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Abstract This paper concerns with the non-overlapping domain decomposition methods
(DDMs) for the Chan—Vese model in variational image segmentation. We work with a saddle
point formulation for the non-overlapping decompositions, which leads to independent sub-
problems decoupled by the primal—dual algorithm. With the non-overlapping DDMs, only the
interfaces of the adjacent subdomains are coupled, which means the information transmission
takes place on such interfaces and therefore makes the proposed DDMs flexible and efficient.
Moreover, we consider both the stripe-type and checkerboard-type decomposition methods
and provide the rigorous proof of the convergence. Our numerical experiments demonstrate
that the proposed DDMs are convergent, efficient, and quite robust with respect to the model
parameters and image resolutions.
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1 Introduction

Image segmentation plays an important role in computer vision and machine learning, which
aims to separate a given image into several disjoint parts, each of which shares certain visual
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characteristics, such as image intensities, colors and textures etc. Researchers have devel-
oped a wide range of methods for image segmentation including the thresholding methods,
histogram-based methods, edge detection based methods, region-growing methods, partial
differential equations (PDEs) based methods and variational methods, and graph partitioning
methods, etc. [1].

Variational methods, including both edge-based models and region-based models, have
been established to extract objects of interest in images for the task of segmentation. The
active contour/snake model was proposed by Kass et al. [2], which deforms an initial contour
towards the boundaries of the objects. It is a very typical representative of the edge-based
models, where a lot of efforts have been stimulated to improve the model, e.g., the geometric
active contours [3,4] and the geodesic active contours [5]. As one of the most successful
region-based models, the Mumford—Shah (MS) model [6] was built up to pursue a piecewise
smooth approximation of the given image. Letting  C R? be open and bounded and I be a
closed Jordan curve in €2, Mumford and Shah proposed to minimize the following functional
to find a piecewise smooth approximation u# and edge I

min oz/(f—u)zdx—i—u/ [Vul?dx + |T|, (1.1)
u,I’ Q Q\I

where 1 and o are positive parameters and |I"| denotes the length of " if given an observed
image f : 2 — R. The MS model requires to deal with both the shape optimizations and
topology changes. However, due to the non-convexity, it is very challengeable to seek the
minimizer, which may trap into local minima.

One of the most successful convex relaxation of the MS functional was proposed by
Chan and Vese [7]. By assuming the given images as piecewise constant, it seeks for an
approximation with a binary piecewise constant representation through a level set formulation
[8]. Letting I" be its boundaries, the Chan—Vese (CV) model is

min_  MS(cy, c2,T) =« (/ (f —c1)? +/ (f = 62)2) + 1T, (1.2)
cp e, = Q\Z

where c1, ¢2 are two constants that approximate the image intensity in X and Q\ X, respec-
tively. One can obtain the binary valued segmentation results based on the total variation
regularization [9] and the thersholding technique [10]. The two-phase segmentation model
(1.2) was extended by Vese and Chan [11] to the multiple phase cases using a multiple level
set formulation. There also exist other related convex CV models in [12-14].

The main purpose of this paper is to explore more efficient algorithms for the convex
CV model [10]. The challenge to design efficient algorithms for such kind of models is
the non-differentiability of the total variation semi-norm. In general, the existing algorithms
can be classified into three categories based on the nature of manipulating the primal and
dual variables and one can refer to [15]. The first category is the primal approach, such
as the gradient descent method etc. [9,16-21]. In order to accelerate these methods, the
most popular splitting algorithms were proposed based on the Bregman iteration [22,23],
augmented Lagrangian methods (ALM) [24,25] and the alternative direction method of
multiplier (ADMM) [26,27], etc. The second category is the dual approach [28], where a
gradient projection method was designed for the dual formulation of the Rudin—Osher—Fatemi
(ROF) model [9]. The third category is the primal—-dual approach [29,30], which was further
studied for image processing applications in [31-33].

Domain decomposition methods (DDMs) and multigrid methods are well-known tech-
niques for solving the large-scale PDEs. However, their applications in image processing
are relatively limited. The DDMs can break down a large scale problem into a sequence
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of smaller scale subproblems, which could be solved in parallel. The space decomposi-
tion and subspace correction ideas for the minimization problems were adopted in [34-37].
Recently some researches were devoted to the non-differential non-additive total variation
based optimization problems for image processing problems. Firsov and Lui proposed the
DDMs with Dirichlet boundary condition for image denoising related to Gaussian curva-
ture [38]. The overlapping DDMs were used based on a primal-dual formulation for the
anisotropic total variation problem [39]. The subspace correction methods were applied to
variational image restoration and segmentation in [40—42], where the original total vari-
ation based problems were successfully decomposed into the smaller-size subproblems.
Two level DDMs involving a coarse mesh space correction were further considered [42].
Xu et al. [43] applied the DDMs to the image deblurring problems, which coupled with
a convolution operator. Chang et al. [44] extended the DDMs to the nonlocal total vari-
ation (NLTV) based image restoration, where a unified framework was proposed for the
NLTV and ROF model. Chang et al. [45,46] introduced a stable “unity decomposition” and
derived an overlapping DDMs for the dual formulation, where the convergence rates were
first deduced for the DDMs of total variation minimization problems. Some variants of the
classical DDMs have been studied in [47-50]. Fornasier and Schonlieb [47] and Fornasier
et al. [48] introduced the surrogate functional and generated an iterative proximity-map of
the subproblems, where the subproblems were solved by the fast oblique thresholding. Such
algorithms performed efficiently for image restoration and compress sensing problems and
the weak convergence of the algorithms was proved as well. Hintermiiller and Langer [49]
studied the general TV-L!-L.2 model for mixed noise removal and the related DDMs, where
the convergence and monotone decay of the associated objective functional values for the
Successive Subspace Correction (SSC) were guaranteed. A non-overlapping DDM was pro-
posed by Hintermiiler and Langer [51] for the dual formulation of the anisotropical total
variation based image denoising, where fast solvers for the subproblems and convergence
analysis of the algorithm were given as well. Similarly to [50], Lee et al. [52] proposed a
non-overlapping block decomposition methods, which introduced a primal—dual stitching
method.

Comparing with the overlapping DDMs, we prefer to use the non-overlapping DDMs for
two reasons: (1) the ease of handling the constraints, where we do not need to introduce any
sophisticated technique as [53]; (2) less communication cost and the convergence guarantee.
Therefore, we mainly focus on the non-overlapping DDMs for the variational image seg-
mentation tasks. Stimulated by the work in [54,55], the DDMs are build upon the coupled
relations on the interfaces of the adjacent subdomains. The efficient primal-dual algorithm
[31] is used to solve the subproblems. Actually, we use the DDMs to handle the more com-
plicated model since the minimizer is not unique, and the optimization procedure is coupled
with a convex set constraint. Moreover, the proposed DDMs are proved to be convergent
theoretically. Meanwhile, inferred from our numerical experiments, the proposed DDMs are
very efficient and stable, even for the case with the updating schemes.

The paper is organized as follows. The convex Chan—Vese model is reviewed in Sect. 2.
In Sect. 3, the proposed DDMs are given with the convergence analysis. The numerical
experiments are provided to verify the convergence and efficiency of the DDMs in Sect. 4.
We conclude the paper with some remarks in Sect. 5.
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2 Convex Chan—Vese Model

On the first place, we review the convex Chan—Vese (CCV) model [10] for (1.2), which can
be expressed as follows

05her1§1\i/r(lsz)sl TV D + a/gz (h(f —e)’ + (1 =h)(f - 02)2) ’

where
. 2
TV(h; Q) := sup ‘—/ div(g)h : ¢ = (1. $2) € (CHD)". pll> < 1},
Q
div(@p) 1= 9y, 1 + 0,2, BV(Q) := {h € LY(Q) : TV(h) < +00). By fixing ¢y, ¢3, the
above CCV model is reduced to the following form
min F((h) =TV(h) + afs, h), (2.1)
heV

where V.= K;, (\BV(), K = {h : 0 < h < 1}, (-, -) denotes the inner product over the
space LQ(Q). In (2.1), we define

s(x) :=2(c2 —c)(f(x) = (c1 +¢2)/2), Vx €K,
and TV (h) := TV (h; Q).
Theorem 2.1 The CCV model (2.1) admits at least a minimizer h* € V, ie.

h* = in F(h). 2.2
arg min F(h) 22)

Remark 2.2 One can readily know that CCV model is not strictly convex, that can not guar-
antee a unique minimizer.

Theorem 2.3 ([10]) For any given cy, ¢c3 € R, 1y by thresholding h* as for a.e. i € [0, 1]
in (2.2) is the global minimizer to MS(cy, c2, -),where ¥ := {x : h(x)* > u}.

In practise, one needs to provide suitable values of ¢y, c2. Generally speaking, there exist
two approaches to obtain the mean values for unsupervised segmentation tasks. One is to
compute the values from the image histogram. The other is to iteratively update the values

from . 1 — &

I nd oy = 120 (2.3)
Joh Jo (1= 1)
Actually the following Table 1 illuminates the procedure of the two phase segmentation
problem. We consider to solve (2.1) instead of the original CV model (1.2) by the DDMs,
since the left parts including the updating ¢;, i = 1, 2 can be accelerated readily by parallel
computing.

c] =

3 Non-overlapping DDMs for Chan—Vese Models

We follow the non-overlapping DDM framework in [54,55], where the original problem
defined on the whole domain is localized with a consistency constraint. Indeed only one
layer of the subdomains are coupled with the adjacent subdomains. Here we do not adopt any
first order or higher order transmission conditions as [56], since the optimization variables
in (2.1) belong to BV (£2), which is not sufficiently smooth.
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Table 1 Flow-process diagram for two phase segmentation

Step I: Solve CCV(2.1) —— Step II: Compute 1y,

R —

Step III: Update ¢q,c2 by (2.3)

3.1 Non-overlapping DDMs with Two Subdomains

In the continuous setting, assume that there exists the decomposition of the space V =
@izzl Vi,where V; = {h : 0 < h(x) < 1, Vx € Q;} N BV(L;), associated with the
non-overlapping domain decomposition as follows

Q=Q UQQ,, fZ]QSOZQ:@,

and the interface I' = Q1 N ©2,. We consider the minimization problem followed [55] as

h,'EV,'

2
min Zﬂ(hi) , (3.1)
i=1

st., hy =hoonT,

where Fi(h) = TV (h; Q;) + afs, h)q,, and (-, ), denotes the L? inner product over €2;.
One can readily observe that the subproblems of the above minimization problem are linked
by the constraints on the interfaces for adjacent subdomains. By introducing a Lagrangian
multiplier A : ' — R, the saddle point problem for (3.1) can be built up as follows

2

max min Y. Fi(h;) + (g, h1 — ha)r. (3.2)
& hieViiZy

Therefore, if a better decoupled method is employed to solve the above saddle point problem,
we can design the efficient DDMs to realize fast image segmentation.

For simplicity and the purpose of real applications, we rebuild the framework of the non-
overlapping DDMs in the discrete setting hereafter, where the same notations such as 2, 2;
and I' are adopted as in continuous setting. Figure 1 illustrates the non-overlapping domain
decomposition in the discrete setting. Assume that the image is of the resolution .Z x .4/,
ie,Q:={0,1,2,...,.# — 1} x{0,1,2,..., 4 — 1}. The two subdomains of the non-
overlapping DDM with the stripe-style as shown in Fig. 1 are 21 := {0, 1,2, ..., [(# —
D2} x {0, 1,2, ..., 4 =1} and Qo = {[(# — 1)/2], (A4 — 1)/2]+ 1,..., .4 — 1} x
{0,1,2,..., 4 —1}, respectively. The interface of the two subdomains I' = {[(.#Z —1)/2]} x
{0,1,2,..., .4 — 1}. Therefore, one can define the function

hieVi=lvi >R 00 <1 V(L ) e ).
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Fig. 1 Discrete domain decomposition with stripe-style in (a) and checkerboard-style in (b)

In the following, we consider how to decompose the objective functional (2.1) over the
subdomains. First, we rewrite the discrete form of F'(h) as follows

F(h) = Z ()(Dh)jl,jz

(J1.J2)€R2

— Z (‘(Dh)jlslé +as'i1’-/2h-/1’j2)+ z (’(Dh)./lajz

(1,72)€2\I’ (J1,J2)€2
= Fi(h) + F2(h),

4 O[Sjl»thjlqu)

+ asjls./2h.i1»./2)

(3.3)
where Dh denotes the forward difference discretization of the gradient operator and |-| denotes
the isotropic or the anisotropic absolute value of a vector, i.e., |[v], v2]] = v/|v1]|? + |v2|? or
[[v, v2]] = |v1]| + |v2], respectively.

Next, we introduce two variables h; : Q; — R, i = 1, 2, for arbitrary & : Q2 — R, which
satisfies that

hi = hg,.

Conversely, in order to reconstruct 4 from 4;, one needs additional condition for 4;, that is
to say,

hilr = ha|r.

Therefore, we obtain an equivalent form as (3.1) for the original problem (2.1), where the
same notations are used for the discrete setting as in the continuous setting. The Lagrangian
functional of the constrained optimization (3.1) is built up as follows

2
L(h, h; g) == > Fi(hi) + (8. h1 — h2)r, (34)
i=1
where g € Vr:={v: T — R}and (g, h)r := D, gli2piiiz,
(j1,j2)€el
We can solve (3.4) by considering the following saddle point problem
max min L(hy, h2; g). 3.5)
geVr hieV;
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One can readily have the equivalence between the saddle point problem (3.5) and the original
optimization problem (3.1).

3.2 Numerical Algorithm

Define the extensive operator Er_, o : Vr — V as

o i if (i, ja) €T,
E J1,J2 — g .
r-a(g) [0, otherwise,

and the restrictive operator Rg_,7 : Vg — Vr as
RS*}T(h)jl,jz — hjl’j2, if (ji, jo) €T,

where T C S. We employ the primal—dual algorithm [57] (see the “Appendix”) to solve (3.5)
shown as Algorithm 1.

Algorithm I: Primal-Dual algorithm for (3.5)

1. Initialization: choose go =0, ﬁ? = h? = 0, and select parameters 7, 0 and 6 € [0, 1].

2. Iterations for n > 0: Update A, g", fll’f as follows:

Stepl: ¢"!' =g¢" + a(RQ]_)pi_z’l’ — RQZ_)[‘}-lg),
(1,J2)€R4

2
. 1 Lo ~
Step II : (h’f“, hg“) = arg min Z <Fi(hi) + 7 z |h{" 2 — (h?)jl’]2|2> ,
=

with (A}, h%) = (W, 1) — © (Erq, 8", —Er_g,g"t"),

Step Il : A" = (1 +6)r! ™ —onl.

(3.6)

End till some stopping criterion meets.

Remark 3.1 Here we do not solve the saddle point problem by the ADMM [26,27] because
the corresponding subproblems defined on the adjacent subdomains by the ADMM will be
coupled together.

We give some observations of Algorithm I. For the subproblem in Step II of (3.6), one
can solve the minimization problem with respect to i; independently, which means the
subproblems can be solved in parallel.

Now we will separately discuss how to obtain h’f“ and hg“ in the following. On one

hand, the subproblem h’f“ can be explicitly defined as follows
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1 g < N |?
+1 : )
nY :.arghrlnglg1 Fi(hy) + 37 E Rtz _ (h’f)

(J1,J2)€

| + Z as{lvhh{hjz
(1,J2)EQ\T Gr.p)ea\l 3.7

1 JisJ2 on inp :
tyr > |- (i)
(J1,J2)€2

:=arg min Z ‘(Dhl)jl’j2

— : Dhi)/1:72
arg min > ‘( D)

+ A (hy),

hieVy
(1,2)€\T'
where Ai(h) = 3 asi" PR oo 3 bt = (TR,
(j1.j2)€Q\I T (1. j2)€

By applying the algorithm in the appendix to the subproblem (3.7) and defining K, =

{p=(p1,p2):4/ p% + p% < 1}, we can obtain Algorithm II-I for the subproblem h’f“.

Algorithm II-I: Primal-Dual algorithm for (3.7)

1. Initialization: choose p? =0, ﬁ(l) = h(l) = 0, and select parameters «, y and 6 € [0, 1].
2. Fork=0,1...,

f . 1 n
Pt =argmin Ig,(p+ 5 >0 b= PP
: (j1.j2)eQ\I

where pf = pX + kRq, - o\r(VAY),
k+1 .
h]ﬂL =argn21n o Z Eqonr—q,(sDhy + Ik, (h1)

(J1.J2)€82
1 ~ 1 o
+ - hy — 512+ hy — A2,
2'Z|1 q 2T.Z|1 dl
(J1.J2)€%2 (J1,J2)€2

where iX = n% 4+ yEq,\r_ g, (divpt ™),

AT =1+ o)rk T — onk.

End till some stopping criterion meets.

The variable p’f“ in Algorithm II-I has the closed-form form as follows

sk
X
Pt = ”‘—(A,)(, Vx € Q\I',
max{l, [py ()|}
and the variable h]f“ is computed from

h’l“rl(x) = min [1, max {0, rﬁ’l‘ + yfz’]’ — ryaE(sl)(x)}/(r + y)} , Vx e Q.

@ Springer



J Sci Comput

On the other hand, the subproblem of hg“ is formulated as follows

1 - ~ N |?
hn—H — . Fr(h o h/ls./Z _ (hn)
2 argh?é% 2(ho) + 7 Z 5 5

(J1.J2)€822
=arg min Dh)/72| 4+ as/ R piv R
gh2€V2 X ZQ ‘( 1) . ZQ 2 1
(J1,J2)€2 (J1,J2)€820 (3.8)
1 i, j <N |
+— h]lqu _ (hn)
5w 2. M 1
(J1.J2)€820

:=arg min ‘(Dhg)-"“j2
gh26V2 . Z
(J1,J2)€522

+ 5 (hy),

o 1 . o
. , . . 2
where 73(h2) = 3y, jeq, @87 )"+ - B eqy 277 — ()T

Similarly to Algorithm II-I, we can obtain Algorithm II-II for the subproblem h;“.

Algorithm II-II: Primal-Dual algorithm for (3.8)
1. Initialization: choose pg =0, fzg = hg = 0, and select parameters «, y and 6 € [0, 1].
2. Fork=0,1...,

. 1 N
Py =argmin Ix,(p) + 5 > Ip2— B
: (1.72)eR
with 1')15 = p'ﬁ + kVik,
1 .
k+1 : k2
hy! =argmin o | Z sha + I, (h) + o | Z lhy — k|
(J1,J2)€82 (1,J2)€2
1 .
. h _ n 2’
+ 7 z [ho 51
(J1,J2)€22
with ﬁlﬁ = hé + ydivpé“,
IS =1+ 0)ns T — onb.

End till some stopping criterion meets.

It is clear that pé“ has the closed-form form as
P

k+1
)4 (x) = T Ak,
: max {1, |p% ()}

Vx € Qp,

and hg“ can be computed from

P31 (x) = min {1, max {0, Th4 + y il — tyas:(0)}/(x + )/)}, Vx € Q.

Remark 3.2 The Algorithm II-I and Algorithm II-1I are almost the same except for the dimen-
sion of py and p,. Therefore additional restrictive and extensive operators are introduced in
Algorithm II-I.
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3.3 Extension to the Cases with More Than Two Subdomains

One can also deduce the DDMs for the cases with 7 non-overlapping subdomains (7 > 2),
ie.,

with the inner boundaries I'; x = ; () S, where I'; x = Iy ;. To describe the set of boundary
information transmission, we denote [ = {T'; x : T'ix has more than one point}, where we
only consider the transfer between two adjacent regions sharing a boundary (not a point). We
split the functional F as F := > ,_, ; F; such that F; is only defined upon the subdomain
Q;, and define the minimization problem as follows

T
min ZF,-(hi) ; (3.9)
i=1

hieV;
st, hi=hyonT el, Vi<i<k<T.

Remark 3.3 One can readily give the details for splitting of the functional F. For the stripe-
type domain decomposition, it is the same as (3.3). And similar splitting technique can be
employed for the checkerboard-type domain decomposition.

Similarly to the case of two subdomains, we can build up the following saddle point
problem

T
max min > Fi(h) + 2 (gik» hi — hi)r,,-
ik hieVi {2y I el

By considering the checkerboard-type decomposition, Algorithm III gives the details of
solving the associated saddle point problem.

Algorithm III: Primal-Dual algorithm for (3.5)
with checkerboard-type domain decomposition

1. Initialization: choose ggk =0, ]’_l? = h? = 0, and select parameters 7, ¢ and 6 € [0, 1].
2. Tterations for n > 0: Update h;’, g;fk, fz;‘ as follows:

g,"kH =g/ +0Er,, ~oRq 1, hi —Ro o, i) Y1 <i <k <T

T
. 1 L PR
(h'f“,hg“, L) = arghmela z (Fi(hi) + % z : |hlg|,12 _ (h;’)"’12|2),
= (Jj1,J2)€Q;

: pno__pn n+1 n+l1
with hi =hi — 7 Z Eri.k"ﬂigi,k - Z Er, a8 |-
{k: k>i,l",-,kef‘} {k: k<i,l"k‘,-ef‘}

R = (1+0)h! ! — on?.
(3.10)

End till some stopping criterion meets.
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Asmentioned, one uses an iteratively scheme to refine the mean values, the update schemes
of which are given in the discrete setting as follows

2 G e fivipiii > Giine IR (1 — pitizy
1= — and ¢ = - ,
z(,ilgjz)EQ hiv-72 Z(jl.jz)eﬂ(l — hivh2)
where we assume that >/ hiv-72 # 0 and 1. The above update schemes could be incor-
(J1,2)€R

porated into Algorithm I, where ¢1, ¢z can be initialized as 0 and 1, respectively.

3.4 Convergence Analysis

In order to analyze the convergence of the proposed Algorithm I, we shall first define the
following operator

K(h1, hy) =Eroq(Roor(hy —h2)), Vhih
for domain decomposition with two subdomains. For 7' subdomains, one can define
Kr(hy, ha, ..., hT)
as
[Kr(hy, ha, oo s hp)lie = Ery o Re, -y hi — Ry, h)-
Denote the discrete L2 inner product by (-, -).

Proposition 3.1 The norm of the operator K is bounded.

Proof We can readily prove the boundedness of this operator by the property of the linear
operator in the finite dimension space. O

In order to set the parameters, we need to further study the upper bound of the operator
K7. For the simplicity, we first analyze it by using the stripe-type domain decomposition

(Kr(hy,ho, ..., hr), Ky (hy, ha, ..., hT))

=3 > (o)

1<i<T—1(j1,j2)€Tii+1

2 3 3 () ()

1<i<T—1(j1,j2)€li i+
)
23 3 (W)
1<i<T (j1,j2)€;

There exists || K7 ||> < 2 for the stripe-type domain decompositions. For the checkerboard-
type domain decomposition, we have

(Kr(hi, ho, ..., hr), Ky (hi, ha, ... k1))

- > (h.il'l».iz_h./il,jz)z

T pef Graj2)€lik
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2> 3 ((h{l'f2)2+(h,{l’/2)2)

T el UJ2)€elik

<8 > > (W)

1<i=<T (j1.j2)€;

There exists || K7 ||> < 8 for the checkerboard-type domain decomposition. By defining the
norm of K as L := ||K7|| < 400, we can have the following theorem.

Theorem 3.4 Algorithm I is convergent if to < 1/L>.
Proof Following [31] and Proposition 3.1, one can readily prove this theorem.

Theorem 3.5 Algorithm II-I and Algorithm II-1I for solving the subproblems of Algorithm I
are both convergent ifky < 1/8.

4 Numerical Experiments

In this section, we conduct several numerical experiments to verify the performance of the
proposed DDMs. All the experiments are implemented in a MATLAB environment on a
desktop with Intel (R) Core(TM) i3-2120 CPU@3.30GHz, and 8G RAM. Hereafter, we set
the parameter 6 = 1.

4.1 Performance and Convergence

We first test our proposed DDMs on two images as shown in Fig. 2, where the left one is a
synthetic image and the right one is a natural image.

In order to verify the convergence, we shall have the exact solution. Alternatively, we
numerically get 2* as a “ground truth” solution by the primal—dual algorithm [31] without

Fig. 2 Both images in (a) and (b) are of the resolution 256 x 256
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the DDMs (see the “Appendix”), where the stopping condition is set as
ot ] <

with TOL = 1.0 x 1013 or the maximum iteration number reaches 1.0 x 10°. Two mea-
surements are used to qualify the convergence of the proposed DDMs, i.e., the normalized
error e = ||hK — h*||/||h*| and the numerical energy Ej := F (hy).

Firstly, we show the performance of the DDMs on Fig. 2a with the stripe-type domain
decomposition. The parameters are set as T = 0.5,0 = 1.0, « = 1.0, y = 1/8. We imple-
ment Algorithm I with the stopping condition (4.1) with TOL = 1.0 x 10~ or the maximum
iteration number N,,; = 1.0 x 10°. Here, the inner iteration number of Algorithm II-I and
Algorithm II-II are fixed to be N;,, = 1.0 x 103 in order to guarantee the convergence. Figure 3
shows the segmentation results with different o« and Fig. 4 displays the differences images
between the ground truth and the solutions of the DDMs. Both two figures demonstrate that
our proposed DDMs performs well and are quite robust with respect to different number of
subdomains and different parameter «.

Secondly, we implement Algorithm IIT to show the performance of the DDMs with the
checkerboard-type domain decomposition. The segmentation results and differences between
the ground truth and the solutions by the DDMs are shown in Fig. 5 and in Fig. 6, respectively.
Inferred from these two figures, we observe that the DDMs based algorithm works well for
the checkerboard-type domain decomposition. In order to further verify our DDMs, we test
both algorithms on the natural image in Fig. 2b and the results are shown in Figs. 7 and 8.
Once again, both decomposition methods produce satisfactory and accurate segmentation
results on the nature image.

The convergence curves of the stripe-type decomposition (i.e., Fig. 3h) are plotted in
Fig. 9, where both the errors and the numerical energy of the objective functional decrease

Hooo

Fig. 3 Performance of DDMs with the stripe-type domain decomposition (red lines represent the interfaces
of domain decomposition). The parameter « for the first row is « = 0.4 and the second row is « = 0.6.
From left to right the ground truth with different «, the segmentation results by the DDMs with 2, 22 and 23
subdomains, respectively (Color figure online)
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Fig. 4 Differences between the ground truth and the solution by the DDMs with the stripe-type domain
decomposition of Fig. 3. From left to right: differences by DDMs with 2, 22 and 23 subdomains, respectively

(a) (b)
) (e)

®

Fig. 5 Performance of DDMs with checkerboard-type domain decomposition. The parameter « for the first
row is o = 0.4 and the second row is @ = 0.6. From left to right the segmentation results by DDMs with

22, 32, and 42 subdomains, respectively
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Fig. 6 Differences for Fig. 5 between the ground truth and the solution by the checkerboard-type domain
decomposition. From left to right the differences by DDMs with 22,32, and 42 subdomains, respectively

(a) (b) (0

(d) (e) ®)

Fig.7 Performance of DDMs with stripe-type (the first row) and checkerboard-type (the second row) domain
decomposition. From left to right on the first row are the segmentation result by the DDMs with 2, 22, and
23 subdomains while on the second row are the segmentation results by the DDMs with 22, 32, and 42
subdomains, respectively
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Fig. 8 Differences between ground truth and the solution by the DDMs with stripe-type (the first row) and
checkerboard-type (the second row) decomposition w.r.t. Fig. 7
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Fig. 9 The convergence curves of the DDMs w.r.t. Fig. 3h. (a) Decay of numerical energy Ej. (b) Errors ey

as the iteration number increases. We use ¢; = 1, ¢ = 0 for Fig. 2aand ¢; = 0.5,¢c2 =0
for Fig. 2b as the default values. We see that the errors and the objective functional values
monotonely decrease fast, which numerically verifies our theoretical analysis.

Additional tests are done on the medical images of different resolutions, i.e., Fig. 10a with
the resolution 512 x 512 and Fig. 10d with the resolution 1024 x 1024. In the experiment, we
seta = 1,c1 = 0.5, co = 0 for Fig. 10a and o = 50, ¢; = 0, ¢ = 1 for Fig. 10d. All other
parameters and stopping conditions for the DDMs are the same as the previous experiments.
We display the segmentation results in Fig. 10, which demonstrates that the DDMs work
quite well for images with different resolutions.
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(d) (e) )
Fig. 10 Performance of the DDMs with stripe-type domain decomposition for a with the resolution 512 x 512
and d with the resolution 1024 x 1024. The values of the parameters for the first row area = 1,¢; = 0.5,¢p =0

and for the second row are « = 50, ¢c1 = 0, ¢ = 1. From left to right the original images, the ground truth,
the segmentation results by the DDMs with 23 subdomains

4.2 Performance w.r.t. the Inner Iteration Number N;,

In order to discover the performance of the DDMs affected by the iteration number of the
inner solver of Algorithm II-I and Algorithm II-II, we test the DDMs with different inner
iterations under the stopping condition as

e <5.0x 107 4.2)

for the stripe-type decomposition of 2 subdomains. All other parameters are set to be
the same as the above subsection. The results of the testing image Fig. 2a are shown
in Table 2. By inferring from the table, one can see that our DDMs with less inner
iterations require more outer iterations N,,; to obtain the same error. Meanwhile, the
DDMs become slower gradually as the cost of per outer iteration increases although less
outer iterations are used. Therefore, a suitable inner iteration number N;, needs to be
chosen to achieve the best performance. Hereafter, we set N;;, = 10 as the default
value.

4.3 Performance w.r.t. the Number of Subdomains and Other Parameters

We use Fig. 2a and set N;;, = 10 and other parameters are set to be the same as Subsection
4.1. We first test the performance of the DDMs w.r.t. different numbers of the subdomains
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Table 2 Performance of the

stripe-type decomposition with Nin Time ek (1.0 x 107%) Ex Nout
different inner iterations Njj, 20 4.9987 55970078 1960
2 15 4.9965 —5597.0078 991
5 12 4.9918 —5597.0079 389
10 11 4.9860 —5597.0080 201
20 20 4.5986 —5597.0090 174
50 43 4.2034 —5597.0097 172
100 85 4.2638 —5597.0099 172
Time denotes the elapsed time in 200 167 43518 —5597.0100 172
denotes the objoetve funcional” 300 418 4396 ~5597.0100 172
values and Ny, denotes the outer ~ 1000 833 4.3978 —5597.0100 172

iterations

Table 3 Performance of the stripe-type decomposition with different numbers of the subdomains Ny,;,;

Ngub Time er (1.0 x 1079) Ej Nout
11 4.9860 —5597.0080 201
12 4.9906 —5597.0080 202
18 4.9922 —5597.0082 285

16 22 4.9979 —5597.0078 301

24 32 4.9918 —5597.0080 379

Time denotes the elapsed time in seconds, e denotes the error, E; denotes the objective functional values and
Nour denotes the outer iterations

Nyup. We choose the stopping condition as (4.2) and display the results in Table 3. As the
number of subdomain increases, more outer iterations are required to reach the given error
tolerance. On the other hand, the segmentation results are not so sensitive to the number of
subdomains. Thus, we may consider to incorporate some global information into the original
minimization problem in our future work.

We also evaluate the performance of our DDMs w.r.t. other parameters including , o, «, .
The effect of parameters «, y has been discussed in [31]. In our proposed DDMs, these
parameters play the role of controlling the inner solver for the subproblems, which are quite
similar to [31]. Therefore, we only show the impact of the parameters t, o, which actually
control the outer solver for the DDMs. In the tests ahead, we set k = 1,y = 1/8 as the
default values. The iterations for the DDMs stop if (4.2) is satisfied or the maximum iteration
number reaches 1.0 x 103. Our estimation demonstrates the upper bound of the multiplication
of the two parameters are o = 1/2 to guarantee the convergence. Hence, we conduct the
experiments with to = 1/2. By selecting o in {2”", 2-m+l o 0,..., 2mL 2’”} with
m =5, we show the results in Fig. 11, which illustrates that a suitable value of o is needed
for the best performance. In this paper, we do not conclude any rule for selecting the optimal
parameters for the DDMs and leave it as a future work.

4.4 Performance with the Updating Means

In this subsection, instead of selecting the means ¢, ¢ manually, we use the updating schemes
(2.3) to compute the means automatically. We set « = 1 and stopping condition (4.1) of
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Fig. 11 Performance influenced by parameter o w.r.t. iteration number. (a) N, and (b) elapsed time with
respect to the iteration number
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Fig. 12 Performance of the stripe-type and checkerboard-type domain decomposition with the updating
means. From /left to right on the first row are the segmentation results of the stripe-type decomposition with
2, 22 and 23 subdomains while on the second row are the segmentation results by the checkerboard-type
decomposition with 22, 32 and 42 subdomains

TOL = 1.0 x 107, The segmentation results of the stripe-type and checkerboard-type
decomposition are displayed in Fig. 12. The updating schemes perform very well since
the means of the DDMs always keep the same values for the decomposition with different
numbers of subdomains.

4.5 The Large-Scale Image Segmentation

In order to test practical performance of our proposed DDMs, three large-scale images with
the resolution 512 x 512 in Fig. 10a, 1024 x 1024 in Fig. 10d and 4096 x 4096 (interpolation
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Table 4 Performances of the DDMs with updating means for the image of resolution 512 x 512

Noub 22 42 62 82 102

Nour 201 201 202 199 201

Ey (1.0 x 1077) —4.2929000 —4.292900 —4.292900 —4.292900 —4.292900
Time 25 18 19 21 24

The parameters are « = 50 and E < —4.292900 x 10%. Time denotes the elapsed time in seconds, Ej denotes
the objective functional values and N, is the iteration number of Algorithm IIT

Table 5 Performances of the DDMs with updating means for the image of resolution 1024 x 1024

Neup 22 42 62 82 102
Nour 345 346 346 346 346
Er (1.0 x 1075) —2.204990 —2.204990 —2.204990 —2.204990 —2.204990
Time 219 174 119 125 130

The parameters are « = 1 and Ey < —2.204990 x 103. Time denotes the elapsed time in seconds, Ej denotes
the objective functional values and Ny, is the iteration number of Algorithm IIT

Table 6 Performances of the DDMs with updating means for the image of resolution 4096 x 4096

Noub 22 42 62 82 102

Nout 52 52 52 52 53

Ej (1.0 x 1076) —3.375788 —3.375603 —3.375066 —3.375066 —3.381588
Time 370 372 373 378 388

The parameters are « = 1 and E; < —3.374890 x 100 is adopted. Time denotes the elapsed time in seconds,
E} denotes the objective functional values and Ny, is the iteration number of Algorithm III

version of “Cameraman” in Fig. 2b) are employed. A different stopping condition £y < TOL.
is used as [51,53], which is defined to guarantee the quality of segmentation visually. We set
TOL, = —4.292900 x 10°, —2.204990 x 10°, —3.374890 x 10°, which are the numerical
energy of the iterative solutions by the primal-dual algorithm without the DDMs for the
three images, respectively. It is very expensive for the computation on the large-scale images
and we set N;, = 2 in this experiment. We separately display the results in Tables 4, 5, and
6. As the number of subdomains increases, the iteration numbers N,,,; vary very slightly. It
means the DDMs are rather robust w.r.t. the number of subdomains when segmenting the
large-scale images. Moreover, inferred from Tables 4 and 5, the elapsed time first decreases
and increases as the number of subdomains increases. It implies that one should adopt the
DDMs with a suitable number of subdomains to gain the best performances in practise.

4.6 Comparison with the Original Algorithm by the Level Set Method

In this subsection, our proposed DDMs with the updating means are compared with the
original algorithm solved by the level set method [10]. We set « = 0.6. In order to give a
fair comparison, these two algorithms stop at the same time if tppys, f1s > 40 in seconds,
where tppu, trs denote the elapsed time by the checkerboard-type domain decomposition
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Table 7 The RAM and

. Methods Memories (MB) Ey
numerical energy values Ey
when tpp fLs = 40s DDM 13.63 —2.732757 x 103
LS 11.25 —2.705405 x 103

with 4 subdomains and the level set based method, respectively. The package “TVREG” [58]
is used for the level set method. Both the RAM used and the corresponding energy values are
reported in Table 7. It is observed that the objective functional value obtained by the DDMs is
smaller than the one by the level set method. On the other hand, the RAM used by the DDMs
is a little bit bigger than the one by the level set method. It is because the current DDMs is
implemented with a sequential manner. Both the memory cost and CPU time will be greatly
reduced when a parallel pattern is realized (It is shown that the speed-up efficiency reported
could reach 0.8 even for nonlocal total variation based restoration problems by the DDMs in
[59D).

S Conclusion
It is very important to investigate the convergence for the CCV model with the updating
schemes. We will further investigate the multi-phase segmentation problems in the future. In

order to accelerate the computation speed, the DDMs for the continuous max-flow [12,60]
and the min-cut model [40,41] will be considered as well.

Appendix

There are many solvers to minimize (2.1) including the primal—dual algorithm [57]. The
saddle point problem of (2.1) is built up as follows:

maxmin/ Vh-p+a/sh—IKp(p)—i-IK,,(h), 5.1
P h Jo Q
where
0, hes, (5.2)
Is(h) = /
400, h¢S. (5.2)

By defining G1(h) = « fQ sh + Ik, (h) and Ga2(p) = Ik, (p), Eq. (5.1) reduces to the
following form:

maxmin/ Vh-p+ Gi(h) — Ga(p).
P h Jo

The primal—dual algorithm by Chambolle and Pock [31] can be used to solve the above
problem.

Primal-Dual algorithm for (1.2)

1. Initialization: choose pO =0, 7% = h% = 0, and select parameters 7, o (to < 1/8) and
6 [0, 1].
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2. Iterations for n > 0: Update h", p", h" as follows:
1 . A -
p" ! = argmin, Ga2(p) + . Jolp— p"?, with p" = p" +oVh",
g

hn+l (53)

1 . .
arg miny, G1(h) + 7 Jolh — k"%, with h" = h" + tdivp"*!,
T

A = 1+ o)nt —onn.

End till some stopping criterion meets.

Both subproblems of p and /4 in Eq. (5.3) have the closed-form forms, which are

p"(x)

n+1 _
P = L A O

and

h"*(x) = min [1, max{0, A" (x) — Tas(x)}] , Vx eQ.

Theorem 5.1 ([31]) The primal-dual algorithm is convergent if to < 1/8.
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