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Abstract
In this paper we consider a semi-linear, energy sub-critical, defocusing wave equation
07u — Au = —|u[P""u in the 3-dimensional space with p € [3,5). We prove that if initial

data (uo,u1) are radial so that ||Vuol|p2rs,ap), U1l L2 ®3;40) < 00, where dy = (Jz|+ 1)

with € > 0, then the corresponding solution u must exist for all time t € R and scatter.
The key ingredients of the proof include a transformation T so that v = Tu solves the

p—1
equation vy, — Ayv = — (Sm‘g“y‘) e~ P37 |y|P~1y with a finite energy, and a Morawetz-

type estimate regarding a solution v as above.

1 Introduction

The defocusing semi-linear wave equation

Pu— Au= —|ulP~lu, (z,t) € R3 x R;
u(-, 0) = uo; (CP1)
ut('a 0) =u

has been extensively studied in the past few decades. This problem is locally well-posed if
initial data (ug,u;) are contained in the critical Sobolev space H® x H®*~1(R?) with s, =
3/2 —2/(p — 1). Please see [16] for more details on the local theory. Suitable solutions also
satisfy an energy conservation law:

E(u,u) = /111{3 <;|Vu(-,t)|2 + %|ut(~,t)|2 + o |u(~,t)|p+1) dx = Const.

The problem of global existence and scattering is much more difficult. In the energy critical case
p = 5, M. Grillakis [8] proved that any solution with initial data in the space H' x L? (R3) must
scatter in both two time directions. In other words, the asymptotic behaviour of any solution
mentioned above resembles that of a free wave. It is conjectured that a similar result holds for
other exponents p as well: Any solution to (CP1) with initial data (ug,u1) € H® x H**~! must
exist for all time ¢ € R and scatter in both two time directions. This conjecture has not been
proved yet, as far as the author knows, in spite of some progress:

e It has been proved that if a radial solution v with a maximal lifespan I satisfies an a priori
estimate

Sup [ (s ), e C )l ren s ren = sy < 400, (1)
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then u is a global solution in time and scatters. The proof uses the standard compactness-
rigidity argument, where the radial assumption plays a crucial role in the rigidity part.
The details can be found in [14] for p > 5, [17] for 3 < p < 5 and [3] for 1 + 2 < p < 3.
The author would also like to mention that the same result still holds in the non-radial
case if p > 5, see [15]. Please note that our assumption (1) is automatically true in the
energy critical case p = 5, thanks to the conservation law of energy. When p is other than
5, however, nobody has ever found a way to actually prove this a priori estimate without
additional assumptions on initial data.

e In the energy sub-critical case 3 < p < 5, the scattering result can be proved via conformal
conservation laws if initial data satisfy an additional regularity-decay condition

/R3 (|2 + 1)(|Vuo () [* + Jur (2)]?) + |uo(2) *] da < oo. (2)

The proof consists of three steps. First of all, our assumption guarantees that the solution
has a finite energy. A combination of a local theory and the energy conservation law
immediately gives the global existence. In addition, these solutions satisfy the conformal
conservation law

d _ 4(3 —p)t / p+1
dtQ(t,u,ut) B » |u(z, t)] dx.

Here Q(t, p,v%) = Qo(t, v, ¥) + Q1(t, ) is called the conformal charge with

2

X
Qult, 0, 9) = 2 + 19|20 ) + H(m 1 20) % 4 eV
|| L2(R3)
2
Oultg) = —— [ (o + ) ulw, O de.

T+l R3

Please see [6, 9] for more details. It immediately follows that

sup Ql(t7u('7t)) < sup Q(t7uaut) = Q(O,Uo,’LL1) < +00.
teR teER

Therefore we have a space-time integral estimate

/ / |u(z, t) [P dadt < 4-o0.
[t|>1 JR3

Finally, one can prove the scattering of solutions by using the integral estimate above and
following a similar argument as in Section 3.4 below. The assumption (2) is essential to
guarantee the finiteness of the conformal charge Q(t, u, u;) as defined above. One advantage
of this argument is that the radial assumption is not necessary.

Main Result In this work we still deal with the energy subcritical equation with p € [3,5) as
the conformal conservation law method does. We assume that initial data are radial but satisfy a
weaker decay condition than (2) and prove the same scattering result. Due to the weaker decay
assumption on initial data, we no longer have access to the powerful conformal conservation
law. Instead we introduce a transformation that maps radial solutions of (CP1) to solutions of
another nonlinear wave equation v,, — Ayv = —(|y|/sinh |y|)P~Le=P=3)7|y|P~1y, which turns
out to be relatively easier to work on.

Theorem 1.1. Assume that A, e are positive constants and 3 < p < 5. Let (ug,u1) € H' x L?
be radial initial data so that

Vol L2 ®3;au)» v || 2 (3:a0) < A, dp = (|z| + 1) **da.



Then the corresponding solution u to (CP1) scatters in both two time directions with
[ull L2601 L260-1) (mxR2) < C(A,€) < 00.

Here the upper bound C(A,e) are solely determined by the values of A and e.

Here are some remarks regarding the initial data in the main theorem.

Remark 1.2. The initial data (ug,u1) satisfy the inequality

1/4

3/4
(9wl ) do <2 [ [ (FuoP + ) @ fa) 2 aa] | [ 0 1a 55 o
R3 R3 R3
<C(4,¢) < 0.

In other words we have (ug,u1) €.W1’3/2 x L3/2. It immediately follows that (ug,u1) € H x
Hsr=1 by the Sobolev embedding W'3/2 x L3/2 — H'Y2 x H='/2 and an interpolation.

Remark 1.3. The radial assumption implies that the initial data (ug,u1) satisfy
oo
/ (1Brato(r) 2 + Jur (r)?) r¥+22dr < (1/4m) A°.
0

Remark 1.4. Any pair (ug,u1) as in Theorem 1.1 comes with a finite energy

1
p+1

Euo,u1) = /]R E|Vu0(w)|2 + %|u1(a:)|2 + |u0(x)|p+1} dz < C(A) < 0o,

In addition, ug satisfies a point-wise estimate |ug(z)| < Alz|~17=.

Proof. By Remark 1.3 we have (0 < 71 < ry < 00)

ra T2 1/2 T2 1/2
lug(r1) —uo(ra)] < / |Orug (r)|dr < (/ 37«u0(7')|27’3+25d7“> (/ 7’325dr)
< Arptte (3)

Next we recall the point-wise estimate for radial H* functions |ug(2)| < C|luo]| j1|x|~'/? (Please
refer to, for instance, Lemma 3.2 of [14]), make ro — oo in the inequality (3) above and obtain
a point-wise estimate |ug(z)| < Alz|~'7¢. Furthermore, we can combine this point-wise esti-
mate with the Sobolev embedding H'(R?) < L%(R?) to conclude |[ug||zr+1(rsy < C(A). This
immediately gives a finite upper bound on the energy. O

The idea Wave equations are time-invertible, thus it is sufficient to consider the positive time
direction. Since the initial data come with a finite energy, Energy-subcriticality leads to the
global existence of the corresponding solution u. In order to obtain the scattering result, we also
need to show the critical space-time norm ||| f2(-1) f20-1)(j0,00)xr3) I8 finite. In fact, we can
choose a suitable positive number R and split the space-time R3 x [0, 00) into two parts

O = {(z,t) eR¥*x [0,00) : |7 < t+ R}; Qo= {(x,t) €R>x[0,00) : x| >t+ R}.

A combination of the small-data scattering result and the finite speed of propagation of wave
equation gives a finite upper bound on the norm ||ul| f20-1) p2-1)(q,) as long as R is sufficiently
large. The majority of this paper is devoted to the control of the norm ||uHL2(p71)L2<p71>(Ql).
There are three major steps.



e We show that the function v = Tu defined by

sinhly| . (efsinhly _
lyl |yl

solves the non-linear wave equation

o(y,7) = pto+ e cosh|y) . (57T eR*xR

I S —
T_AyU:_<sinh|y| e~ PPy, (CP2)

Here the number ty is a large negative number so that the image Q of the set R? x R
under the geometric transformation (y,7) — (ye” sinh |y|/|y|,to + €7 cosh |y|) contains the
region €. Please pay attention that this transformation works for radial solutions only.

In addition, we prove that v has a finite energy E at 7 = 0 by a few decay properties of v
for large y and an space-time integral estimate for small y.

e We show that the solution v satisfies a few space-time integral estimates. In particular we
have a Morawetz estimate

/ / -8y JUI” COSh“/'\ (y,7) [P dydr S E < oo
RS sinh? |y| ’ ~

Next we use the radial assumption again, apply the pointwise estimate |[v(y, 7)| < [[v(-, 7) || g1 -
ly|=1/? < EY2 . |y|~1/? and obtain

[ele] p—1
. (o—3)r y _
I’:/O /Rse (p=3) <51n|h||y|) lu(y, )?P Yy < .

e We use the fact Q; C Q, rewrite the integral of [u|?®=1) over Q in term of v via a change
of variables formula and finally conclude

// |u|2(p71)dxdt§/ lu|2P= D dz dt
o Q

o) 2p—4
= / / e 2p=3)r (L 1y lu(y, 7)|?PVdydr < I' < .
o Jrs sinh [y

Construction of T The transformation v = Twu as defined above is one of the key ingredients
of our proof. Its validity can be verified by a basic calculation, as given in Section 5. The author
would also like to mention that the transformation can be constructed via two different routes:

Route 1 We can write T = Ty o T;. Here T; is a transformation from the set of functions
defined on the forward light cone {(z,t) : t —ty > |z|} to the set of functions defined on H? x R,
whose formula has been given by D. Tataru in the work [20]:

(T1u)(s,0,7) = e u(e” sinh s - ©,ty + €™ cosh s).

Here (s,0) € [0,00) x S? are polar coordinates on the hyperbolic space H*. One can demonstrate
the importance of this transformation by the fact

(63 - AHS — 1) o T1 = €2TT1 o (8? - A)

As a result, if w is a solution to (CP1), then the function v; = Tu solves the non-linear shifted
wave equation on H3 (See [1, 18, 19] for Strichartz estimates and local theory on this type of
equations)

%01 — (Aps + 1)vy = —e~ P37y P~ 1y, (4)



Next we introduce the second transformation' (Tov;)(y,7) = %‘lylm(kﬂﬂ' ), whose domain is

the set of radial functions on H? x R and whose range is the set of radial functions on R? x R.
This transformation satisfies (92 — A,) o Ty = To 0 (02 — Ags — 1). A basic calculation shows
that if vy solves (4), then v = Tav; satisfies (CP2).

Route 2 We have another decomposition T = T3 ' o T, o T3, where
(Tsu)(|x|, t) = |z|u(z, t); (T4w)(s,7) = w(e” sinh s, ¢y + €7 cosh s).

Both Tsu and T4w are functions defined on [0, 0c0) x R. Please pay attention that Tsu is only
defined for radial functions u. These two transformations satisfy the commutator identities

(0} —02)0oT3=Ts0 (07 — A,); (0% —02) 0Ty = > Ty (87 — 9?).
As a result, if u is a radial solution to (CP1), then w = Tau and w; = T4w solve the non-linear

wave equations 07w — 92w = — = |w|P~tw and 9%w; — 2wy = —e’(p’?’)’mmﬂp’lwl,
respectively.

The structure of this paper This paper is organized as follows. In section 2 we collect
notations, recall the Strichartz estimates and introduce a local theory for a class of wave equations
in the form of 92v — Av = —¢(z)e "|v[P~1u with a function ¢ : R® — [~1,1] and a constant
k > 0. In particular we can combine this with the energy conservation law to conclude that
any solution to (CP1) with a finite energy is defined for all time. Next in Section 3 we discuss
the global behaviour of solutions to the wave equation above with a suitable coefficient function
¢ : R3 — [0, 1]. More precisely we have

e An energy monotonicity (conservation) law holds, i.e. the energy defined by

[o(z, )P

d
p+1 v

1 1
B@) = [ [519:0(. 08 + Slua 0 + eota)
r3 |2 2
is either a constant if kK = 0, or a nonincreasing function of time t if £k > 0. A direct
corollary follows that any solution with a finite energy is defined for all ¢ € [0, 00).

e A Morawetz-type inequality holds if in addition (p — 1)¢ — - V¢ > 0 for all x € R3.

[ e BN e 54 B
to JR3

||

Here tg is an arbitrary time in the lifespan of solution v.

After all of these preparation work is finished, we prove the main theorem in the last three
sections. In Section 4 we start by assuming that w is a solution as in the main theorem and proving
a few preliminary estimates regarding u in the region Qs = {(z,t) € R?® x [0,0) : |z| > t + R}
for a suitable R > 0 . Here we need to apply an “channel of energy” argument. Next in Section
5 we apply the transformation T and show that v = Tu is indeed a solution to (CP2). In the
final section we verify that v has a finite energy by the estimates obtained in Section 4, take
advantage of the Morawetz estimate, rewrite the obtained integral estimates in term of v and
eventually finish the proof.

Lwe need to use the radial assumption on v1 in the definition.



2 Preliminary Results

2.1 Notations

The < symbol We use the notation A < B if there exists a constant ¢, so that the inequality
A < ¢B always holds. In addition, a subscript of the symbol < indicates that the constant c is
determined by the parameter(s) mentioned in the subscript but nothing else. In particular, <,
means that the constant c¢ is an absolute constant.

Radial functions Let u(z,t) be a spatially radial function. By convention u(r,t) represents
the value of u(x,t) when |z| = r.

Linear wave propagation Given a pair of initial data (ug,u1), we define Sg, o(¢)(uo,u1) to be
the solution u of the free linear wave equation uy —Aw = 0 with initial data (u, ut)|t=0 = (ug, u1).
If we are also interested in the velocity u;, we can use the notation

S1(t)(uo,ur) = (u(-, ), us(- 1)), Sc(t) (uo) = (Z((.j,tt))) '

Uy

2.2 Local theory

In this subsection we consider the local theory of the equation
0?0 — Av = —p(z)e "~ tv, (x,t) € R3 x R;
(- to) = vo € H'(R?); (5)
ve(+,to) = v1 € L2(R?).
Here ¢ : R* — [—1,1] is a measurable function, » is a nonnegative constant and p € [3,5). This
covers both equations (CP1) and (CP2).

Definition 2.1. We say that a solution v solves the equation (5) in a time interval I containing
to, if v satisfies

o (v(-,t),v(- 1)) € C(I; H' x L*(R?));
e The norm ||U||L2p/(p73>L2p(JxR3) is finite for any bound closed interval J C I;

o The integral equation

v(-,t) = Sro(t — to)(vo,v1) +/t Sin((t\/%M)

holds for all t € I, here G(z,t,v) = —¢(x)e™ " t|v[P~ .

G(-,7,v(-,7))dr

Strichartz estimates The basis of our local theory is the following generalized Strichartz
estimates. (Please see Proposition 3.1 of [7], here we use the Sobolev version in R?)

Proposition 2.2. Let 2 < q1,q2 < 00, 2 < r1,19 < 00 and p1, p2,s € R with
1/q;+1/r; <1/2, i=1,2;

/g1 +3/r1 =3/2— 5"+ p1; /g2 +3/ra =1/2+ 8" + pa.
Let v be the solution of the following linear wave equation (tg € 1)
02v — Av = F(x,t), (z,t) € R3 x I;
{ (0, 00) ity = (vo, 01) € H¥ (R®) x H¥~1(R3). (6)

Then there exists a constant independent of I and initial data (ug,u1), so that
[ ), ve Ol ey + 1D 0l Lar Lr (1 xms)
< C ([[(vo, v1)l ot s fror—1 + 1D5 P2 F (2, 1) || L32 L72 (1 xR9)) -



A fixed-point argument We first choose specific coefficients p; = p; =0, s’ =1, (q1,7m1) =
(2p/(p — 3),2p), (g2,72) = (00,2) in the Strichartz estimates

10l D lloes wagsircnsy + 10022y

< Cp (1w ta), vt i)l a2 + 1007 = A)vllrpa(es ) xr9) ]
and observe the inequalities
5—p

1GC o)l ze (e ) xrey < €tz — 1) = [u]| 2, ;
LB-3 27 ([t ,to] xR3)

IG (- 01) = GCyyv2) |z ol xzsy < | lvallP 7, Y e ,
Lp*3L2p([t17t2]><R3) Lr—3 L2p([t17t2]XRs)

x e F (ty — 1) 2" oy — .
e (t2 1) [lv v2||LffP3L2p([tl’t2]XR3)

A fixed-point argument then shows (Our argument is similar to a lot of earlier works. See [10, 16],
for instance.)

Theorem 2.3 (Local solution). Given a time to and a pair (vo,v1) € H' x L?, then there is a
mazimal time interval (to — T—(vo,v1,t0), to + T4 (vo, v1,t0)) in which the equation (5) with the
initial condition (v, v¢)|i=t, = (vo,v1) has a unique solution v(x,t). In addition we have

T (vo, v1,t0) > T1 = Cy(p)e*™ /=) (vo, v1)| ;ﬁ(;’;;()ﬂg gu;fm;

”U(xﬂt)||L2P/(P*3)L2P([to,t0+T1]><]R3) < Cz(P)H(UOaUl)||Hle2(R3)~

Remark 2.4. If v is a solution to (5), then we have ||D1/2'U||L4L4([a,b]><]R3) < 400 for any finite
bounded interval [a,b] contained in the mazimal lifespan of v by the Strichartz estimates.

Proposition 2.5. Any solution u to (CP1) with a finite energy is global in time, i.e. it has a
maximal lifespan R.

Proof. The conservation law of energy guarantees that the norm ||(u(-,t), ue (-, 1))|| g1y 2 S B2

~

is uniformly bounded for all time ¢ in the maximal lifespan of u. The combination of this fact
and Theorem 2.3 implies that w is well-defined for all ¢ > 0. Since (CP1) is time-invertible, we
are able to conclude that the maximal lifespan of u must be R. O

Perturbation theory Next let us consider the continuous dependence of the solutions to (5)
on the initial data. The special case with ¢(z) =1 and x = 0 has been proved in Appendix of
[17]. We can prove the general case in exactly the same way.

Theorem 2.6. Let ¥ be a solution of equation (5) in a bounded time interval I with initial data
(0o, 01), so that

(@0, 1) || g1 g2 < 003 191l L2p/(0-3) L2v (1 xR3) < M.
There exist two constants eo(I,M),C(I,M) > 0, such that if (vo,v1) € H' x L? satisfy
[ (vo = Do, v1 — 1)l g1y g2 < €0(L, M),
then the corresponding solution v of (5) with initial data (vo,v1) is well-defined in I so that

[0 = 0l L2v/ -9 p20 (1 ey < CU, M)|[(vo = B0, v1 = 01) [l g1y 25

1) - GED)

S C(I7M)H(UO - T)O,Ul - ﬁl)HHle%
C(I;H'xL?)



2.3 A Pointwise Estimate on Radial B! Functions

Lemma 2.7. There exists a constant C, so that the inequality |f(z)| < C||fll g1 (gs) - || ~1/2
holds for any radial H'(R®) function f and any x € R®\ {0}.

This is a special case of Lemma 3.2 in [14]. A smooth approximation argument immediately
gives

Corollary 2.8. If u(-,t) € C(R; H'(R?)), then u(z,t) is continuous in (R3\ {0}) x R.

3 A Wave Equation with a Time Dependent Nonlinearity
In this section we discuss the global behaviour of the solutions to the equation

vy — Au = —¢(z)e " [P~ Lo, (x,t) € R3 x R;
v(- to) = vo € HY(R3) N LPHH(R3; ¢(x)dx); (7)
’Ut(',to) =V € LZ(Rg).

Here we assume that p € [3,5), k > 0 are constants and ¢ : R® — [0, 1] is a measurable function.

p—1
The equation (CP2) corresponds to the case with k = p — 3 and ¢(z) = (ﬁ) . In this

sinh |z]
case the parameter x > 0 whenever p > 3.

3.1 Monotonicity of the Energy
Now let us consider the “energy” defined by

1 1 _ [v(z,t)|P+!

E(t) = —|Vav(z, t)]2 + =|vg(x, t)]? + e ") ————— | du.
0= [ [317s0te.0F + Jluata 0 + o) 2
If w is sufficiently smooth and decays sufficiently fast near infinity, we can differentiate and obtain

p+1
B0 = [ [0V -+ v + e ool o - e s as
e p+1

:/ v (—Av 4 vy + e PP ) da — e e "ol dr
R3 p+ 1 R3
K

T / e " (x)|v(z, )P dz < 0.
p R3

One can verify that this formula of E’(t) works for general solutions v of the Cauchy problem
(7) as well by standard smooth approximation and cut-off techniques. Therefore we have

Proposition 3.1. Let v be a solution to the Cauchy problem (7) in a time interval [to,to + T4)
with E(ty) < oo.

o If k>0, then E(t) is a non-increasing function of t € [to,to + T). In addition, we have
the integral estimate

to+T+ 1
/ / e "t o(x)|v(z, t) [P de dt < iE(to).
to R3 K

o If k=0, then E(t) is a constant independent of t.



3.2 Global behaviour in the positive time direction

Assume that v is a solution to the Cauchy problem (7) with a maximal lifespan (to —T—,t0+71% ).
Given any t € I1 = [to,to + T4 ), Proposition 3.1 implies

1/2 1/2

(2,00 )l e < RE@)]Y? < [2B(t0)]'2.
According to Theorem 2.3, this means that there are two positive constants 77 and Ny, such
that if ¢ € I, then we have [t,t + T1] C I and [|v[|L20/0-9 p2p(ppe4my]) < N1 It immediately

follows that Ty = 4o00. Namely the solution u is defined for all time ¢ > ty3. Furthermore, if
k > 0 we have

t 1
[G(z,t U)HLng(to 00) xR3) —Z He ()|l UHL1L2([to+jT1,t0+(j+1)T1]><R3)

—kto— JKTlT(5 p)/2

E%g

e HUHsz/(p 3) L2p ([to+5T1,to+(j+1)T1] xR3)

<.
I
o

—rto—jrT1 TfS*P)/Q NP

e 1 < 00.

“

Il
=]

J

Recalling the Strichartz estimates and the fact that the linear wave propagation preserves the
H' x L? norm, we obtain

tl,tiiinmo r(=t )<;}t((’,ttl1))> Sc(~t )<Ujg::§j§))HH1xL2
= sutes=e0 (008) - (i),

< tl,tiiglﬁx G (=, ¢, v)HLiLi([tl,tz]XRS) =0.

As a result, the pair Sz (—t)(v(-,t), v4(-,t)) converges in the space H! x L? as t — co. Let us
assume SL( t)(v(-t),ve(-)) = (vg,vi). This is equivalent to saying

lim [[(v(-, ), v 1) = L 01| oo = 0-

t——+oo
We summarize our results below

Theorem 3.2 (Global behaviour). Let v be a solution to the Cauchy problem (7) with a finite
energy E(tg) < oo. Then v is well-defined for all t > tg. If we also have k > 0, then there exists
a pair (v, v") € H' x L? so that

lim [|(v(-, £), 06(- 1) = S0 (007 12 = 0.

t—o0
A combination of Theorem 3.2 and Proposition 3.1 immediately gives

Corollary 3.3. Let v be a solution to the Cauchy problem (7) with k > 0 and a finite energy
E(to) < co. Then we have

/ / e o(@) v, )P da dt<—E(to>
to R



3.3 A Morawetz-type Inequality

Proposition 3.4. Let v be a solution to the Cauchy problem (7) in a time interval [to,to + T4)
so that

(I) E(to) < 00y
(II) The inequalities 0 < ¢(x) < 1 and (p —1)¢ — 2 - V¢ > 0 hold for all x € R3.

Then we have the following Morawetz-type inequality

to+T4 - -4
[ e BEO T i i < i)
to R3

]

Remark 3.5. According to Theorem 3.2, we can substitute the upper limit of integral by +oc.

Outline of the proof Let us consider a function a(z) = || and define

M) = / ve(z,t) (Vv(m,t) -Va(z) + ;Aa(m)v(ac,t)) dx.
R3
A basic calculation shows

Va=—, Aa = —, D2a >0, AAa <0.

As a result, we obtain an upper bound on |M (t)| by Hardy’s inequality ||v/|z|||rz < ||Vv||L2:

[M@)] < Nve(, )2 (IVUCs Ollze + v, )/ 12l 2 rs)) S1 E(1). (8)

Next we calculate the derivative M'(t) informally
) 1 1
M'(t) = v | Vv - Va+ —vAa | dx + v | Vup - Va+ zvAa | dz
R3 2 RS 2
1 1
:/ Av <V1} -Va + vAa> dx — / p(x)e " |v|P~ v (Vv -Va + vAa) dx
R3 2 R3 2

1
+/ vt (Vvt -Va+ vtAa> dx
ks 2

=l + I + Is.
Let us start with ;. For simplicity we use lower indices to represent partial derivatives.

3
1 1
I :/R3 > wviwja; | de — i/Rs |Vo|*Aadz — 5/}1@3 vV - VAadz

ij=1

3 3
1 1
- /]R3 Z aijvv; | de — /R3 Z a;vivi; | dr — 5/}1@ |Vol?Aadx + 1/}1@ [v]?AAa dx

i,j=1 i,j=1

1

S—f/ Va-V(|Vv|2)dx—l/ |Vv|?Aa dx
2 Js 2 Jo

=0.

10



Here we use the facts D2a > 0 and AAa < 0. In addition we have

I =— p+1/ p(z)e "V (Jv|P ) - Vadx—f/ d(x)e " [v|PT Aa dx

1 —Kt|,, |p+1 1 1 / —Kt|,, |p+1
- K - = K A
P [v[PT V¢ - Vadx + i1 2) L e P pAa dx
1 _
:]m e_"‘t|v\p+1 <V¢ -Va — 2¢Aa) dx
ta .
/ / — D=2 Vo vt ar.
PJF p+1 t; JR3 ||

Finally
1 1
= f/ V(|0,v|?) - Va dx + f/ |0ww|?Aa dx = 0.
2 R3 2 R3

Now we collect all the terms above and then integrate from ¢ = t; to ¢ = to:

-1 ta 1D —zx-
M (tz) — M(t1) Spi—k 1 / / e rt. (p=Vp—a-Vo lv[P+ida dt.
t1 JR3

||

We plug the upper bound on |M(t)| as given in (8) into the left hand side above, recall the
monotonicity of E(t) and finally complete our proof.

Remark 3.6. The argument above works only for solutions v that satisfies certain reqularity
conditions. However, Proposition 3.4 still holds for all solutions v with a finite energy E(tg) < co.
This can be proved via standard smooth approximation and cut-off techniques. Please refer to
Section 4 of [18] for more details about this type of argument.

3.4 An Equivalent Condition of Scattering

Let us start by a technical result.

Proposition 3.7. Let v be a solution to the Cauchy problem (7) in a bounded closed time interval
I = [a, b] with initial data (vo,v1) € (H' N H®) x (L>*NH**~1). Then we have (v(-,t),v,(-,1)) €
C(I; Ho» x H»~') and

||D8p_1/21)||L4L4([a7b]XRa) < +00.

Proof. Let us recall the Strichartz estimate
”(U('at)’vt('ﬂt))”C(I;HSp xHer~1) + ||D8P71/2U||L4L4([a,b]><]R3)
S o, v1)ll on x gron— + 1187 = D)o

1+sp L2 sp (IXR‘s)

As a result, it suffices to show

[=e™" ¢ () |v["~ ]|

<00 & HqSl/pv

4(p—Vp 4(p—1)p < oQ. (9)
L 5p=9 [ p+3 (IxR3)

1+s‘p L2 sp (IXRg)

A combination of the Sobolev embeddings H®» < L3®=1/2 H' <y 6 and the interpolation
L3=1/2 16 < [+ implies that ug € LPT!. Therefore the initial data come with a finite
energy E(0) < co. Two space-time estimates regarding ¢'/Pv immediately follow: On one hand,
the monotonicity of E(t) gives

sup/ e~ o(z)|v(z, t) [P dr dt < 0o = H(bl/va
R3

tel Loe LrH1(IxR3)

11



On the other hand, the Strichartz estimates give

< 00.

) 1/p
HU||L0L10(I><R3) <0 = H¢ v L5L10(IxR3)

We combine these two inequalities via an interpolation (with ratio (5 — p)(2p + 3)(p + 1) :
5(p —3)(3p+ 1)) to obtain

H¢1/pv

2p(p—1)(9—p) 4(p—1)p < +o00.
L ®=3)Bp+1) [~ p+3  (IxR3)

2p(p=1)(9—p) - 4lp=p

This is a sufficient condition of (9) because I is a finite interval and - GpE) = 5p=9

Proposition 3.8 (Scattering with a finite LQ(p_l)_LQ(p_l) norm). Let u be a solution to (CP1)
with initial data (uo,ur) € (H' N H®) x (L> 0 H*»Y). If |lull 21 r26-1) (rxrs) < 00, then
u scatters in both two time directions. More precisely, there exist two pairs (u%,ul) (H1
Her) x (L2 N H* 1), so that the following limit holds for each s' € [sp, 1]

til:tmoo ||(u('7t>7ut( )) SL( )(UO aul ||H* ><H*'—1(]R3) =0.

Proof. Since the equation is time-invertible, it suffices to consider the case ¢ — +o0o. In the
argument below, we temporarily assume that s’ is either 1 or s,. We start by picking up an
arbitrary finite time interval [a, b] and applying the Strichartz estimates

1052 ul a1 oy )
< Cll(ul-s a)yue(s @)l s gror—1 + CID5 2 (=[P~ )| s pars (o, )
< CH( ( ) ut( ))HHS "5 Hs' -1 +Cy pHu||L2(p D L2(p=1) ([a,b] xR3) ||DS v u||L4L4([a,b]><R3)‘

In the last step above, we apply the chain rule with fractional derivatives. Please see Proposition
3.1 of [2] for more details. By the assumption |[ul|p2:-1) 20-1)(rxRrs) < 00, We can fix a large

number a, so that Cy pHuHLz(p 0 L2 1)( < 1/2. We plug this upper bound into the

[a,00) xR3)
inequality above, recall the fact ||Dx u|| LALA(Ja,b]xR3) < 00 that comes from either Remark
24, if ' = 1, or Proposition 3.7, if s’ = s,,, and obtain

1D 2 ull a1 a pyxsy < 2C (-5 @), ey @) jgor s gror—1 < 00

Here the finiteness of H* x H* ~'norm comes from either the definition of a solution, if s’ = 1,
or Proposition 3.7, if s’ = s,. Please note that the upper bound here does not depend on the
right endpomt b A combination of this uniform upper bound with the fact that Sy, (¢) preserves
the H x H*'~! norm implies

Si(-t) <1Z((.-’,tt22))> ~Su(=h) (11((.':?1))) HHle

. t2) U(',tl)
=1 —Sr(ta —t
tllf?jigo H (Ut t2)> plt2=t) (ut('vtl) Fe % fTs' -1

<C limsup [|Dj _1/2(—|U\p_1u)||L4/3L4/3([t1,t2}xRa)
t],t2—>+OC

lim sup
t1,ta—+400

'—1/2

. -1
<Cy , limsup (llu”i?(pfl)L?(p*l)([tl,tg]><R3)HD; U||L4L4([t1,t2]><]R3)) =0.

t1,to—+00

As a result, the pair Sz, (—t)(u(-,t), us(-,t)) converges in the space H* x H* ~1(R3) as t — +ooc.
Since the argument above works for both s’ = 1 and s’ = s,,, we know that there exists a pair
(ug,uf) € (H' N H®) x (L?* N H**~1) so that the limit

: +
tilinoo ||SL(_t)(u('7t)aut('vt)) (uO 7u1 HHs XHS'—l(]RS) =0
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holds for s" € {1,s,}. By a basic interpolation the limit above holds for all s’ € [sp,1]. This is
equivalent to our conclusion

lim | (-, ), (-, 1)) = SO (g s u)| sy o1 gy = 0-

t——+oo

4 Preliminary Estimates on Solutions

Lemma 4.1. (See also Lemma 6.12 of [18] for the 2D version) Let u be a solution to the linear
wave equation

O2u — Au = F(z,t), (x,t) € R3x[0,T);

ul=0 = uo;

Opult=o = ua;

with radial data ug,u; and F. Assume that (ug,u1) satisfy the inequalities
luo(z)| < Aylz|~1™%, if || > R; / o 2|12 Jug () [Pde < A%
x|>

|F(x,t)] < Bilz|3(|z| — )77, ift €[0,T], |z| > R+t

with constants R, A1,B1; >0 and 0 < «, 8 < 1/2. Then there exists a constant C = C(«a, 5) > 1
such that the solution u satisfies

u(z, )] < Cla| ™! [Ay (| — ) + By(jz| — )™7], ift € [0,T) and || > R+t.

Remark 4.2. In the proof of Lemma 4.1 (as well as Corollary 4.4 below) we always assume that
u s sufficiently smooth. Otherwise we can apply standard smooth approzximation techniques.

Proof. Let us consider the function w : RT x [0, 7] — R defined by the formula w(r,t) = ru(r,t).
One can check that the function w satisfies the following wave equation defined on Rt x [0, 7]

02w — 0*w = rF(r,t).

An explicit formula for the solution to a one-dimensional wave equation shows that

ro+to
[w(rg — to,0) +w(re + to,0)] + f/ Opw(r,0)dr

2 0o—to

ro+to—t
/ / Fr,t) drdt, (10)
ro—to+t

whenever g > to + R and to € [0,7]. Our assumptions on F and the initial data ug, uy give the
upper bounds

DN | =

w(ro,to) =

|’U.)(7’0 7t0,0)| § Al(T‘Ofto)ia; ‘w(T‘0+to,0)| § Al(To‘i’to)ia; TF(T,t) §B17”72(7‘7t)76;

and

ro+to
/ Opw(r,0)dr| =

0—to

ro+to
/ ruy(r)dr

o—to

ro-+to 1/2 ro+to 1/2
< ( / r_l_Qadr) < / r3+2a|u1(r)|2dr>
ro—to ro—to

1/2
Sa (ro —to) ™ (/I ‘ |$|1+2aul(x)|2dz>
x|>1r0—1o

< Ai(ro—to)™ "
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We then plug the upper bounds above into the identity (10) and obtain

A 1 ro+to
|w(rg, to)] < 71 [(ro —t0) %+ (ro + to)fo‘] + = / Opw(r, 0)dr
ro—to

to ro+to—t
/ / (r —t)"Pdrdt
ro—to+t

ro+to p(ro+to+s)/2
< CoAi(rg —to) % + / r=2s 8 drds
ro—to S
B ro+to
S CaAl(TO — to) + — Siliﬁds
2 ro—to

< CaAl(TO — to)ia + CﬁBl(’I‘O - to)iﬁ.

Here we deal with the double integral by the change of variables (r,s) = (r,r — t). Finally we
recall w = ru, divide both sides of the inequality above by ry and finish the proof. O

Proposition 4.3. Assume 3 < p < 5. Let (ug,u1) and A, e be initial data and positive constants
as in Theorem 1.1. Fix any constant 0 < min{e, 1/6}. Then there exist constants By = B1(6) > 0
and R = R(0,¢,A) > 1, such that the solution u to (CP1) with initial data (ug,u1) satisfies

lu(z,t)] < Bylz| " (|z] — ), ift >0 and|z| >t + R. (11)

Proof. Let C = (C(0,30) be the constant as in the conclusion of Lemma 4.1. We can always find
two small positive constants A; = A;(d) and By = B1(d) < 1, such that

B > C(Al —|—B:13)
By Remark 1.3, Remark 1.4 and the assumption § < €, we can always find a large constant
R = R(A,&,6) > 1, such that if |z| > R, then
Juo(@)] < Aufar =" [ el )P < 43
|z|>R

We claim that these constants By and R work. In fact, If ¢; is sufficiently small, then the
restriction of solution u to the time interval [0,¢;] can be obtained by a fixed-point argument
according to our local theory. More precisely, if we set ug = 0 and define

t—7)V—A)
VAN

i (1) :SLyo(t)(uo,ul)—i—/O sin(( F(iin(-,7))dr,

where F(u) = —|u|P~'u, then we have

lim ||@, — ull
n=sco L7255 L20([0,1]xR)

An induction argument immediately follows:
(I) The function g satisfies the inequality (11) if ¢ € [0, ¢4];
(IT) If @, satisfies (11) for ¢ € [0, 1], then we have
|F (@ (2,1))| = | Bi|z| ' (o] — t)76|p < B 3(Jx| )7, iflz| >t+Rand 0 <t <ty.

Here we can substitute p by its lower bound 3 since we have assumed By < 1, |z| > |z|—
R > 1. As a result, we can apply Proposition 4.1 and obtain

(1 (2, )] <C(6,36)|2| ™ [Ar(|2] = )70 + BY(|2| — ) 7]
<O(Ay + BY)|a| (|| =)~
<Bila| " (|z| - )~
whenever ¢ € [0,¢1] and |z]| >t + R.
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In summary, @, satisfies (11) for all n > 0 and ¢ € [0,¢1]. Making n — oo, we conclude
that u satisfies (11) for t € [0,#;]. Passing to a limit in L??/(P=3)[2P ysually gives an almost
everywhere inequality. In this particular case, however, we obtain a pointwise inequality by the
continuity of u, thanks to Corollary 2.8. In order to generalize this result from small time to
all time ¢ € [0,T] we only need to iterate our argument above. More details about this “double
induction” argument can be found in Proposition 6.16 of the author’s joint work [18] with G.
Staffilani. O

Corollary 4.4. Let (ug,u1) be initial data as in Theorem 1.1 and A, €, §, By, R be constants
associated to it as above. Then there exist a function f:[R,00) — R with

[ st ds Sacs
R
so that for allt > 0 and r >t + R the function w(r,t) = ru(r,t) satisfies
|wt(r,t)—|—wr(r,t)| < f(T+t), |wt(rat) —’LUT(T,t)| < f(’f‘—t) (12)

Proof. For simplicity we define z1 (r,t) = we(r,t) +w,(r,t) and z2(r,t) = we(r,t) —w,(r,t). Since
z1, 29 satisfy the identities

0 [z1(r+t—s,8)]=(r+t—s)F(r+t—s,s);

ds
0
8—[22(7"—15—1—3,3)] =(r—t+s)F(r—t+s,s);
s
where the function F is defined as F(r,t) = —|u(r,t)[P~ u(r,t), we can integrate from s = 0 to

s =t by the fundamental theorem of calculus
¢
z1(r,t) = z1(r +¢,0) —|—/ (r+t—s)F(r+t—s,s)ds;
0
¢
zo(r,t) = z2(r — t,0) —|—/ (r—t—+s)F(r—t+s,s)ds.
0
Next we rewrite z1(r +¢,0), z2(r — ¢,0) in term of ug, uy by their definition and obtain
¢
zi(rt) = (r+1t) [ur(r +1t) + Opuo(r + t)] + uo(r + 1) +/ (r+t—s)F(r+t—s,s)ds;
0
t
zo(ryt) = (r —t) [ur(r — t) — Qpug(r — t)] — up(r —t) + / (r—t+s)F(r—t+s,s)ds.
0

We claim that we can choose f(s) = s|uy(s)| + s|0,uo(s)| + Cs~17? for a suitable constant
C =C(4,¢,9). It follows Remark 1.3, Remark 1.4 and a couple of estimates on the integrals in
the expression of 21, zo . For the first integral we have

/t(r+t_5)F(7‘+t—3a8)d8 §/t(7‘+t—5) [(7‘+t—8)_1(7“—|—t—28)_5]3d3
0 0

t
<(r4-t)72 / (r+t—2s)"%ds
0
<(r4t)710.
Here we need to use the point-wise estimate u(r,t) < r~!(r — )~ and our assumption

r+t—s>r2r+t,

t>0,7"t>R>1’0<s<t;>{ rdt—2s>r—t>R> 1.
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The second integral can be dealt with in a similar way

3

/t(T—HS)F(T—H&S)dS §/t(r—t+8) [(r=t+s)7 =] ds
0 0

<(r—t)7° /Ot(r —t+5)"2ds

(r—t)~179,

A

O

Remark 4.5. An instance of the “channel of energy” method has been used in the proof above.
Please see [11] to learn more about this powerful tool for the study of wave equations.

5 A transformation

Let u(z,t) be a global and radial solution to (CP1). We consider the function v = Tu defined
by
inh inh
’U(y,T) _ SlIll ||y€TU <6T SlIl| ||y| Sy to + €™ cosh y|) , (y,T) c R3 % R.
Y Y

Here t( is a negative number to be determined later. This transformation can be rewritten in

the form of (Tu)(y,7) = %‘Hyleﬁu(’f(y, 7)), where the geometric transformation T : R? x R —

{(z,t) e R® xR : t —to > ||} is defined by

- sinh
T.0) = (2

In particular, T maps the hyperplane 7 = 73 in the y-7 space-time to the upper sheet of the
hyperboloid (t — tg)? — |#|? = €2™ in the z-t space-time.

-y, tg + €7 cosh |y|> .

Radial expression The function v is still a radial function and can be given in term of polar
coordinates (s,0,7) € [0,00) x §? x R by

sinh s

v(s,0,7) =

e"u(e" sinhs - ©,t) + €” cosh s).

For simplicity we can omit © and write

3 h
v(s,T) = — seTu(eT sinh s, to + €7 cosh s).
s

Differentiation Let us recall that the function w(r,t) = ru(r,t) satisfies the equation wy —
Wy = —r|u|P~u, we can rewrite the function sv(s, ) in the form of

sv(s,7) = w(e” sinh s, tg + €7 cosh s).
A simple calculation shows

(sv); = (e" sinh s)w, + (e" cosh s)wy; (sv)s = (e" cosh s)w, + (e” sinh s)w. (13)
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The values of w, and w; here are taken at the point (e” sinhs, ¢y + €7 coshs). Next we can
differentiate again and obtain 2.

(5v)rr =(€" sinh s)w, + (" sinh 5)%w,, 4 (&7 sinh s)(e” cosh s)w,;
+ (€7 cosh s)w; + (e” cosh s)(e” sinh s)wy, + (€7 cosh s)%wyy;
(5v)ss =(e” sinh 8)w, + (€7 cosh 8)?w,.,. + (e cosh s)(e” sinh s)w,;
+ (€7 cosh s)w; + (€7 sinh s)(e™ cosh s)wy, + (€7 sinh s)%wy.
Therefore we have (let us recall r = e” sinh s)

2 1 627’ 2T

€ _
Vrr — Uss — gvs :g [(SU)TT - (sv)ss] = ? [wtt - wrr] = _?T|u|p 1“
_ ( 5 )p—l e sinhs _ Pl SinhseTu
sinh s S S
s p—1
- _ —(p=3)7,,|p—1
(sinhs) € [P~ 0.

In other words, v(y, 7) satisfies the non-linear wave equation

l N oy o
Vrr — Ayv = — <sinhy| e~ (P3P 1y, (t,y) € R xR3. (CP3)

Finally a basic calculation gives the following change of variables formula for integrals of radial
functions

ok 2
dx dt = 4nr?dr dt = 47 sinh? s ds dr = €7 (smy||y|> dy dr. (14)

6 Proof of the Main Theorem

Let us consider a solution u to (CP1) as given in Theorem 1.1 with the constants A,e. We
first fix a number § = min{e/2,1/10} and let By, R be the constants as given in Proposition
4.3. In addition, we define £ = vV R2 +1 4+ 1. Please note that all these constants 6, By, R
and ¢ are determined solely by A and . Next we fix a negative time t; = — and perform the
transformation v = Tu as described in the previous section. We claim

Lemma 6.1. There exists a time 7 € [—1,0], so that the energy

B = [ o) blsop

sinh |y p+1 dy
< C(A,e).

1 1
39T+ Gl 70

Here C(A,¢) is a finite constant determined solely by the constants A and e.

Remark 6.2. This actually means that E(0) < C(A, &) < co by monotonicity of the energy.

6.1 Proof of Lemma 6.1

First of all, we observe that

—1 —1
/ - (" ol DI < yl )’
R3 sinh |y| p+1 ~ sinh |y|

+1
51 HU(W T) ||Z;L‘11(R3)

1
v, 7) Hi—g(m)
L6/(5=p) (R3)

2Here we temporarily assume that the functions involved are sufficiently smooth. Otherwise we can apply the
standard smoothing approximation techniques
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Therefore it suffices to show that there exists 7 € [—1,0] so that

1 1
Eor) = [ |59t 7) + 3lorte. | dy < €0,

Next we use the fact that v is radial and rewrite Ey(7) in term of polar coordinates

Ey(r) = /000 21 [Jvs(s, 7)* + |7 (s, 7)|?] s*ds.

We split the integral into two parts: the integral over (so(7),00) and the integral over (0, so(7)].

/ / = EV(r) + ES (7).

The radius so(7) = cosh™*(f-e~7) > cosh™'y/2 corresponds to the value of time t = to +
e coshsg = e” coshsyg —t = 0.

Large radius part First of all, we observe the identities
r+t=1tg+ee’ r—t=—tg—e’e ®.
In the large radius part we have s > so(7). This implies
(i) t =to+ €" coshs = e coshs —t > 0.
(i) r—t=—tg—eTe*=t—eTe* >t —eTe " =t2 — 2" > R.

As a result, we can apply the inequalities regrading w, w,., w; given in Proposition 4.3 and
Corollary 4.4 to obtain

|wg +w,| < f(to +ee’); lwg —wy| < f(—to —e"e™*); (15)

-1

|u] Sae (e sinhs) = |v| Sa. s L (16)

Here f is the function introduced in Corollary 4.4. All the values of w, w, and w; above are
taken at the point (r,t) = (e” sinhs,ty + €7 coshs). We combine the identities (13) with the
inequalities (15) and obtain
2|(sv)7| = 2|(e” sinh s)w, + (€7 cosh s)w| = €7 |e®(wy + wy) + e~ * (wy — wy)]
<e" T f(to+eTe’) +e” T f(—tg —eTe®);
2|(sv)s| = 2|(e” cosh s)w, + (e sinh s)wy| = €7 |e*(wy + wy) — € (wy — wy)]

<e"TTEf(tg+eTe’) + e f(—tg —eTe ).

A basic calculation shows

E(gl)(T) = 27r/ o [|US(8’T)|2 + |UT(S,T)|2] s2ds
So(T

<27 /s:;) Uag:) (5,7) —v(s,7)

|2

2
16[3

We substitute |(sv).|, |(sv)s|, |v] by their corresponding upper bounds given above and obtain

EO(r) Sae /

s0(7)

§47r/ “(sv)s\Q—l— \(sv)7|2+v2} ds.
so(T)

oo

{62”'25 |f(to + eTe®)|* + €272 | f(—to — eTe_S)|2 + 5_2} ds.
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Finally we recall the assumptions 7 € [—1,0], s > so(7) > cosh ™! v/2, observe the inequality
ee® <y eTsinhs=r<r+t=ty+ee’

and obtain a universal upper bound on Eél)(T)i

B () S [

so(7)

+ / s 2ds
so(T)

o] —to
< /R & 1F(E)[2dey + / (@) de +1

R

[ee] oo

e (to + €7e®) | fto + e7e®) P ds + / €T | f(—to — eTe_s)’2 ds

s0(T)

/SA,E 1.

Here we need to apply the change of variables & =tg+e"e* =r+t > R, {& = —tg—e"° =
r —t > R. In the final step we use the assumption on the function f in Corollary 4.4

/R 1491 £(6)2de S 1.

(t-to)?-[x|*=e’

Figure 1: Illustration of region K

Small radius part Now we need to consider the upper bound of i[nf ]EéQ)(T), which can
T7€[—1,0

be dominated by the integral of E(gz)(ﬁ') over the time interval [—1,0]:

0 so(T)
inf Eé2)(7') §27r/ / [lvs(s,7)* + |vr (s, 7)|?] s*ds dr
TE[—l,O] —-1Jo

—1/0 /SO(T) 6_4T( > )2 [[vs(s,7)|? + |vr(s,7)[*] dmeT sinh? s ds dr
2/ ) sinh s S e '
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Let us recall our definition of v and differentiate:

. . 12

sinhs _ sinhscoshs 5. sinh”s 4.
Vr = eU+ ——e" U+ ———e7 Uy,

s 5
. .12 .

scoshs —sinhs _ sinh”s . sinh scoshs .

Vg = 3 e'u e U + ————e7 Uy
5 5 5

As a result we have

v

sinh s < {|’LL| + (t - t0)|ut| + r|u”‘|}(r,t):(e‘f sinh s,tg+e7 cosh s) )

‘mvs = (t - t0)|ur|}('r,t):(e" sinh s,tg+e€7 cosh s) *

Our assumption s € (0, so(7)] also implies r < t —tg < |to|. Plugging these upper bounds in the
integral above and applying the change of variables formula (14), we obtain

inf EP(r // (1 + [to]?) (Jue|® + |Vul? + |u)?) da dt

T€[—1,0]
<(1+ |to|2)/ / (Jue]® + |Vul* + |ulPt + 1) dzdt
to J B(0,|to])
<1 (LA [tolP)[tol* + (14 [tol*)[to| B Sae 1

Here the region K = {(z,t) : e72 < (t —t9)* — |z|* < 1,t0 < t < 0} C B(0, [to]) X [to,0], as
illustrated in figure 1. The letter E represents the energy of solution u, whose upper bound has
been given in Remark 1.4. Combining the small radius part with the large radius part, we have

inf Ey(r) < EM f B 1,
L o(7) < o Fo (1) +  dnf | B0 (7) 34,

thus finish the proof of Lemma 6.1.

6.2 A global integral estimate

Now v is a radial solution to (CP2) with a finite energy E(0) <S4 1. Proposition 3.4 immediately
gives a Morawetz inequality

—(p—3)- |ylP~ " cosh [y P dr <4 B(0) < a1 17
//Rs sinh? |y| oty ) ydr 51 B0) Sae ()

We claim that another global space-time integral estimate holds:

oo p—1
= o (W 20Dy dr <a. 1 18
/0 /Rse (Sinh|y| [v(y,7)| ydr Sae L (18)

Proof. First of all, the monotonicity of energy implies E(7) Sa. 1 for all 7 > 0. Since v(-,7)
are radial H 1(R3) functions, we can apply Lemma 2.7 and obtain

oy, 7)| HU<'77')||H1(R3)< (E(T))1/2< cosh [y \ /2
SOl 2 P Asinhyl )

As a result, we have (Please note that 3 < p < 5)

cosh |y (p=3)/2 < cosh |y|
sinh |y|

p—3 <
|/U(y77—)‘ ~A, e ( >~ smh|y| .
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We combine this with the Morawetz inequality (17) and finally obtain

—1
[T —(p=3)7 vl " p—3 pt1
I = - € |’U(y77')‘ : |’U(y77-)| dy dr
0

sinh |y|

oo p—1

h

o [ L () S PO Sac
o Jrs sinh |y| sinh |y|

6.3 Completion of the proof for the main theorem

We have already known that the solution is well-defined for all time ¢ € R. According to
Proposition 3.8 and the time-invertible property of wave equations, it suffices to show

I= / (e, )2 Dz dt Sy 1.
0 R3

We first break the integral into two parts

I:/ / |u(x,t)|2(p71)dxdt+/ / lu(z, t)|2 P~V dz dt
0 |z|>t+R 0 |z|<t+R

oo
g/ / |u(:v7t)|2(p_1)dxdt+// lu(z, t)?P~Vdadt = I, + L.
0 |z|>t+R Q

Here the region Q = {(x,t) : [z]? < (t —t9)? — 1,t > to} satisfies (Please see figure 2. Recall the

definition tg = —vVR?2+1-1)
e ) contains the region {(=z,t) : |z| <t + R,t > 0};

e () corresponds to the positive-time part of the y-7 space-time. In other words we have
Q=T{(y,7): 7> 0}).

It is clear that I; <. 1 since the inequality u(r,t) < r~1(r—1)7% (whenr >t+Rand t > 0,
see Proposition 4.3) implies that

o0 o0 o0 o0
I Sae / / [r_l(r — 15)_5]2(”_1)7"2 drdt = / / p20=2) g=2(0=1)0 g Sae L.
0 t+R R s

Here we need to use the change of variables (s,r) = (r —¢,7). In order to deal with I5, we apply
the change of variables formula (14).
sinh |y| -

00 |y‘ 2(p—1) B
I:/ /(e_f. ) e"u(T(y,s
? 0 JR3 sinh |y lyl (T )

> 2(p—3) ly et 2(p—1)

_ —2(p—3)7 P=H dy dr.
A R ) R

The last expression of Iy is different from the left hand of (18) (i.e. the integral I’) only in the
first two exponents. A simple comparison shows that I, < I’ <4, 1. This finishes the proof of
our main theorem.

2(p—1) inh 2
e (Sm|y||y> dy dr
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