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Abstract

Using changes of probability measure developed by Grama and Haeusler (Stochastic Process. Appl.,
2000), we extend the deviation inequalities of Lanzinger and Stadtmdiiller (Stochastic Process. Appl.,
2000) and Fuk and Nagaev (Theory Probab. Appl., 1971) to the case of martingales. Our inequalities
recover the best possible decaying rate in the independent case. In particular, these inequalities
improve the results of Lesigne and Volny (Stochastic Process. Appl., 2001) under a stronger condition
that the martingale differences have bounded conditional moments. Applications to linear regressions
with martingale difference innovations, weak invariance principles for martingales and self-normalized
deviations are provided. In particular, we establish a type of self-normalized deviation bounds for
parameter estimation of linear regressions. Such type bounds have the advantage that they do not
depend on the distribution of the regression random variables.
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1. Introduction

Assume that (&;);>1 is a sequence of centered random variables. Denote by S, = Z?Zl & the
partial sums of (&)i>1. If (§)i>1 are independent and identically distributed (i.i.d.) and satisfy the
following subexponential condition: for a constant o € (0,1),

Ko = BIE exp{(61)%)] < oo, (L.1)

where 1t = max{z,0}, Lanzinger and Stadtmiiller [26] have obtained the following subexponential
inequality: for any x,y > 0,

x (1 nk,

P(S,>2) < exp {—yl_a - 2xy1—a)} + %E[exp{(gf)o‘}]. (1.2)
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In particular, by taking y = z, inequality (1.2) implies that for any = > 0,

ligl_)S;Cl)p nia logP(Sn > naj) < ¢ (1.3)
and
P(SnZn) = O(exp{—cno‘}>, n — 00, (1.4)

where ¢ > 0 does not depend on n and can be any value smaller than ¢y = sup{t > 0 : Elexp{t(£)*}] <
oo} (see [26], Remark 3). The last two results (1.3) and (1.4) are the best possible under the present
condition, since a large deviation principle (LDP) with good rate function z can be obtained in
situations where some more information on the tail behavior of £; is available; see Theorem 2.3. Under
the subexponential condition (1.1), more precise estimations on tail probabilities, or large deviation
expansions, can be found in Nagaev [32, 33], Saulis and Statulevicius [36] and Borovkov [3, 4].
Recently, the generalizations of (1.4) have attracted certain interest. Doukhan and Neumann [10]
have established a generalization of (1.4) under a new concept of weak dependence which extends usual
mixing assumptions. This concept is particularly well suited for deriving estimates for the cumulants of
sums of random variables. For a LDP for weighted sum of i.i.d. random variables satisfying conditions
similar to (1.1) we refer to Kiesel and Stadtmiiller [25] and Gantert, Ramanan and Rembart [17].
Our first aim is to give a generalization of (1.4) for martingales. Let (§;, Fi)i>1 be a sequence of mar-
tingale differences with respect to the filtration (F;);>1. Under the Cramér condition sup; E[exp{|&|}] <
00, Lesigne and Volny [27] first proved that (1.4) holds with a = 1/3, and that the power 1/3 is optimal
even for the class of stationary and ergodic sequences of martingale differences. Later, Fan, Grama
and Liu [12] generalized the result of Lesigne and Volny by proving that (1.4) holds under the more

2a
general exponential moment condition sup; E[exp{|{;|T-= }] < oo, @ € (0, 1), and that the power « in
(1.4) is optimal for the class of stationary sequences of martingale differences. It is obvious that the

condition supiE[eXp{|£i|%}] < oo is much stronger than condition (1.1). Thus, the result in [12]
does not imply (1.4) in the i.i.d. case.

To fill this gap, we consider the case of the martingale differences having bounded conditional
subexponential moments. Under this assumption, we can recover the inequalities (1.2), (1.3) and
(1.4); see Theorem 2.1. Denote by ||{||oc the essential supremum of a random variable . Our first
result implies that if

Uy 1= maX{H Zn:E[ﬁf exp{(ﬁj)aﬂfi_l]Hoo, 1} < 00,
=1

then, for any = > 0,

2

x
P( > > < 2 _—_—— % 1.
1211?22 Spzw) < 2exp { 2(uy, + x279) } (1.5)

To illustrate the bound (1.5), consider the simple case where (&;);>1 is a sequence of i.i.d. random
variables: in this case u, = O(n) as n — oco. It is interesting to see that when 0 < x = o(n'/(=P)),
our bound (1.5) is sub-Gaussian. When = = ny with y > 0 fixed, the bound (1.5) is subexponential
exp { — ¢;n“}, where ¢, > 0 does not depend on n, thus recovering (1.4).



For martingale differences (&;, F;)i>1 satisfying u, = o(n?~%), we find an improved version of the

inequality (1.3); see Corollary 2.2. To show the best value of the constant in (1.3), for i.i.d. random

variables we establish large deviation principles for % = %Z?:l & and %maxlgkgn S), in Theorem
2.3.

For the methods, an approach for obtaining subexponential bound is to combine the method of
the tower property of conditional expectation and uniform norm. This approach has been applied in
Fuk [16], Chung and Lu [5], Liu and Watbled [30] and Dedecker and Fan [6]. With this approach, one
can obtain inequality (1.2) with

nEo =3 [l expi (&) HFa]|| - (1.6)
i=1

However, this result is not the best possible in some cases. It turns out that with the method based
on the change of probability measure for martingales from Grama and Haeusler [18] one can obtain
better bounds. Using this method, we show that the inequality (1.2) holds with

ko= | S Bl exp{(§7)}|Fia||_- (17)
i=1

Such a refinement has been first proved by Freedman [38] for improving Fuk’s inequality [16] for
martingales, and similar analogs were established by Haeusler [19], van de Geer [38], de la Pena [8]
and [11]. Since the latter nK, is less than the former one, i.e.,

HZEQ exp{(§)}Fil||_ ZHEQ exp{(6)}Fil| |,

our method has certain advantage. To illustrate it, consider the following example. Assume that
(€i)i>1 is a sequence of independent and unbounded random variables, and that (g;);>1 is independent
of (&, F;)i>1. Assume that

[BlF-|| =1 and  ||Blexp{li®}F]]|_ <D

for a constant D and all ¢ > 1. Denote by &, = &Ei/,/zzzl e2 and F] = 0{ej,1 <j < i, Fi,|ex], 1 <
k < n}. Then (&, F])i>1 is also a sequence of martingale differences. It is easy to see that

HiE[@;)zexp{((g)) F]| <sz“ B[} exp{l&|*}Fi]||_ < D,

and that, by the fact that (¢;);>1 are unbounded,

n

i [t exptenny | = > || A

‘ [e.e]

n

>

| -n

2
-1 %k



Hence

Pexp{(E)H) HF|| < D,
and
supZuE P exp{(€) ") HFL|| | = oo

Thus our extension (1.7) in the right hand-side of (1.2) is nontrivial, while with (1.6) it is infinite.

Using the same method, we also generalize the following Fuk inequality for martingales (cf. Corol-
lary 3 of Fuk [16]; see also Nagaev [33] for independent case): assume that ||E[|&;|P|F;—1]|| < oo for
some p > 2 and all i € [1,n], then for any = > 0,

) -
P< max Sk2x> < exp{—xT}—i—%, (1.8)

1<k<n 212

where
V2= %(p—i— 2)2ep 22:; HE[gf]]-"Z_l]Hoo and ép = (1 + %)p 22:; “E[‘gi’p‘ﬂ_l]um

In Corollary 2.5, we prove that (1.8) holds true when V? and ép are replaced by the following two
smaller values V2 and C) respectively, where

V2 i(ij 2% | Zn:E[gﬂ}}_l]Hoo and Gy i= (1+ §>,, I zn:E[|£i|p|fi_1]Hoo
i=1 1=1

To illustrate this improvement on Fuk’s inequality (1.8), consider the following comparison between C,

and C), in the case of self-normalized deviations. Assume that (¢;)i=1,. » is a sequence of independent,

unbounded and symmetric random variables. Denote by & = &;/(3_1_, |ex[P)V/?, and F; = o{e;,j <
i,leg],1 < k <n}. Then (&, F;)i=1,.. n is a sequence of martingale differences. It is easy to see that

HZE\ar% | sz’gi";‘p .

and that, by the fact that (¢;);=1, ., are unbounded,

S|[EreriFal =Y
=1 1=1

Hence C), is of order O(1) while ép is of order O(n), which implies a significant improvement on Fuk’s
inequality (1.8).

Under the condition that (&;, F;);>1 satisfy sup; E[||P] < oo for a p > 2, Lesigne and Volny [27]
proved that

|eq|P

P<Sn > n) = O(L) ) n — oo. (1.9)

np/2

4



Under a stronger condition on the conditional moments, we obtain an improvement on the inequality
of Lesigne and Volny (1.9). Assume either

sup E[|§;/"*"] <00 and sup ||E[&F|Fi—1]l] < oo

or
sup [[E[|&["|Fi1]]] < o0
1

for two positive constants 0 and p > 2 (do not depend on n). Then we have for any o € (%, 00),

P( max Sy > na) = O(—l_l) , n — oo. (1.10)
1<k<n nop

Since p—1 > p/2 for p > 2, it follows that (1.10) is an improvement of (1.9). We refer to our Theorem
2.6 and Corollary 2.5 where we give more precise bounds. From Theorem 4.1 of Hao and Liu [22] it
follows that (1.10) is close to the optimal. For necessary and sufficient conditions to have (1.10) we
refer to [22].

The paper is organized as follows. We present our main results in Section 2, and discuss the
applications to linear regressions with martingale difference innovations, weak invariance principles
for martingales and self-normalized deviations in Section 3. The proofs of theorems are given in
Sections 4 - 9.

2. Main results

Assume that we are given a sequence of real-valued martingale differences (&;, F;)i=o,..., defined

on some probability space (2, F,P), where £, = 0 and {0,Q} = Fy C ... C F,, C F are increasing
o-fields. So, by definition, E[¢;|Fi—1] = 0, ¢ = 1,...,n. Define the martingale S := (Sk, Fi)k=0.....n by
setting

k
So=0 and Sp=> &, k=1,..n. (2.1)
i=1

Denote by (S) the quadratic characteristic of the martingale S :

k
(S)o=0 and (), => E[gF], k=1,.,n (2.2)
=1
For any a € (0,1), set
k
Y(S)r = Y E[& exp{(§)*}Fi-al, k€ [1,n]. (2.3)
i=1

Our first result is a subexponential inequality on tail probabilities for martingales. A similar
inequality for separately Lipschitz functionals has been obtained recently by Dedecker and Fan [6].



Theorem 2.1. Assume
Cn =Y E[g exp{(&)*}] < o0 (2.4)
i=1

for some o € (0,1). Then for all z,u >0,

P(Sk > x and Y(S), < u for some k € [1,n]

2 2/(1-a a/(l-—a
exp{—x—}—l—Cn(aj) exp{ <E> } if 0<az<ul/®

2u U T
eXp{‘xa(l_gx%”*Cn zexp{ } if w>ut/Cme),

< (2.5)
It is obvious that
Cn = E[T(S)n] < [[T(S)nlloc-
Hence, when u > max{||Y(S)n||oo, 1}, from (2.5) we get the following rough bounds
72
2exp{——} if 0<a<ul/2
P( max Si > :L') < 2u (2.6)
1<k<n

2 exp { - %xa} if x> ul/-)

22
< 2exp{—m}. (2.7)

Thus for moderate z € (0,u'/>~®)), the bound (2.5) is sub-Gaussian. For z > u/(2~%) the bound

(2.5) is subexponential of the order exp{ — %wa} Moreover, when ﬁ — 00, by (2.5), this order

can be improved to exp{ - (1- E)xa}, for any given small € > 0.
For any a € (0,1) and k € [1,n], set

k
T(S)e = > BI& exp{[&[*}Fi-1].
i=1

Since Y () < Y(S )k, it is obvious that (2.5) is also an upper bound on the tail probabilities

P( + 8, >z and Y(S)), < u for some k € [1,n]).

Moreover, if ||T(S)n|lso < u, then (2.5) is an upper bound on tail probabilities of the maxima and
minima of the partial sums P(maxj<g<, St > x) and P(— min;<x<, S; > ).

When (&;);>1 are i.i.d. random variables, we have C,, = T(S), = con with ¢y = E[¢Z exp{(&)*}].
In this case, inequality (2.6) implies the following large deviation bound: for any x > 0 and n
sufficiently large,

> < - “} .
P(lgll?%inSk_nm> < 2exp{ CaM (2.8)



with ¢, = % In fact, the constant ¢, in (2.8) is close to x®, as shown by the the following large
deviation bound for martingales, which is a consequence of Theorem 2.1.

Corollary 2.2. Assume condition (2.4), for some o € (0,1). If

1T (S)n|le = 0o(n*™%), n — oo, (2.9)
then for any x > 0,
li L1 P 1 Sy > < —x® (2.10)
1£n_>sol<1)p — log nll%l]?gxn > < —z%. .

The bound (2.10) cannot be improved under condition (2.9). This is shown by the following large
deviation principles on S—; = % S & and % maxi<k<n Sk Which hold true for i.i.d. random variables
(&)i>1 with subexponential tails.

Theorem 2.3. Consider an i.i.d. sequence (&;);>1 with E[§;] = 0.

(i) If E[¢?] < oo and for some constants a € (0,1) and ¢ > 0,

1
lim — logP<£1 > 33) = —c, (2.11)
r—o00 &
then for all x > 0,
1 1 1 S,
lim — logP <— max Sy > 3:) = lim —logP <—n > :E) = —cz®. (2.12)
n—o0 N n 1<k<n n—oo N n
(ii) If for some constant o € (0,1) and ¢ > 0,
lim =1 P||>>— (2.13)
i log Pl 2 ) = -
then for all x > 0,
1 1 1 S,
lim — logP <— max Sj > :E> = lim —logP <—n > :E> = —ca® (2.14)
n—oo N n 1<k<n n—oo N n
and
1 1 1
lim — logP (— min Sj < —3:) = lim —logP (i < —3:) = —cz™ (2.15)
n—o0 N n 1<k<n n—oo N n

In the special case where & has a density p(x) satisfying p(x) ~ exp{ — |z|*} as z — oo, the
asymptotic (2.12) for P (% > z) follows from Theorem 3 in Nagaev [32] (we also refer to Gantert,
Ramanan and Rembart [17] for related results). Notice that condition (2.13) is weaker than that used
in [32].

Since the rate function x +— cx® is continuous and strictly increasing on R} = [0, 00), by Lemma
4.4 in Huang and Liu [23] we can reformulate the results of the previous theorem as large deviation



principles (the proof therein was given for two sided tails but it can be easily adapted to one sided
tails). We give the details below.

From part (i) of the previous theorem it follows that, if E[¢?] < co and (2.11) holds, then 2= and
%maxlgkgn Sk verify a LDP with norming factor 1/n® and rate function z — x® on Ry : for any

Borel set B C R4, we have

— inf cz® = liminfilogP (ﬁ S B) < limsupilogP (i € B> = —inf cz®, (2.16)
n ne n B

zeBY n—oo N n—00 zeB

where BY and B denote the interior and the closure of B respectively; moreover the result (2.16)
remains true when S, is replaced by max;<p<y Sk.

From part (ii) it follows that, if (2.13) holds, then 2= and 1 max;<j<, Sk verify a LDP with
norming factor 1/n® and rate function z — 2% on R = (—o00,00), that is (2.16) holds for any Borel
set B C R.

Now we consider the case when the martingale differences (&;, Fi)i=o,...» have absolute moments
of order p > 2. For any p > 2 denote

k
B9 = Y BU& ) IFil, k€ [1,n).
i=1

We prove the following inequality, which is similar to the results of Haeusler [19] and [11].

Theorem 2.4. Let p > 2. Assume E[|&;|P] < oo for all i € [1,n]. Then for all z,y,v,w >0,

P(Sk >z, (S)k <vand Z(S)r < w for some k € [1,n]>

a’z? Bx BxyP~!
< exp{ — 26pv}+exp{ — zlog <1+ " > +P <1I£?g}§z& > y> , (2.17)

where

2
a:m and B=1-a. (2.18)

Setting y = Sz, we obtain the following generalization of the Fuk-Nagaev inequality (1.8).

Corollary 2.5. Let p > 2. Assume ||E[|&[P|Fi-1]|| < oo for alli € [1,n]. Then for all x >0,

2
P< max Ska) < eXp{— ° }+@, (2.19)

1<k<n 2V2 P

where

v2 = Lo pope H (s), (2.20)

4

and C,= <1+§)p

> E[l&[[Fi-a]
i=1

o ‘ o0



It is worth noting that if sup; ||E[|&;|P|Fi—1]||cc < C for a constant C, then, by Jensen’s inequality,
it holds sup; ||E[¢?|F;_1]|lec < C?/P. Therefore, inequality (2.19) implies the following sub-Gaussian
bound: for any = = O(y/n (logn)?), n — oo, with 3 satisfying 3 > 0if p = 2 and B € (0,1/2] if p > 2,

22
P(lléléi%(nskzx) = O<exp{—0;}>, (2.21)

where C' > 0 does not depend on z and n. Inequality (2.19) also implies that for any o € (%, o0) and
any x > 0,

P( max Sy > nazzt) = O( Ca ) , n — 0o, (2.22)
1<k<n nop—1
where ¢, > 0 does not depend on n. The asymptotic (2.22) was first obtained by Fuk [16] and it is
the best possible under the stated condition even for the sums of independent random variables (cf.
Fuk and Nagaev [15]).

When the martingale differences (&;, F;)i>1 satisfy sup; E[|&;|P] < oo, Lesigne and Volny [27] proved
that for any x > 0,

P(Sn > nx) = O(C—m) , n — 0o, (2.23)
np/2

where ¢; > 0 does not depend on n, and that the order n=?/2 is optimal for the class of stationary and
ergodic sequences of martingale differences. When @ = 1, equality (2.22) implies the following large
deviation convergence rate: for any z > 0,

P( max Sy > nm) = O( Cfl) , n — oo, (2.24)
1<k<n np

where ¢, > 0 does not depend on n. When p > 2, it holds p — 1 > p/2. Thus (2.24) refines the bound
(2.23) under the stronger assumption that the p-th conditional moments are uniformly bounded
sup; ||E[|&[P|Fi-1]]] ., < co. Moreover, the following proposition of Lesigne and Volny [27] shows that
the estimate of (2.24) cannot be essentially improved even in the i.i.d. case.

Proposition A. Let p > 1 and (cy)n>1 be a real positive sequence approaching zero. There exists a
sequence of i.i.d. random variables (&;)i>1 such that E[|¢;|P] < oo, E[¢;] =0 and

np~1

lim sup
n—oo Cp

When E[|&|?|F;—1] and E[|§]?], i = 1,...,n, are uniformly bounded for some p > 2, (but for the
same p the condition E[|§;[P|F;—1] < C may be violated for some i € [1,n]), we have the following
result.

Theorem 2.6. Let p > 2. Assume E[|&[P1°] < 0o for a small § > 0 and all i € [1,n]. Then for all
z,v >0,

P(|Sn| > n) = co.

P<Sk >z and (S), < v? for some k € [1,n])

n
332

1
< exp{ — + =Y E|l&P1,, . 2.25
2(1)2 + %Z’(2p+6)/(p+6)) P ; |:‘ ‘ {&> P/(p+5)}] ( )




In particular, as a consequence of (2.25), if sup; E[|&|PT0] < oo and sup; ||E[6?|Fi—1]|lee < 00, We
obtain that for any o € (%, o0) and any x > 0,

_ad_ C/xp
P( max S > no‘x) < ex — ¢, min {nPH nZO‘_l} +
1<k<n k = > p T 5 nop—1

- 0(n§;_1> . n— oo, (2.26)
where ¢, > 0 does not depend on n.

Note that (2.22) and (2.26) have the same convergence rate. To highlight the difference between the
conditions under which we obtain (2.22) and (2.26), notice that the assumption sup; ||E[|&;[P|Fi—1]||c0 <
oo has been replaced by the two assumptions sup; E[|&]P1°] < oo and sup; ||E[¢2|Fi—1]]|ec < oo. It
is obvious that the two assumptions sup; ||E[|&[P|Fi—1]|lc < oo and sup; E[|&PT0] < oo do not im-
ply each other. Therefore Corollary 2.5 and Theorem 2.6 do not imply each other. Actually, Hao
and Liu [22, Theorem 4.1] gave necessary and sufficient conditions for (2.26) to hold, in particu-
lar from their result it follows that (2.26) holds under the weaker conditions sup; E[|¢;|P] < oo and
sup; ||E[¢2|Fi—1]||co < 0o and the exponent in (2.26) is optimal.

The following corollary of Theorem 2.6 is obvious.

Corollary 2.7. Assume the condition of Theorem 2.6. Then for all z,v > 0,

22
> < —
P<1I£I?§n Sk > x) < exp { 2(nv? + %x(2p+5)/(2’+5)) }

1\ 1 ), | (PH0)/2
+ﬁ ;E[|fi|p+61{§i>xp/(p+s)}} + vp+5EH < n> } (2.27)
Moreover,
EH<57;>7L (P+5)/2] < %EH:EH&’IH_(;] (2.28)
i=1

Inequality (2.28) implies that if sup; E[|¢;[P] < oo for a p > 2, then E[|<S>n/n|p/2] are uniformly
bounded for all n.

Compared to Theorem 2.6, Corollary 2.7 is simpler, since it only requires the moment of (S),
instead of bounding (S),, uniformly in n.

Assume sup; E[|¢;[PT°] < oo for same p > 2 (without any condition on (S),). Applying (2.28) to
(2.27) with nv? = %x(2p+5)/(p+5), we obtain for all z,v > 0,

15 nC 3n\ % C
>z) < BN G <_> = .
P 5e2s) < oo {30+ (5)7 55 229
The last inequality shows that for any x > 0,
1
> = — . .
P<1I£I?§n5k_n> O(nl’/2)’ n — oo (2.30)

Since § > 0 is arbitrary small, the asymptotic (2.30) is close to the best possible large deviation
convergence rate n~Pt9/2 given by Lesigne and Volny [27] (cf. (2.23)).
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3. Applications

The exponential concentration inequalities for martingales have many applications. McDiarmid
[31], Rio [35] and Dedecker and Fan [6] applied such type inequalities to estimate the concentration of
separately Lipschhitz functions. Liu and Watbled [30] adopted these inequalities to deduce asymptotic
properties of the free energy of directed polymers in a random environment. We refer to Bercu and
Touati [1] and [13] for more interesting applications of the concentration inequalities for martingales. In
the sequel, we provide some applications of our results to linear regressions with martingale difference
innovations, weak invariance principles for martingales and self-normalized deviations.

(a). Linear regressions

Linear regressions can be used to investigate the impact of one variable on the other, or to predict
the value of one variable based on the other. For instance, if one wants to see impact of footprint size
on height, or predict height according to a certain given value of footprint size. The stochastic linear
regression model is given by, for all k € [1,n],

Xy :e(bk—i-é‘k, (3.1)

where (Xi)r=1,...n, (Or)k=1,...n and (€x)k=1,. n are the observations, the regression random variables
and the driven noises, respectively. We assume that (¢y)g=1,..» is a sequence of independent random
variables, and that (ej)g=1,.., is a sequence of martingale differences with respect to the natural
filtration. Moreover, we suppose that (¢g)k=1,. n and (ex)r=1,..» are independent. Our interest is to
estimate the unknown parameter 6. The well-known least-squares estimator 6,, is given below

0, = M (3.2)

2i=1 %%
Recently, Bercu and Touati [1] have obtained some very precise exponential bounds on the tail prob-
abilities P (|6,, — 0| > z) . However, their precise bounds depend on the distribution of the regression
random variables (¢y)g=1,... n, Which restricts the applications of these bounds when the distributions
of the regression variables are unknown. When (ej)=1,. » are independent normal random variables
with a common variation ¢ > 0, Liptser and Spokoiny [29] have established the following estimation:

for all x > 1,
20 x?
o n 2 - - -
P <j: (0 —0)\/X7_, 0% 2x> < \/;x exp{ 202}. (3.3)

When (ej)k=1,.n are conditionally sub-Gaussian, similar estimation is allowed to be obtained in
Liptser and Spokoiny [29]. An interesting feature of bound (3.3) is a type of self-normalized deviations
and the bound does not depend on the distribution of the regression random variables. Thus the self-
normalized approximation (6, — 9)\/2221(% has certain advantage on the usual approximation of
0, — 0.

Next, we would like to consider the case that (ej)g=1,. n are martingale differences. When the
regression random variables are constants, such case has been considered in Section 5 of Dedecker and
Merlevede [7], where the authors gave rate of convergence for the normal approximation of 6, — 6 in
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terms of minimal distance. In the following theorems, we will assume that the regression variables
are random. More importantly, we will consider the self-normalized approximation (6,, — )4/ Ezzlgbi

instead of the usual approximation of 6, — 6 considered in Bercu and Touati [1] and Dedecker and
Merlevede [7].

Theorem 3.1. Assume for two constants a € (0,1) and D,
E[E?elei‘a (a{gj,j <i— 1}} <D

for alli € [1,n]. Then for any u > max{D,1} and all x > 0,

P (i(@n —0)y/Sp_07 > :g>

22
2exp{——} if 0<z<ul/)
< 2u

2exp{ — %xo‘} if x> ul/2e

22
< 2exp{—m}. (3.5)

In particular, it holds for any x > 0,

P(i(@n—H)\/MZ\/ﬁx> = O<exp{—cxno‘/2}>, n — oo, (3.6)

where ¢, > 0 does not depend on n.

If (ex)k=1,... n have the Weibull distributions and the conditional variances are uniformly bounded,
then we have the following inequality which has the same exponentially decaying rate of (3.6).

Theorem 3.2. Assume for three constants o € (0,1), E and F,

E [522

a{sj,jgz’—l}}gE and E[exp{k—:ﬂﬁ}}gF

for all i € [1,n]. Then for all x > 0,

P <:|:(9n —0)\/X0_ ¢2 > x) < exp{ - 2(E+x—;:2%6)} +nF exp{ - 3:0‘}. (3.7)

In particular, equality (3.6) holds.
If (ex)k=1,... » have finite conditional moments, by Corollary 2.5, then we have the following result.

Theorem 3.3. Let p > 2. Assume for a constant A,

E[\Ei\p‘a{&?j,j <i—-1]<4

12



for all i € [1,n]. Then for all x > 0,

z? C,
P<:|:(9n—0)\/2221¢z2$> < eXp{_2—V2}+x_§’ (3.8)

where
V2 — %(ZH- 2)%e? AP and C, = (1 + %)PA‘ (3.9)

In particular, it holds for any x > 0,

P(:l:(@n—ﬁ)\/EzzlgbiZ n:n> = O<%>, n — oo, (3.10)

where ¢, > 0 does not depend on n.

A similar inequality can be obtained by applying the Fuk inequality (1.8) to the martingale dif-
ference sequence (cf. (7.1) for the definition of (&;, F;)i=1,...n). The Fuk inequality implies that for all

x>0,
2
NS _ nCy
P<i(9n 0) 2k=1¢k2x> < exp{ 2nV2}+ et (3.11)

where V2 and C), are defined by (3.9). In particular, it implies that for any = > 0,

P(:I:(@n—e)\/EZZIQSzZ n:n> = O(ﬁ), n — 0o, (3.12)

where ¢; > 0 does not depend on n. The order of (3.10) is much better than that of (3.12). Thus the
refinement of (3.8) on (3.11) is significant.

If (€k)k=1,..n have finite moments and uniformly bounded conditional variances, by Theorem 2.6,
we obtain the following result which has the same polynomially decaying rate of Theorem 3.3.

Theorem 3.4. Let p > 2. Assume for two constants A and B,

E [622

o{ej,j <i-— 1}} <A and E[[si]p“;} <B

for a small 6 > 0 and all i € [1,n]. Then for all x > 0,

2
B
P +(0,—0)/Sr_ 2>z < _ z Sl 1
< (b =0) k:ﬁbk_x) = o 2(A+%x(2p+5)/(p+5)) T (3.13)

In particular, equality (3.10) holds.

In the following theorem, we assume that (g;);=1,. » have only a moment of order p € [1,2].
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Theorem 3.5. Let p € [1,2]. Assume for a constant A,
Eflel'] < A

for alli € [1,n]. Then for all x > 0,

P<i(9n—9)1/zg:1¢§ 23;) < i—‘j. (3.14)

In particular, equality (3.10) holds.

Theorems 3.1 and 3.5 focus on obtaining the large deviation inequalities. These inequalities do not
depend on the distribution of input random variables (¢x)r=1,... . Similar bounds are also expected to
be obtained via the decoupling techniques of de la Pena [8] and de la Pena and Giné [9]. In particular,
if (ex)k=1,... n are independent random variables (instead of martingale differences), with the method
of conditionally independent in de la Pena and Giné [9], more precise bounds, but depending on the
distribution of input random variables, may be established.

Haeusler and Joos [20] proved that if the martingale differences satisfy E[|&;|?*9] < oo for a constant
d > 0 and all ¢ € [1,n], then there exists a constant Cj, depending only on §, such that for all x € R,

P(S, <z)— ®(z)

< O <§nj E [y&\m] +E [y<5>n - 1yl+5/2] (3.15)

i=1

1/(3+9) 1
) 1+ ’x‘2+6’

where ®(z) = \/% [* . exp{—t*/2}dt is the standard normal distribution; see also Hall and Heyde [21]

1 1 . . .
T \x!4(1+6/2)2/(3+6) T \x!2+5. Using (3.15), we obtain the following

nonuniform Berry-Esseen bound, which depends on the distribution of input random variables.

with the larger factor replacing

Theorem 3.6. Let p > 2. Assume that (g;)i=1,...n satisfy Ele? |o{ej,j < i—1}] = 0? a.s. for a
positive constant o and all i € [1,n]. Assume El|e;|P] < A for a constant A and all i € [1,n]. Then

for all x € R,
1\ Y/ (1+p) 1

P( (6, — 0)\/Sp_ 62 <20 ) — B(x)
F( )

where C), s a constant depending only on A,o and p.

o5
=1

2
o

"

Thus (3.16) implies that the tail probability P((Gn —0)\/Xn_ 47 > :17) has the decaying rate P as
x — 00, which is coincident with the inequalities (3.8) and (3.13).

Notice that
o P

Zho1 9k

oi
B9k

n
ZE
=1

n
<> E
1=1

14



(b). Weak invariance principles

In this subsection, let (&;, F;);>1 be a sequence of martingale differences. The following rate of
convergence in the central limit theorem (CLT) for martingale difference sequences is due to Ouchti (cf.
Corollary 1 of [34]). Assume that there exists a constant M > 0 such that E[|&|?|Fi—1] < ME[¢?|F;_1]
a.s. for all i € N. If the series Y o0, E[¢?|F;_1] diverges a.s. then there is a constant Cj; > 0, depending
on M, such that

sup < (3.17)

zeR

P(Sv(n) < x\/ﬁ> — &(x)

where
u(n) = inf {k eN, (S), > n}
Define the process {H,(t),0 <t <1} by
1
%Sv(k)

for tp = k/n and k =0, ...,n and by interpolation on the interval (tx_1,tx] for k = 1,...,n. Then the
following invariance principle holds.

H,(t) = for 0 <t <1,

Theorem 3.7. Assume that there exists a constant M > 0 such that E[|&;|3|F;—1] < ME[E2|F;—1] a.s.
for all i € N. If the series Y oo, E[E?|F;—1] diverges a.s., then the sequence of processes {Hy(t),0 <
t < 1} converges in distribution to the standard Wiener process in the space Dyp,1) endowed with the
Srorokhod metric.

The result can be obtained from Theorem 2 of Chapter 7 (see also Theorem 2 of Chapter 5) of
Liptser and Shiryaev [28]. As an illustration of our Theorem 2.4, we will give a short proof of the
tightness of the processes { Hy,(t),0 < ¢ < 1} which is much simpler than the proof in [28].

(c). Self-normalized deviation inequalities

Consider the self-normalized deviations for independent random variables. Assume that (&;)i=1,..»
is a sequence of independent and symmetric random variables. Denote by

v = (S lel)
i=1

for a constant 8 € (1,2]. We have the following self-normalized deviation inequality.

Theorem 3.8. Assume that (&;)i=1,...n 15 a sequence of independent and symmetric random variables.
Let ty be a positive number such that

%(ex—to|m|6 n e—x—to|z|’3> <1 (3.18)

for a constant B € (1,2] and all x € R. Then for all x > 0,

Sk
P <1311?5n TAG)

> g;> < exp{ — C(B, t0) x%}, (3.19)
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where

ce.t0 = (L) (56,

Remark 3.9. Let us comment on Theorem 3.8.

1. Ideally we want to make bound (3.19) as small as possible. Since C(f,tg) is decreasing in to, it
is enough to choose ty satisfying (3.18) as small as possible for a given 3, i.e.,

to(B) = inf {t > 0, %(ex_t‘x‘ﬁ + e_x_”x'B) <1 forallx € R}.
It is obvious that ty(B) = oo for > 2 since for 5 > 2,
ertolel? | o—a—tolal® _ o 4 ;2 | o(z?), x — 0.
Moreover, to(8) — 1 as 8 is decreasing to 1, to(8) — 1/2 as [ is increasing to 2, and
to(B) <1 forallz € R and B € (1,2].

For practical purposes one can use the following table:

8|11 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2.0
to | 0.742 0.627 0.554 0.504 0470 0.448 0.436 0.436 0.450 0.5

2. For certain special cases, Jing, Liang and Zhou [24] have obtained the following self-normalized
moderate deviation principle (MDP) result (see also Shao [37] for self-normalized LDP result).

Assume that .

P(6 > 2) = P(& < —2) ~ hi(e), o0,
x
where a € (0,2), ¢ > 0 and h;(x)’s are slowly varying at co. Under certain reqularity conditions
on the tail probabilities of & (cf. Theorem 2.3 of [24] for details), the following limit holds for

T, — 00 and x, = o(n®~V/B) and B > max{1,a},

lim x;% log P (S /Vin(B) > ) = —(8 — 1)Cu(B), (3.20)

n—oo

where Cy(B) is a positive constant depending on o and B. For self-normalized sums of symmetric
random variables, the constant Cy(B) is the solution of

/OO 2 —exp{fz — 2" /CO71} —exp{—fz —2?/CP}
0

e 0. (3.21)

According to the MDP result of Jing, Liang and Zhou [24], the power % in the right hand sides
of (3.19) is the best possible for moderate x’s.
3. For p € (1,2], inequality (3.19) implies the following upper bounds of LDP

. 1 Sk B-1 B
ht L P < — B- . .
117131_>SOl<l>p - log P (11%1]%}(” Vo8 = xn > < —C(B,tg) xp-1, =z € (0,1] (3.22)

According to the LDP result of Shao [37], the power % in the right hand side of (3.19) is also
the best possible for large x’s.
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4. Proof of Theorem 2.1
To prove Theorem 2.1, we need the following technical lemma based on a truncation argument.

Lemma 4.1. Assume E[¢Z exp{|§;|®}] < oo for a constant o € (0,1). Set n; = §ilie,<yy fory > 0.
Then for all A > 0,

i A2 -« a
E[e™|F; ] <1+ B exp{hy () HFia).

The proof of Lemma 4.1 can be found in the proof of Proposition 3.5 in Dedecker and Fan [6].
However, instead of using the tower property of conditional expectation as in Dedecker and Fan [6],
we use changes of probability measure in the proof of this theorem. Set n; = §;1(¢, <, for some y > 0.
The exact value of y is given later. Then (7, F;)i=1,..n is a sequence of supermartingale differences,
and it holds Efexp {An;}] < oo for all A € (0,00) and all i. Define the exponential multiplicative
martingale Z(\) = (Z,(X), Fi)k=o0,...n, Where

exp {\n; }
Zi(\) = , Zo(\) = 1.
=1 S gy A o
If T is a stopping time, then Zpax(A) is also a martingale, where
TAk
exp {An;}
Z A) = Zy(A) = 1.
T/\k( ) 21211 E[eXp{)\'I’]l}|]:Z_1]’ 0( )

Thus, the random variable Zp () is a probability density on (2, F,P), i.e.

[ ZrOdP = ElZpy0) = 1.
Define the conjugate probability measure
dPy = Zppan(N)dP, (4.1)

and denote by E, the expectation with respect to Py. Since § = n; + &1y, ~), it follows that for any
z,y,u > 0,

P(Sk >z and Y(S); < u for some k € [1,n])

k
< P (Z n; > x and Y(S); < u for some k € [1,n]>

i=1
k
+P <Z ilie,>yy > 0 for some k € [1,n]>
i=1

= P +P <1121iag>;§,- > y) . (4.2)
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For any z,u > 0, define the stopping time
k
T(z,u) = min {k €[1l,n]: Zm >z and T(9), < u},
i=1
with the convention that min () = 0. Then,

1{Sk2x and 1(S),<u for some ke[in]} — Z LT (e,u)=k}-
k=1
By the change of measure (9.2), we deduce that for any x, \,u > 0,
-1
P = E [ZTM(A) l{SkZm and 1(9),<u for some ke[l,n]}}

= Zn: Ex [GXP { - A(Zk: m) + ‘Pk()\)}l{T(z,u):k}] : (4.3)
k=1 =1

where

k
TN = 3 log B exp {} | Fica] (4.4)

i=1

Set A = y*~!. By Lemma 4.1 and the inequality log(1 +t) <t for all ¢ > 0, it is easy to see that for
any x > 0,

Urp(A) <

M-

A2 — o
g (1 5 Bl exp L~ H5i-1))

=1

= |l

A2 — [0
< 7E[77i2 exp{Ay'~*(n;)*HFi-1]
—1

y2a_2T(S)k.

-
Il

<

N =

Using the fact that Zle n; > x and Ur(\) <
z,u > 0,

y%*~2y on the set {T'(z,u) = k}, we find that for any

P < exp {—Ax + %yza_Qu} E\ [Z 1{T(x,u):k}}
k=1

1
exp {_ya—lx + §y2a—2u} .

IN

From (4.2), it follows that

P(Sk >z and Y(S5), < u for some k € [1,n])

1
< exp {_ya—lx + 5y2oz—2u} +P <1121;1<x & > y> . (4.5)
i<n

18



By the exponential Markov inequality, we have the following estimation: for any y > 0,

P (1121%1& >y> < ;P(fi > y)

1 n
< Sen(-y") Y Bewn{(E)")
i=1
O’I’L (6%
< 2 exp{—y“}. (4.6)
Taking
1/(1—«
(E) e if 0 <z <o/
y = X
T if ¢ > ot/

from (4.5) and (4.6), we obtain the desired inequality. This completes the proof of Theorem 2.1. O

Proof of Corollary 2.2. Set u, = ||T(S)n||so. Then u, = o(n?>~%),n — 0o, by the assumptions of
Theorem 2.2. For any x > 0, by Theorem 2.1, we have

P (1@% Si > n:z:> < exp {_(nx)a (1 - #)} + (:;)2 exp { — (na)* |

() (1)

Since u,, > C,, we have C,, = o(n?>~®),n — co. Hence it holds

IN

1
limsup — log P < max Sy > na:) < —z%.
n

n—o00 1<k<n
This completes the proof of Corollary 2.2. d

Proof of Theorem 2.3. (i) We suppose that ¢ = 1 by considering cteg; instead of &. Let € € (0,1)
be fixed and consider & = &(1 — ) with 8 > 1/a. By the assumption of the theorem P(¢; > ) <
e~(1=9)2% for 2 > 0 large enough, so that P >x) < e~ (1= 7772 for 1> 0 large enough, and

E[(§l1+)2exp{(§l1+)°‘}] = / P(¢ 2x)<2a;+aa:1+a>emada: < 00.
0
Together with E[(£;)?] < oo this implies that ¢y := E[(£))? exp{(§/1+)°‘}] < 00. Thus Y(5), =
ST E[(€)? exp{(§/1+)°‘ ] = ncy = o(n?>~%) as n — oo. Hence, from Corollary 2.2 applied to (&!);>1

we have for any x > 0,

1
i il _ )8 > < g
lim sup a log P ((1 €) lléléiéin Sy > na;> < —x“,

n—oo
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which implies that for any x > 0,

n—o0

1
li — logP Sp > < —(1—e)for.
imsup — log <121]?2<n k> nm) < — )7
Letting € — 0 we obtain for any x > 0,

1
i — > < —z“. .
lim sup —a log P (lgllgé{n Sy, > n:z:> < —z (4.7)

n—oo

We now consider the lower bound. By the independence of &;’s, it is easy to see that for any
x,e > 0, we have

P<max Skznaz> > P(Snzna:>

1<k<n

v

P< & > —ne, & >n(x + €)>

= P( §i2—n€> P(Slzn(x—l—s)).

i—o

~

The first probability on the right-hand side converges to 1 as n — oo due to the law of large numbers.
By (2.11), the second term on the right-hand side has the following lower bound

P(fl > n(a:+a)> > exp{ — (n(x—i—s))a(l +E)}

for all n large enough. Hence

n—o0

1 Sn
liminf —logP [ — > > — *(1 .
iminf = log <n _m) > —(x+e)*(1+¢)
Letting ¢ — 0, we obtain

1 n
liminf —log P <S— > a:) > —z. (4.8)
n

n—oo n

Combining the lower bound (4.8) with the upper bound (4.7), we get (2.12). This ends the proof of
part (i).

(ii) The proof of (2.14) is similar to that of part (i). The assertion (2.15) follows from (2.14)
applied to (—&;)i>1. d
5. Proof of Theorem 2.4

To prove Theorem 2.4, we need the following technical lemma.

20



Lemma 5.1. Let p > 2. Assume E[|§;[P] < oo for all i € [1,n]. Set n; = {1y, <,y for y > 0. Then
for all A\ > 0,

. 1
Bl Fi1] < 1+ 3@ REIEIF] + fWBIE 1 Fial,
where the function

flu)=———, u>0. (5.1)

Proof. We argue as in Fuk and Nagaev [15] (see also Fuk [16]). Using a two term Taylor’s expansion,
we have for some 6 € [0, 1],

| A2 |
M <14 M+ Enfl{mgp}ewm + f () (0 )P Lings>p)-

Remark that the function f is positive and increasing for Au > p. Since E[n;|Fi—1] < E[¢;|Fi—1] =0
and 7; <y, it follows that

. 1
BV |Fia] < 1+ 5@ NBREF] + S Bl V1Fim

IN

1
1+ §€p)\2E[§i2U:z’—1] + f(WE[& )P Fi-a],
which gives the desired inequality. O

We make use of Lemma 5.1 to prove Theorem 2.4. Set n; = §1i¢,<,y for y > 0. Define the
conjugate probability measure dP) by (9.2) and denote by E, the expectation with respect to P.
Since & = 1; + &§il{g, >y}, it follows that for any x,y, u,w > 0,

P (S, >z, (S)r <vand E(S), < w for some k € [1,n])

IN

k
P <Z i > x, (S)r <wvand Z(5); < w for some k € [1,n])
i=1

k
+P (Z §il{g;>yy > 0 for some k € [1,n]>
i=1

1<i

= P+P <max & > y> . (5.2)
<n
For any z,v,w > 0, define the stopping time 7" :
T(xz,v,w) = min{k: €[l,n]: Sk >z, (S)r <vand=(9); < w},

with the convention that min(® = 0. Then
n
1{Sk>x, (S)x<v and =(S)y<w for some ke[1,n]} — Z Lir=py-
k=1

21



By the change of measure (9.2), we deduce that for any x,y, A\, u,w > 0,

—1
P = E\ [ZTA"()‘) 1{Sk>m, (S)r<v and =(5),<w for some ke[l,n}}]

ZN:E,\ {exp{ - A(Zk:m) + \I/k()\)}l{T:k}],
k=1 -

1=

where Wi (A) is defined by (4.4). By Lemma 5.1 and the inequality log(1 +¢) <t for ¢t > 0, it is easy
to see that for any x,y, A\, u,w > 0,

k
B < 3 tog (14 JONBIEIF ]+ JWEIEIF))
=1
k

< 3 (GeNEEIAAL+ FWBIE VIR ).

i=1

where f(y) is defined by (5.1). By the fact that Zle n; > x and Ui(A) < FePA%0 + f(y)w on the set
{T = k}. we find that for any z,y, \,u,w > 0,

1 n
P, < exp {—)\x + iep)\zv + f(y)w} E) [Z 1{T:k}}
k=1

IN

exp {—/\3: + %ep/\zv + f(y)w} .

Next we carry out an argument as in Fuk and Nagaev [15]. Then

2,.2 p—1
P < exp{—o‘:”}JrexP{_@log(Hmy )} (5.3)
2ePv Y w
where a and (3 are defined by (2.18). Combining the inequalities (5.2) and (5.3) together, we obtain
the desired inequality. This completes the proof of Theorem 2.4 O

Proof of Corollary 2.5. When y = Sz, from (2.17), it is easy to see that for all > 0,

n

P(amxe>y) = YP(6>00) < 5> Bl <

i=1

and

= Bayr~l+w T prap P

p—1
exp{—@10g<1+5$y )} < v < Y < &7
Yy w

where C), is defined by (2.20). Thus (2.17) implies (2.19). O
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6. Proofs of Theorem 2.6 and Corollary 2.7

To prove Theorem 2.6, we need the following inequality whose proof can be found in Fan, Grama
and Liu [11] (cf. Corollary 2.3 and Remark 2.1 therein).

Lemma 6.1. Assume E[¢2] < oo for alli € [1,n]. Then for all z,y,v > 0,

P(Sk >z and (S) < v? for some k € [1,n])

2
< exp _wil + P | max §i>y>.
2(v? + 3xy) 1<i<n

Proof of Theorem 2.6. By Lemma 6.1 and the Markov inequality, it follows that for all z,y,v > 0,

P(Sk >z and (S); < v? for some k € [1,n])

IIJ‘2 n
< exp{—iﬂv2 n %:Ey)} +;P(§i > y)
2

T 1 «—
< exp{ — + E[ﬁ pHoq,. .
p{ 2(v% + gzy) } yree Z:; Sl

Taking y = xP/P*9) in the last inequality, we obtain the desired inequality. This completes the proof
of Theorem 2.6. 0

Proof of Corollary 2.7. Notice that p+ d > 2. It is easy to see that for any x,v > 0,

P<1I£1]?2<n5k > 3:) < P(llgl]?gnSk >z and (5), < nv2> + P((S)n > nv2)

IN

P(Sk >z and (S); < nv? for some k € [1,n]) + P(<S>n > m)2)
< P(Sk >z and (S); < nv? for some k € [1,n])

E[|(S)n|PT/2]
n(+0)/2yp+d

which gives the first desired inequality. By the Holder inequality, it follows that

Zn:ai < n1—2/(p+6)(Zn:al(p+6)/2)2/(p+6)7 630 i=1,..n
=1 1=1

Hence
n

5)/2 n
<Zai>(p+ )/ < pp2t9)/2 Za§p+5)/2, 4 >0 i=1,..n
i=1 i=1
Then we have

B|(S) (7102 < nlr210/2 Y B[BEF |
i=1
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< - 2+6/2ZE[ (€[] Fia]

n(P—2+9)/2 Z E[|& P10

1=1

This completes the proof of corollary. O

7. Proofs of Theorems 3.1 - 3.6

From (3.1) and (3.2), it is easy to see that

Prk
On —9_222 s

For any i = 1,...,n, set

g=— 25 and }}:J{gbk,ek,lgkgi, ¢z,1gkgn}. (7.1)
N ¢2
\/ “k=1%k
Then (&, Fi)i=1,...n is a sequence of martingale differences, and satisfies

H—Z&— n— )/ S0 67 .

Proof of Theorem 8.1. Notice that

n n

2 2
() < Y o el F ] < Y oo

= D.
= Tk = T

Applying Theorem 2.1 to (&, F;)i=1,... n, we find that (2.6), with v > max{D, 1}, is an upper bound
on the tail probabilities P ((Hn —0)\/X0_ 47 > :17)

1,...n, we find that (2.6), with v > max{D, 1}, is
also an upper bound on the tail probabilities P ( (0, —0)4/ EZZIQ% > :17) . This completes the proof
of Theorem 3.1.

Similarly, applying Theorem 2.1 to (—&;, Fi)i=

Proof of Theorem 3.2. By the fact
E[e}|Fi 1] = E[e?|o{er, 1 <k <i—1}] < E

it follows that

Shn < ~n oo BlEi|Fia] < E.
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Similarly, by the fact E[exp{]si\ﬁ}] < F, it is easy to see that

Elexp{|¢|T7}] < Elexp{|e;|T7}] < F.

Applying Theorem 2.2 of Fan, Grama and Liu [12] to (£&;, F;)i=1,... n, we obtain the desired inequality.
O

Proof of Theorem 3.3. By the fact
Ellei["|Fica] = ElleifP|of{er, 1 <k <i—-1}] <A

it follows that

n

S £ Y o BEA L < > (B Fia])” = A

= (Zi1b) = (Zhoi9h)
and
SBIEPIFA] £ 3 =P BleAL] < A
il | Sie1] = ~n oy bllEiln S <A
i=1 i=1 (3= 1%)
Applying Corollary 2.5 to (£&;, F;)i=1,....n, We obtain the desired inequality. O

Proof of Theorem 3.4. By the fact
E[e?|Fim1] = E[e?|o{er, 1 <k <i—1}] <A

it follows that

n

(S0 < S BE2IF] < A

— (Zp_19%)
Similarly, by the fact E[|€i|p+5] < B, it follows that
1) pTH 5
Sl = 3l elar ) < B[y s - 8
Applying Theorem 2.6 to (£&;, }})i:17...7n, we obtain the desired inequality. O
Proof of Theorem 3.5. Let p € [1,2]. By the inequality

3

( a,-)agzn:af‘, a; >0 and « € (0,1],

i=1 i=1
we have

ng SE [ " R E[M]A _a

B N OHIRT AL T

By the inequality of von Bahr and Esseen (cf. Theorem 2 of [39]), we get

E[S,[F] < 2) E[&F) < 24,
1=1
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Then for all z > 0,

B[S, 7] _ 24
P(i(en—e)\/zg:@gzm) ~ P(£S,22) < “ZD” < =

This completes the proof of theorem. O

Proof of Theorem 8.6. It is obvious that

n
Shoi i =
where 7; = &;/o. Notice that E[e?|F;_1] = E[¢? |0{e;,7 <i—1}] = 0% a.s.. Then we have

o 1 &5 | Fii] _
;E[Th Fia] = Z Zz 1% (,2 Zgn i

=1

and
n

SE[nPIF] < S OE
=1 1=

p} Elleil’|Fia] _ Ay

— =]
H sn_ g2 ar i 1E sn_ g2

Applying inequality (3.15) to the martingale difference sequence (9, F;)i=1,...n With § = p — 2, we
obtain the desired inequality. d

8. Proof of tightness in Theorem 3.7

By Theorem 8.4, Chapter 3, Section 8 of Billingsley [2] (see also Chapter 3, Section 16 for the
convergence in the space ), we only need to show that for any € > 0, there exist a A > 1 and an integer
ng such that for every n > ng,

€
> — .
P<k<111<alﬁ_ |S; — Skl Af) L (8.1)
Since
E[&[*|Fi-1] < ME[E}|Fi—1],
we deduce that
(E[&I1Fi1))*? < B[&GP|1Fioa] < ME[E|Fia). (8:2)
This, in turn, implies that
k4+n
E[G|1Fia] S M?, (Shen — (S)e <nM? and Y B[ Fio1] < n.
i=k
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Applying (2.17) with p = 3,2 = 2y = A\y/n, we obtain, by (8.2),

P<k<1?<ax |S; — Sk| > )\\/_>

2 \2 6 33 /n
2exp{ —m}—l—Zexp{—gl g<1+ 2005

+P<k<1gq<a§< & > A\/_> < max (—&) > A\/_>

IN

k<i<k+n

4)\2 )\3\/— k+n s
2exp{ - 5Oe3M2} ( 2003 ) )\3 3/2 E;ED&" }

< S
= ﬁa

IN

provided that A is sufficiently large, which proves (8.1). O

9. Proof of Theorem 3.8
For any ¢ =1,...,n, set

n = §i
) Vn(5)7

Since (&;)i=1,...n are independent and symmetric, then

foza(ygjy,1§j§n> and E:a(fk,lgkgi, €5, 1 gjgn). (9.1)

El§>y | Fia] =EG >y |G =E[-& >y |[[- &l =E[-& >y [ Fial.
Thus (772-,}'1-)2-217___7” is a sequence of conditionally symmetric martingale differences, i.e.
E[ni > y| Fioa] = E[-n > y | Fia].

It is easy to see that

n
= Z i
i=1

is a sum of martingale differences, and that (n;, ]:Z)z:ln satisfies

- - ~ &l
Y Elnl’| Fial =D Imil? =
=1 i=1 i=1 Vn(ﬂ)ﬁ

For any = > 0, define the stopping time 7"

T(x) :min{ke [1,n]: Zk:m 23:},

1=1
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with the convention that min @ = 0. Then it follows that

For any nonnegative number A, define the martingale M () = (My(X), F)k=o0,....n, Where

B exp {A\n; } B
My(\) = 21;[1 E foxp (it 1F]” Mp(A) = 1.

Since T is a stopping time, then Mpar(A), A > 0, is also a martingale. Define the conjugate probability
measure Py on (2, F):

dPy = My, (\)dP. (9.2)

Denote E) the expectation with respect to Py. Denote by

k
Up(N) = ZlogE [exp {A\n;} .7-",-_1} , ke [1,n].
i=1
Using the change of probability measure (9.2), we have for all = > 0,
P max Sk >z = E, [MT P ! }
1<k<n Vp(B) — hn { maxi << Si/Va(B) 22}
n k
= Z E) [GXP { —A Z ni + ‘Pk(/\)}l{T(x):k}}
k=1 i=1
< Z E, [exp { —Ar + \I/k()\)}l{T(gc):k}] , (93)
k=1

where the last line follows by the fact that Zle n; > x on the set {T'(z) = k}. Since (n;, Fi);—y _, is
conditionally symmetric, one has

]:1—1] )

E [exp {3} | Fi1] = E [exp {2}

and thus it holds

E {GXP {Ani} ]:1—1] .

Notice that 772-2 is F;_1—measurable, and that

.7-",-_1] =E [cosh()\m)

= 1
cosh(z) = Z (2k)'3:2k.
k=0 ’

Thus
k

Ui\ = Z log (cosh(/\m-)>.

1=1
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Let tg be a number such that

%(em—m‘””“* + e—w—tf)'m'B) <1 forallzeR. (9.4)

for all x € R. Then we have
k k
Tp(A) <D log <€t°Mm|6) = 0N " |nil® < o).
i=1 1=1

and

IN

Sk
P — > inf _ B
<1I£1kaé<n V(B = x) }\I;Oexp { AT + toA }
]
— exp { — C(B, to)a 7 } (9.5)
This completes the proof.
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