INSTABILITY OF SOLITARY WAVE SOLUTIONS FOR
DERIVATIVE NONLINEAR SCHRODINGER EQUATION IN
ENDPOINT CASE

CUI NING, MASAHITO OHTA, AND YIFEI WU

ABSTRACT. We study the stability theory of solitary wave solutions for a type of
the derivative nonlinear Schrédinger equation
i0pu + O2u + i|ul?0pu + blul*u = 0.
The equation has a two-parameter family of solitary wave solutions of the form
r—wyt

. Swy o i 2
piwot+i g (z—wit) = [T |pu (n)] My (x — wit).

The stability theory in the frequency region of |w;| < 2./wg was studied previously.
In this paper, we prove the instability of the solitary wave solutions in the endpoint
case wi = 2,/wp, in which the elliptic equation of ¢, is “zero mass”.

1. INTRODUCTION

In this paper, we study the stability theory of solitary wave solutions for the
derivative nonlinear Schrodinger equation:

i0pu + 02u + ilu|*0pu + blu|*u = 0, teRxzeR, (1.1)

where b > 0. It describes an Alfvén wave and appears in plasma physics, nonlinear
optics, and so on (see [16, I7]). When b = 0, by a suitable gauge transformation,
(1.1)) is transformed to the standard derivative nonlinear Schrodinger equation:

i0pu + 02u + 10, (|u|*u) = 0. (1.2)

It was proved in [9, 10, 1T} 19] that the Cauchy problem for or ([1.2)) is locally
well-posed in the energy space H'(R). See also [5, 22, 23, 20, 211, 1] for some of the
previous or extended results. Furthermore, it was proved in [25] that is globally
well-posed in the energy space H'(R) when the initial data satisfies |Jug|| 2 < 2+/7.
See [3, 4] [7, [8 [1T], 5], 19} 24] for the related results. See also [13], [14] for the stability
results on the generalized derivative nonlinear Schrodinger equation.

The solution u(t) of (1.1]) satisfies three conservation laws

E(u(t)) = E(uo), P(u(t)) = P(uo), M(u(t)) = M (uo)

Key words and phrases. derivative NLS, orbital instability, solitary wave solutions.
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for all ¢t € [0, Tryaz ), Where

1 :

E(u(t)) = 5110:ullzz = 7 (ilul0eu, )12 = Zlullzs,
L.

P(u(t)) = §(zaxu,u)L2,

M(u(t)) = 5l

It is known (see for examples [6, 2, 25]) that (1.2)) has a two-parameter family of
solitary wave solutions of the form:

. . L pm—wit |~
iwot+ig (z—wit)—2i [T 1 |Gy (n)|2dn

uy(t,x) =e Owl(T —wit),

where w = (wp,w;) € Q = {(wo,w;) € RT x R : w? < 4wy}, and @, is the solution of
2

a2 W Wi o3
0y + (wo 4)90+2|90!so 16|90!so—0-

In [2], Colin and Ohta proved that 1, (¢, z) is stable when w? < 4wy. See also [6]
for the case when w; < 0 and w? < 4wy. The stability theory on the endpoint case
w? = 4wy remains open.

When b > 0, (1.1) has a two-parameter family of solitary wave solutions of the
form:

r—wit

Uy (t, ) = ot @) =g L eatPn gy 0 4), (1.3)

where w € ), y=1+ %b, and ¢,, is the solution of
2
2 Wi e PP 3 4
_ _ A i S = 0. 1.4
Onp + (wo — o+ S lel e = erlelie =0 (1.4)

In [I8], Ohta showed that there exists x € (0,1) such that w,(¢,x) is stable when
—2\/wp < wy < 2K4/wy, and unstable when 2k,/wy < w1 < 2y/wy. After this work,
the stability theory on the endpoint cases w; = 2k,/wy and w? = 4wy remain open.
In particular, the case w? = 4wy is the “zero mass” case in .

In this paper, we settle the stability theory for ([1.1) on the endpoint case w; =
2,/wy. We put wy = ¢ > 0, wy = ¢*/4, and denote the solitary wave solutions (1.3)
for this case as follows:

2
Re(t,z) = e T'¢.(x — ct),

where ¢ > 0, and

bula) = S5 g (7). (15)
We note that ¢.(x) is a solution of

2
— 32 + 6 + i — il6 0.0 — blo|'6 = 0, (1.6)

and @.(z) is a solution of

9 C, 19 3 4 16
_ - 2 — =1+ —b.
Oy + 2!<p| © 167!<p| =0, v=1+ 3
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From Wu [25], the equation —W,, + %WS — 13—6W5 = 0 has a unique (up to some

symmetries) positive solution W (z) = 2(z2 + 1)~2. According to this, we have

pe() =y 11EW (I), (1.7)

where [ = 07_%.
For 6 = (0y,0,) € R? and u € H*(R), we define
T(O)u = e®u(z — 6,), 6 = (6y,6,) € R?.
Especially, the solitary wave solution R, (¢, x) can be written as R.(t,x) = T(0(t))¢.(x)
for 0(t) = (St,ct).
For € > 0, we define

U(6e) = {u € H'(R) : inf [lu = (@)l < <}

Definition 1. We say that the solitary wave solution R.(t,x) of is stable if
for any e > 0 there exists 6 > 0 such that if ug € Us(p.), then the solution u(t) of
(1.1) with u(0) = ug exists for all t > 0, and u(t) € U(¢.) for all t > 0. Otherwise,
R.(t,x) is said to be unstable.

Now we state the main result of this paper. In order to avoid the tedious calcu-
lation, we only consider the case when b is close to 0, in which the equation (|1.1)) can
be regarded as the approximate form of (1.2)).

Theorem 1. Let b € (0,by) for some small by > 0, then the solitary wave solution

R.(t,z) of (1.1)) is unstable.

This paper is organized as follows. In Section 2, we give the definitions of some im-
portant functionals and some useful lemmas. In Section 3, we construct the negative
direction. In Section 4, we prove the Theorem 1.

2. PRELIMINARIES

2.1. Notations. We use X <Y to denote an estimate of the form X < CY for some
constant C' > 0. Similarly, we will write X ~ Y tomean X <Y and Y < X. And

we denote (r) = V1 + 2.
For u,v € L*(R) = L*(R, C), we define

(u,v)2 = Re/Ru(.ﬂ:)mdw

and regard L*(R) as a real Hilbert space.

For a function f(z), its L%norm |/ f||p« = (/ |f(x)|qu>g and its H'-norm
R

1

£l = (172 + 102 £1172)2
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From the definitions of E, P and M, we have

E'(u) = — 0%u — i|u|*0,u — blu|*u,
P'(u) =i0,u,
M'(u) =u.

Now we define
2

Su(u) = B(u) + cP(u) + %M(@

2

1 I
(10, )52 + Sl

:5‘

c

1. b
Butl3 — (ilul0u, ) — Sllullfs + 5

2
, , c
Ke(w) = [10ullze = (iul*dzu, w) 2 = bllullfe + e(i0hu, uw)rz + [lulle.

Then we have

Si(u) = E'(u) + cP'(u) + CZzM’(u)

2
= —0%u — i|u|*O,u — blu|*u + cid,u + Czu, (2.4)

2
K!(u) = —20%u — 4ilu|*0yu — 6blul*u + 2cidu + %u (2.5)
Moreover, (1.6)) is equivalent to S.(¢) = 0, and
Ke(u) = (Sg(u), u).

Hence for the solution ¢, to (1.6)), we have K .(¢.) = 0. We also need the following
elementary formulas on these two functionals.

Lemma 1. S”(¢.) is self-adjoint, that is, for any f,g € H(R),
Moreover,
Sé/(¢0>¢c = _2i|¢6|28r¢c - 4b|¢0|4¢07
S (¢e)i0p e = 4bi2 p0pde — 206|02b|?,
Ké((bC) = _2i|¢0|28m¢c - 4b|¢0|4¢07

Proof. First, noting that
0055c(pe + 89 + tf) = 0,015:(pe + 59 + tf),
then taking ¢t = s = 0 above, we get (2.6)). Moreover, by ([2.4)), we have

S0 = 02 +cio.f+ 1
— |0 f — 2i0,0Re(dcf) — 0(3|0c|'f +2020.f).  (2.7)

Then the rest formulas follow from the formula above, (2.5) and a direct computation.

O
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2.2. Useful Lemmas. From (|1.5)), (1.7) and a direct computation, we have
Lemma 2. Let b >0 and v=1+ Eb. Then we have

3

P(¢c) = —CW( — 1)y,
M(cbc) = 2my 7
-P(pc) = < iyl
M(¢.) =
Next, we consider the following minimization problem:
p(c) = inf{S.(u) : u € H(R)\ {0}, K.(u) = 0}. (2.8)

Let .#, be the set of all minimizations for (2.§), i.e.
M. ={p € H'(R)\ {0} : Se(¢) = plc), Ke(¢) = 0}.

Let 4. be the set of all critical points of S, so

9. ={¢ € H'(R)\ {0} : Si(¢) = 0}.
Now we give a lemma about the relation of two sets, which was proved in Lemma 3
of [12].
Lemma 3. 9. = {T(0)¢. : 0 € R*}, and M. = 9,.. In particular, if v € H'(R)
satisfies K.(v) =0 and v # 0, then S.(¢.) < Se(v).

Lemma 4. Let b > 0. Then (S!(¢c)¢e, ¢c) < 0.

Proof. We write the function
)\2

/\4 )\6
_LC(¢C> - Z(i|¢0’28x¢67 ¢C)L2 - EbH(bCHgGa

(0,00) 3 A= Se(Age) = 5

here
2
Le(u) = 10zullzz + 7 llullze + c(idsu, w) 2.
Note that L.(u) > 0 for any u € H'(R). Then

d
_)\SC<)‘¢C> = )‘LC(¢0) - )‘3(1'|¢C|28w¢07 ch)L? - >‘5bl|¢c”%6'

When \ =1,

d
()‘(ﬁc) = c( c) - (i’¢c’28z¢ca ¢0)L2 - b”¢c”%6

c((bc) = 07
when 0 < A < 1,
d
ESCO@C) = )‘LC((bC) - )‘3<i|¢0|2aw¢07 ¢C)L2 - >‘5b”¢0’|(1§ﬁ
> N Le(¢e) = N (il @ Oatbe, dc) 12 — N°bl| bl 3o
= AgKC((bc) = 0;
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when A\ > 1, similarly, we have

d
ESC(/\QSC) < N K.(¢e) = 0.

Hence S.(A¢.) has a strictly local maximum at A = 1, so
2

d
02 755:(Ae) 1= (S¢(9c)be; e

According to the expression of ¢., we have %Sc()\gbc) # (0. Therefore we complete

the proof of the lemma. O

3. NEGATIVE DIRECTION AND MODULATION

Denote 7o = 14 22by. For R > 0, let xg(z) = x(%), where x is a smooth cutoff
function such that x(z) = 1 when |z| < 1; x(z) = 0 when |z| > 2. The localization
technique is employed here, because 9.¢. does not belong to L*(R), as will be seen in
the proof of the following lemma, which is the key to construct the negative direction.

Lemma 5. Suppose f € H'(R) satisfies
(i) (S () f, ) S 1,

(i) for some positive constants cqy, c1, Co, C1,

co < [(P(¢e), /)] < Co, 1 < (M'(6e), f)] < Ch.

Then there exist i = u(7y), v = v(vy) and R = R(7y) such that for the function
Y = ¢ + uXrOP. + vf € HY(R), the following properties hold:

(1) (P'(¢e), ) = (M'(¢c), 1) =0,
(2) p(y) = o0 asy = 1; [v(y)| S 1 for any v € (1,7,
(3) (SZ(¢e)h,1p) <0 for any v € (1,70].

Proof. (1) It is sufficient to find p, v such that

<P,(¢C)7 ch + MXR86¢C + Vf> = 0:
<M/(¢c)a gbc + l/JXRacgbc + Vf) =0.

By (2.2), (2.3) and Lemma [2, we have
1 _
2P(6.) + g0 [ xn0.0.80de +v(P(8), £) =0

2V (60) + gp. / xaldel2 dz + v(M(6), f) = 0.
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From the definitions (1.5) and ([1.7), and a cumbersome but direct computation (see

Appendix A.1 and A.2), we have
8,Im / XOu e d =20, P(d0) + / M%) 11— %;{(%)] (%W _ iy—lw‘*) dx
1

D=

=20.P(¢c) + O(3); (3.1)
8c/le¢cl2dx=—C‘17‘5/%X’(%)VW da
1

Making use of (3.1 and (3.2), and choosing R = [¢o(y—1)] ! for some suitable small
constant ¢y > 0, then under the assumption (ii), we can solve pu, v by

= —-B N ny%
H= d.P(¢.) +O(RY)  w(y—1)
_ _HﬁbcH%z + O(|M|R_l) _||¢C||%2

M) ) (M0, )

where we denote
[ ¢ell? -
(M'(¢e), f)

(2) First we claim that under the assumption (ii), there exist some positive con-
stants cg, Cy such that

B =2P(¢,) — (P'(¢ec), f)-

cg < |B| < Cs. (3.3)
Indeed, from Lemma [2, we have

_% <Pl(¢c)7 f>
(M'(¢c), f)

Note that the first term tends to 0 when v — 1, the second term is upper controlled
by 47‘("7_%0001_1 and lower controlled by 47‘(")/_%0001_ '. Hence we have (3.3).

Employing (3.3]), we have

B = —2cm(y — 1)7_% — 4my

(NI

_By:
m(y—1)

Also, from assumption (ii), we have

o~ — 00 as 7 — 1. (3.4)

V| < dmy~Eer
(3) Differentiating S’(¢.) = 0 with respect to ¢, we have
SU(6)0.6c = —P'(6) = 5M'(60)
Then from (1), for ¢ = @, + xnid. + vf we have
(SL(6:)Deer ) = 0. (3.5)
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By using Lemma [2| we can get

<Sé/<(bc>ac¢ca ac(Z5(:> - _acp<¢c) - gacM(¢c)
=r(y—1)7"% > 0. (3.6)
Further,
(SE(Ge)th, ) = (SE(e) (¢ + xROete + v f), f)
= (S(@c)be, ) + 1{SE(be)XrOcPe, [) + V(S () f f)- (3.7)
Now by and according to the selection of v, we expand
<Sg(¢0)¢ca ¢C> :<Sg(¢c) <¢ - ﬂXRacd)c - Vf)7 ¢ - MXRacgbc - Vf>
:<Sg(¢c)¢7 ¢> - 2#<Sé/(¢c)XRac¢ca ¢> - 2V<S(/:,(¢c)¢7 f>
+ “2<Sg<¢c)XRac¢cv XRac¢c> + 2HV<82/(¢C)XR00¢0 f>
+ 48 (¢e) ], f)- (3.8)
First, from we reduce (3.8) to
<Sé/<¢c)w7 ¢> - 2M<Sé/(¢c>XRac¢m ¢> - 2V<Sr/:/(¢c>¢07 f>
+ M2<Sé,(¢c)XRac¢ca XRac¢c> - 2/LV<SL/(¢C)XRac¢ca f> - 2V2<Sg(¢c)fa f>
+ 20 (S (D) XROePe, [) + V(S () f f)-
Merging the same terms we lastly write (S”(¢.)de, dc) as

<Sé/<¢c)w7 ¢> - 2/L<Sé/(¢c>XRac¢ca ¢> - 2V<Sg<¢c)¢c; f>

= VS (@), ) + 1S (be) XROePer XrDePe)- (3.9)
Now we estimate the terms from the second to the fifth in (3.9)). First, we claim that
(S ()X ROcPe, V)| S o (3.10)

To prove , we use and obtain that
(SE(de)XRrODe; ) = — (S (D) (1 = Xr)Oce, ¥). (3.11)

We need the following estimate.
Lemma 6. Let R > 0. Then
|S2(0e)(1 = Xr)Dete (2)| S (1 = xr(2)){x) ™

Proof. From (1.5)), we have
1

Betpe = €571 e '“’c(")'Qd”(Ewc - %sac / peepe dn + 80906)- (3.12)

From the definition (|1.7)), we have
|x900| S1Lowe S (:E>_1, |aa:900| < <$>_27 and |azx900| N (:E>_3, (3-13)
and further

Oepe S ()71, and  [0x0up] S ()72 (3.14)
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Using (3.12)) and (3.13), we get
0:0c) S 1, and  [0,0:0 < (z)~". (3.15)
(The proof of (3.13)—(3.15) can be found in Appendix A.3). Moreover, from the

following identity for suitable function f,

2 v .
0L = cid,f — T f = S (75 ),
and (2.7)), we can write S”(¢c)(1 — xr)0.0. as

_ eSiTy, [e—iffw Iwc(n)\an(l — XR) (%SC% — %(pc/ 000 dn + (96%)]

- (1 - XR) |:i|¢c|2axac¢c + QiaxqbcRe (Eacgbc) + b(3|¢c|4ac¢c + 2¢Z’E?¢c}] :

Now using (3.13)—(3.15)), we find that every term in the expression above can be
controlled by (z)~2. Thus, we obtain that

|Sg(¢c>(1 - XR)ac¢c (37)| S <l’>_2.
Since the support of S7(¢c)(1 — xr)9.¢. is included in [R, +00), we prove the lemma.
U

Now we obtain from (3.11]) that
(S (Ge) X rODe, V)| S 1ISE (D) (1 = Xr)Ocell Lt [¥]] e
Note that [|¢||z= < |p| and recall that R = [co(y — 1)]_1, then by Lemma IEI, we get

(S (¢e)xXRODe, V)| S I RT S co-
This proves (3.10). From Lemma [I| and the boundedness of v, we have

20(SE (8e)be, ) S N0ellzpnll fllze < 11 z=. (3.16)
This gives the estimate of the third term in (3.9). From the assumption (i) and the
conclusion (2), we know that

v (Se(de) f, )l S 1. (3.17)

This gives the estimate of the fourth term in (3.9)). From (3.3)), (3.4) and (3.6), we
find that )

2/qn
H <Sc (¢c)ac¢caac¢c> ~ |,U| ~ ﬁ

Further, by Lemma |§| and argued similarly as (3.10)), we have
M2|<Sé/(¢C)XRac¢ca (1 - XR)ac¢c>‘ S CO‘M'a
and

ﬂ2|<5g(¢6)86¢ca (1 - XR)ac¢c>| 5 CO|N|'

Therefore, by choosing ¢y small enough, we have the estimate of the fifth term in

as follows,
M2<Sé/(¢C)XRac¢07XRaC¢C> ~ ’Iu’ (318)

Note that |u| — +oo, when v — 1. Hence, combining with the estimates (3.10)),
(3.16)), (3.17) and (3.18)), and choosing -, suitably close to 1, the second, the third,
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and the fourth terms in (3.9) are dominated by the fifth term. Therefore, we obtain

from (3.9)) that
(Se(de)Pes be) > (S (Pe), ).
Together with Lemma [4] we get that for any v € (1, o],

(SE (@), ¥) < (S (de)Pe; dc) < 0.
This finishes the proof of Lemma 0
Remark 1. Note that f = |¢.|*¢. verifies the assumptions in Lemma @
Corollary 1. There exists a constant 5y > 0 such that
Se(e + 1) < Se(de),
for all B € (—po,0) U (0, By)-

Proof. By Taylor’s expansion, for § € R, we have

Se(¢e + BY) = Se(@e) + B(S(0c), ¥) + B /01(1 — $)(S¢ (¢ + sBY)Y, )ds

1
= 5.00)+ 8 [ (1= 9S00+ B0 )
Since (S”(¢¢)1, 1) < 0, by the continuity of 8 — (S”(¢p. + S1)1), 1)), there exists a

constant By > 0, such that
(S2(6c+ B, ) < S(SL(6)0,0) <0, for amy B € (~60,0) U (0, fo).
Thus, for any 5 € (—50,0) U (0, By), we have

62

Sele + BY) < Se(@e) + 7 (S (@e)v, ) < Selde).

We denote T = R/27Z. Then we can get the following proposition.

Proposition 1. There exist a constant g > 0 and a C'-function 0 = (6y,0,) :
Uy () = T x R such that 0(¢p.) =0, and

( ) <ZU T( )¢c> =0, <_axuaT(9)¢c> =0,
(2) (T (&u) = ()-I—{forcmquUgo(gbc)and@OETXR,
(3) 10u0;(w)|| gy < C for any u € Usy(¢e), 7 =0, 1.

Proof. (1) We define the function
F(U, 6)) - (Fo(u7 9)7 Fl(u7 6))7
where
Fo(U, 0) = <ZU, T(0)¢c>a Fl(uv 9) = <_azua T(0>¢c>
Then FO((bm 0) = <i¢c7 ¢c> =0 and F1(¢c> 0) = <_aa:¢cv ¢c> = 0, that is,
F(¢e,0) = (0,0).
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According to the definition of F'(u,f), we have
890F0(U, 9) = <ZU,, ZT(9)¢c>a a91 FO(ua 0) = <ZU, _axT(9)¢c>a (319)
Ogo F1(u, 0) = (—0,u,iT(0) ), Og, F1(u,0) = (—0,u, =0, T(0) ). (3.20)

We denote gy Fo(u,0) Oy, Fy(u,0)
B oo Fo(u, b, Folu,
89F(U, 9) - ( 890F1(u, 9) aelFl(u7 9) ) .

Since

Doy Fo(c, 0) = (ige,ide) = H(bCH%? = 47777%7
aelFO((bc; O) = <i¢07 _am¢c> = Im/ Qﬁc%dx = _27‘-677%(7 - 1)7
R

Do i (60, 0) = (—Dyeride) — I / bTnbeda = —2mey 3y — 1),
R

3

2

_5
Ty T2

9 _3 2 1
Ty 2 Tmety 2,

DO W

aelFl((me) = <_aw¢c> _8:r¢c> = Hax(bcH%g =

the Jacobian
|06 F (¢, 0)| = [|@clZ2 102072 — (Im/ GeOpedr)® = 2m°c*y (v +1) > 0. (3.21)
R

Therefore by implicit function theorem, there exist a £y > 0 and a unique C*-function
O(u) = (6p(u),b01(u)) : Usyy(¢e) > T xR, and 0(¢.) =0,
such that for any u € U, (o),
F(u,0(u)) =0,
that is
(iu, T(9)¢c> =0, <_amua T<9)¢c> = 0.
(2) In particular, let uw = T'(§)u, for (1), 07 = 0(u) + £ satisfies (1) for u. Then by
the uniqueness, we have 0(T'(&)u) = 6(u) + &.
(3) From (3.21)) and the continuity, 0pF(u, ) is invertible for any u € U, (¢.),
and
_ 1 89 Fl(u ‘9) —89 Fo(u 6))
O F (u,0) = ———r ' ’ ! ’ :
’ (U7 ) |89F(u79)| ( _890F1<u70) a@oFO(Ua )
Differentiating F'(u, #(u)) = 0 with u, then
aue = _aGF_l(U’7 0) ’ F;f(ua 9)7
where Ff (u,0) = (—iT(0)dc, 0. T(0)¢c)"

Then by a simple calculation, we can get

.0(1) = T (00, 3 (1.0) T 00+ O Fy(w.6) D,7(0)50),
D1 (1) = —m(%oﬂ(u, 0) iT(0) . + Do, Fo(u, 0) O, T(0)2).

From (13.19), (3.20), (3.21) and the continuity, we see that
H8U9J<U)HHI(R) <C forany u€ Us()((bc)v J=0,1
Then we complete the proof of the proposition. ([l
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4. PROOF OF THEOREM [I]

For u € U.,(¢.), we define
A(u) = (iu, T(0(u))Y) 2,
q(u) = T(0(w)¥ + i(u, T(0(u))¥)0ubo(w) + i(iu, —0,T(0(u))¥)0ub: (w).

Then we have
A'(u) = —=iT(0(u))¥ + (u, T(0(u))))0ubo(u) + (iu, =0T (0(w))1h)0ub1(u) = —iq(u).
Lemma 7. Foru € U, (o),

(1) A(T()u) = A(u) for all § € T x R,

(2) q(u) is continuous from U.,(¢.) to HY(R) and q(¢.) = 1,

(3) {a(w), P'(u)) = (q(u), M"(u)) = 0.
Proof. (1) By Proposition 1| (2), we have

A(T(&)u) = (T (E)u, T(O(T(E)u)))r2 = ((T(§)u, T(E)T(0(u))¥) 12 = A(u).
(2) By Lemma [5| (1),
Q(pc) =V + (e, 1)i0ub0(¢c) + (i, —0ut))iOubr (o)
_

Moreover, from the definition we know that () is continuous from U, (¢.) to H'(R).

(3) Differentiating A(T'(§)u) = A(u) with &;, 7 = 0,1, we have
0 = O A(T(§)u)le=0 = (A(T(E)w), T (§)u)le=0 = (A'(u), iu) = (=q(u),u),
0 = 9, A(T(§)u)|e=0 = (A(T(§)u), =0:T(§)u)le=0 = (A'(w), =Oau) = (—q(u), i0ru).
That is,

(q(w), P'(u)) = {q(u), M'(u)) = 0.

Now, we prove Theorem 1.

Proof. Let b € (0,by). Let By and gy be the positive constants given in Corollary
and Proposition [T} respectively. Let ug(0) = @. + 3¢ and let us(t) be the solution of
(L.1]) with the initial data uz(0). Suppose R.(t, x) is stable. Then for any fixed ¢y > 0,
there exists a small positive constant 3 < fy, such that for any 8 € (—£;,0)U (0, 5;),
ug(t) € Usy(¢.) for any t > 0.

Now we consider the quantity A(ug(t)). By Lemma [f| (3) and (2.4), we have
OiA(up(t)) = (A'(up), Oug) = (iA(ug), i0ius) = (q(up), E'(ug))

= (qlug), B'(us) + cP'(ug) + =M/ (u5)) = {q(us), Si(up)).
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So, we get that

A0y A(ug(t)) = Sc(uﬁ"‘)‘q(uﬂ))_sc(“,ﬁ)—)‘?/o (1=8)(S¢ (detsAq(ug))a(ug), q(ug))ds.
Now we claim that

(K(¢e), ¥) # 0. (4.1)

To show this, we need the following lemma.

Lemma 8. If v € H'(R) satisfies (K/(¢.),v) =0, then (S”(¢.)v,v) > 0.
Proof. See Lemma 4 in [I§] for the proof. O

By Lemma |5 (3) and Lemma |8, we have (4.1)). Then applying the implicit func-
tional theorem, we can find a A(ug) € (—XAo, A\o) \ {0}, such that for any ug € U, (¢.),

Ke(ug + Aug)q(ug)) = 0.
Then by Lemma [3| we have

Se(ug + AMug)g(ug)) > Se(@e)-

Without loss of generality, we assume A(u) > 0. By the conservation laws, we have

Se(up(t)) = Se(us(0)) = Se(¢e + B¢b). Then

Se(ug + Aug)q(ug)) — Se(ug) — /\2/0 (1 = $)(S2(Pe + sAq(ug))q(up), q(us))ds
> Sc((bc) - Sc((bc + 5@ - /\Zz
Z Sc(¢c) - Sc(¢c + 5@ > 0.

(S2(¢e), ¥)

A(uﬁ)atA(uﬁ(t)) > Sc(¢c) - Sc(qbc + 6¢)
From Corollary [1} S.(¢.) — Sc(¢. + 8¢) > 0. Hence,

1
Augp)

Therefore, we get that 0;A(us(t)) — +00 as t — oo. On the other hand,

0rA(us(t)) =

(SC(¢C) - Sc(¢c + 5¢)) Z (Sc(¢c) - Sc(¢c + 5%0)) > 0.

1
Ao

9 A(us(6)] < lusll 2 0ll2 < € for any ¢ > 0.

This is a contradiction. This finishes the proof of Theorem [T} 0
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APPENDIX A: SOME ELEMENT ESTIMATES
A.1. Proof of (3.1). From (1.5)), (1.7]), and changing of variables,
1.
—2903 + 890900) Pe dx

o [ xwds0.: dz =0m [ (v

=0, /XR 900 — —goc> dx
:aC/XR W A(l) — i’yllQW‘l(l:c)} dx

R —1721174
—9, x[le(lx) 47 ZW(zx)}dq;

=0 ( / ;17—1W4} dx)
/ }lfylWﬂ dx
l/;R ,(zgziz) [1W2 - ;ﬂ_lwﬂ de

11 1 _
=y H(SIWIE = 37 W)

o7 (i) 1= ) =
e [ () 1= e Gl (o~ )
1

w\»—t

A.2. Proof of (3.2). Arguing as above,

ac/XR|¢c|2dx :ac/XR ’@c’Qdi[;

:7—5&(1/;(3 W2(lx) dx)
zv_éac/)((% Wde

:—cl’yé/lxR (ZR>W2dx

~0()

A.3. Proof of (B.13)—-(3.15). Recall that ¢.(z) = v ilzW(iz), | = cy~2. So we
have ¢, < (x)~! and |zp.| < 1, here and in the following, the implicit constants are
only dependent on ¢, . Moreover,

Oppe(x) = 7_%Z%W'(lx), Opetpe(T) = 7_%Z%W”(l:ﬂ).
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Since |[W'| < (z)72 |[W"| < (z) 73, we have
Oupe| S <$>_ ,and  [Oppe| <$>_3.

Now we consider the estimates on J.¢.. By direct computations,
1 3.1 1 5.1

Detpe(x) = 57’%l’§W(lx) + 57*%l§xW’(lw),
and .

0u0upe() = v 312W' (lz) + 57_%l%xW”(lx).
Since W < (z) 7L, |2W'] < (x) 7L, |aW”| < (x) 7%, we have

|0cpel S <x>_17 10,0c0c| S <JI>_2

This proves ((3.14)).

Last, we give the estimates on ¢.. By (3.12),

T

0.0 < 2] + 0 / eldepel dn + |0upd

— 00

<1 (o) / )yt ()

< 1
Further,

1
0rue =(5i = 7ig?) Qe + 871 Fcliely \dn(gw + Lrdig.

- %azgpc / (pcacgac d77 - _QO ac()pc + 8x5’c€0c> .

Similarly, using (3.13)) and ([3.14]), we have

C x
|6xac¢c| < |§ + 903||ac¢c| + |90<:| + |:)36$905| + |8m900|/ 906|86300| dn + 90§|80§00| + |3xac90c|

S (@)

Y

This proves (3.15]).
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