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Abstract. Andrews, Brietzke, Rødseth and Sellers proved an infinite family of congru-
ences on the number of the restricted m-ary partitions when m is a prime. In this note,
we show that these congruences hold for arbitrary positive integer m and thus confirm
the conjecture of Andrews, et al.
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1 Introduction

Let m ≥ 2 be a fixed integer. An m-ary partition of a nonnegative integer n is a partition
of n such that each part is a power of m. If there is “no gaps” in the parts, i.e., whenever
mi is a part, 1,m,m2, . . . ,mi−1 are parts, then the partition is called a restricted m-ary
partition. The number of restricted m-ary partitions of n is denoted by cm(n). Notice
that the generating function of cm(n) is given by

Cm(q) :=
∞∑
n=0

cm(n)q
n = 1 +

∞∑
n=0

q1+m+···+mn

(1− q)(1− qm) · · · (1− qmn)
.

In recent years, the arithmetic properties of m-ary partitions and restricted m-ary
partitions have been widely studied since Churchhouse [5] initiated the study of 2-ary
partitions in the late 1960s. For example, Rødseth [7] extended Churchhouse’s results to
include p-ary partition functions bp(n), where p is any prime. Andrews [1], Gupta [6] and
Rødseth and Sellers [8] studied further the congruences for bm(n), where m ≥ 2 is any
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positive integer. And later, Andrews, Fraenkel and Sellers [2,3] provided characterizations
of the values bm(mn) and cm(mn) modulo m. Andrews, Brietzke, Rødseth and Sellers [4]
proved that for odd prime m,

cm(m
j+2n+mj+1 + · · ·+m2) ≡ 0 (mod mj),

for all n ≥ 0 and 0 ≤ j < m. In this note, we will show that

Theorem 1.1 For a fixed integer m ≥ 2 and for all nonnegative integer n, we have

cm(m
j+2n+mj+1 + · · ·+m2) ≡ 0 (mod

mj

cj
),

where cj = 1 if m is odd and cj = 2j−1 if m is even.

This confirms the conjecture of Andrews et al. [4, Conjecture 4.1].

2 Proof of Theorem 1.1

Our proof is based on the following results and notations of Andrews et al. [4]. Suppose
that (

km+ 1

j

)
=

j∑
i=0

sj,i

(
k

i

)
,

where sj,i is an integer independent of k such that sj,0 = 0 if j > 1 and sj,0 = 1 otherwise.
And denote

hj =
qj

(1− q)j+1
.

Lemma 2.1 (Lemma 3.9 of [4]) Let Cm(q) := Cm(q)− 1, then we have

∞∑
n=0

cm(m
j+2n+mj+1 + · · ·+m2)qn =

j+1∑
i=0

(Pj,i −Qj,i)hi +Cm(q)

j+1∑
i=1

(Rj,i − Tj,i)hi, (2.1)

where, for i > 0, Pj,i and Rj,i are sums of monomials in su,v of degree j + 1 while Qj,i

and Tj,i are of degree j. In addition, Qj,j+1 = Qj,0 = 0 and Pj,0 is of degree j in the su,v.
Furthermore, for t > 0, we have the following recurrence relations:

Pj+1,t =

j+2∑
i=t

(Pj,i +Rj,i−1)si,t, Rj+1,t =

j+2∑
i=t

Rj,i−1si,t, (2.2)

Qj+1,t =

j+2∑
i=t

(Qj,i + Tj,i−1)si,t, Tj+1,t =

j+2∑
i=t

Tj,i−1si,t, (2.3)

Pj+1,0 = Pj,1 = Qj+1,1. (2.4)
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We firstly introduce an evaluation on monomials in su,v by defining

v(sj,j) = j, v(sj,j−1) = j − 1− ε, v(sj,i) = 0, ∀ 1 ≤ i < j − 1,

and
v(sj,isj′,i′ · · · ) = v(sj,i) + v(sj′,i′) + · · · ,

where ε is an arbitrarily small positive real number.

Lemma 2.2 Let p = sj,isj′,i′ · · · be a monomial in su,v. If v(p) > ℓ, then p is divisible by
mℓ+1

cℓ+2
.

Proof. It is known that si,i = mi. We will show that

si+1,i =
i(m− 1)

2
mi +mi. (2.5)

Recall that (
km+ 1

j

)
=

j∑
i=0

sj,i

(
k

i

)
. (2.6)

Notice that we have(
km+ 1

j

)
=

(km+ 1)km(km− 1) · · · (km− j + 2)

j!

=
mjkj

j!
− (j − 3)

2

mj−1kj−1

(j − 1)!
+ · · · , (2.7)

and
j∑

i=0

sj,i

(
k

i

)
= sj,j

(
k

j

)
+ sj,j−1

(
k

j − 1

)
+ · · ·

= sj,j
kj

j!
− sj,j

(j − 1)

2

kj−1

(j − 1)!
+ sj,j−1

kj−1

(j − 1)!
+ · · · . (2.8)

By comparing the coefficients of kj−1 in (2.7) and (2.8), we get (2.5) immediately.

Now suppose that
p = sa11,1s

a2
2,2 · · · sb12,1sb23,2 · · · sc13,1 · · · .

Let ℓ =
∑

i iai +
∑

j jbj. We have

ℓ ≥ v(p) =
∑
i

iai +
∑
j

(j − ε)bj > ℓ− 1.

If m is odd, p is divisible by mℓ. If m is even, p is divisible by

m
∑

i iai ·
(m
2

)b1
·
(
m2

2

)b2

· · · = mℓ

2
∑

j bj
.

In both cases, we have mℓ

cℓ+1
| p, which completes the proof.
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Now we consider the monomials in Pj,i, Qj,i, Rj,i and Tj,i. We will characterize the
terms with minimal evaluations.

Lemma 2.3 There exists a unique term with minimal evaluation in Pj,i (Qj,i, Rj,i and
Tj,i, respectively). Denote such a term by Pj,i (Qj,i, Rj,i, Tj,i, respectively). We have

(1) for 1 ≤ i ≤ j + 1,
Pj,i = Rj,i, v(Pj,i+1)− v(Pj,i) > i; (2.9)

(2) for 1 ≤ i ≤ j,
Qj,i = Tj,i, v(Qj,i+1)− v(Qj,i) > i. (2.10)

Proof. We will show that (2.9) and (2.10) hold by induction on j. The uniqueness of the
minimal term (i.e., the term with minimal evaluation) follows from the proof.

(1) When j = 1, by Lemma 3.7 of [4], we have

P1,1 = R1,1 = s1,1s2,1, P1,2 = R1,2 = s1,1s2,2.

Thus (2.9) holds by straightforward checking.

Now we assume that (2.9) holds for positive integer j and we seek for the minimal
term in Pj+1,i. From the recurrence relation (2.2), we see that for 1 ≤ i ≤ j + 2,

Pj+1,i = Pj,isi,i+Pj,i+1si+1,i+· · ·+Pj,j+1sj+1,i+Rj,i−1si,i+Rj,isi+1,i+· · ·+Rj,j+1sj+2,i,
(2.11)

and
Rj+1,i = Rj,i−1si,i +Rj,isi+1,i + · · ·+Rj,j+1sj+2,i. (2.12)

By the induction hypothesis, we have that for i+ 1 ≤ k ≤ j + 1,

v(Pj,k)− v(Pj,isi,i) = v(Pj,k)− v(Pj,i)− i > 0,

and
v(Rj,k)− v(Rj,isi+1,i) = v(Rj,k)− v(Rj,i)− i+ ε > 0.

Therefore, the minimal term must lie in Pj,isi,i, Rj,i−1si,i or Rj,isi+1,i. If i > 1, then

v(Pj,isi,i) > v(Rj,isi+1,i) > v(Rj,i−1si,i) + i− 1− ε > v(Rj,i−1si,i).

If i = 1, then
v(Pj,isi,i) > v(Rj,isi+1,i).

Hence

Pj+1,i = Rj+1,i =

{
Rj,i−1si,i, if 2 ≤ i ≤ j + 2,

Rj,1s2,1, if i = 1.
(2.13)
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This implies that for i > 1,

v(Pj+1,i+1)− v(Pj+1,i) = v(Rj,isi+1,i+1)− v(Rj,i−1si,i)

= v(Rj,i)− v(Rj,i−1) + 1

> i− 1 + 1

= i,

and for i = 1,

v(Pj+1,2)− v(Pj+1,1) = v(Rj,1s2,2)− v(Rj,1s2,1)

= v(s2,2)− v(s2,1)

= 2− (1− ε)

> 1.

Thus (2.9) follows by mathematical induction.

(2) By a discussion similar to (1), we obtain (2.10). Moreover, we have the following
recurrence relation:

Qj+1,i = Tj+1,i =

{
Tj,i−1si,i, if 2 ≤ i ≤ j + 2,

Tj,1s2,1, if i = 1.
(2.14)

This completes the proof.

Now we are ready to give a proof of Theorem 1.1.

Proof of Theorem 1.1. By iterative use of Equation (2.13), we derive that for 1 ≤ i ≤ j+1,

Pj,i = Rj,i =

{
s1,1s2,2 · · · si,isj−i+1

2,1 , if 2 ≤ i ≤ j + 1,

s1,1s
j
2,1, if i = 1.

(2.15)

Similarly, by Equation (2.14), we deduce that for 1 ≤ i ≤ j + 1,

Qj,i = Tj,i =

{
s1,1s2,2 · · · si,isj−i

2,1 , if 2 ≤ i ≤ j + 1,

s1,1s
j−1
2,1 , if i = 1.

(2.16)

It is easy to see that v(Qj,i) < v(Pj,i) and for 2 ≤ i ≤ j + 1,

v(s1,1s2,2 · · · si,isj−i
2,1 )− v(s1,1s

j−1
2,1 ) =

i(i− 1)

2
+ ε(i− 1) > 0.
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Hence among all monomials in Pj,i, Qj,i, Rj,i and Tj,i, the minimal term is s1,1s
j−1
2,1 . Let

p be a monomial in Pj,i, Qj,i, Rj,i or Tj,i. By induction we see that s1,1 is a factor of p.
Write p = s1,1p

′. Then
v(p′) ≥ v(sj−1

2,1 ) > j − 2.

By Lemma 2.2 we derive that
mj−1

cj
| p′,

and hence mj

cj
| p. Theorem 1.1 follows immediately from the generating function (2.1).
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