V- (0,4V) + 896(%\%!2 —n?)
N n?Au + n*N(Opptt + Opyv) N NP ALY
p p
=—O(nu) + Onu—V - (0,9VY) + 8x(%|V1/)|2 —n?)
n n2Au + n?X(Opzu + Ory¥) n n@mzﬁAqﬁ,
p p

— (u0yu + voyu)

+nNy — (u0pu + vOyu)

Let

N n2Au + n2\(Opput + Opyv) N nOy AP
& P (135)
N14:—8t(nu); N15 =-V- (am¢v¢), N16 :8x(§|vw|2—n2)

Ni3 =0 u + nNy — (u@xu + vayu)

and write N! = Ny + ... + Nl;. Similar as Lemma [6.5] we have
INisllzs, < ()72 QUIUIx). (7.36)
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Remark 7.3. Note that
O — A0y — A — Oyy = (att — AQy — A) — Oyy,

and Oy + A%20;+ A? has almost the same estimates as A|n|, so one may regard O — A0 — A —0yy

as Oy — AOy — A with no differences. Thus the linear estimates concerned Oy — Ady —

hold for Oy — A0y — A — Oyy. Accordingly, we will not mession the difference below.
Hence by Proposition (i) (8 =0) and (ii), and (Z3G)), for p = 2, 00 we have

t
\% / Oy(Oh — A0y — A — Dy ) K (t — 5)N{5(s) dsHLgy
0
t
f,/ Haﬁ(aﬁf — A% — A = 0y ) K(t - 3)<V>N{3(S)HLZQ ds
0
t
S [ =97 UONlny, ds

! a1+ 194001
< / (t— 5)" 5 (s) dsQ([U]x)
0

S
SO TPQUIUx)-
By using Proposition 121 (i) (8 = 7, 1) instead, we also get the following estimates,

t
97 [ 010 = 801 = A = 0,1t = )Ny (5) sy, <0 F QU

V10, [ 0h0u 80— 5= 8K - )N 6) sy, S0 QU )
For the piece Ny4, we integrate by parts, to get
_ /0 D00 — DD — A — 0y K (E — 5)0s(nu)(s) ds
=0y (O — DDy — A — Dy ) K (t) (nouo)
- /Ot O (O — Ay — A — Oy ) K (t — s)(nu)(s) ds.

For (T31), as in Proposition IM we have

@D, < )2Q(IUollxo); |V YZ3D)| o < 1Q(lonllxo)
VP @3D ., < ) 71QUITollxe); [1(V)0 (m)HLz < 7' QUIUolxo)-
or (Z38)), we find

I(nw) ()2, S In(s)llzz, luls)llz S ()~ QIUIx)-
Now by (7.39) and Proposition f14] (i), for 8 = 0,~, 1, we have

DIV @3,
5/0 H(VHV\ﬁ(%t(@tt — A0y — A — 0y ) K (t — s)(nu)(s)HL%y ds

S [ =) )]z,

ST Q(U ] x)-

A also

(7.37)

(7.38)

(7.39)
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This gives the desired estimates of ||[([Z38)||,, ,||[V"@33)||,, ,|[(V)0.@3])||,, . Further-
Ty Ty Yy
more, from Proposition 14 (ii),

HWNBEDHL% 5/0 |00t (Ot — A0y — A = 0y ) K (t — s)(V) (nu)(s)]| 2, ds
< /0 (t = )7 [ Pegaoon (V) (o) (5)] . s

< [ s e Qo)
0
<1 Q(IU]Ix).

Thus we finish the estimates on the piece Ni4.
Now we continue to consider the piece Ni5. First we write

O YV Y :8x1[12<s>70.05 Vi + 8901[)S<s>70.05 V¢S<s>70.04
+ PZ(SVO'M (axwg(syo.os V¢2<8>70404),
and thus

t
/ 8t(8tt - A@t A 8yy)K(t - S)N15(S) ds
0

t
— / OV (O — A0~ A= Dy )K(t = 5) - (0uths 9005 VO + Dyt -0 Vibe(gy-on ) ds
0
(7.40)

- / OV (0 — A0 — A — 0,)K(t—5) - Ps (001 (85t< () 005 Vs (oy-0.01) (5) ds.  (7.41)
Since tlfe first two parts have the estimates
02t -0 V..
<ot g-oms Lz [0l < (00905 [ 7]

S5O0 S (5) T2 U

~

Lgy

1929 <sy-005 V(0o 5

N e o P
sy S ()R

~

we can treat them together. Therefore, by Proposition 121 (i) (5 = 1) and (iii), for p = 2, o0,
we have

(V) @3], < /Ot |09 (00 — 20— A = 9, K (1~ 5)

() (Dt (5008 Vb + Outhc g -005 Vg 004 ) (5)

Ly

ds

p
Ly

t 1
SJ/ t—s) "o ds
0 Ly

<V>1+ (8x¢2<s>—0.05 Vi) + 8x¢§(s>*0~05 VI/JS<S>70.04)

~

t
S [ = s O U ds
0

141
S |0
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By the same way, and using Proposition (i) (8 =1+ ~,2) instead, we also get
_3
VP @I . s HUllx: (V) O, @I 12 S U
or (ZAI), we use the argument to treat ||(V)(Z33)||,.. before. Indeed, by Proposition
Ty
(i) (8 =2) and (iv),

[T, S [ 80000 ~ 201~ & - 3,5t o

V)V
P2<s>70,04 —<—>A . ((9:01/JS<S>70.05 V1/12<S>70.04)(8)‘ Lz,
! _ V)V
S/O (t —s) 1HPZ<S>O'O4<_—>A . (6m¢g<s>70.05 V¢2<s>70.04)(8)‘ e,

Similar as (Z.34)), we have

V)V
<—>A (0xth<(sy-005 Vihs(g)-0.01) (5) ()" [ (Ot (s)-0.05 Vi y-004) (5)]| s, s,

and thus it is less than (s)~%%||U||3 when p = 2; less than (s)~%0%||U||3 when p = co. Hence,
we obtain that

H(m)HL2 < 73U H\V!"(ﬂiﬂ)Hm SOTHUI: (v (IEII)HLOO SOV
For ||(V)d, (41| 72 » we use Proposition LT3 instead, to get
Ty
(V)0 m”m S O

Thus we finish the estimates on the piece Nis.
Now we consider the estimates on the piece Nig. To do this, we swap the places of the
operators 0; and J, via integration by parts, and get

t
/0 (O — DO — A — 0, K (t — s)@m(%|v¢|2 — n?)(s) ds

1P 008

0, (O — AD — A — 8yy)K(t)(%\V¢0\2 —nd) (7.42)

t
+ / O0p (O — A0 — A — 0y ) K (t — 3)85(%]V1/1\2 —n?)(s) ds. (7.43)
0
For (T.42]), as in Proposition IZZL we have
[ (v PP )72Q(| Vo x, ); [ (v NS 1Q(IIUOHXO)

VP @I, < ) 1Q(IUollx0); || (m)HLz < 7' QUIUolxo)-
or (Z.43]), by the first and fourth equations in (22]), we have

1
at(§|w|2 —n?) =V¢ - (=Vv + VN3) = 2n(=V - 7 + Np)
=—V¢ -Vuo+2nV - -d+ Vip- VN3 — 2nNj.
Thus similar as Lemma [6.5], and using interpolation, we have
1 _
||<V>363(—|V1p|2 = 12|, S ()7 QUIUIX). (7.44)
Then by Proposition [ ( ), we have

V) @ZD|| 1, = | [0x0 - 20— & -0,k — ) <V>as(%|vw|2 —n?)(s)|

ds
L%,
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< ' 1+ 34 (1 2 _ 2
S (t — s) pH(V> 85(§]V1/1\ —-n )HL;y ds

t
< / (t— )75 () dsl|UI%
0

SOM 9
By using Proposition (iii) (8 = =) instead, we obtain
[V @Dz, < 6101
While by using Proposition 10 (i) instead, we obtain
()0, @ZD[ 1, < O V-

Thus we finish the estimates on the piece Ni5. Now collecting the estimates obtained above,
we finish the proof of the claimed estimates in this subsubsection.

7.3.3. fg OpyOr KK (t—5)Na(s) ds. This term is in the same level as fg O (Op — A0y — A —0yy ) K (t—
s)N1(s)ds, so we just give the sketch of proof. Indeed, similar as above, we rewrite Ny as
Ny = — (u0v + vOyv) — n [Av + MOyt + Oyyv) — Atp — 8yn] — 2n0yn — Oy A
n2Av + n2)\(8xyu + Oyyv) — n2 Ay n noy Y Aip
p p
—n(dw — No) — V- (0,9 V) + ay(%\vw —n?)

n2Av 4+ n2X(Ogyu + Oyyv) — n2Az N noy At

p p
= — O(n) + v — V- (9,V) + ay(%|w|2 —n?)
n2Av + n?XN(Opyu + Oyyv) — n2AY n nayﬂ)Ai/)’

p p

— (u0yv + vOyV) +

+ nNy — (u0zv + vOyv) +
Let
n2Av 4+ n2A(Ozyu + Oyyv) — n?A¢ N ndy YA
X p P (7.45)
Noy == 0i(nv); - Nos = =V - (9,0V) + 9y (5| V[* = n?).

By the same arguments to treat the piece Ni3 and Ni4 respectively as above, we obtain the
disable estimates on INog and Noy. Moreover, the piece Nos is similar as Nig. Indeed, we
change the places between 0, and V, then

t
/ Oy Ot K (t — s)Nas(s) ds
0

Na3 =0 v+ nNy — (u0yv + vOyv) +

:/0 0y V - O K (t — 5)05(0yV)(s ds+/ OyyOr K (t — )0 ( Vi[> —n?)(s) ds.

Since the operator 0,, VK (t) obeys the same decaying estimates as 0, (0 —Ady—A—0,, ) VK (1),
we can obtain the disable estimates by the way to treat Nig. Therefore, we get that

I [ Gustutc (¢ = )Nets) s, <00 QUL

V) [ = sy <07 QU
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97 [ dmicc = s)¥ats) s, <007 T@IU
V10 [ (e = Nas) ) S0 Q)

7.3.4. fg OpyAK (t — s)N3(s) ds. The same reason as in Section [6.3.5] we find
c‘?xyV ~ Ox((‘)t - Aat - A), and VNg ~ N().

Therefore, the term fot OzyAK (t — s)N3(s)ds can be treated by the similar way as fo (Ou —
A0y — A)K (t — s)No(s)ds, and thus we get the estimates (the details are omitted here)

t 1
| [ 0nAR (=Nl s, S HQUIU )

v) /0 Duy NK (£ — 5)N3(s) <O QUUx):

97 [ 2 ARG = Nals) ds] ) SOHQUVIN;
)0, / Oy AR (t — 5)Ns(s) ds]| 5 <00~ QUITx).

7.3.5. A fg (O — A0y — A)OLK (t — ) (Dpgu(s) +Ozyv(s)) ds. We will prove in this subsubsection
that

IX [ (= 201 = )UK (0 = 5) Drels) + Duyos)) a1z, <OHA U

VA /0 (O — A0, — D) (t — 5)(Dnzu(s) + Duyo(s) ds| . SO [U]x:
1912 [ (0 = 80— D)0UK (1 = 5) Oerss) + o (s) ds] 5, S0 HN [0

t
v>amx/ (O — DDy — A)RK (t — 8) (Dut(s) + Dy () ds]| ;2 SE AU
0 *y

To do this, we first write

A / (Ot — A0 — AUK(t — )(Dusuls) + Dayols)) ds
0

t/2
:)\/ (E?tt — A@t — A)@tK(t — S) (amu(s) + axy'U(S)) ds (746)
0
A / (O — A0 — MKt — ) (Orwu(s) + Dryo(s)) ds. (7.47)
t)2

By Proposition (i) (B =2), we have

t/2
5‘)“/ | A0 — DO, — A)OLK (t — )i

()] 2, ds

<|>\|/ (t— sy~ )|, d N|>\|/ (= $)~1s)~% ds|[U]|x
<IN 2T x.
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By using Proposition (i) (B =2), (iv) and (iv) respectively, we also get
197 @3B, < M) 31U
1\ mHLw N6 UL
(V)0 @ZB)|| o < 1A U ]x-
While by Proposition (i) (B=1),

sw/t |90~ 20, M)LK —5) V-ls)] . ds
<w/ (t - )3 () sV x
SN2 U] -
Thus, we give that
|)\|H/0t(8tt—A@t—A)@tK(t—s)(ﬁmu(s)+8myv( sl 5, <N ULx.

Similar argument, we obtain that
t
\)\HHVP/ (O — A0y — N)O K (t — s)((‘)mu(s) + 8xyv(s)) dSHIﬂy < \)\\(t>_% Ul x-
0 x

However, to estimate ||(V)(ZZD)||,.. and ||0,(CZT)|,, , they are much difficult. The reason
is that we do not have ’ ’
t

/t/2<t — ) Hs)THds||lU|x < C) MU x, (7.48)
due to the unboundedness of the integral on the left-hand side as t — oco. It is also worthing
to note that ftt/2 (t —s)~179(s)~ 1 ds||U|| x is bounded by the right-hand side for any positive d.
However, we have such a d-loss in (T.48]). To overcome the difficulties, we split the operator
K(t) into two parts,

K(t) = Kq(t) + Ky(2),

where K, K} are defined by

Ko (t,€,n) = X|§|§A2K(t7§777)§ Ky(t,€,m) = X\g\zﬂk(@fﬂ?)-

Therefore,
@417 =X //t (On — A0y — D)Ko (t — ) (Dngu(s) + Opyv(s)) ds (7.49)
t/2
+ A /t (O — A0y — D)DKy (t — 8) (Ogauu(s) + Oyv(s)) ds. (7.50)
/2

In the following, we only consider ||(V)d,([TAT)||,, . The estimate ||(V)({ZAD)|| Le canl be
Ty

treated by the same way, or one may get it by interpolation directly.
By B8), we have

A0, (0 + A%0, + A?) Ko(t,€,1)|

— _1 _ &
SXjgj<az (xaz1e” + Al¢|xa<ie 4At+ﬁe 2a2')
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[ 3 —142 ¢ e,
§XA2126 + A%xa<1e” 17"+ =56 247

A3
<)z,
Therefore,
t o~
(V)0 @ID 1, SIA /t/2 14601 (0 + A%0, + A% Ka(t = 5,6, 0)| e [(V)V - iH(5)]| 5 s

t

SN[ (= )72 () ds||U
t/2

SIAE U Lx- (7.51)

Now we consider the term (Z50]). To this end, we give some analysis on Kj(t) first. By (3:23)),
we have

04 (O + A2, + A2 Ky(t,€,m)

1 ~ ~
= 5142 (8tt + A28t + A2)Kb(t7 3 77) + X|§|2A2K1 (t7 3 77)7 (752)
where K is defined in (2.48]) at the beginning of Section 2.4l Therefore, we have
1 t
(m 25)\ A(@tt — A@t — A)ath(t — S) (amu(s) + 8xy’l)(3)) ds (753)
t/2
t
+ A Kiu(t—s) (8mu(s) + amyv(s)) ds, (7.54)
t/2

where K1 4(t,£,7) = X¢»a2K1(t,€,7). By @), we have
€A? (att + A%, + A2)I?b(tafﬂ7)’ S ASXASle_%AQt N <t>_%-

It obeys the same estimate as A£0; (8tt + A%0, + A2)I/(\a(t,£,77). Thus, we have the same
estimates on (Z53]) as (Z51]). By the definition of K4, we have

_— 1 ~yazy [Ta gz A, 1 YN ey TRyeEwTH
Kl,b(t,f,ﬂ) :ZX|§|2A2€( ? 4 nl) +ZX|§|2A26( 2 4 D)

1 1w LAt gz | 1 SR YRy ERT

-+ ZX‘E‘ZAQG( 2 1 |77‘) + ZX‘E‘ZAQE( 2 1 ‘77|) .

It includes four parts, and each part has the bound of e~ i4% S0 we may only consider one of
them. In particular, let the operator K.(t) be defined by

K, 1 LAy TAN A2y Al
KC(t7£’,’7):ZX|§|ZA2e( 2 K1y 7 p2Aln|)

for w1, ue = +1. Then we have

)

K (t—s) = K.(t)K.(—s).

Since K, is bounded from L? to L?, we have

[(¥)0:A | Kelt = ) (aat(s) + Dayo(s)) ds|| 5.

12
—I\[[ (V)0 /t e OR5) @u(5) +00y0(5) 0

Y

< /t/z | Ke(®)2a Ko =3) ((V)V - () ., ds



THE COMPRESSIBLE 2D MHD SYSTEM 73

ﬁMLJ@ﬂQP@Wﬂvwwn

t e~
[ IR s 6o T ),
t/2 &n v

t
QMLJw%MWMSMWYWWM

ds
zy

Therefore, we prove that
|(¥)0. @D, S 1AE T ]x

Now collecting the estimates obtained in Section [[:3.1}-Section [[.3.5] we obtain (Z.I8])-(7.21)).
Combining with the estimates in Section [T.2] gives (Z.I)—(C4).

8. THE ESTIMATES ON v
In this section, we shall prove that
lo@)llz2, S 072 (Wollxo + A U Lx + QUIUx)): (8.1)
(V) v(®)llz S (7 (10ollxo + AU x + QU X)); (8.2)
lo@®)llzzLee < )71 (1Tollxo + AU x + QUIUIIx)); (8.3)
IV Ie@)llzz, < &1 (10ollx, + A Ulx + QUIUIxX)); (8.4)
V) Vo2, < O (10ollxo + AU x + QU x))- (8.5)
Note that by Nash’s inequality, and Sobolev’s inequality, we have

L L 1 1
@z e SIo@ 2z 10,0z S lv®lIZz V)Vo@Iz, 5

L L
IV Pe@)] 2, Slo®lzs, 1KV)VOIZs -

Thus ([B3]) and (84]) can be established by 81 and (83, and we only need to prove (&1),
B2) and B.3).

8.1. The reexpression of v. Now we give the reexpression of v as

3
1
3
1

()~
()~
()~
()~

)

Proposition 8.1. The unknown function v obeys the formula,
v(t,x,y) = (Ly + By)(t:no, @, bo) + Ny (t;n, @, ), (8.6)
where (L, + By) is given by
Ly (t;no, iio, bo) + Bu(t; no, o, bo)
=0, K (t)[0nytio + Oyyvo) — (O — Ay — 020) K (t) [Atho] + (O — AJy — A)K (2)[Av(0)]

(B~ AONKO[m0] — LA + /BT K (D) [en] + 400 — A8~ 0:0) K1) o],

and Ny(t;n, u,1) is defined as

Ny(t;n,d, ) = /8 (O — A K (t — s)No(s) ds

+ / E?taxyK(t - s)Nl(s) ds + / E?t(att - A@t - E?m)K(t - S)NQ(S) ds
0 0
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t
- / A(Op — A0y — Oy ) K (t — s)N3(s) ds
0

S\ / 00O — DOVt — ) [Duyu(s) + Dyyo(s)] ds. (8.8)
0

Now we begin to prove this proposition. Again, using (Z58]) and integration by parts (see
below for the details), we have

t
olt, 2,y) =La(t: no, G0, bo) + / K(t - s)Fy(s) ds
0

=L (t; 10, o, bo) + /t K(t—s) { — 0y(0ss — AO5)No(5) + 050,y N1 (5)
£ 0,(0us — 80, - Dur)Na(s) — A(Dre — A0, — 0.1)Na(s)
+ A(Dss — AD)s (Duyu(s) + ayyv(s))] ds
=L, (t; no, o, bo) + By (t; no, o, bo) + Ny (t;n, @, 1)).
Here according to (2.39]), we denote
Ly(t; no, o, bo)

—K(8)[(0 — A, — A)3yo(0)] (8.9)
+ (O — A0y — A)K (1 )[ U(O)] (8.10)
— AK(t)[(On — A9y — A)(0)] + 9K (1) [(9 — Ady — A)v(0)] (8.11)
- _A\/Hny )[vol + K1(¢)[vol, (8.12)

and B, (t; no, U, bo) is the boundary term given below.
Next we will simply L, + B,. To do this, we give the explicit expressions of L, and B,
respectively.

8.1.1. Ly(t;no, o, by). By the equations (ZZ), (ZI9) and ZZ5) at t = 0, we have
(Or — AJy — A)O,w(0)
=0y — A0y — A) (Av(0) + A(Opyu(0) 4 8yyv(0)) — 9yn(0) — A(0) 4+ N2 (0))
=(0p — A0y — A)Av(0) + (O — Ay — A)N2(0)
— 0y [0, A1 (0) 4+ 8;No(0) — ANp(0) — 9, N1(0) — 9y N2 (0) — A0 Au(0) + 8,Av(0))]
— A[9yn(0) — N2(0) + (9 — A)N3(0) — A(zyu(0) + Oy (0))]
+ A0y — ADy — A) [Dzyu(0) + Oyyv(0)]
=(0n — A0y — A)Av(0) + (O — ADy — A)N3(0) — 0y Atp(0) — 0, An(0)
+ [ 010, No + A, No(0) + 02, N (0) + (A + 9 )Na(0) — (3 — A)AN3(0)]
+ X(On — ADy + A) [Dzyu(0) + Oyyv(0)].
Thus,
@) =K (1) [(0n — Ady — A)Av(0)] + K (¢) [(On — AJy — A)N2(0)]
— K(t) [0y, A(0) 4+ 8,An(0)]
K(t)][ — 8,0yNo + 0y,ANp(0) + 03y N1(0) 4+ (A + 9y )N2(0) — (9 — A)AN3(0)]
+ AK () [(0n — A9y + A)(Dyu(0) + dyyv(0))].
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Now we consider (81I0) and (8II]). Similarly,

EI0) =(9 — Ad — A)K () [Av(0) + ( Oy (0) + yyv(0)) — 1 (0) — Arp(0) + Na(0)]
-(0u - 28,2 >[ v<o> y(0) — AB(O)] + (O — A%y — A)K(0)[N3(0)]
+ A(@tt — A@t [am u(0 —|— ayyv( )]

BII) = — AK(t)[(8y — Aat A)o(0)] + 0K () [(8r — Ad — A)v(0)]
= — AK(t) [(att — A@t - ) (0)] + 8yy8tK(t)[v(0)]
+ 0K (1) [02yu(0) — 8y No(0) + 9:No(0) — AN3(0) + A3y (zyuu(0) + 8yyv(0))].

A)v

Then collecting the estimates above, we have

Ly(t; 0, o, bo)
=K(t)[(0s — A0y — A)N2(0)] + (9 — Ad; — A)K (t)[N2(0)]
+ K (t)[ = 0:0yNo + 8,ANp(0) + 9y N1(0) + (A + 8y )N2(0) — (8 — A)AN3(0)]
+ 0K ()| — 9y No(0) + 0 Na(0) — AN3(0)] + (9 — Ady — A)K (t)[Av(0)]
1 By O (8) o] — (B — AO)K (1) [Byn0] — (Ot — Ay — D) K (£) [Ao]
+ 8y O (8) ] + MK (1) [(O — A (Dayu(0) + Dyyv(0))]
+ A(@tt — AO)K (1) [Dyu(0) + 8y 0(0)] + AOK (1) [04(Dayu(0) + Byyv(0))]

- A\/Aayg/[( 'UO +K1( )[ ]

8.1.2. B,(t; no,ﬁo,go). Now we consider the boundary term Bv(t;no,ﬁo,go). By integration
by parts, and arguing similarly as in Section [6.1.2] we have

/Kt—s A No(s)] ds
=K(t )[3 (8 — A)No(0)] + 0, K (t) [0y No(0)]

- / 0, (O — AWK (t — 5)No(s) ds:
0
/Ot K(t — 5)[0502yN1(s)] ds
= — K(t) [0y N1(0)] + /Ot O0¢Ory K (t — s)N1(5);

/0 "Rt — $)[04(00s — DD, — 00 Na(5)] ds
=~ K(t)[(0it — A0; — Duz)N2(0)] — 0K (1) [(9¢ — A)N2(0)] — 3y K (1) [N2(0)]
+ /O OO — A0 — D) K (t — 5)Na(s) ds:
— /0 t K(t — 8)[(0ss — ADs — 0zx) AN3(s)] ds
=K (t)[(8; — A)AN5(0)] + 0, K (t) [AN5(0)]

¢
— / A(Oy — Ay — 0y ) K (t — s)N3(s) ds;
0
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A / K(t — )[(ss — A8)0, (Duyuls) + Byyo(s))] ds
0

=~ MK (1) [(91t — A8y (Dyu(0) + Byyv(0))]

+ A /t O (O — DO K (t — 5)[Onyul(s) + Oyyv(s)] ds.
0

Therefore, we obtain the boundary term B, (t; ng, @, 50) as

By (t; no, o, bo)
= — K(t)[(0n — A0y — D2e)N2(0)]
K (t)[0:0y,No(0) — 0, ANy (0) — 5y N1(0) + 0, AN3(0) — A% N3(0)]
+ 9K () [0y No(0) — 0:N2(0) + AN(0) + AN3(0)] — 04K () [N2(0)]
— MK () [(8tt - A@t)(amyu( ) + Oyyv(0 ))]
C ALK ([0 — A)(Dayu(0) + Byyv(0))] — DK () [Dayu(0) + 8,0(0))].

Now combining with the result obtained in Section BI.1] and by the same argument in

([76]), we have ([B7).

Again, we split into the following two subsection to consider the linear parts and nonlinear
parts separately. Most of the terms are in the same level as the corresponding ones in Section
[, and can be treated similarly, so we only give the sketch of the proof.

8.2. Estimates on the linear parts L, + B,. In this subsection, we shall prove that

Lemma 8.2.

Lo+ Bu)(t:mo o, Bo)l| o) S48 11 Uollx,: (8.13)
V) (Lo + Bu)(t:m0, o, bo) | oo <0 1Uox,: (8.14)
V)V (Lo + Bu)(t;mo, o, bo) [ 15, S0 [Tollxo- (8.15)

Now we show that the each in ([87]) obeys the estimates in (8I3)—(&I5).

The estimates on the term 0; K (t)[0yyuo + Oyyvo] can be obtained by Proposition Also,
for the term (0y — Ad)K (t) [0yno], we use Proposition 7] to obtain the desirable estimates.
For the term (Oy — Ady — Oy ) K(t) [A?/)o], we use Proposition I1] to obtain the desirable
estimates. The estimates on the terms 2 A (A+/Ad,, ) K (t)[vo] and 0, (0y — Ad— A) K (t) [vo]
are obtained by Propositions 4] and (i) (ii) respectively.

8.3. Estimates on the nonlinear parts A,. In this subsection, we shall prove that

Lemma 8.3.

HNv (t:m0. 0, Bo) | 2, <40) 2 Ul o’ (8.16)
H t TL(),U(),b() HL% r§<t>_1HU0”XO’ (817)
H<V>V<Nv><t;no,ao,l?ow% <0 Mol xo- (8.18)

We estimate N, (t;n,@,v) in (B8] terms by terms.
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8.3.1. fg Dy (O — A0, K (t — s)No(s) ds. The high frequency piece N/ can be treated standard,
so we only treat N). Recall that Ny = V - (n#). First, we have

| D)2, < In()las, I73) s, S (57201 (8.19)

Then by Proposition (ii), for 8 = 0,1, and (BI9]) we have

iwr? /Ot 0,(0u — AONK (t — $)Ni(s) ds|

2
L3,

2
Lz,

5/0 [11998, (00 — 200K (¢ — 5) - (ni)(s) ds|
< / (t — )~ 5| Peggoor (V) (i) (s)] s
0 Y

t
</ (t—s>_¥(s>_1'z5+0'01|]UH§<ds
0

_1+8
<™= Uk

~

Similarly, using Proposition (iii) instead, we have

H /Ot By (8 — A K (t — s)N)(s) ds‘

Yy

< /0 (t — )7 [ Peggoon (V) (n) )] . ds

t
< /0 (t— 5)" 1 (s) 12002 7|3, dis
<0

Thus, we obtain the claimed results.

8.3.2. fg 0¢0zy K (t—5)Ni(s)ds. We use the same argument as in Section [[.3.2], and decompose
Ny into four parts as (L.35). Then all the desirable estimates on the terms Nj3, Ni4, N15, Nig
can be obtained by the corresponding ways. More precisely, since

00,0y ~ 04O — ADy — A — ) V020, ~ 0,000 — A, — A — D),

here ~ means that the two operator obey the similar decaying estimates presented in Section
B, the details are just mimicked there and so are omitted here.

8.3.3. fg Ot (O — Ay — Oy ) K (t — s)Na(s) ds. Also, using the argument in Section [[.3:3] and
noting that
Ot (O — Ay — Opg) ~ 040,0y; VO (O — Ay — D) ~ 02,0:0,0,

(indeed, the former behaviors slightly better than the latter), we can obtain the desirable
estimates here. The details are omitted again.

8.3.4. fg A(Oy — Ady — 032) K (t — s)N3(s) ds. By Lemma B.I3]and Lemma [3:19] we note that
V(0u — A0y — Opa) ~ Oy(On — AO).

Moreover,
IV - |z, S IV, Il S ()7 21U

xy "N

Therefore, by the same way as in Section B.3.J] we obtain the desirable estimates.
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8.3.5. A fg D4 (0n — A0 K (t— ) [ (Ozyu(s) +0yyv(s))] ds. To prove this term, we use the similar
precess as in Section Indeed, we rewrite

O (O — ADy) K (t) = 0¢ (O — A0y — A)Kp(t) + O AK(2).
Moreover, by ([B19]), we have

O A2 I (t) = — - Fy(t) + Klb< ).

Therefore, we have the similar structure as the first part. Then by the same way as in Section
B3Tl, we get the claimed estimates.
Collecting all the estimates in Section B3.T-Section B35l we obtain Lemma Together

with Lemma [R2] we establish (8I)—(8.35]).

9. THE ESTIMATES ON

In this section, we shall prove that there exists some small constant ¢ > 0, such that

V9 @z, S 075 (10sllx0 + eollUllx + QUITIX)); (9-1)
IV (7)) g < 072 (1Wollxo + eollUllx +QUIUIx)); (92)
10z0(1)llzz,, < (1) %(HUOHXO + o[ Ullx + QUIUIIx)); (93)
10:V4%(0) 122, S 67 (100l x0 + el Ullx + Q(IUx) (94)
Again, it follows from Nash’s inequality that for any 2 <5 < 1+ 2,
IV, < 1T, 19060 s (9:5)

(see its proof in Appendix[A4]). Thus, we only need to show (@.1]), (O3] and (@.4).

9.1. The reexpression of ). Now we give the reexpression of ¢ and obtain
Proposition 9.1. The unknown function i obeys the formula,
W(t,,y) = (Ly + By)(t:no, G, bo) + Ny (tsm, @, 9), (9:6)
where (Ly + By) is given by
Ly(t;no, o, bo) + By(t; no, o, by) = —K (¢) [amyuo + 0y Ang| + 0,0, K (t)[no]
— (O — 80, — 0, ) K (6)[v0] = 5AV/AT K (0[4o] + K1 (0],

and

Ny(t;n, d, 1) = /Ot 0yO K (t — s)No(s)ds — /Ot IyAK (t — s)No(s) ds
— t(‘)xyK(t — $)Ni(s)ds — /t((‘)tt — A0y — 03z) K(t — s)Na(s) ds
0 0
- / (0 — A) (D — Ad; — A)K(t — 5)Na(s) ds
0

2 / (Ot — DOVt — 8)(Duyuls) + Byyo(s)) ds. (9.8)
0
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The proof of this proposition is similar as the one in the previous three sections. Again,
using (2.59]) and integration by parts (see below for details), we have

t
Y(t,x,y) =Ly (t;no, Uo, bo) + / K(t — s)F5(s)ds
0

=Ly (t;n9, o, bo) + /t K(t—s) {@/C%NO(S) — OyANy(s) — OzyN1(s)
(s — D0, — Bu)No(3) + (B — D) (s — AD, — A)N(s)
— M(Dss — AD)(Dgyuls) + ayyv(s))} ds
=Ly (t; 10, @0, bo) + By (t; 0, @0, bo) + Ny (t; 1, @, ).
Here according to (2:39)),
Ly (t; 10, @0, bo)

=K(t)[(0u — Ady — A)9,(0)] (9.9)
+ (0 — 29, ~ A)K()[0(0)] (9.10)
MK W[ 20, - A)p(0)] + AKO[(00 ~ A~ A)0)]  (011)
— S AVATK (O] + K (B4, (912)

and By,(t; no, o, 50) is the boundary term given below.
Next we will simply Ly, + By,. To this end, we give the explicit expressions of L, and By,
respectively.
9.1.1. L¢(t;n0,ﬁo,50). By the equations (2.2 and ([223]) at t = 0, we have
(O — A, — )0 (0) = [(8y — A, — A)(—v(0) 4 N3(0))]
= — (Oyyv(0) + Ozyu(0) — 9y No(0) + 8 N2(0) — AN3(0)
+ A0 (D2yu(0) + Dyyv(0))) + (9 — Ay — A)N3(0).
Thus,
@) = — K (t)[0yyv(0) + Dzyu(0) — 9y No(0) + 0N (0) — AN3(0)
+ A0;(Dzyu(0) + Dyyv(0))] + K () [(0n — AJ; — A)N3(0)].
Now we consider (@I0) and (@11, similarly,
@I0) =(0u — A — A)K(t)[ — v(0) + N3(0)]
— (O — A8, — A)K (1) [v(0)] + (3 — Ad, — A)K (1) [N3(0)];
@II) =(9 — A) K () [(9r — A — A)yp(0)]
=(0; — A)K (t)[0yn(0) — N2(0) + (9 — A)N3(0) — A(Ozyuu(0) + Oyyv(0))] .
Then collecting the estimates above, we have
Ly (t; no, o, bo)
=K (t)[(0 — Ady — A)N3(0)] + (9 — A8, — A)K () [N3(0)]
K (t)[8,No(0) — 3 N2(0) + AN2(0) + AN3(0) — (9, — A)AN3(0)]
+ 0K (t)[ — N2(0) + (9 — A)N3(0)]
— K (t) [05yu(0) + 0,An(0)] + 8,0,K (t)[n(0)]
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— (O — AOy — ) K (1) [U(O)] — AK(t) [(& — A)(Opyu(0) + ayyv(o))]
— MO K (1) [Dpyu(0) + Oyyv(0)] + [@12).

9.1.2. By (t; no, o, 50). Now we consider the boundary term By (t; no, U, 50). By integration
by parts, and arguing similarly as in Section [6.1.2] we have

/0 K(t — 5)[0,0,No(s)] ds
— _ K(1)[8,No(0) /a@ (t — 5)No(s) ds:

- /Ot K(t - 3) [(835 - Aas - amm)N2(S)] ds
=K (t)[(9 = A)N2(0)] + 0K () [N2(0)]
— /t(att — A@t — OM)K(t — S)NQ(S) dS;
0

/Ot K(t —s)[(0s — A)(0ss — ADs — A)N3(s)] ds

= — K(t)[(0n — A0 — A)N3(0)] — 0K (1) [(0r — A)N3(0)] — 0 () [N3(0)]
+K(t)[(0: — A)AN3(0)] + A0 K (t) [N3(0)]

+ (0 — A) (O — Ay — A) /Ot K (t — s)Ns(s) ds;

) /0 K(t — 8)[(Ou — A9 (@uyu(s) + Byyo(s))] ds
CAK(0)[(0) — A)(@ayu(0) + 8yy0(0))] + AGK (t) [9sy(0) + Byy0(0)]
1 /0 (O — A (t — )(Bryu(s) + Dyyv(s)) ds.

Therefore, we obtain the boundary term By (; no, to, 50) as
Bw(t'no,ﬁo,go)
(t)[(0y — A@t A)N3(0)]
(t)[ = 3y No(0) + (3 — A)N2(0) + (9 — A)AN3(0)]
+3t ()[Nz( ) — (8t A)N3(0 )] + A0 K ()[ 3(0 )] O K (t )[NS(O)]
+ MK (8) [(9; — A)(02yu(0) + 9yyv(0))] + NOLK (t) [Ozyu(0) + Dyyv(0)].

Combining with the result obtained in Section [@.1.I] we have (@.7]).
Again, we split into two subsections to consider the linear parts and nonlinear parts sepa-
rately.

9.2. Estimates on the linear parts L, + B,. In this subsection, we prove that
Lemma 9.2. For v > %,
(VA1 (L, + Bus) (t:m0, o, bo) | 12 S T(1Tollxo; (9.13)
102(Ly + B (t:m0, 0, Bo)l| 2 S48 Vol xo- (9.14)
IV0u(Ly, + By (t:m0, o, Bo)l| 12 S8~ U0l xo- (9.15)
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Now we estimate the terms in ([@.7). For the term 0., K (t)[uo], by Proposition (i), we
have

[V Oy K (B)[wo][| 2, =1V 00y K (V) [u0]]] 2 S <t>‘iH<V>4uoHL;y;
10200y K () [uo] || 2, S|V Oy K @)luol 2 S ()2 H(V>0+u0HL;y;

9000, K Olucl |, SV K O], S (V) o

I
L3,

Now we consider the term K (t)[d,Ang]. By Proposition &1 (i) and Proposition (i), for
B =0 or 1, we have (since v > 1),

VPP E® 0,800 |y SIIVEE@[(9)00] . S 67 H[(V)no]ly

190K 0 By 15, SV 000 )15, 5 (9 ol

Next, we consider the term 0,0, K (t)[no]. Similarly, by Proposition (i), for B =1~,1,2,
_B
|99 a0 om0l s, SIIVIPDK O[TV n0] |15 < 0 (F)

Choosing 5 = 7, 1,2, we have the claimed estimates.
Now we consider the term (9 — A0y — Opy ) K (t) [vo]. From Proposition 1] (i),

(V)4 V1P (O — DOy — ) K (¢) [00] HLgy SO H<V>4+”0HL;y'
Again, letting f = v, 1,2, we have the claimed estimates.

At last, we consider the terms in ([@IZ). The same as the term K(t)[8,Anq], for 3 =0 or
1, we have

(V)Y 1V AVAD, K (1) Woll| 1, ST (V) Vo]l
[191°0: 8 /B8y, K @) ol 5 <0073 [(V)* Vo]

Similarly, using Proposition .15l we have

Collecting the estimates above, we give the proof of Lemma [9.13]

9.3. Estimates on the nonlinear parts Ny. In this subsection, we shall prove that

Lemma 9.3.

(V)4 IV N (t; nOaﬁOagO)HLgy <72 (100l xo + eollUllx + QUIUx)); (9.16)
| 02Ny (£ 10, o, 50)\\% SO (100l x, + €ollUllx + QUIUIx)); (9.17)
102V (Ny) (t; no, o, EO)HLgy SO (0ol x, + ol Ul x + QUIU| X)) (9.18)

We estimate Ny (t;n, @, v) in (@8) terms by terms.
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9.3.1. fg 0y0, K (t—s)Ny(s) ds. The estimates on this term are much similar as the ones in Sec-

tion [6.3.1l Since the estimates on Né‘ are standard, we only consider N(l]. Then by Proposition
(iii), for 8 =, 1,2 we have

WW/@@ Ni(s) ds

2
L3,

ds
L%y

5/0 H’v‘ﬁvayatK(t - 3) . <V>4(n§<3)0401ﬁ§(5>0»01)(3)‘
t
_8 .
5/0 <s>0-04<t — 8> 2 Hn(S)HLEyHU(S)HL% ds
t
B, \_
SA“_@2@>”WW&

_B
<)z U
Letting 8 = v, 1,2, we have the claimed estimates.
9.3.2. fo OyAK (t — s)No(s)ds. Note that the operator J,VAK (t) has the similar estimates

with (Oy — A@t A)AK (t). One just repeats the precess in Section [6.3.2] to get the following
estimates,

[V 19 [ 98K = o) s, <007 (1Tl + QUITILY)):
J0: [ 0,8 (= 5)No(s) sl 5, <) (1Tl + QUITILY)):
[V0: [ 8,8k = s)No(s) sl 5, <) (IWhlx, + QUITIY)):

9.3.3. fg Opy K (t — s)N1(s)ds. Using (Z35]), we have
N1 = Nig + Nig + Ni5 + Nig.

Again, we only consider N{j,j =3, ---,0. N{?’ and N{4 behave well, we just give the sketch
of the estimation. By (734, HN{?,”L}W decays faster than (s)~!, it is easy. By using the
corresponding way in Section [[.3.2], we can get the desirable estimates. For N{4, similar
as ([737) and (7.38]), and by the corresponding ways there, we also easily get the desirable
estimates and thus the details are omitted here. Now we focus our attentions on the terms
Ni; and Ni;.

For N!., by Proposition B2 (i) (8" = 7) we have

2
L3,

5/; H|V|’7V8$yK(t — 5)+ Pe oo (VY (0,05V) (5) ds‘

<[i-9

t
S [t =9 0z, IVl ds

V)4V /0 Oy K (t = $)N15(s) ds|

> \

(V) P< gy0.00 (80 V¥) (s )HL%yds

t
5/@_$ﬁ@wme&$
0

_1
S TU%-

L2

Yy

ds
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Moreover, from Proposition (1),

t
| <[]
Lz, 0

< [0 @i v 4

Dry V(¢ — 5) - (V) (5)|

t
0, / Ouy K (1 — 5) Vi) ds|
0

ds
Lgy

t 1 1
_3 L 1
S [ =9 W0z, V6l 9V V0l ds

<[

_1
Sz UK

Similarly, by Proposition (ii) instead,

t
5/\
Lz, 0

5/0 (t — s>_1 HP5(5>0.01 <V>(3x1/JV”L/J)(S)HLgy ds

=W

(s)” 7755 ||U|% ds

Dpay VYK (£ — 5) - (aww)(s)HLz ds

Yy

|vo. /0 Oy K ( — )N (s) ds|

t

< /0 (t— )" 1) O ds
_3

< HU

For Nig, we need some special handling. Since v > %, by Proposition (i) and (ii) (in
low and high frequence cases respectively), and Bernstein’s inequality,

(Wyv| t Dy K (t — 8)Nig(s)ds
0

2
L3,

< [ Pt ran it —s) auIver i)

ds
L%y

ds

2
L3,

t
1
b [ ParlVron Kt - 9) Peggon (90,50 - n?)(o)
0
t
v 1
S [ =5 3o GIVeR - ),
0 ry
t 1 1
+ [ = Peggon (9 0uGIVOE = )5, ds
t
S [ =5 310z, 190012, + lnlliz, 10smlz2,)
0
t
+ [ = S (190l 190,013, + Il 10emlzz, ) s

t t 1
< /O (t— )3 (s) Uk ds + /0 (t— )™ 3 () LB 713, ds

_1
STV

Further, we use the argument in Section [.3.5], and write

t
o, / Duy K (t — ) Nio(s) ds|
0

zy
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t/2
<| /0 Ory K (1t — ) Nig(s) ds|

. | /t ; Oray K (= 5)Nig(s) ds| -

(9.19)

:H/”%myKu—sxiw-nzxs)dst

2
L3,

(9.20)

+| / |, Qe (= 905 VU — n?)(s) ds

.
Lz,

or ([@Q.19]), using Proposition A3 (i),

ds
L%y

B < /WHvamyK@—s)( [V —n?)(s)

ds
Ty

t/2 B
S [ @ IR = nt)e)

t/2
S [ =T UV, + V)l ) ds

N

2
! /0 (5)"H[U % ds

_1
S0

While by Beinstein’s inequality, and Proposition (i) (B=1, % in the low and high frequence
cases respectively),

ds
Lgy

@ 5 [ [[Pervan it - a.GITe —)e)

ds

2
L3,

t
1

" // HP21|V|%awyK(t —5) Ps<s>0~018x(§|W)|2 - n2)(8)‘

t/2

t
_1
5/t/2<t =572 (19912, V0 sz, + Inllz, [9mllsz, ) ds
t

_3

+/ (t = )7 5() " (V|2 IV el 2, + 17l 2, 192m |2, ) ds

t/2

t t
S [ - b s+ [ - st as Ul
t/2 t/2
1
SO Uk
Thus combining the two estimates above, we get that

/ Oy K (t = $)N1s(s) ds|| |

zy

_1
< 72U

Similarly, by Proposition 43 (i),

ds
Liy

|vo. /0 Oy Kt — 5)Nig(s) ds|

T

5/ <t — S>_1HP§<3>0‘01 (V>1+0x(§!V1/1\2 - n2)(S)HL; ds
0 y

t
< / (t — 5)"Ms) " HOO I ds
0
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_3
SO 7TUN-
Therefore, we complete all the estimates in this subsubsection and give the desirable results.
9.3.4. fg(att — A0y — Opz) K (t — s)Na(s) ds. Also, by (.45) in Section [[.3.3] we have
Ny = No3 + Nay + Nos.

The treatments on Nag, Nog, Nos are the same as the treatments on Ni3, N4, N1g in Section
@33 so repeating the precess, we have the claimed result as follows,

(V)19 [ 0= 80 = 0.0) Kt = 5)Nalo) s 5, <) (IWhllx, + QUIIL)):
o, / (O — A0 = D) K (t = 5)Na(s) ds |, S0 (U0l x, + QUITIIx)):
|vo, / (O — Dy — 0u) K (¢ — $)No(s) dsl| 13 () (1Vhllx, + Q(IVILx)):

9.3.5. fg Oy — A) (O — A0y — A)K (t — s)N3(s) ds. As the same reason in Section [6.3.5] this

term is in the same level as fo (0 — A)K(t — s)Np(s) ds, which has been shown in Sections
0.3 and @321 Thus we have the desirable estimates by the same way and omit the details.

9.3.6. )\fg((‘)tt — AQ)K (t — 5)(Oayu(s) + Oyyv(s)) ds. This term can be treated by the same
way as in Section [6.3.6] thus we omit the cumbersome details again.

Therefore, we finish all the estimates in this subsection, and obtain Lemma[@.3l Combining
with Lemma [0.2] we establish the claimed results in (@.1)—(@.4]).

Combining with the estimates obtained in Section [[HI, we finish the proof of (LT, and
thus prove Theorem [I.11

APPENDIX A.

A.1. Proof of Lemma [3.4. We denote

71 {# [e<-a+¢m>t _ e(—a—ﬁ)t} N [e<—a+x/E>t a e(—a—ﬂ)t} }

vb—c

then
1 t
T —at_/ <e\/b+cx —e b—cw) dr
CJ—t
1 (" Jere = 1 (% o e
_e—at_/ <€ b+cx e b c:c> dm—i—e_“t—/ (6 b+cx e b c:c> dr
cJo C J_¢
I A = I A = =
:e—at_/ <€ b+cx e b—cm) dx + e at_/ (6_ b+cw_e— b—cx) dr
¢ Jo ¢ Jo
=L+ 1
Note that .
I = e—atl e\/b—l—cm |:1 o e(\/b—c—\/b+c)x:| dz,
¢Jo
and

t
Iy = _e—atl e—\/b—cm [1 - e(\/b—cm—\/b+c)m:| dr.
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Therefore,
I= e_“% /t eVhrer [1 - e_(m“/m”] [1 - e(\/bT_\/mn] dx. (A1)
0
First, since ¢ > 0, we have
= e_(‘/mJ“/ch)ﬂ, = e(x/ﬁ—\/ch)x‘ <1.
Hence we obtain from ([A.T]) that if b+ ¢ > 0, then
et [V = il [ gy

< 1 e—at-i-\/b—i-ct; (AQ)

~evb+ e

if b4 ¢ < 0, then
1] <tee
c
Second, using the following two inequalities,
‘1 — e~ WhmetVbtar| < I(\b —c + Vb + o)z l;
< |(\/b —c—Vb+ c):z:|,

‘ 1— e(\/ b—c—vb+c)x

we obtain that if b4+ ¢ > 0, then

1/t t
|I| Se—at_/ eVbter .2 1. < e—at+\/b+ct/ e\/b+c(m—t)$2 dr < tge_at—l—‘/b"'d;
C Jo 0

if b+ ¢ <0, then
1 t
lI] < e_“t—/ cx’® dx < t3em
¢Jo
Third, we particularly consider the case of |c| < |b+ ¢|, then |c| < [b] and

(1—e-<m+@>x <L \1—6Wb—c—vb+c>x <2
o D

If b+ ¢ > 0, then using the inequality above,
—al [1 cx _ t P
|I| <ot e\/b—l—cac dr = e at++/b+ct e\/b—l—c(gc t) dx
T 0] 0 0]
< t e—at—l—\/b—l-ct ~ t e—at—l—\/b—l-ct
~VIbIVb + ¢ b+c
Combining with (A.2]), no matter when |c| < |b+ ¢| or |c| = |b+ ¢|, we have
1] < (t) o—at+VbTet
~b+c
In conclusion, we proved that when b+ ¢ < 0,

t
1| S min{t®, =™
&

while when b+ ¢ > 0,

1 <t> }e—at—l—\/ﬁt'
evb+c b+ec

I < min{t3,
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A.2. Proof of ([B.I4). We may assume that z > 0,y > 0, otherwise one may replace it by
||, ly|, also we assume that z > y by symmetry. Now we prove it by splitting several cases.
Case 1: ¢ < 1,y < 1, then it follows by Tayor’s expansion.
Case 2: 2 1,2 > y. Then

<

~

| sinx _ siny ‘
T Y
which is less than the right-hand side of (B.14).
Case 3: © 2 1,2 ~ y. Then by the mean value theorem,

sin x siny
=1+ 1=~

S
z y

(e—y) &Y,

‘sina: Siny| < ‘icosi —sinZ
x y ' 72
where Z is middle point satisfying z € (y, x).
Combining with these three cases, we prove ([3.14)).

A.3. Proof of (6.59). For any ¢ € R?, we have

Pean €)= x=1(757) FO)
Therefore,
0P 1) = €105) s (757) F(©)

Since supp X/Sl € {|¢| ~ 1}, we have
OsPeigya f = (5)777 P18l VIS
Thus by Beinstein’s inequality, for any g € R, 1 < ¢ < oo,
105 Pesys fllza S (8) P~ 1 Poigys [ VIflla ~ ()" [ Pogsys £l a-
A.4. Proof of (@.). By the Littlewood-Paley decomposition,

[y o+ O NP
Yy N<1 N>1

where N is the dyadic number. By Nash’s inequality,

”PNW‘LW NHa:cyPNT/’”m ”8 PN¢HL2 ”8 PNT/’”Lz HPNT/’”m

SN0 Pyl IPw oI, -

Therefore, by Beinstein’s inequality,

[V ]|, £ 30 MRl Pawllgy IPvelss + 37 N 0Pl g IPas
Lgs, ~ Ley Lzy Lzy Lzy
N<1 N>1
_ 1 1
sNZqNV—%HpNaxwu 22, IPNIVI Wl Z,

+ 3 NTIE | Py, W}HLz [Py (v |V|WHL2 :
N>1

Hence, when 3 <4 < 1+ 3, the sums are finite. So we have

IVl s, S 109002, (091912,
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