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1. Introduction

The behavior of solutions of heat equations arose many interests in the last few
decades. In 1974, Landis and Oleinik [7] proposed the following conjecture:

If u(z,t) is a bounded solution of a uniformly parabolic equation

> 0i(a" (x)d;u) — dpu + b(x) - Vu+ c(x)u=0 in R" x [0, 7],
,J

and the condition
lu(z, T)| < Ne 177 g e R, (1)

holds for some positive constants N and e, then u(x,t) =0 in R™ x [0, T, provided that
the coefficients of the equation satisfy appropriate conditions at infinity.

The original conjecture only assumes that the coefficients are time-independent and
does not mention the precise conditions. However, we always consider their conjecture
in the general case that the coefficients are space—time dependent and in the following
way.

First, we denote the backward parabolic operator

P=0+> 0;(a”(x,t)9;) = 0, + V- (AV),

.3

where A(z,t) = (a¥(x, t))i j=1 is a real symmetric matrix such that for some A > A > 0,

MNP <D a(z,1)&&; < MG, vEER™ )

9

Here we work with backward parabolic operators because it is more convenient in this
context. A function u satisfies that

|Pul < N(|Ju| + |Vul) in R" x [0,T]. (3)
We also assume that u satisfies the natural growth condition

lu(z,t)| < NeNlel in R" x (0,7, (4)
and rather than (1), we assume a weaker condition

lu(z,0)] < Cre 7 v k>0, in R (5)

Under assumptions (2)—(5), we consider the Landis—Oleinik conjecture: If o/ (z,t) satisfy
appropriate conditions, then u(x,t) =0 in R™ x [0,T].
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The Landis—Oleinik conjecture is closely related to many important problems. In
particular, if u(z,0) = 0, the conjecture is reduced to the backward uniqueness problem
for parabolic equations. The backward uniqueness problem has a natural background in
the control theory for PDEs, and it also appeared in the regularity theory of parabolic
equations, such as the Navier-Stokes equations [3], semi-linear heat equations [10], heat
flow of harmonic maps [13].

This conjecture also has a elliptic version, where probably the problem originated, the
Landis conjecture, namely, if a solution of an elliptic equation decays faster than a given
rate at infinity, then it is identically zero. The complex case of the Landis conjecture is
solved by Meshkov [8], and a quantitative result is proved by Bourgain and Kenig [1],
while the real case remains open.

There are some earlier results about the Landis—Oleinik conjecture. In the constant
coefficients case, i.e., P is the backward heat operator, this conjecture was solved by
Escauriaza, Kenig, Ponce and Vega [5]. They introduced some interesting Carleman
estimates and proved both qualitative and quantitative results for the conjecture in the
total space and half-space.

For the general case, the first result is obtained by Nguyen [11] where both qualitative
and quantitative results are proved for the conjecture in the total space and half-space
under the following assumptions

|Vea (z,t)] + |0ra™ (2,t)] < M, (6)
Vea® (2,8)] < M{z)~'7¢, (7)
0% (2,t) — " (x, 5)| < M(z)~ |t — s['/2, (8)

where (z) = /1 + |z|? and € > 0. We remark that condition (6), the Lipschitz regularity
assumption is reasonable, as shown in [9,12], and some decay assumptions seem necessary.
However, condition (7) is not scaling invariant and we wonder if condition (8) is necessary.

Another related result is the backward uniqueness result for general parabolic equa-
tions in the half-space proved by the authors [14] under condition (6) and the decay at
infinity condition:

\V,a (x,t)] < Blz|™!, where E < Ep(n,A,\). (9)

Note that condition (9) is scaling invariant. Moreover, both conditions (6) and (9) are
almost optimal, which could be seen from the counter examples constructed by the
authors. In other words, in the particular case that u(z,0) = 0, the authors in [14]
proved the Landis—Oleinik conjecture in the half-space.

All these results suggest that if the Landis—Oleinik conjecture is true, certain regularity
and decay at infinity assumptions of the coefficients should be required, and assumptions
(6) and (9) seem to be optimal.

Now in the exterior domain, under assumptions (6) and (9), we shall prove the Landis—
Oleinik conjecture. Our main result is the following.
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Theorem 1.1. Suppose {a*} satisfy (2), and for some constants E, M, N > 0,
[Vea® (@) + |0a® (z, )| < M,V (z,t) € (R"\By) x [0,1], (10)
and
|V,a (z,t)| < Blz| ™1, Y (z,t) € (R™\By) x [0,1]. (11)
Assume that u satisfies
[Pul < N(Jul +[Vul) in (R™\B1) x [0,1],

u(z,t)| < NeNlel’ in (R"\By) x [0,1], (12)
lu(z,0)] < Cre el Yk >0 in R™\ By .

Then there exists a constant Ey = Eg(n, A, X), such that when E < Ey, we have u(z,t) =
0 in (R™\B;) x [0,1].

By the unique continuation result (see [2,6]), we immediately have the following corol-
lary.

Corollary 1.2. Theorem 1.1 is still valid if we replace R™\ By by R™.

Theorem 1.1 can be obtained immediately by the following upper bound and lower
bound estimates.

Proposition 1.3 (Upper bound). Suppose {a*} and u are the same as above. Then there
exists a constant Ey = Eo(n, A, \), such that when E < Ey, we have

u(z, )] + |Vu(z, )] < e *°, Vk >0,
when || > Riy(n, A, \, M, E,N,k) and 0 <t <Ty(A,N).

Proposition 1.4 (Lower bound). Suppose {a*} are the same as above, u satisfies the first
two conditions of (12), and u(x,0) # 0. Then there exists a positive constant Ey =
Eo(n, A, \), such that when E < Ey, there exists a constant Cy, = Cy(n,A,\, M, E,N),
such that the following estimate

7T/8
1 2
7 / / (u? + |Vul?)dwdt > e~ T (13)
T/8 R—1<|z|<R

holds when

R > Ro(n,A,\, M, E, N, ||u, O)||L2(B(1Oe1,%)))
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and
0<T< TQ(TL,A,)\,M, N, Hu('7O)||L2(B(10€1,%)))7
where ey = (1,0,...,0).

Combining these two estimates together, we must have u(x,0) = 0, then by the
backward uniqueness result (see [14]), we have u(x,t) = 0. Thus we proved Theorem 1.1.

Remark 1.5. This lower bound of the integration form is optimal, which can be seen from
the solution of the backward heat equation o;I' + AI' = 0 that

T(a,t) = (T — t) /2~ tin
The upper bound could be obtained by the following Carleman inequality.
Proposition 1.6. Suppose {a'’} are the same as above. Let
Q=R"\B1) x[0,1], f(t)=(t+1)"" 27"

There exists a positive constant Eg = Eg(n,A,\), such that when E < Ey, for any
function v € C§°(Q) and any v > 0, we have

[ o vzt <[ e ot
Q Q

|2
+8 / e (Jo(, 1) + [Vo(e, 1)) de
Rn
4B+ )? [ faP eIl O oz, 0) o, (1)
]R'n.

where b = ﬁ, and B = B(n,A,\, M, E) > 1.

The lower bound could be proved mainly by the following Carleman inequality.
First, let ¢(t) be a cut-off function satisfying

_Jo, iftefo,F]Ul},1];
w(t)_{z, if ¢ €[4, 2].

Proposition 1.7. Suppose {a*’} are the same as above. Let
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Qr={(e.0] 1< je < Ryt € (5, D)}
U =~(1 — t)R¥3|z|*? + ¢ (t)R2.

There exists a positive constant Eg = Eg(n,A,X), such that when E < Ey, for any
function v € C§(Qr) and any v > vo(n, A, \, M, E), we have

c)\z/62‘1’(73R2|v|2+’y|V1}|2)dmdt§ /62\p|PU|2d5Edt, (15)
Qr Qr

where ¢ is an absolute constant.

Remark 1.8. In the argument of applying Carleman inequalities to prove the upper and
lower bound, the constructions of weight functions are very crucial and technical. The
ideas of constructing the two weight functions in this paper come partly from [11,14],
and some new observations. Note that in the construction of ¥, the index % is optimal,
happening to coincide with Meshkov’s results in [8].

The paper is organized as follows. We first use the two Carleman inequalities to prove
the upper and lower bound in section 2, then we prove the two Carleman inequalities in
section 3.

2. Proof of upper and lower bound

In this section, we prove the upper and lower bound by assuming Proposition 1.6 and
Proposition 1.7 first, and we postpone the proof of the two Carleman inequalities to the
next section.

2.1. Upper bound

Proof of Proposition 1.3. We use Carleman inequalities (14) to prove the upper bound
for the solution.
Step 1. By the regularity theory for solutions of parabolic equations, we have

lu(z,t)| + [Vu(z,t)| < C(n, A, A, M, N)e2Nlol (16)
for (z,t) € (R™\Bz) x [0, 3]. Let

1 1 b

2N s (an

7 = min{

where b is the one in Proposition 1.6. Define

(z,t) = u(re, 72t),
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and
a(x,t) = a"(rz, 7%t)
for (z,t) € (R"\Bz) x [0,1]. Then it is easy to see
Va7 | +10,a”7| <7M < M, |V,a"| < Elz|™%.
We denote

Pi = tu—i—za ’6u
then by (12) we have

|Pal < N (la] + |Val) < 5 (Jal + [Val). (18)

N | =

By (16) and (17), we have
li(z, t)| + [Vi(z, )| < C(n, A, X, M, N)ENT 1 < Cn, AN, M, N)es"*. (19)
We keep in mind that
lu(z,0)| < Cre *7° vk >0, (20)
and we always take k large enough.

Step 2. In order to apply Carleman inequality (14), we define a cut-off function 6
satisfying

0(1z)) 0, if |z <R or |z|>ri+1;
x =
1, ifR+1< x| <ry,

where R > % and r > k2R.
Let v = 04, then by (18) we have

|Pv| = |0Pa + aP8 + 24" 9;00;1l

IN

S0l + [V + On, A, M)x(Jal + [Val) (96| + 9] (21)

IN

1 _ _
5 (Wl + Vo) + C(n, A, M)xa(lal +[Val),

where x is the characteristic function and
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N={0<0<1,te[0,1]}
={R<|z|<R+1,te[0,1]}U{r <|z|<r +1,t €[0,1]}.

Step 3. We apply Carleman inequality (14) for v, then

Jz/e%fww UL (o2 + Vo) dadt

Q
z|? ~
< /eQVf‘w‘s/szltLjB | Pv|2dxdt
Q

+/3/|$

+B(1+7)2 / |x|2627|“|3/2_(b|x|2+6)|U(m, 0)|?dzx.

(|v(z,1))? 4 |Vo(z, 1)[*)dz

By (21) we have

blz|2+48

J < §J+C(n A M)/e%f'w‘“ 1 xa(la] + |Val|)2dedt

+6/|z

B+ ) / P22 = O+ (2, 0) P,

(Jv(z, 1)|? + |Vo(z, 1)[*)dz

thus

J < Cln, A, M)/eQ'Yf'Z‘w S (] + [Vl 2dedt

Q
ble|2+8
+cf / |x|“e

(Ja(z, 1)|* + |Va(z, 1)|?)dx

|z|>R
+48(1 + 7)? / |p[2e27121 =0l +8) 15z, 0) 2da
lz|>R
= Il + IQ + 13.

Step 4. Now we estimate both sides of the above inequality. We will see how the weight
. 3/2_ blz>+p . . b2
function 27 O17** =557 orks in these estimates. Actually, we use ¢~ *+T to control

the growth of w. As for I, it doesn’t involve y-term because we set f(1) = 0, and thus
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we can control Iy easily. As for I3, we use the fast decay condition of u(z,0), namely
(20), to control it.
Next we estimate I> and I3 first, then I, at last J.

Estimate of I5.
By (19),

I, < cﬁe_g / |$‘26_%d(£ < C(n,b) =C(n,A). (22)

|z| >R

Estimate of I5.
Recall (20), then

iz, 0)] = u(ra, 0)] < O(E)e=H1mel = o(A, N, kye M=l
T

and thus
I3 < 4Be™P(1+7)2C(A, N, k) / | |2 20klal 2yl P bl gy
lz|>R

< C(A, N, k)(147) / |22kl 2rla /2= blal? g
|z|>R
Now we choose

bk

RY/2, 23

’y:

In the region {|z| > R},
bk bk
2’7|CC|3/2 _ —R1/2|CE|3/2 < —‘SL’|27
8 8
then

13§C(A7N,k)k23 / ‘$|2e—bk|w\2—b\x|2dx

|| >R

< C(A, N, k)k2Re ™" / |z|2e bl g (24)
>R

< C(n,A, N, k)k2Re "7 < 1,

if R > Ro(n, A, N, k) large enough.
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Estimate of I;.

I < C(n,A,M)/eQVIIIWU‘“ (|a| + |Va|)2dadt.

Q
Using (19) again, we obtain

|3/2 blz|?

I, < C(n,A,\,M,N) / a2 = gy

Q

‘3/27bm2

< C(n, A, A, M, N)( / + / )e2lz 1 dr
ri<lz|<ri+1  R<|z|<R+1
=1+ 1.
We can control I ; easily since we set r; large enough.
Actually, in the region {r1 < |z| < r; + 1},
2'y|z|3/2 R1/2| |3/2 |9c|2
since r1 > k2R. Then
Ly <C(n, A A M, N) / ~"5dz < C(n, A\, M, N).
ri<|z|<ri+1
In {R < |z| < R+ 1},
2’)/|Z‘|3/2 _ %R1/2|Z‘|3/2 < %‘mF?
8 8
then
bk 2 blz|?
Il,2 SC(TL,A,A,M,N) |z]|®— 25 dzr
R<|z|<R+1
S C(TL,A,)\,M, N)e%(R+l)2 / 67%d$
R<|z|<R+1
< C(n, A\ M, N)es ™
Thus we have
I < C(n, A\, M, N)e's & (25)

Combining (22), (24) and (25), we have that when R > Ry(n, A, N, k),
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J < C(n, A\ M,N)e=
Next we estimate a lower bound for J.

Estimate of J.
If k > 45%5 then {4°+2R < |z| < 4°+3R} C {# = 1}, and thus

1/2
3/9 212
Jz/ / 1l = 1512 1 \al?)dadt.

0 48+2R<|z|<4B+3R
Notice that when ¢ € [0, ], f(t) > f(3) > 27772, then

1/2
J>e 62_6_17‘3”‘3/271’“”‘2(|ﬂ|2 + |Va|?)dzdt.

0 48+2R<|z|<4P+3R

In the region {4°T2R < |z| < 4°+3R},

(26)

27y |z |32 = 27BOpERY 2|2 P2 > 27 B Obk(4 P73 )12 |2 3/? = 47 P bk x|?,

then
27 |z P2 — bl)® > (4P — 1)b|z .
Notice that k& > 4°%° then

474 —1 > 4785,

and
27y |z|?/2 — bla|® > 4P Pbk|x|? > 4P Obk(4P+2R)? = 4P 10k R? > bER.
Thus
1/2
J > e PHORE? / / (|| + |Va|?)dadt.

0 4B+2R<|z|<4P+3R
Recall that @(x,t) = u(rz,7%t) and 7 < 1, then

72/2
J > rne AR / / (Jul? + |Vul?)dd.

0 74F+2R<|z|<T4P+3R
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Combining (26) and (27) together, we have

72/2
(lul® + |Vul?)dadt < C(n,A,\,M,E,N)e 28 < ¢ 5K

0 7462R<|z|<T4P+3R

when R > Ro(n, A, A\, M, E, N, k).
We replace 74572 R by R, and let

72 1 1 b2
=" = = min{l, —, —
1= = g minlh g
then we obtain
2T
/ / (Jul?* + |Vu|?)dzdt < e~CkRR?,
0 R<|z|<4R

Finally, by the regularity theory for solutions of parabolic equations, we obtained our
upper bound estimate.

2.2. Lower bound

The lower bound can be proved by the following two lemmas. The first one is due to
Escauriaza, Ferndndez and Vessella (see [4]), and we copy it here.

Lemma 2.1. There is a constant C = C(n, A, \, M, N) such that the inequalities

Clog(C®,)>2 and C / u?(z,t)dr > /uQ(x,O)dx (28)
B, B,
hold when 0 < t < p*/Clog(CO,) and 0 < p < 1. Here

fol fB4 u?(z,t)dzdt
- p2 pr u?(z,0)dr

O,

The second one is derived from Carleman inequality (15).

Lemma 2.2. Suppose {a"} are the same as above, u satisfies the first two conditions of
(12). Then there exists a positive constant Ey = FEo(n, A, X), such that when E < Ey,
there exists Cy, = Cy(n, A,\, M, E, N), such that the following estimate
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2T/3

R2/3 1
/ / |u|?dxdt

T/3 9< || <11 -
7T/8 (29)

2 1
<14 / / (Jul? + [Vul2)dzdt,

T/8 R—1<|z|<R

holds when R > R3(n,N) and 0 < T < 1.

In the following, we prove Lemma 2.2 first, then we use the two lemmas to prove the
lower bound.

Proof of Lemma 2.2. We use Carleman inequality (15) to prove Lemma 2.2. We again
divided the proof into several steps.
Step 1. For any 0 < T < %, we define

@(x,t) = u(VTx,Tt),
@ (z,t) = a¥ (VTx,Tt),
Pi = tu—l—Z@ Ja i)

for (z,t) € (R™\B_2 ) x [0,1]. Similarly, we have

3
lia(z, )| + [Vi(z, t)| < C(n, A, \, M, N)e2NTll, (30)

and

|Pa| < VTN(|a| +|Val) < N(|a| + [Val). (31)

Step 2. In order to apply Carleman inequality (15), we choose two smooth cut-off
functions. Let

B 0, if \a:| < %

mi(le]) = e

1L, if o= < |z] <~ 5/*R— T

or |z| >~73/1R;

where v and R are the parameters in Carleman inequality (15), and

20
y34R > (32)
VT

We always take both v and R large enough. Let
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na(t) = {o, if t € [0, }]UIL, 1];

1, iftelg, 3]
Let n(x,t) = m(Jz|)n2(t) and v = ni. Then supp n C Qg and so supp v C Qg
By (31) we have
|Pv| = [nPi + @Pn + 2a" 9;n0;ill
< Ny(la] +|Val) + C(n, A, M)(|a] + [Val)(|9] + [Vl + V1))
< N(Jo| + [Vo]) + C(n, A, M, N)(|a| + |V|)x{o<y<1}-

Step 3. We apply Carleman inequality (15) for v, then we get

C)\Z/62‘1](’}/3R2|U|2+’)/|V1}|2)d56dtS /62Q|PU|2dl’dt.

Qr Qr

By (33), we have

cA? / 2 (VP R2|v|* 4 7| Vv|?)dxdt < AN? / 2 (Jv]? + |Vv|?)dzdt
Qr Qr

+C / 2 (Ja|* + |Va)?)dxdt.
{0<n<1}

203

(33)

In the above inequality, if we take v = vy(n, A, A\, M, E, N) large enough, then the first
term of the right hand side can be absorbed by the term of the left hand side, thus we

obtain

/ 2V (Ju]? + |Vo)?)dzdt < Cy~*

Y (|a?* + |Val?)dxdt.
Qr

{0<n<1}

Denote that

then ©Qy C {n =1} and thus

/62‘1’(|12|2 + |Va|?)dzdt < Cy~t

eV (|a]?* + |Val?)dadt.
Q

{0<n<1}

We divide the set {0 < n < 1} into three parts:
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{0<n<1}={0<m <Lm>0U{m =1,0<n <1}

EQQUQgUQ4,
where
3 17
92:{<w,t>|f<|w|<ﬁ R
17
_ —3/4 —3/4 g
0 = {(@.0)] ¥R~ = <lel <R, e (5 ) (3)
1 11 37
Qy = {(a,t <R — ¢ )}
=0 S <l <R oo te (DU )
If we denote that
Jiz/e2q’(|a|2+|Vﬂ|2)dxdt, i=1,2,3,4,
Q;
then we rewrite (34) as
J1 < Cy N Jo 4 J5 + Jy). (36)

Step 4. We estimate them respectively. From the construction of the weight function
U = (1 — t)R?/3|z|*? + ¢ (t)R?, we could see that ¥ is smaller on Qy than on Q; and
thus Jy is controlled by J;. Similarly, Jy is also controlled by J; because v (t) is smaller
on €y than on €. Finally, only Js, which can’t be controlled by .J;, remains on the right
hand side of (36).

Estimate of J;.
In Qq, ¢¥(t) =2, and

R2/3 V3 oR? > Gy (22 1 o2,
\/T T

then

Jy > exp{l2’y(§)2/3 +4R%} / || dadt
951
21/3 (37)
T_%_lexp{lzy(%)w?’ + 4R?} / / |u|?dzdt.

T/3 9<|z|<11

Estimate of Js.
In QQ,
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< 732/3(1)4/3 +2R? < 57(5)2/3 +2R?,
- VT T

and by (30),

la| + |Vl < C(n, A, A M, N)e'sN < ¢,

thus
Jo <CT™ 2 exp{my(%)Q/?’ + 4R*}. (38)
Estimate of .J3.
In Q3,
W < ARY3(y3/4R)4/3 1 2R? = 3R?,
then

J3 < exp{6R?} /(|a|2 + |Va|?)dxdt
Q4
7T/8 (39)

< T~ 1 exp{6R?} / / (Ju|® + |Vu|?)dzdt.

T/8 y=38/4/TR-1<|z|<y~3/4VTR

Estimate of Jj.
In Q4a ¢(t) = Oa

U < yRY3 (4 3AR)YS = R?,
and by (30),
@] + |Vi| < Cexp{2NT(y"**R)*} < Cexp{2N(v*/*R)*},
then we have
Jy < C(yv 3/ R)" exp{2R? + 4N (v 3/4R)?}.
Notice that if y73/4R > C(n, N), then
(yUR)" < exp{N(y**R)*},
hence

Ji < Cexp{2R? + 5N (v%/*R)?} < Cexp{3R?}. (40)
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Now we combine (36)—(40) together, then we have

27/3
R 1
exp{l?’y(T)Q/?’JrllRQ}T / / |u|?dxdt
T/3 9<|z|<11
-1 R 2
< Oy lexp{l0y(7)™/" + 4R}
7T/8

1
+ eXp{GRZ}T / / (Ju® + |Vu|?)dzdt).
T/8 ~=3/4\/TR—1<|x|<y~3/4VTR

In the above inequality, we divide both sides by exp{lOv(%)Q/3 + 4R?}, and take v =
v(n, A, A\, M, E, N) large enough, then we have

2T/3
R 1
ol (g [ [ e
T/3 9<|z|<11
7T/8
1
<1+ exp{2R2}f / / (Jul? + |Vu|?)dzdt,

T/8 y=3/4\/TR—1<|z|<y~3/4yTR

when y3/4R > % If we replace v~3/4\/TR by R, we rewrite the above inequality

as

2 27/3
. 1
exp{2’y3/2RT}T / / u|?dzdt

T/3 9<|z|<11
7T/8
3/2 R 1 2 2
<1+ exp{2y ?}T (lul® + |Vul|?)dzdt,
T/8 R—1<|z|<R
provided v = ~(n,A, A\, M, E, N) large enough, and R > C(n,N). Thus we proved
Lemma 2.2. O

Proof of Proposition 1.4. Since u(x,0) # 0, then by the unique continuation result (see
2,6]), we must have u(z,0) # 0 in B(10ey, 1), and thus lu(- 0)ll L2(B(10e,,1)) > O-
Now we apply Lemma 2.1 for p = % and the ball B(10e, %), then we have

C / u?(z,t)dr > / u?(z,0)dx (41)

B(10e1,1) B(10e1,1)
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when
0<t<1/Clog(COy)3).
Notice that
61/2 < C(N>/Hu("O)||2L2(B(1Oel,%))a
and
1/Clog(CO1/2) = C(n, A, A, M, N, [|u(-, 0)[|L2(B(106,,1))) = T2

then we have (41) when 0 < t < Th.
For 0 < T < T, we apply Lemma 2.2, and then we get

273

2/3 ]
O+ 7 f/ / wldxdt

T/3 9<|z|<11

7T/8
2 1
<14 % 7 / / (u? + |Vul?)dzdt,
T/8 R—1<|z|<R

when R > Rs(n, N). Notice that the left hand side of (42)

2T/3 27/3

2/3 1 2/3 1
EC*RT T / / wldxdt > eC*RT T / / u2dmdt,
T/3 9<|z|<11 T/3 B(10e;,1)
and by (41) we have
2T/3

C*ﬂ 1 2 C*ﬂ 2
e T u“dxdt > Ce™*"T Hu(-,0)||L2(B(1Oeh%)).
T/3 9<|z|<11

If we choose
R > RQ(TL,A, A M,E,N, ||u('70)HL2(B(1O€17%)))7

then

2T/3
2/3 ] 2/3
eC*RTT / / uldxdt > eC*RZ7T > 2.

T/3 9<|z|<11

207

(42)
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By (42) and (43), we have

7T/8

1 2
T / (u® + |Vu|?)dzdt > e~
T/8 R—1<|z|<R

Thus we proved the lower bound estimate.
3. Proof of Carleman inequalities

In this section, we shall prove the two Carleman inequalities. The main idea is to
choose a proper weight function G. We denote

Av = 9;(a¥ 9;v).

Here and in the following argument, we use the summation convention on the repeated
indices. We shall make use of the following lemma which is due to Escauriaza and Fer-
nandez in [2] (see also [11]).

Lemma 3.1. Suppose o(t) : Ry — Ry is a smooth function, F is differentiable, G is twice
differentiable and G > 0. Then the following identity holds for any v € C§°(R™ x [0,T])
and any o € R:

11—« 1 11—«
2 ./ 7 umFGMMt+§ /) ? 2 MGdzdt

o’ o’
R" X [0,T] R™ x [0,T]
Lo 0,G — AG
+ “w<Awwmm%§y+i7r——mem
R™x[0,T]
Ul—a 0.1—(1
+2 / —(Dg Vv, Vu)Gdrdt — / —v(AVv, VF)Gdzdt (44)
o o
R™ % [0,T] R™ % [0,T]
jEyet Ul—a
=2 U/LM%&M&+/ = (AVv, Vo)Gdz|
R™x[0,T] R"®
1 [ol7 ao’ P
+ 5/ 0'/ v (F— T)Gdfﬁb
Rn
where
1 !
Lv = 0y — (AVlogG, Vv) + §(F - O;U v,
' 0,G — AG
M:UWgﬂuﬁJ+uhffKLTT—UJW—@VRWWQ,
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and

o  8(loaQ) .. . - I
DY = a™ 0y (logG)a" + %(a’“@ka” + k1 9a" — aopa’) + iata”.

We first give a modification of this lemma which will be used in our proof. Let a = 0
and o(t) = e’ in Lemma 3.1, then we obtain the following identity for v € C§°(R" x [0, T7)

1 - A
3 / v MGdxdt + / ([2D¢ + (MTG — F)A)Vv, Vo)Gdzdt

R” % [0,T] R7 % [0,T]

— / v(AVu, VEYGdxdt = 2 / Lv(Pv — Lv)Gdxdt

R™x[0,T] R™ % (0,T)

1
+/<AVU,VU>de\OT +5 /UQFde|0T.
Rn Rn

If VF is differentiable, we can integrate by parts to obtain that

- / v(AVu, VEYGdxdt

R” x[0,T]

< 1
/ v?AFGdzdt + 5 / v?(AVF, ViogG)Gdxdt.

R7 % [0,7T] R"x[0,T]

1
2

The function VF may not be differentiable, so we approximate F' by some twice differ-
entiable function Fy and use the above identity with Fj in place of F, following Nguyen’s
idea in [11]. Thus a direct corollary follows.

Corollary 3.2. Suppose F is differentiable, Fy and G is twice differentiable and G > 0.
Then the following identity holds for any v € C§°(R™ x [0,T1):

1 - A
3 / v MoGdadt + / ([2D¢g + (MTG — F)A|Vv, Vu)Gdzdt
R™ (0,7 R™ X [0,T]
- / v(AVo, V(F — Fy))Gdxdt = 2 / Lv(Pv — Lv)Gdxdt (45)
R7 x[0,T] R7x[0,T]

1
+/<Aw,w>de|§ + §/U2Fde|g,
R™ Rn

where
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Lu = 9y — (AVv, ViogG) + %,
My = 0, F + F(M — F)+ AF, — (AV(F — F), ViogG),
and
Dg = aikakl(logG)alj + L(ZZQG) (aki(‘?kalj +a"oatt — akl(“)kaij) + %(’“)taij.

Before we prove our Carleman inequalities, we need to prove a result which could be
viewed as another version of Corollary 3.2.
In (45), we let G = €2?, w = e®v, and we denote

0,G - AG

BZQDg—I—( a

F)A.
Then the third term of the left hand side of (45) is
- / v(AV(F — Fy), Vov)e*® dzdt
R™ X [0,7]

=— / w(AV(F — Fy), Vw — VOw)dzxdt

R” x[0,T]

=- / w(AV(F — Fy), Vw)dzdt + / (AV(F — Fy), V®)w?dzxdt.

R™ x [0,T] R™ X [0,7]
We use the above identity and rewrite (45) as
1
3 / Myw?dzdt + / (BVv, Vo)e*®dxdt — / w(AV(F — Fy), Vw)dxdt
R7 X [0,7] R™ X [0,T] R™ x [0,T]

1
=2 / Lv(Pv — Lv)e*®dxdt + /(AVv, Vo)e?®dz|l + 3 /U2F62¢d£€|g; (46)

R7 x[0,T] R™ R
where
_A _
M, = O,F + F(% — F)+ AF,
B = 4AD?DA + 20,9(a"0),a" + a"9pa" — aopa') (47)
g - A
voar (MGG oy

By direct calculations we have
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8,G — AG

G = 20;® — 2a70;;® — 20,0 0;® — 4(AVD, VD). (48)

Let
F =20,® — 2a"0;;® — 4(AV®,V®) — H, (49)
where H is a smooth function to be determined. We choose
Fy =20,® — 2a70;;® — 4a’ 9,90;® — H,
where
ai(e.0) = [ @~y 0.
B

¢ is a mollifier, and € = %
By (47)—(49), we have

B = 4AD?*®A + 20,®(a"" 0" + ™ 0pa't — a*'Opa — a1 0pa*) 4+ 0,0 + HA. (50)
Now we begin to prove our Carleman inequalities.
3.1. Proof of Proposition 1.6

Note that Carleman inequality (14) is very similar to the second Carleman inequality
in [14], and their proofs are also similar.
In this part, we let

blz* 4+ 8

= /2 _

where b = 16% and 8 = B(n, A, \, M, E) large enough.
Step 1. Estimate matrix B.

We need to estimate the lower bounds of the matrices in the right side of (50).
First we estimate D?®. Denote that

h=flal 72,
By direct calculations we have
3 x-xT b 3 b
D*® = -h(l, - “—5)— ——1I, > (h— —)1,,
2 ( 2\x|2) t+1 _(4 t+1)
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and hence

4AD*®A > (3\*h — L)In.
t+1

Second, we estimate matrix 0;®a**9,a and 9,a*. For any ¢ € R”,

. . E n3AE
O1Pa ka6 < A IVEL D 6l ] < ==V lleP.
4,J
Since
3 b
b= (=h——— 1
Vo = (Gh- ) (51)
then
|0, ®a* Opalie €| < n3AE(§h + L)
= 20 t+1”
and thus
QP Opall > —n3AE(§h + L)l
- 20 417"
Similarly,
8a” > —nMI,.
Consequently,
2 3 ¢
B > (3\° — 12n°AE)hI, — H——ljn —nMI, + ) \HI,
> 2M\hI, + (\H — i)In
el t+ 1 )
if we take F < Ep(n, A, \). Now in this part, we choose
_d
ot
where d = d(n, A, A\, M, E) large enough, then we have
9 1
B> 2\ (h+ —)I, + L,. (52)

t+1

Step 2. Prove the Carleman inequality.
By (52), we can estimate the second term of the left hand side of (46),
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/(BVU, Vo)e*® dzdt
Q

2/@2¢|Vv|2d:vdt+2)\2/(h+
Q Q
1
:/e2¢|Vv|2dxdt+2>\2/(h+H—1)|Vw\2dxdt
Q Q

t—|——1)62¢ |V’U|2d.’lfdt

1 1
2 - 2 . 2
+2Al/Kh+t+1nvm + VR VO (ht ) AdJuldadL.
Q

By (46), (53) and the Cauchy inequality, we have

1
/e2q’\vU\2dxdt+2A2/(h+ H_—l)\Vw|2dxdt+/M2w2d:rdt
Q Q

- /w(AV(F—FO),VwMa:dt < /e2¢|PU\2dxdt (54)
Q Q

1
+/<AVv,Vv>emdx|é + §/F62<Dv2dx|(1),
R R~

where

1 1
_ 2 - 2 . -
My = 20%[(h =) [VOP o+ VAV 4 (bt =) A

. (55)
8,6~ AG

1 1
+§3tF+—F( G

1~
. F) + 5 AFy.

We use inequality (54) to prove Proposition 1.6. We need some estimates which we
list in the following lemma.

Lemma 3.3. Set b = ﬁ, B = QO%d and d = d(n, A, \, M, E) large enough. There exists
Ey = Ey(n, A, \), such that when E < Ey, for any v > 0, we have

Mo 2 AN lal” + %(tilj):%; (56)
IV(F = )| < COMEIR® + 753l 67)
F(z,0) > =28(1 +7)*[«|% (58)

2
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We shall prove this lemma later.
By applying Lemma 3.3, in particular by (57), we have

|/ (AV(F — Fy), Vw)dad| <A/|v (F — Fo)|jw||Vew|dadt
AE/ 12 4+ ||| Vo] dizdt.

Using the Cauchy inequality, we have

2
|/w<AV(F — ), Vw)dadt| < C(n)AE/(h3|x|2 +G 'i'l)g)wmxdt
Q

1 2
+ C(M)AE / (h+ )| Vuldzt.

When E < Ey(n, A, \), we have

2
\/w(AV(F — ), Vw)dadt| < )\2/(h3\x|2 + T

(t+1)3
1 (60
N[ (h+ — *dadt.
+ /( +t+1)|Vw| x
Q
Because of (54), (60) and (56), we have
/ 2?|Vu|2da dt+(@—0)/ il w2dxdt</em\Pv|2dzdt
8 (t+1) =
Q Q (61)
/(AVU Vo)e?®dz|§ + /Fe2CI> 2dalp.
R Rn
Now we estimate the second term of the right hand side of (61).
/(AVMV?)}emdxhl) < /(AVU,VU}@Q‘i’dx\tzl
R" R" (62)
A/|Vv(x,1)\ ¢
]R'n

Finally we estimate the third term of the right hand side of (61).
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1 1 o2
§/F62¢v2dar|(1) = i/F(x,l)e_b‘ ‘2+Bv2(x,1)dx
]R’!L ]R'n.

—%/F(z,0)627(172_[3)‘w‘3/27(b‘w‘2+5)v2(z,O)d:p
R”l

By (58) and (59), we have

§/Fe2®v2dx|(l) < §/|x|26_bl l2+ﬁv2(x, 1)dzx
]R‘n Rn

+5(1+7)2/|$|2627(1—2"3)|3¢|3/2—(b\w|2+ﬁ)v2(x’O)dx
R’n

(63)

:E2
<5 [[lafte "5 2w, 1)

Rn

+ B(1 +7)? / |:L'|262V‘w‘3/27(b|w‘2+ﬂ)02(1‘,O)daj.
Rn

We combine (61), (62) and (63), and take d large enough, then we proved Carleman
inequality (14).
At last, we just need to prove Lemma 3.3.

Step 3. Prove Lemma 3.3.
Estimate of M.
We estimate the terms of My respectively.

Estimate of the first three terms.
By (51), we have

3 b

(h+ )V 2 VPR = h(Sh— = Plaf?
> WP (34 -
- (4 - G pyehllel
Vh-V® = —%h(gh — Hil) > —§h2;
(thtJ%l)M)2 _i—bl(mh%l) Z_tflh_ (tfl)?‘

Combining them together, we obtain
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c c

9
2\2 P2 -V® 4+ hA®) > [-\2h® — Ch? — ———— E 4
A (h|VO|* + Vh-V® + hAD) > [4/\ h® —Ch (t+1)2h]\x| EE (64)
Estimate of %@F
Recall (49), then
1 2 ij ij 1
§8tF = 8t<1> — 8,5& aij<I> —a 67;jtq) — 28t<AV¢,V(I)> — §atH
We estimate them one by one. Keep in mind that f’ < 0.
b@|+5 f” blz|* + 8
2@ —_ " 3/2 h 2 .
s 3 Oz bO,a C
_ Y. p = —= M () > .
Ora 0 g ep e 2 o
g 3f’ L a¥gr; ba 1! C
g 1(D e — Jy >0 h— —
O = M ) T e 2
— 20,(AV®, VD)
/ / 2
f 1 .
= [—9L p2 b _ h Uz
S T (RS ELA N (RS
3 b g
—2(5h— ——)?0 Y zx;
(2 o 1) Owat ziz
> onlnt oL LDl — CTh? + —a?
—9\=— - z|” — T
- b t+1)f (t+1)2 (t+1)2
f/ 2 f! 1 2 Clz|?
> —C)h C — h — ;
=19 e A (E L L B V2
1 d
0= e
Combining them together, we have
laF>[(9A£— Vh? + (ﬁ/+ er __¢ wﬂmﬁ-glﬂiiﬁ~ (65)
27t = f f o+ (t+1)2 (t+1)3"°

FEstimate of %F(w - F).
First we have

0,G — AG

1
_F( e

5 —Fﬁ4@©—2MVQV@%wW@@—%HXH—%MW@@

=J1—Jy—Js3,

where
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J1 = at(p(H - 2841”8](1))
Jo = 2(AV®, V) (H — 20;a" 0;P)

y 1 »
J3 = (a”&jfl) + iH)(H - 281-a”3j<1)).
Before we estimate Jy, Jo and J3, we estimate 281'@“8]-(1) first.

o2n’E
||

V| < 2n2E( h+ L) < 3n*Eh + i

\28iaij8j<b| <
+1 t+1°

then

d+C

—20;a"9;® < 3n*Eh + ——
t+1°

—3n

Now we estimate Ji, Jo and J3 respectively.

Jy = 7/h|x|2(H —20;a"9;®) + %(H —20;a"0;®)
> f7lh|x|2(3n2Eh+ iif) + gl(?ij;)f( Eh+ %)
> [3n2E7'h2 + <(§’tjf)’f (ijl)c el + § - ) UL
<Al Ip2 4 %]W( 3n’Eh + ﬁf)
< RIAEN + fl)Qh + giA:lCh?]W + %W,
and
Js < I;h(a“’ - a:ﬁlfj) + d/i;i’a“ (3n2Eh + tif)
< (Ch+ Hil)2 < COh* + % < Ch?*|z|* + %.

Combining Jy, Jy and J3 together, we obtain

217
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1 _,0,G—-AG
=P

' 9N+ C d+C)f CB+C

> [—27n2AERS + (3n2E7 R L ERER )hllz> (66)
db z|2  (d/2-C)B — 4d?
g - 44A0° = C) (t+1)3 (t+1)3

Estimate of %AFO.

In order to estimate AF and |V(F — Fy)|, we need some estimates about {a’#} which
we will prove in the appendix.

In fact, {a¥} satisfy the following properties:

i) MEP? < af (,1)6&; < A€, VE € R™

. . 2F
it) [Va? (z,t)] < M; |Va?(z,t)| < — when |z| > 1;

|]

iii) [a (2,1) — a¥ (2,8)] < 2A; | (2,1) — ¥ (2, 1)] < — when |a| > L;

||

E
c(n) when |z| > 1.

||

) |Onad (z,1)] < e(m)M; |9a (z,1)] <
Recall that

Fy =20,® — 24 0;;® — 4a 9,90;® — H
bz + B . d
(t+1)2 ¢t+1

= 27f/|$|3/2 + — 2&? (8”4) + 281©6J®)’

then

b

2(t +1)2
C

(t+1)2

1~ ~ - P
5AF = /' A(ja*?) + A(|z[?) = Ala? (9P + 20,00,)]

> Cyf!|x| Y2 - — Ala¥ (9@ + 20;99;D)] (63)

of, ¢

f (t T 1)2 — A[aij (8@‘(1) + 28,(1)83@)],

and thus it remains to estimate A[a% (8;;® + 20;00;)].
By (67) we have that |a¥|, |[Va¥| and |V2a¥| are all bounded, and it is easy to verify
that

1
|VF®| < C(n)(h + —1)|:c\2*’€, k=1,2,3,4. (69)

t+

Direct calculations give us
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|Aa¥ (9;;® + 20;00;)]|
= |6kakl81 [(L? (aZJ(I) + 281<I38J(D)] + aklakl [(l? (&J@ + 281@8]@)“
< C(|V2D| + V3| + |[VA®| + |VO|2 + V|| V2P| + |VO||V3D| + |V2D|?).

By the Cauchy inequality, we have

(70)
< O(IV?®| + V20| + V@] + [VO|* + [V + [V [?)
then by (69),
L 1
ij(g,. DY < N2 < 2 2
B2 (20 + 20,00,)] < Clh+ - Plel? < CU* 4 gl ()
We combine (68) and (71) and obtain that
13 ct 2\(,.12 Claf?
—AFy > h—Ch — . 2

At last, combining (64), (65), (66) and (72), we have

9., ) 3 oS OAd+C | 5
> (202 — _ _ Lo
My > [(4)\ 2Tn*AE)h° 4+ (—(9)\ — 3n°E) 7 1 VhZ)|z]
o d+o)yy Ccp+cC 9
— — h
M v sy S e AL
db |z|? (d/2—-C)B—4d* - C
— — 4dAb* —
+(2 C)(t+1)3 (t+1)3
Now we choose
b= 1 B =20—d
~16A7 B ’
and we take d large enough, then
db 9 db db
- _ (=2 >
5 4dAb° - C 1 c> g

(g—C)ﬁ—4d2—02%6—5d2207

and thus when E < Ey(n, A, \), we have

9Af"  18Ad
My 2 (PR + (~ 5 = DRl
f2d OB db ]
+(7+ t+1)f (t+1)2)h|x‘ HENCESIE
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We take into account that
f)y=(t+1)"7—277,

then we have

C 9N 18Ad 9B _ 18Ad
2f  t+1 20+ 11— (B8] t+1
o 93 18Ad _ 9(AB - 4Ad)
T20t+1) t+1 2t+1) T

and

0 2df cB8 BB+ 1-2d) cp

Fre+ns G0 GrnPao (8L (Gt
>ﬂ(ﬂ+1f2d) dg

- (t+1)2 (t+1)2

_ B(B+1-3d)
ez 20

thus

db |z|?
Mg Z >\2h3|$‘2 + g(t|_'_|1)3

Estimate of |V(F — Fp)|.
Since

F— FO = 2(@? - aij)(aijq) + 281@8]49),
then

\V(F — Fy)| = 2[(Va¥ — Va")(0;;® + 20;90;P)
+ (aij - aij)(V(’)ifI) + 481<I>V8J<I>)|
< 2|Vay? — Va’|(|0;;@| + [0;@[* + |0;2[%)

+2[a¥ — a'|(|V0;;®| + 2|0;®|* + 2|V, ).

By (67) we have

g 2F . g E
Vas| < T lald —at| <

then
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6F 2F
IV(F - Fy)| < m(nw?@\ +2n|V®|?) + m(n|V3¢)| + 2n|VO|* + 2n|V?®|?)
B (74)
n

(6|V2D| + 2|V3®| + 16|VD| + 4|V2D|?).

]

By (69) we have

1
V(F — Fy)| < C(n)E[r? :
V(P — )| < COEIR + ol
Estimate of F(x,0) and F(z,1).
By (49) and direct calculations, we have
3y d
= —28y(t+ 1) Yz|*/? — 9h2aV 2, + 3h[(L + 47b)aijxi:zr —a"]
! 22 t+1 !
blz|? — 4b%a" z;x Jé] 2ba’ —d
(t+1)2 (t+1)2 t+1 7’
then
blz|? — 4b%a’ (z,1)xi2; 2ba*(z,1) — d
F(:E,l) _ 72ﬁ,}/27671|x‘3/2 + |x| a (xv )‘T Lj + é + B (:L‘, )
4 4 2
bz>+8 _ B, o B 2
< — < — < —
< HLED < B 1) < Do,
and

F(2,0) = =287|2>? — 99*(1 — 279)?|z| 10" (2, )z,
1 3 3
+3y(1 - 275)|$|71/2[(W +4b)a” (x,0)z;z; — a" (z,0)]
+ bz |* — 4b%a¥ (z,0)z;2; + B + 2ba" — d
> —28y[a[*? — 97°Ala| - 3yAla| T2 + (b — 46A) |
> =2B9[a*?(1+ 7 + 1) > =28(1 +7)°|a|*.
Thus we complete the proof of Lemma 3.3.

8.2. Proof of Proposition 1.7

In this part, we let

O =W =(1 - ) R|a|"/* + () R?,
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and we denote by ¢ absolute constants and C = C(n, A, \, M, E'). We keep in mind that

ey,

<t<
R U

in QR.

|

1
8
Step 1. Estimate matrix B.

First we estimate the Hessian matrix D?®. Denote

x|

_ ~2/3
9=1%)
By direct calculations, we have
4 2z - T 4
D*® = —(1—t)g(I, — —=—-) > —(1 — t)gl, > cgl,,
53 (1= 1)g( 32 )= g1 =t)gln = cg

and hence
4AD?*®A > cX\gl,,.

Then we estimate 9;®a**9,a¥ and d,a¥.
For any £ € R™,

; . FE n3AE
0% 0ra 665 < m*A VO DolGllg] < RERALE
©,J
Since
4
Vo = 3(1 —t)gz,
then
ARl < (V8] < Sy B P,
and
|6;<I>aki8kalj§i§j| < en®AEgl¢)?,
thus
9,Pa* 9at > —en®AEgl,.

Similarly,

8a > —nMI,.
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Consequently,
B > ¢(\? — c;n®AE)gl, — CI, + HA.
Now we take
H = 4n*¢(t)Eg,

where ©(t) is a smooth decreasing function on [0, 1] satisfying

o) =1 in[0,2

e =-1in (51,

ot) >0 in [0,%), o(t) <0 in (%,1].

Then

B > ¢(\? — cin®AE)gl, — CI,, — 4n*AEgI,
> c()\2 - 02n3AE)gIn - CI,,
when E < Fy(n, A, A), and we take v(n, A, A\, M, E) large enough, then
B > 2cA2g1,,. (76)

Step 2. Prove the Carleman inequality.
By (76), we have the estimates of the second term of the left hand side of (46), in fact

/(BVU,VU)@Q‘I’dxdt > 2c\? /geQ¢|V1}|2dmdt

Qr Qr
:cAQ/ge2‘b|Vv|2dxdt+c)\2/g|Vw|2dxdt (77)
Qr Qr

+eX’ /[gIV<I>\2 + Vg -V + gAdw?dxdt.
Qr

By (46), (77) and the Cauchy inequality, we have

c)\2/ge2q>|Vv|2dxdt+c/\2/g\Vw|2dxdt+ /Mngdmdt

Q Q Q
R R R (78)

- /w(AV(F—FO),Vw)dxdtg /62‘1’|Pv|2dxdt,
Qr Qr
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where

8,G — AG

1 1
My = eX(g| V[ + Vg - VO + gA®) + SO F + S F (=

1 -
~F)+ jAR,

We use inequality (78) to prove Proposition 1.7. We also need some estimates which
we list in the following lemma.

Lemma 3.4. There exists a constant Eg(n, A, \), such that when E < Ey, for any v >
Yo(n, A, \, M, E), we have

My > cA\*y3R?; (79)

V(F - )| < cnBy?RYSaf V% (50)

We will prove this lemma later.
Then by (80), we have

|/wmvw_mﬁvmwmgA/ﬁwp_%MMWMMﬁ
Qr Qr

<cnAE / 2 RY3 | 7V3 | | Vw|dadt.
Qr

Using the Cauchy inequality,
|/w<AV(F—F0),Vw>dxdt|
Qr

SanE[/’ystdemdt—i— /7(%)_2/3|Vw\2dmdt].
Qr Qr

When E < Ey(n, A, \), we have

|/wmvw_EmVMMﬁ
Qr

A

1 12 3p2, 2 / [#]\ 23 2
< 20)\ [/'y RPw*dzdt + | ~( R) |Vw|*dzdt] (81)
Qr Qr

IA

1
§/Mw%mHmﬁ/mwﬁmw
Qr Qr

Because of (78) and (81), we have
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1
/62®|Pv\2dacdt2c)\Q/gew\Vv\Qdacdt—i—5/Mngdxdt
Qr Qr Qr

> c\? / e*® (YA R?v? + | Vo|?)dxdt.
Qr

Thus we proved Carleman inequality (15).
Finally, we just need to prove Lemma 3.4.

Step 3. Prove Lemma 3.4.

Estimate of M.

We estimate the terms of My respectively. The leading term of My is h|V®|? and we
need pay attention to two quantities, 97® and 0, ®(H — 20;a" 0;®).

Estimate of the first three terms.
By (75), we have

g|Vo]* > ey’ R?,

||

Vg Ve| < [Vg||[VO| < er*(F) 7,
gA® > 0,
then
A} (g|VO|* + Vg - VO + gAD) > cA*y3R? — 072(%)_4/3. (82)

Estimate of %atF.
Recall (49), then

1 . . 1
58,5F = 02® — 9,0V 0;;® — a" 0,1 ® — 20,(AVD, V) — §8tH.

We estimate them one by one.

0f® =" R* > —cR?
—8taijaijf1> > —C’|V2<I>| > —Cg;

4 i 20Ty

— ”61--@:— "o >—C;
a gt g(a 3|.’I)|2 )7 g

3
—20,(AV®, V) = —20,a" 0;90,;® — 44" 0,90;,®
4 .
> —C|Vo|? + %72(1 — t)(%)_4/3aljxixj
Z 7c|vq)|2 Z 7072R4/3|I’|2/3;

1
—EatH = —2n%Y/(t)Eg > 0.
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Combining them together, we have

1
58,5F > —cR? — Cg — C?RY?|z|?/3

Z —CR2 _ 072R4/3|$|2/3-

Estimate of %F(% - F).

First we have

;F(&GGAG —F) = (0,® — 2(AVD,V®) — a"0;;® — %H)(H —20;a"0;®).
Since
0,® = —yR2/3|x|*? 4+ /' R?,
then
%F(% —F) =¢/R*(H — 20;a"0;®)

y 1 g
— [YR*3|2|*? + 2(AVD, VD) + a7 d;;® + 5 HI(H — 200" 0;®)
= Jl - J2.
Before we estimate J; and .J, we estimate 20;a% 0;® first.

2n2E

|28¢aij8j<1>| S
||

Ve,
and by (75), we have
ij 8 o
[20,a™0;®| < 3" Eg.

For Ji, we notice that

Y =0 i 0,700 5U5 1,

so we just need to consider the case when t € [, 5] U [3,3].
When t € [§,1], 9/ >0, ¢(t) =1, H = 4n*Eg, then
H — 26iaij8j<l> > 0,

and thus J; > 0.

(83)



J. Wu, L. Zhang / Advances in Mathematics 302 (2016) 190-230 227

When t € [%, 31,4/ <0, ¢(t) = -1, H = —4n?Eg, then
H —20;a"9;® <0,

and thus J; > 0.
Above all, we have

For Js,

Jo < [YR*3|z|*3 + 20|V + C|V2®| + en’Eg] - en®Eg
< [7R2/3|x|4/3 +cA72R4/3\33|2/3 + Oy -cang
< [cA’yzR4/3|x\2/3 + C’YR2/3|JJ|4/3] ~cn2Eg
= ecn®AEA®R? 4+ Cy2RY3 | |/3.

Combining J; and Jy together, we obtain

G —AG

1
SF(—¢ F) > —en?AE~Y®R? — CH2RY3|z)?/3. (84)

Estimate of %AFO.
Recall that

Fy =20,® — 2a70,;;® — 4a% 9,90;® — H
= —2yR*3|x[*® 4+ 2¢' R? — 4n2(t) EyR?3|2| 7%/ — 2419 (9;;® + 20,99;),

then
1+ ~ . ~ . S
SAF = —yR2BA(|2[*3) — 2np(t) EyR* 2 A(|x|~2/3) — Ala¥ (9;;® + 20;99;P)]

> —CyR?B|z| 723 — CyR*3 |28/ — Ala¥(9;;® + 20,90, D) (85)
> —Cg — Ala¥(9;;® + 20,99, )],
and thus it remains to estimate Afa¥ (9;;® + 20;99;®)].
By (67) we have that |a¥|, |[Va¥| and |V2a¥| are all bounded, and it is easy to verify
that

|VFE®| < CyR2B|x|*3F) k=1,2,3,4. (86)

Similarly to (70),
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|Aa¥ (9;;® + 20;90;9)]|
< C(V2®| + V30| + |V2®| + |V + V2% 4 |[V3D|?),

then by (86),
|Aal (9;;® + 20;90;®)]| < C|V®|? < Cy2RY3|z|?/3. (87)

We combine (85) and (87) and obtain that

1z 2 4/3|.12/3 2 d/3| .12/3

FAFy 2 =Cg = Oy RPJa|™" 2 =Cy "RV |77, (88)
At last, combining (82), (83), (84) and (88), we have

My > (eX? — esn?AE)Y R? — C~?RY3|2|?/3 — ¢cR?
> (C>\2 — CgﬂZAE)’ySR2 — 072R27

when E < Ey(n, A, \), we have
My > (eX*y® — Cy*)R? > ceA*y°R?,
if v > v(n, A, A\, M, E) large enough.

Estimate of |V(F — Fp)|.
Similarly to (74),

E
(6|V2®| + 2|V2®| 4 16|VD|* + 4|V3D|?),

n
F—F)| < —
V- R <

then by (86) we have

V(F = ) < IV < enBy?RY a1
Thus we complete the proof of Lemma 3.4.
4. Appendix
The properties of {a¥}.

a¥(z,t) = [z ' (z—y,t)pc(y)dy, where ¢ is a mollifier and € = 3, then {al} satisfy:
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i) A€ < a¥ (2, 0)&€; < AJE]?, VE € R

. . 2F
it) [Vad (z,t)] < M; |Va(x,t)] < Tl when |z| > 1;
T

i) |a¥ (z,t) — a (2, t)| < 2A;  |a¥ (x,t) — a¥ (x,t)| < — when |z| > 1;

]

E
when |z]| > 1.

iv) |Oaal (z,1)] < e(n)M;  [Oa (x,4)] < C(g

Proof.
i) Tt is obvious.

i)
V¥ (2,1)] < / Va¥ (2 — y, )| de(y)dy < M / buly)dy = M
R™ R~

and when |z| > 1,

IV ()] < / IV (& — . )l (y)dy

R

E
b (y)d
§Z|x—y|¢(y)y
2FE
c dﬁ—.
/|_;¢ V=

117) The first part is obvious. We only need to prove the second one.

0 () — a¥ ()] < / 169 (& — 1) — @i (z, )] (4)dy

R

< / Va'(a — 0y, 0)lyléw)dy,  (0<0<1)

and when |z| > 1,

af (z,t) —a (2, )| < | so——=de(y)dy < [ s
a8 (@,2) = 0¥z, 1) R/zm—ey“y)y R[2(|x—§)

229
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iv)

O (2, 1)] < / 10ca’ (2 — y, 1)1 016 ()| dy
Rn

<ol / Ok (z = 4, 0)](D16) (£) | dy
n

IN

M
?||3z¢||L1 < 2M||V9l|L1,

and when |z| > 1,

|Okia? ()]

IN

6—71—1/|8ka”(m_yyt)H(alqs)(%)ldy
R

—n—1 E y
<e ¥—|x_y||<al¢><e>|dy

2E AE||V
22 gl < IV

Then we finished the proof.
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