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Abstract
In this paper we consider a semi-linear, energy-critical, shifted wave equation on the
hyperbolic space H" with 3 <n < 5:
Otu — (Aun 4 pH)u = Clu[¥ Dy, (x,t) € H" x R.

Here ¢ = £1 and p = (n—1)/2 are constants. We introduce a family of Strichartz estimates
compatible with initial data in the energy space H%' x L?*(H") and then establish a local
theory with these initial data. In addition, we prove a Morawetz-type inequality

T4 2n/(n—2)
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in the defocusing case ( = —1, where £ is the energy. Moreover, if the initial data are
also radial, we can prove the scattering of the corresponding solutions by combining the
Morawetz-type inequality, the local theory and a pointwise estimate on radial H%'(H")
functions.

1 Introduction

In this work we continue our discussion on a semi-linear shifted wave equation on H":

O2u — (Agn + pH)u = Cu|P~tu, (z,t) € H* x R;
ult=0 = uo; (1)
Btu|t:0 = Ui.

Here the constants satisfy p = (n —1)/2, ( = £1 and p > 1. We call this equation defocusing if
¢ = —1, otherwise if ( = 1 we call it focusing. The energy-subcritical case (p < p. := 14+4/(n—2),
2 < n < 6) has been considered by the author’s recent joint work with Staffilani [25]. As a
continuation, this work is concerned with the energy critical case p = p., 3 < n < 5.

An Analogue of the wave equation in R™ The equation (1) discussed in this work is the
H™ analogue of the semi-linear wave equation defined in Euclidean space R™:

O2u — Au = ClufP"tu, (x,t) € R" x R.

This similarity can be understood in two different ways, as we have already mentioned in [25].
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(I) The operator —Ag» — p? in the hyperbolic space and the Laplace operator —A in R” share
the same Fourier symbol A2, as mentioned in Definition 2.1 below.

(IT) There is a transformation between solutions of the linear wave equation defined in a forward
light cone in R™ x R and solutions of the linear shifted wave equation defined in the whole
space-time H” x R. Please see Tataru [27] for more details.

The author would also like to mention one major difference between these two equations. The
symmetric group of the solutions to R™ wave equation includes the natural dilations (Tyu)(z,t) =
A2/ (=D (z /X, t/X), where X is an arbitrary positive constant. The shifted wave equation (1)
on the hyperbolic spaces, however, does not possess a similar property of dilation-invariance.

The energy Suitable solutions to (1) satisfy the energy conservation law:

1 1
() = | [2<w2—p2u|2>+28tu|2—pi1u|p+1 djs = const,

where dp is the volume element on H". Since the spectrum of —Apgn is [p?, 00), it follows that
the integral of [Vu|? — p®|u|* above is always nonnegative. We can also rewrite the energy in
terms of certain norms. (Please see Definition 2.1 for the definition of H%! norm)

1 2 1 2 C p+1
&= §Hu||H0v1(H") + 5\\3tu||L2(Hn) - mHU’HLIH»l(Hn)'

Please note that a solution in the focusing case may come with a negative energy.

Previous results on R” Let us first recall a few results regarding the energy-critical wave
equation on Euclidean spaces. In 1990’s Grillakis [10, 11] and Shatah-Struwe [22, 23] proved in
the defocusing case that the solutions with any H' x L? initial data exist globally in time and
scatter. The focusing case is more subtle and has been the subject of many more recent works
such as Kenig-Merle [16] (dimension 3 < n < 5, energy below the ground state), Duyckaerts-
Kenig-Merle [4, 5] (radial case in dimension 3), Krieger-Nakanishi-Schlag [18, 19] (energy slightly
above the ground state).

Previous results on H" Much less has been known in the case of hyperbolic spaces. Strichartz-
type estimates for shifted wave equations have been discussed by Tataru [27] and Ionesco [14].
More recently Anker, Pierfelice and Vallarino gave a wider range of Strichartz estimates and a
brief description on the local well-posedness theory for the energy-subcritical case (p < p.)
in their work [1]. The author’s joint work with Staffilani [25] improved their local theory
and proved the global existence and scattering of solutions in the defocusing case with any
HY/21/2 5 {gY/2-1/2(H") initial data using a Morawetz type inequality, if 2 < n < 6. Fi-
nally some global existence and scattering results have also been proved by A. French [7] in the
energy-supercritical case, but only for small initial data.

Goal and main idea of this paper This paper is divided into two parts. The first part is
concerned with the local theory of the energy-critical shifted wave equation in hyperbolic spaces
H" with 3 <n <5:

O2u — (Agn + p*)u = Cu¥ Dy, (z,t) € H* x R;
uli—o = uo; (CP1)
8tu|t:0 = Uz.

We will first introduce a family of new Strichartz estimates via a TT™* argument and then
establish a local well-posedness theory for any initial data in the energy space H%! x L?(H").



The second part is about the global behaviour of solutions in the defocusing case. We will prove
a Morawetz-type inequality

T, 2n/(n—2)
/ / p(cosh \xmu(xa t)] du(z)dt < nék. (2)
S sinh |z|

As in the Euclidean spaces, global space-time integral estimates of this kind are a powerful tool
to discuss global behaviour of solutions. Although we are still not able to show the scattering of
solutions with arbitrary initial data in H%! x L2(H"™), which we expect to be true, the Strichartz
estimate above is sufficient to prove the scattering in the radial case, thanks to a point-wise
estimate on radial H%1(H") functions as given in Lemma 2.6.

Main Results For the convenience of readers, we briefly describe our main results as follows.
We always assume that 3 < n <5 in this paper.

(I) For any initial data (ug,u1) € H%! x L2(H"), there exists a unique solution to the equation
(CP1) in a maximal time interval (—=7_,T% ).

(IT) In addition, if u is a solution to (CP1) in the defocusing case with initial data (ug,u1) €
HO%! x L?(H"), then it satisfies the Morawetz-type estimate (2).

(IIT) Moreover, if the initial data (ug,u1) € H%! x L?(H") are radial, then the solution to the
equation (CP1) in the defocusing case exists globally in time and scatters. It is equivalent to
saying that the maximal lifespan of the solution u is R and there exist two pairs (ug, uli) €

HO%! x L?(H"), such that
Hm || (u(-,t), pu(-,t) — Sp.(t) (ui, ui

t—+oo

)HHOJ x L2(Hr) — 0.
Here S, (t) is the linear propagation operator for the shifted wave equation on H" as defined
in Section 2.1.

2 Notations and Preliminary Results

2.1 Notations

The notation < We use the notation A < B if there exists a constant ¢ such that A < ¢B.

Linear propagation operator Given a pair of initial data (ug,u1), we use the notation
S1.0(t)(ug,u1) to represent the solution u of the free linear shifted wave equation 92u — (Agn +
p?)u = 0 with initial data (u,dyu)|t=o = (ug,u1). If we are also interested in the velocity d;u,
we can use the notations

e = ool 8ul0 (10) = (7))

Uy

2.2 Fourier Analysis

In order to make this paper self-contained, we make a brief review on the basic knowledge of the
hyperbolic spaces and the related Fourier analysis in this subsection.

Model of hyperbolic space We use the hyperboloid model for hyperbolic space H" in this
paper. We start by considering Minkowswi space R"*! equipped with the standard Minkowswi
metric —(dz®)2+ (dzt)?+- - -+ (dz™)? and the bilinear form [z, y] = Toyo —T1y1 — - —TpYn. The
hyperbolic space H" can be defined as the upper sheet of the hyperboloid #3 — 22 —--- — 22 = 1.
The Minkowswi metric then induces the metric, covariant derivatives D and measure dy on the

hyperbolic space H".



Fourier transform (Please see [12, 13| for more details) The Fourier transform takes suitable
functions defined on H" to functions defined on (\,w) € R x S"71. We can write down the
Fourier transform of a function f € C§°(H"™) and the inverse Fourier transform by

Fove) = [ 1a)leb@)Pdua);
Hn
flz) = const./o s T w) [z, b(w)] " AP le (M) 2dwd);

where b(w) and the Harish-Chandra c-function c¢()\) are defined by (C,, is a constant determined
solely by the dimension n)

b(w) = (L,w) € R™; c1A>=:czIKEYil».

It is well known that [c(A\)|"2 < [A2(1 4 |A|)* 3. The Fourier transform f — f defined above
extends to an isometry from L2(H") onto L*(R* x S"7! |c()\)|~2d\dw) with the Plancheral
identity:

f1(@) fo(z)dz = / 1 Fi(xw) fa(h,w)|e(N)|~2dwd.
Hr o Jsn-
We also have an identity fEH_;f =\ + p2)f for the Laplace operator Agn.

Radial Functions Let us use the polar coordinates (r, ©) € [0, 00)xS™" ! to represent the point
(coshr, ©sinhr) € H® < R"*! in the hyperboloid model above. In particular, the 7 coordinate
of a point in H" represents the metric distance from that point to the “origin” 0 € H", which
corresponds to the point (1,0,---,0) in the Minkiwski space. As in Euclidean spaces, for any
x € H" we also use the notation |z| for the same distance from z to 0. Namely

r = |z| = d(z,0), x e H™.

A function f defined on H” is radial if and only if it is independent of ©. By convention we may
use the notation f(r) for a radial function f. If the function f(x) in question is radial, we can
rewrite the Fourier transform and its inverse in a simpler form

FO)=FAw)= | fl@)P_x(z)du(x);

H"

oo
f(z) = const./ FN®a(2)|c(N)|2dA.
0
Here the function ®(x) is the elementary spherical (radial) function of x € H™ defined by
D, (x) :/ [, b(w)] " P dw.
S§n—1

One can use spherical coordinates on S”~! to evaluate the integral and rewrite ®,(z) into

(2 ™ .
D) (z) =Dir(r) = \/EF((Qn)l) /0 (coshr — sinh 7 cos ) "7 sin" "2 0 df. (3)
2

The change of variables v = In(cosh  —sinh 7 cos §) then gives another formula of ®,(r) if r > 0:

D,(r) 2 I (3) (sinh )2—"/T( h hu) T e~ g
r) = —————=-\sinnr cosnr —coshu e u.
RVCACEY -

These integral representations imply that



e The function ®,(r) is a real-valued function for all » > 0 and A € R.

e The function @, (r) has an upper bound independent of A
[DA(r)] < Pp(r) < Ce " (r+1). (4)

In the 3-dimensional case, the function ®,(r) is particularly easy and can be given by an explicit
formula @, (r) = (sin Ar)/(Asinhr).

Convolution If f, K € Cy(H") and K is radial, we can define the convolution f % K by an
integral

(f + K)(x) = /G flg-OK(g™" - z)dg.

Here G = SO(1,n) is the connected Lie Group of (n+1) x (n+1) matrices that leave the bilinear
form [z,y] = Toyo—21y1—+ - —Tn Yy, invariant. The notations g-0 and g~!-x represent the natural
action of G on H"™ defined by the usual left-multiplication of matrices on vectors. The measure dg
is the Haar measure on G normalized in such a way that the identity fG f(g-0)dg = [z f(x)dp
holds for any f € Cy(H™). The Fourier transform of f % K satisfies the identity

(f . K) M\w) = Fhw) - K.

The Fourier transform K does not depend on w since we have assumed that K is radial. The
author would like to emphasize that there is no simple identity of this type without radial
assumption on K. Please see [15] for more details.

2.3 Sobolev Spaces

Definition 2.1. Let D7 = (—Agn — p?)7/2 and D = (—Agn +1)°/2. These operators can also
be defined by Fourier multipliers mi(\) = |\|7 and ma(\) = (A2 4 p? 4+ 1)7/2, respectively. We
define the following Sobolev spaces and norms for v < 3/2.

Hg(H") = D7 L7(H"), [ ull rg ) = 1Dl o ean);
H7(H") = D=7 D77 L*(H"), el o rny = 1DV Dl 2 eny

Remark 2.2. If o is a positive integer, one can also define the Sobolev spaces by the Riemannian
structure. For example, we can first define the Wh4 norm as

1/q
fulbwr = ([ 19ul7dn )
HTI,

for suitable functions w and then take the closure. Here |Vu| = (DouD%u)'/? is defined by
the covariant derivatives. It turns out that these two definitions are equivalent to each other if
1 < g < oo, see [27]. In other words, we have |[ulmg = |[ullwea. In particular, we can rewrite

the definition of H*' norm into

[l oy = [ (17 = 671u?)

Definition 2.3. Let I be a time interval. The space-time norm is defined by

w(z, )|l Larr(rxmn) = </1 </Hn Iu(x,t)rdu> o dt)

1/q



Proposition 2.4 (Sobolev embedding). Assume 1 < ¢1 < g2 < 00 and 01,02 € R. If o1 — ;—Ll >
o2 — o=, then we have the Sobolev embedding HJ! (H") — Hgz(H").

For the proof see [1, 6] and the references cited therein.
Proposition 2.5. (See Proposition 2.5 in [25]) If ¢ >2,0<7 < 2 ando+7 > % — 2, then
we have the Sobolev embedding H®™ (H™) — L(H").

2.4 Technical Lemma

In this subsection we introduce a point-wise estimate for radial H%!(H") functions.

Lemma 2.6. Let n > 3. We have a point-wise estimate | f(r)| S v/2(sinhr) =2| f|| gro.1 guny for
any radial function f € Ho’l(H").

Proof. Without loss of generality we assume that f is smooth and has compact support, since
functions of this kind are dense in the space of radial H%!(H") functions. Let us first pick up a
large radius R so that Supp(f) C B(0, R) and then calculate

/R[d (f sinh” )r dr

R
/ [f,sinh”r + pf - (sinhr)?~" coshr] * dr
0

Dv

R
fT Zsinh® r 4 p2 2. (sinhr)Q(”_l)cosh2r} dr—i—/ p(sinh 7)1 coshr d( f?)
0

:0

)Zsinh?®” r 4 p? f2 - (sinh ) 2P~ cosh? r} dr—/ pf? — [(blnhT)Qp*l coshr| dr
0
R

\o\o\o\

fr —p f2] sinh® 7 dr + (p — p?) / f2(sinhr)?°=2 dr

. IVFE = 2?1 Pdi = 11F 0.0 ey

As a result, we have

r’ r’ 2 1/2
f(r")sinh” ¢’ = /0 [;T (f sinh” 7")] dr < (r')'/? {/0 [(Z" (f sinh” 7’)} dr}

Sn (r/)l/ZHfHHOJ(H")

and finish the proof. O

Remark 2.7. The upper bound given in Lemma 2.6 is optimal. Given a smooth cut-off function
v : R —[0,1] satisfying

my= [ L #12Sr<3/
PUTZ0 0, ifr<1/4 orr>17/4;

we consider a family of radial functions defined in H™:

_ [ rPre(/R),  fR<;
TRr) =\ e=orp1 200 JR), if B> 1.

One can check that || fr(r)||goa@ny S 1 and fr(R) ~ RY?(sinh R)~#



3 Strichartz Estimates

In this section we introduce a family of Strichartz estimates compatible with initial data in the
energy space HY1(H") x L?(H") for all dimensions n > 3. This immediately leads to a local
theory when 3 < n <5, which will be introduced in the next section.

3.1 Preliminary Results
Definition 3.1. Let n > 3. A couple (p1,q1) is called admissible if (1/p1,1/q1) belongs to the

set 1 1 1 1
= {(a) e (03] < (03)
P1 Q1 2 2

Let us recall the Strichartz estimates with inhomogeneous Sobolev norms.

— + >
P q1 2

2 n-—1 n—l}

Theorem 3.2. (See Theorem 6.3 in [1]) Let (p1,q1) and (p2,q2) be two admissible pairs. The
real numbers o1 and oo satisfy

m2pw =" (3-1) mzsw - (3-2).

q1 2 2 ¢

Assume u(zx,t) is the solution to the linear shifted wave equation
O2u — (Agn + p?)u = F(x,t), (z,t) € H® x I;
ult=0 = Uo; (5)
atu|t:0 = Ui.

Here I is an arbitrary time interval containing 0. Then we have

[ull zox o (rxmmy + 11w, O o pron =303 ror =33 @y

=

=¢ (”(uo’“l)”ml%-éxmlz~%<w) + F”LP5<I;H",1”21<H">>) '
a2

The constant C' above does not depend on the time interval I.

The following lemma (see lemma 5.1 in [1]) plays an important role in the proof of the
Strichartz estimates above. It is obtained by a complex interpolation and the Kunze-Stein
phenomenon.

Lemma 3.3. There exists a constant C' > 0 such that, for every radial measurable function k
on H", every 2 < ¢, < oo and f € LY (H"), we have

oo 1/Q
1 * wle < CIflL o ( / <sinhr>"-1<<1>o<r>>7|n<r>|%r)

o minfad _
Here’yz%and@z%.

The following lemma comes from a basic Fourier analysis

Lemma 3.4. If F € L'L?(R x H"), then we have

H/ e DR (. s)ds

< | FllLr L2 ®xmn)-

L2(H™)



3.2 Strichartz Estimates for H%! x L? data
Definition 3.5. We fiz x : R — [0, 1] to be an even, smooth cut-off function so that

=1L Il <1
XTT=90, || > 3/2.
Lemma 3.6. Given any 2 < p,q < o and 0 € R we have

"X(D)D—lbl—aeiith‘

< ny.
LrLa(RxHr) ~ 170z

Proof. Consider the operator XZ(D)D_QDZ_Q%”D defined by the Fourier multiplier
A= X2(>\))\—2<A2 + ,02 4 1)1—(7€itk
and its kernel
2
K{(r) = const./ YEMATZA2 4 p? + 1)177e82 D, (1) [c(N) | 72d.
0
If [t| < 2, we recall [c(A)] 7> < A2(1+|A)"3 and obtain
2
LAGIPS / AN+ 0% + 1)1 - o (r)[e(A)|72dA S @o(r).
0

Now let us consider the other case |t| > 2. By the definition of ¢(A) we have

(X +p)|? IT(iX + p) |2

-2 _ —2 |F _ —242

Thus we can rewrite the kernel ¢ into

m?(r)z/o a(N)e @y (r)d.

Here the function T(iA £ )2
_ iA+p
A) = comst x>(\) (A2 4 p% + 1) o 2 T
oY) = const BN + 7+ 1)~
is smooth in R. In addition, the function ®(r) satisfies

a(r) :Cn/ (coshr — sinh 7 cos 6) "~ (sin §)"~2d#);
0
[2a(r)] <®o(r) = Cn/ (coshr — sinhr cos0) " (sin6)"2d0 < e " (r + 1);
0
O\PA(r) = — cni/ [(coshr — sinh r cos 0)~**~? In(cosh r — sinh 7 cos 0)] (sin 0)"2d;
0

|OAD(7)] Scn/ (coshr — sinh 7 cos @) ~#|In(cosh r — sinh 7 cos §)|(sin 6)"~2d
0

< ( sup |In(coshr — sinhr cos 0)|> Do(r) Se r(r+1).
0€0,7]

We apply integration by parts on x7 and obtain

1

2
K70 =5 [ )™

:% [a(2)®2(r)e* " — a(0)Do(r)] — %/0 A [a(N\) @ (r)] e dN
2

:%a(o)@o(r) + % / [(Ora(N) () + a(X)(Ox®A(r))] e dA.
0



As a result we have

o Jal0)] 1
7 )] S ) + o / 03| ®2 ()] + [a(A)][0x @ (r)]] dA

2

<[t LeP(r 4+ 1) + [t / (®o(r) + |02 (1)]) dA
0

SiE e (r 4 1)

Now let us apply Lemma 3.3 with kernel ¢ and ¢ = ¢ > 2. In this case y =1 and Q = ¢/2 > 1.
The integral in Lemma 3.3 can be estimated by:

o If |t| < 2, we have
+00 Foo
/ (sinh 7)™~ (B (1)) |57 (1) P < / (sinh )20 () |y (r) |/ 2dr
0 0
+oo
,S/ (sinh7)* (™" (r + 1))1+q/2 dr < 1.
0
o If |¢t| > 2, we have
+o0 Foo
| Gy @) w2 (0)[%ar £ [ (sin e e Dl 122
0 0

+o0o
St / (sinh )2 e (H/Dr (14 1)a+1 gy
0

S
According to Lemma 3.3, we immediately have (¢ > 2)

2 A2—20 i 1 It < 2;
2 2 "2—20 titD < ) = 4
HX (D)D D € ‘ Ld' - La ~ { |t‘—1’ |t| > 2. (7)

Let us consider the operators
Tf — X(D)Dlelfo'e:tith;
T*F = / X(D)D_lﬁl_aezF”DF(',S) dS,

TT*F = / X2(D)D72D27206ii(t78)DF(~, S) ds;

— 00

This is clear that T* is an operator from L'(R, H'=~1(H"))NL? L9 to L?(H"), and that T is
an operator from L?(H") to L= (R, H°~1!(H")). Furthermore, the estimate (7) guarantees the
inequality

HTT*F”Lqu(Ran) < HF”LP'LLI'(RXH")

holds as long as p > 2. By the T'T* argument (see [9], for instance), we obtain

HX(D)DA[)koeiith’

= T rla n < n
LrLa(RxH™) ” f”L La(RxH") ~> ||f||L2(]]-H )

thus finish the proof. O



Theorem 3.7 (Strichartz estimates for H%! x L? initial data). Letn > 3. If2 < p,q < oo and
o satisfy

P q — 27 -2

2 n—-1_n-1 n—|—1(1 1)
+ > ; ;
2 q

then there exists a constant C, so that the solution u to linear shifted wave equation 02u—Agnu =
F, (z,t) € H" x I with initial data (ug,u1) satisfies

DY ul| Lo oy + || (s Osw) || o (1o x 12 (B

< C (w0, wr)|l o xpz2qany + |1 Fllprpzcrxun)) -

Proof. Without loss of generality, let us assume I = R. We start with the free linear propagation
uy, with a pair of arbitrary initial data (ug,u1). In fact we have

ur (-, t) = cos(tD)ug +

sin(tD)
D ui. (8)

Since D'~%uy, solves the free linear shifted wave equation with initial data (D'~%ug, D'~ %u,),
Theorem 3.2 immediately gives

1D u || 1o roqniin) S HDl_a(uO’ul)”H"_%’%xH”_%’_%(Hn) = o, un)ll 3.3, 33
We rewrite this in the form of operators by the identity (8) and obtain
“17”1—0 +i
|7 DY f iy S 115§ gy )

Given an arbitrary f € L?(H"), the combination of (9) and Lemma 3.6 gives

D™D F Lo La(cny
<X (D)YDT D=7 eE P f|| oo + | DT DR (1 — (D)) f| oo
Sz + 1= XN Sl 44 g

SNl z2 ny- (10)

We combine this with Lemma 3.4 and obtain

S IF L2 @xeny;

H/OO D—l[)1—(J’eii(t—S)D};!(.7 S) ds
—0o0 LrLa(RxH™)

SNFl Lo mxmny-

0
H/ D—lDl—aeii(t—s)DFv(_7 S) ds
—o0 LpLa(RxH")

According to Theorem 1.1 in [3], we also have a truncated version of the first inequality above

SIF o2 mxmn)-

t
H/ D_lbl_aeii(t_s)DF('7 S) ds
—o0 LrLa(RxH™)

Therefore we have

S IF o2 mxmn)- (11)

t
/ l)f1l'j17£J'€:i:i(tfs)D};1('7 S) dS
0 LPLa(RxH"™)

10



By the identities

sin(tD L sin(t — s)D
u(+, t) = cos(tD)ug + sin(t )ul —|—/ MF(, s)ds;
D s D

Opu(-,t) = —=Dsin(tD)ug + cos(tD)ug + /0 [cos(t — s)D] F(-, s) ds;

we can combine the estimates (10), (11) and Lemma 3.4 to finish the proof. O
If we choose o = 2L (L — %) in the Theorem 3.7 and apply the Sobolev embedding, we obtain

another version of Strichartz estimates.

Theorem 3.8. Assume n > 3. If (p,q) satisfies

11 1 1 n n
7776 077 ) 7+*2*_17
D q 2 p q 2

then there exists a constant C, such that the solution u to the linear shifted wave equation (0 € I)

O?u — (Agn + p?)u = F(x,t), (x,t) € H" x I,
ult=0 = uo;
8tu|t:0 = U1

satisfies

||UHLPL‘?(I><IHI") + | (u, 6tu)||C(I;H0=1><L2(Hn))
<C (H(umul)”HoJxL?(H”) + HF”L1L2(I><H")) .

Here we attach two figures, in which the grey regions illustrate all possible pairs (p, q) that
satisfy the conditions in Theorem 3.8, for two different cases: dimension 3 (Figure 1) and higher
dimensions (Figure 2).The lighter grey regions represent the pairs allowed in Theorem 3.7, while
the darker grey regions show new “admissible” pairs, which are obtained via the Sobolev em-
bedding.

Remark 3.9. Theorem 3.8 also holds for the pair (p,q) = (oo, %) by the Sobolev embedding

HOYH") < L*/(=2) given in Proposition 2.5. Thus the pair (oo, 2 s also marked as
admissible in the figures.

4 Local Theory

Definition 4.1. Assume 3 < n < 5. We define the following space-time norm if I is a time
interval

lully ) = ”u”L%LQ(:f;) (IxH") = llull oe L2ve (rxmn).-

Theorem 3.8 claims that if u is a solution to the linear equation 92u — (Ag» + p?)u = F with
initial data (ug,u1), then we have

lully (1) + 1(w, Bsw) o ;00 x L2q@ny) < C ([[(wo, wr) | o w2 @y + 1F || 2221 xmny) -
Furthermore, a basic computation shows
IF ()l a2 (rxmny < llull3 ;s
=1 o—1
1F(u1) = F(ug)|| L1 p2(rximy < enllur — uslly (Hu1||§(1) + Hquf/(I)) -
Combining these estimates with a fixed-point argument, we obtain the following local theory.

(Our argument is standard, see for instance, [2, 8, 16, 17, 20, 21, 23] for more details.)

11



1/q

L — ?

3lq+1/p=1/2

1/2 1/p

Figure 1: Admissible pairs (p,¢) in dimension 3

Definition 4.2 (Local solution). Assume 3 <n <5. We say u(t) is a solution of the equation
(CP1) in a time interval I, if (u(-,t), u(-,t)) € C(I; H*' x L*(H")), with a finite norm ||uly (s
for any bounded closed interval J C I so that the integral equation

t—7)D]

u(.,t):sL,O(t)(uo,ul)Jr/O sin( S (u( 7)) dr

holds for all time t € I.

Theorem 4.3 (Unique existence). For any initial data (ug,u;) € H%! x L2(H"), there is a
mazimal interval (—=T—(ug,u1), Ty (uo,u1)) in which the equation (CP1) has a unique solution.

Proposition 4.4 (Scattering with small data). There exists a constant 6; > 0 such that if
| (w0, u1)l| o1 x L2@uny < 01, then the Cauchy problem (CP1) has a solution u defined for all
t € R with ||’U,||y(R) 5 ||(U07u1)||H0’1><L2(H")-

Proposition 4.5 (Standard finite time blow-up criterion). If Ty < oo, then ||lully(o,1,)) = oo
Similarly if T_ < oo, then ||ully (7.0 = 00.

Proposition 4.6 (Finite Y norm implies scattering). Let u be a solution to (CP1). If [[ully(o,r,)) <
o0, then Ty = 0o and there exists a pair (ug ,uf) € H*' x L2(H"), such that

: + o+ _
t_I}ElOO ||(u('at)7atu('at)) - SL(t)(uO y Uq )||H0,1><L2(Hn) =0.

A similar result holds in the negative time direction as well.

Theorem 4.7 (Long-time perturbation theory). (See also [17, 24]) Let M be a positive constant.
There exists a constant g = eq(M) > 0, such that if € < g, then for any approxzimation solution

12



1/q

1/2f

N|=
5|~

n-3
2(n-1)

n-3

2n

1/p + n/q = n/2-1

Figure 2: Admissible pairs (p,¢) in dimension 4 or higher

@ defined on H" x I (0 € 1) and any initial data (ug,u1) € H' x L*(H") satisfying
020 — (Amn + p?)a = F(@) + e(x, t), (z,t) e H" x I;
lally(ry < M; 1(@(+, 0), Bpa(-, 0)) || o1 s 2 (amy < 005
lle(z, )l 121 xmny + ISL0(t)(uo — @(-,0),ur — dsai(-, 0))|ly (1) < &

there exists a solution u(xz,t) of (CP1) defined in the interval I with the given initial data (ug, u1)
and satisfying

[u(z,t) — @z, )|y 1) < C(M)e;
(5&20‘(5&20‘5““Qr55&%0‘

5 A Second Morawetz Inequality

sup
tel

< C(M)e.
HOx L2 (Hn)

In my recent joint work with Staffilani [25], we proved a Morawetz-type inequality

/ / P dpudt < (p“)e

if u is a solution to the energy sub-critical, defocusing, semi-linear shifted wave equation 92u —
(Agn +p?)u = —|u[P~1u on H". The main idea is to choose a suitable function a and then apply
the informal computation

d

Aa
- — . D, —
7 Hn(?tu ( “aDgu+u - 5 )d,u

1 p—1
_ By _ - 2 p+1
_/n (DsuD’D*aDyu) du 4/Hn (lul*AAa) du+ 2o 1) /n (lulPt' Aa) du

13



on a solution u. In this section we prove a second and stronger Morawetz inequality by choosing
a different function a(r) = r and applying the same informal computation. The calculation turns
out to be a little more complicated since the singularity of r at the origin make it necessary to
apply a smooth cut-off technique at this point.

Theorem 5.1. Let 3 < n <5 and (ug,u;) € H*' x L2(H") be initial data. Assume u is the
solution of (CP1) in the defocusing case with initial data (ug,u1). Then the energy

1 1 1 -
&= 5”“('715)”%1011(]1-]1") + §H@U('at)”%2(mn) + m”u('vt)”?,chrl(Hn)

is a constant in the mazimal lifespan (—T—,T). In addition, we have a Morawetz-type inequality

/T+/ p(cosh |a)|u(z, )]/ —2)
T n

sinh |z|

dp(x)dt < nék.

Remark 5.2. Throughout this section we will only consider real-valued solutions for convenience.
Complez-valued solutions can be handled in the same manner.

Remark 5.3. It suffices to prove Theorem 5.1 with an additional assumption ug € H*(H™).
This is a consequence of the standard approzimation techniques. Given any initial data (up,u1) €
H%1 x L2(H"), we can find a sequence (ugn,u1,) € H' x L2(H"), such that

||(U0,n,u1,n) - (onul)HHo,lea -0 = 5(U0,n,ul,n) — E(ug, uy).

Let u and {u,}pez+ be the corresponding solutions to (CP1) with these initial data. According
to the perturbation theory we have

Hun - UHY(J) — 0; ”(u('at)vatu('at)) - (un("t)>atun('vt))HC(J;HO’lez) =0

for any closed bounded interval J = [=T1,Ts| contained in the mazimal lifespan of u. A limiting
process n — oo shows that the energy conservation law and the Morawetz inequality hold for u
as long as they hold for the solutions {uy,}pez+-

In the rest of the section we always assume that u is a solution to (CP1) with initial data
(ug,u1) € H' x L*(H").
5.1 Preliminary Results
Lemma 5.4. We have (u,0u) € C((—T-,T¢); H* x L*(H")).

Proof. We have already known (u, ;u) € C((=T_,Ty); H*! x L?(H")) by Definition 4.2. There-
fore it is sufficient to show u € C'((—=T-, T4 ); L?). This is clearly true since dyu € C((—=T—,T); L?)
and ug € L?. O

Lemma 5.5. Assume n > 3. Let (r,0) be the polar coordinates on H™. Then the function
a(r) =r is smooth in H™ except for r = 0 and satisfies

[Va(r)| = 1; D2q > 0;
2pcoshr —2p
A n = 77 8T’A n = ;
H sinh r Hna sinh? r
4pcoshr 4p(1 — p) coshr
O fma = s Ao Agna = PLZLICSAT g
inh”r sinh” r

14



The proof follows an explicit calculation, thus we omit the details. In fact, the inequality
D2a > 0 is a well-known consequence of the fact that the hyperbolic space H" has a negative
constant sectional curvature. The following formula also helps in the calculation regarding the
Laplace operator Agn

9> 2pcoshr 0 1
Agn = — + " - — + ———— - Agn-1.
H or? + sinhr  Or i sinhZr o
Definition 5.6. Let 9 : [0,00) — [0,1] be a non-increasing smooth cut-off function satisfying

1, r<1;

w(r):{ O: r> 2.

If 6 € (0,1/10], we define a radial cut-off function 1s(r) = (0r)(1 —(r/d)) on H™. It is clear

that
0, 1/6 <r<2/6;

|Vps(r,©)| < {176, 6 <r < 26;
0, otherwise.

Lemma 5.7. (See Lemma 4.11 in [25], also [26] for more general case) Let P be the smooth-
ing operator defined by the Fourier multiplier X — e\, Given any 2 < g < 00, we
have ||P.| pon)—rany < Cq < 00 for any e € (0,75). Furthermore, if v € LI(H"), then
v —Pov|za — 0 as e — 0.

Space-time smoothing operator Let ¢(¢) be a smooth, nonnegative, even function com-
pactly supported in [—1, 1] with f_ll ¢(t)dt = 1. Given a closed interval [—T7,Ts] C (=T-,T),
we define u. and F; as the smooth version of u and F if ¢ < gg = (1/2) min{1/10, T} — T, T —

T +1 ~ +1 B
ue(t) = ) d(s)Peu(-,t + se)ds;  F.(t) = ) ¢(s)PF(u(-,t + se))ds. (12)

The function u. is a smooth solution to the shifted wave equation
O2ue — (Apn + p*ue = F. (13)
in the time interval [-T1, T]. Combining the fact ||ully (-1 —co,1o420]) < 00, the inequality
[F(ue) = Fellprrzy SIF(ue) = F(u)llpipzy + 1F(w) = Fel bz
<Clhue — ullyary (uellZigr + Nl ) + 1F@) = Fell ey,

with Lemma 5.4 and Lemma 5.7, we immediately have
Lemma 5.8. Let tg be an arbitrary time in [—T1,T3]. The functions u. and F. satisfy

lim [[F(ue) = Fellpa L2 (-, 1) <) = 05

tim [(uc -, t0), Bute - 10)) — (u(-, t0), Dot o)) 12y = 0

lim fJue (- to) — ul: o) || Loc+1(aamy = 05

M := sup ”(us;atus)“C([—Tl,Tg];Hl><L2(]HI")) < 0.
e<eq

The third line is a combination of the Sobolev embedding H' — LP-*! and the second line.
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5.2 Energy Conservation Law

Proposition 5.9 (Energy Conservation Law). The energy
£(8) = 3 ()0 ooy + 5190 ) + 5 Il O
5 NCORE @)t o IED
is a (finite) constant independent of t € (—T—,T4).

Proof. Without loss of generality, let us assume tg € (0,7). We can choose a time interval
[T, Ts] C (=T-,T4) so that tg < T, smooth out the solution v as in (12) and define

1
pe+1

1 2 1
Es5(t) = / (QVuE(;mt)P - %‘UE(%t)P + ilatUE(xat)F + |u6($7t)pc+1) Ysdp(z).

We differentiate in ¢ and obtain

2,6(75) = /n [FL — F(ue)] (Orue)psdp _/ (D%sDyue ) (Opuc )dp

n

Here we need to use the fact that u. solves (13) and follow the same calculation we carried on
in Section 4.2 of [25]. A basic integration shows

to to
£ 5(t0) — E-.5(0)] < / / |F. — F(u2)] |0y |bsdpudt + / / (D s Do)y | dpdt
0 H» 0 n

SHFE — F(UE)HL1L2 ||8tu€||LooLz + (StOH’U,E‘|Loc([0)to];H1(H7z))Hatus||LmL2
+ 6" ol Ve || o< (50,1 x 0,01) 1O te | L= (50,1 x [0,0))-

If we send first 6 — 0, then ¢ — 0 and apply Lemma 5.8, we obtain the energy conservation
law. O

Remark 5.10. The energy of a solution to (CP1) in the focusing case is also a constant under
the same assumptions, because the defocusing assumption has not been used in the argument
above.

5.3 Proof for the Morawetz inequality

Since the argument is similar to the one we carried on in Section 4 of [25], we will give an outline
of the proof only. Given an arbitrary time interval [-T1,T2] C (—=7-,T,), we can smooth out
u, the non-linear term F'(u) as in (12) and define

M, 5(t) = — Opue(z,t) (Do‘aDauE(x,t) + ue(z, t) - A;) Ysdp(x)
]H[n

for t € [-T1,Tz]. Here we choose the function a = r whose properties have been given in Lemma
5.5 and the smooth cut-off function 15 in Definition 5.6. We first combine a basic differentiation
in ¢, integration by parts, the facts Dgy)sD?Aa < 0 in B(0,1) and D%a > 0 to obtain
1 1
Lo 2 o [ ud Aavsdut § [ (AA@u s d - ee,5)

Aa
- / [F. — F(uc)] <DaaDo¢ue + Ue - 2) Ysdju. (14)
Throughout the proof we use the notation e(g,d) to represent (possibly different) error terms
satisfying
le(e, )] SOMF + M) + 8" || (ue, Vue) 12 50,1 x -1 7))
+ 0" eI

n—1 2
C(B(0,1)x[~T1,Tz]) +90 ”atu‘s”C(B(Oal)X[—ThTz])'
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Next we apply integration by parts again and make an estimate for an arbitrary t € [—T7, T5].
Aal?

2 L2(H";9psdp)

2 P> —p 2
< |Vue| p* +7h2\ | lue|” | wsdu + e(e,0)

S/ (IVue® = p*|ucl?) sdp + e(e,8) < M7 + (e, 6). (15)

HDO‘aDaus(o,t) + ue (-, t) -

As a result we have

A
/ / [F. — F(ue) (D“aDoéuE + ug - ;) Ysdpudt

A
‘Do‘aDau5 + ug - 24

— 1Fe = Fue)ll g 21y 1) ) 2

Leo([=T, To; L2 (H™ 55 dp))
— (M7 + e(e, 5))1/2 | Fe — F(uE)||L1L2([7T1,T2]><H”) :

We substitute the last integral in (14) by the lower bound above, integrate both sides and obtain
an inequality

M. o(To)~M / [ el aiddt + / [ (A8 Pusdu
— (M} + 6(5’5))1/2 | Fe — F(UE)HLlLQ([—Tl,TQ]XH") — [T2 + Thle(e, 0). (16)

On the other hand, we can find an upper bound of M (ty) for each tg € [-T1, T3] by (15).

|M(to)| =
H”L

1 1 2
§§/ <|5tu5|2 + (DaaDaus + 2usAa) ) Ysdp
Hn

1

<5 [ (00l + 1Vuf? = pPlucl?) dadn + e(z.).
Hn

Opue(x, o) (DaaDauE(a:,to) + ;ug(a:,to)Aa) Ysdpu(x)

We combine this with the inequality (16), substitute Aa, AAa by their specific expressions by
Lemma 5.5 and then let § — 0 to obtain

/ / 2p(cosh |z|) |u€|pL+1d dtJr/ / p —1)(cosh [z])? |Us|2d di
n sinh |z| n sinh |z|

Sgo(us(', —T1), Opuc (-, =T1)) + Eo(ue (- 2),8tu5(-,T2)) + My ||Fz = F(ue) || prpz(omy 1) i) -

Here & is the energy of the linear shifted wave equation on H" defined as

1 1 1
Eo(vo,v1) = 5/ (lo1]? + Vool = p?fvol*) du = 5““0”%{011(]}]1") + §HUI||%2(HH)-

Sending € to zero gives

petl _ 2
/ / 2p(cosh |x|)|u] p dt+/ / 1)(cosh |z])3|ul dpdt
n sinh |z| n sinh |z|
<50 (u(=Th), du(=T1)) + Eo(u( 2),3tU(T2)) < 28 (uo, uq).

Since the argument above is valid for any time interval [—T7,Ts] satisfying -7 < =11 < 0 <
Ty < Ty, we can finally finish the proof by letting 7y — T and T5 — T'.
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6 Scattering Results with Radial Initial Data

Theorem 6.1. Assume 3 <n < 5. Let (ug,u1) be a pair of radial initial data in H%' x L?(H™).
Then the solution u to (CP1) in the defocusing case with initial data (ug,u1) exists globally in
time and scatters. More precisely, the solution u satisfies

o Its mazximal lifespan (—=T—(ug,u1), T4 (ug, u1)) = R.

e There exist two pairs (uT,ui) € H*' x L2(H") such that

lim || (u(, 1), Beu( 1) = SLt) (g )| o 2 any = 0

t—=+oo

Proof. First of all, the Morawetz inequality (see Theorem 5.1) reads

Ty 2n/(n—2)
/ / p(cosh [z)|u(, )| dpu(x)dt < né(ug,uy) < oo. (17)

sinh ||

According to Lemma 2.6 and the energy conservation law we obtain a point-wise estimate

|5E|12 pcosh|z|\” 1/2
(Slnh| |) H ( )”HOJ(H")S, W Hu('7t)HHO,1(Hn)

pcosh|z|\" !
<(Gapr) el

lu(z, )] <

As a result, the inequality (17) implies

1/2

T, .
[t S o, w7
—T n

A basic calculation shows 2n/(n —2) +1/(p —1/2) = 2(n+ 1)/(n — 2). Thus we have

2(n+1) 2<n+1)

we L2 Lnor ((=T-,Ty) x H). (18)

For a small positive number «, we define a pair (p, q) by

00 (o) (s dn) = (2) ®

It is clear that (p,q) — (pe,2pc) as K — 0F. As a result, if we fix k to be a sufficiently
small positive number, we have 1/p,1/q € (0,1/2). The definition (19) also guarantees that
1/p+n/q=mn/2—1. We apply Strichartz estimates (Theorem 3.8), the energy conservation law,

2Antl) - 2nt) )
as well as an interpolation between LPL? and L =2 L »-2 norms to obtain

l[elly (a0 [l Lo Lo fa ) xm)
<Cl(u(-,a), Ou(-, a))|l gor x L2(Hnm) + C”F(u)”LlL2 ([a,b] xH™)
1/2 K
<C(2& (ug, wr))" +C||u||L2(5f21)L2(:—+21> || HLqu ([a,b] xH")* (20)

([a,b] x H

Here [a, b] may be any sub-interval of (—7_,T). Let us define M = (2& (ug,u1))"/? and choose
a small constant n > 0 so that 2CM > CM + Cn"(2CM)P<=". According to the fact (18) we
can fix a time a € (0,7 ) sufficiently close to T, so that the inequality

lu|l 221 201 <n
L2 L n7 ([o,T)xH")
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holds. Given any time b € [a, T ), the inequality (20) implies

c— K

Il (o) + el e o ap xiny < CM 4+ Cn" (lully (qae) + 1wl zez (b))’

By a continuity argument in b we obtain the following upper bound independent of b € [a, T4.).

lully ((a,6)) + lull e La(iabxmn)y < 2CM.

We make b — T, and finally conclude that ||uly (4,1, )) < 2CM < co. The global existence and
scattering in the positive time direction immediately follows Proposition 4.5 and Proposition
4.6. The other time direction can be handled in the same way since the shifted wave equation is
time-reversible. O
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