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Abstract

For a class of (non-symmetric) diffusion processes on a length space, which in particular
include the (reflecting) diffusion processes on a connected compact Riemannian manifold,
the exact convergence rate is derived for (E[W3(ur, ,u)])%(T — 00) uniformly in (p,q) €
[1,00) % (0, 00), where p7 is the empirical measure of the diffusion process, y is the unique
invariant probability measure, and W, is the p-Wasserstein distance. Moreover, when the
dimension parameter is less than 4, we prove that E|TW3(ur, ) —Z(T)|9 — 0 as T — oo
for any ¢ > 1, where Z(7") is explicitly given by eigenvalues and eigenfunctions for the
symmetric part of the generator.
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1 Introduction

In recent years, the convergence rate and renormalization limit in Wasserstein distance have
been intensively studied for the empirical measure of different models, among other references
we would like to mention [24, 25, 26, 27] for diffusion processes on manifolds with reflected or
killed boundary, [16, 17, 18, 29] for subordinated diffusion processes, and [10, 14] for McKean-
Vlasov SDEs and fractional Brownian motion on torus.
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and NNSFC (11921001).



In this paper, we study the empirical measure of non-symmetric diffusion processes on a
length space introduced in the recent work [28], and derive the exact convergence rate in L4(IP)
for p-Wasserstein distance uniformly in p,q € [1,00). To see the progress made in the present
paper, in the moment we simply consider the diffusion processes on a compact Riemannian
manifold.

Let M be a d-dimensional compact connected Riemannian manifold possibly with a C?-
smooth boundary OM, let A be the Laplace-Beltrami operator and b be a C'-vector field on
M. Tt is well known that the diffusion process X; (with reflecting boundary if OM exists)
generated by L := A + b is exponentially ergodic, with a unique invariant probability measure
p(dr) = e"@dg for some C?-function V on M, where dz is the volume measure. By the law
of large numbers, p is approximated by the empirical measures pur as T' — oo, where

1 T
== ox,dt, T >0
/.LT T/O Xt ) )

and Jx, is the Dirac measure at the point X;. We investigate the convergence rate of up to p
under the p-Wasserstein distance for p € [1,00):

(1.1) W, (v, ') := inf (/ p(a:,y)pw(dx,dy)> , v e,
MxM

TEE (v,v')

where & is the set of all probability measures on M, € (v,v') is the class of all couplings of v
and 1/, and p is the Riemannian distance on M.

Write L = L + Z, where L:=A+VV is the symmetric part of L, and Z := b — VV is the
anti-symmetric part with div, Z = 0, i.e.

/M(Zf)du =0, feC'(M).
According to [31], for every 0 # f € L*(u) with u(f) := [,, fdu = 0, we have

VTur(f) = N(0,2V(f)) weakly as T — oo,

where N(0,2V(f)) is the centered Normal distribution with variance 2V (f), V(f) is defined
by

V)= [ ulirfte 0.00)
0
and (P;)¢>o is the Markov semigroup for Xy, i.e.
Pof() == E*[f(X))], t20, € M, f e By(M).

Here, and in what follows, E* stands for the expectation taken for the underly Markov process
starting from x at time 0. In general, for any probability measure v on the state space, E”
denotes the expectation taken for the underly Markov process with initial distribution v.

For two positive variables A and B, we denote A < B if A < ¢B holds for some constant
¢ > 0, and write A < B if A < B and B < A. [28, Theorem 1.2] provides the following
estimates on the convergence rate of W, (i, i) :
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e When d =1, for any (p,q) € [1,00) X [1,00), then for large T" > 0

(1.2) (E"[W2(pr, ,u)})% = T~ uniformly in v € 2.
e When d = 2, (1.2) holds provided p € [1,00) and ¢ € [1, ;57).
e When d = 3, (1.2) holds provided p € [1,3) and ¢ € [1, %).

When d = 4, EY[W3(ur, )] < T 'log T for large T uniformly in v € Z.

There exists a constant ¢ € (1,00) such that

Q=

2
sup (Ey[wgg(MTv M)]) < CT_d(3—P_1—q—1)—2’ T>1

ve?
provided d = 4 and (p, q) € [1,00) x [1,00)\{(1,1)}, or d > 5 and (p, q) € [1,00) X [1, 00).

Moreover, when d < 3, and the boundary M is either empty or convex, TW2(ur, i)
converges to Z(T") in L(PP) for some ¢ > 1 as T' — oo, where

(1]

(1.3) (T) :ZM (T = %/0 ¢ (X, )dt,

for {\;}i=0 and {¢;}i>o being all eigenvalues and unitary eigenfunctions of —L := —(A + VV)
in L?(u) respectively, with Neumann boundary condition if OM exists.
According to [28, Theorem 1.1], we have the following assertions:

e When d € {1, 2}, for any ¢q € [1, ﬁ), where zf‘iw =oo ford =1,

3d
(1.4) Jim sup B [|[TW3 (i, 1) — Z(T)|"] = 0.
P pePp

e When d = 3, then for any k € (%,oo], Re[l,0) and ¢ € [1,%),

(1.5) lim sup B"[|TW3(ur, u) — E(T)]*] =0,

T—o0 I/E:@)C,R

where Py g = {v =hypu € P : ||h| g < R}, and v = h,p stands for a probability
measure having density h, with respect to pu.

These results are now considerably improved by the following Theorem 1.1, which is a
consequence of the general results Theorem 2.1, Corollary 2.2, Theorem 2.3, Theorem 2.4 and
Corollary 2.6 stated in Section 2, since assumptions used in these results hold for the (reflecting)
diffusion generated by L := A + VV + Z on a compact compact Riemannian manifold, where
(A), (2.10) and (C) are well known, and (B) is included in [30, Lemma 5.2].

Theorem 1.1. Let p € [1,00) and q € (0,00). Then the following assertions hold.
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(1) For any (k,R) € (1,00] x [1,00),

] T, if d < 3,
(1.6) (B [W(pr, p)]) * = T‘liog(l +T), ifd=4,
T a2, ifd>5

holds for large T > 0 uniformly in v € Py .

(2) When p < fg)Jr v 422 (1.6 holds uniformly in v € 2.

@ 2

(3) Let OM be either empty or convex. When d € {1,2}, (1.4) holds for any q € (0,00); while
when d = 3, (1.5) holds for all (k, R) € (1,00] X [1,00) and q € (0,00).

(4) Let OM be either empty or convez, let d < 3 and Z = 0. Then for any q € (0,00) and

veD,
o 267
2%

=1 g

q
€ (0, 00),

lim E"|TW3(ur, p)|" =E

T—o0

where {& }i>1 are i.4.d. standard random variables.

Besides diffusion processes on compact Riemannian manifolds considered above, results for
other models presented in [28, Section 5] are also improved by using our general results stated
in Section 2. To save space we do not illustrate these models in details.

The remainder of the paper is organized as follows. In Section 2, we introduce the framework
and main results of the paper. In Section 3, we make some preparation estimates which will
be used in Sections 4-6 to prove the main results stated in Section 2.

2 Main results under a general framework

We first recall the framework studied in [28], then state the main results derived in the present
paper.

2.1 The framework

Let (M, p) be a bounded length space, let &2 be the set of all probability measures on M, let
By(M) be the class of bounded measurable functions on M, and let C,1,(M) be the set of all
bounded Lipschitz continuous functions on M. For any p € [1,00), the p-Wasserstein distance
W, is defined as in (1.1). Let X, be a reversible Markov process on M with the unique invariant
probability measure p € & having full support M. Throughout the paper, we simply denote
u(f) = [y fdu for f € LV (p).

The Markov semigroup Pt of Xt is formulated as

Pf(z) =E’[f(X)], t>0,z€M, f € B(M),



where E* stands for the expectation for the underlying Markov process starting at point z. In
general, for any v € &, E” stands for the expectation for the underlying Markov process with
initial distribution v.

Let (£, 2(&)) and (L, 2(L)) be, respectively, the associated symmetric Dirichlet form and
self-adjoint generator in L2(y). We assume that Cyp,(M) is a dense subset of 2(&) under the

)-
&-norm 1 fllz = \/,u (f2)+ &(f, f), and

é?)(fag) :Ar(f7g)dﬂa f’g € C(b,L(]\4>

holds for a symmetric square field (carré du champ operator)
I': Cb’L<M) X Ob’L(M) — %b(M),

such that for any f,g,h € C, (M) and ¢ € C}(R), we have

U7 77(0) = V(@) = limsup % e M.

I'(fg,h) = fT(g.h) + gU'(f,h),  T(e(f), h) =& (/LS. D).
Moreover, we assume that L satisfies the chain rule
La(f)y = ®'(NHLS+"(NIVIP, [e2(L)NCyr(M), @ € CA(R).

Let
YA C@L(M) — %b(M)

be a bounded vector field with div,Z = 0, i.e. it satisfies

Z(fg) = fZg+gZf, Z(o(f)=¢(f)Zf, [f.g€Cor(M), ¢ € C'(R),
|Z||oo :=inf {K >0: |Zf]| < K|Vf|, f€Cpr(M)} < o0,

M
Consequently, Z uniquely extends to a bounded linear operator from 2 (éAa ) to L?(u) satisfying

(2.1) wW(fZg) = —u(gZf), f.ge 2(é),

and
E(f,9) = E(f,9) +u(fZg), f.g€ (&) =D(&)

is a (non-symmetric) conservative Dirichlet form with generator
L=0L+2 2(L)=2(),
which satisfies the chain rule

LO(f) = ' (f)Lf +"(f)IVIP, f€D(L)NC,L(M), ® € C*(R).



Assume that L generates a unique diffusion process X; on M. The associated Markov semigroup
is given by
Pif(x) =E7[f(X})], v € M,t>0, f € By(M).

By Duhamel’s formula, P, and P, have the following relation

t
(2.2) Pf = Ptf+/ PAZP f}ds, e D(E), t>0.
0
We investigate the convergence of empirical measures pur = % fOT dx,dt to p under the

Wasserstein distance W,.

2.2 Upper bound estimate

To estimate (E[W(ur, ,u)])é from above, we make the following assumption.

(A) The following conditions hold for some d € [1,00) and an increasing function K : [2,00) —
(0, 00).

e Nash inequality. There exists a constant C' > 0 such that
(23)  w(f?) S CENTu(f)T2, fe D= {f€2E): ulf)=0}.

e Continuity of symmetric diffusion. For any p € |2, 00),
20 B X = [ el pudou) < KEH, te ),
MxM

where p, is the heat kernel of B, with respect to u.

e Boundedness of Riesz transform. For any p € [2,0),
(2.5) IV(=L)"2 fllrgy < KW f ooy | € LP(n) with u(f) = 0.

It is well known that (A) holds for the (reflecting) diffusion process generated by L=
A + VV considered in Introduction.

Besides the elliptic diffusion process on compact manifolds, some criteria on the Nash in-

equality (2.3) are available in [23, Section 3.4]. In general, (2.3) implies that for some constant
co > 0,

_d(g—p

~ )
(2.6) 1P = pill oguysragy < co(LAE)™ 20 e £>0, 1 <p<q< oo,

and that —L has purely discrete spectrum with all eigenvalues {\;};>0, which are listed in the
increasing order counting multiplicities, satisfy

(2.7) A > cyid, i>0,
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for some constant ¢; > 0. The Markov semigroup P, generated by L has symmetric heat kernel
p: with respect to pu formulated as

(28) ﬁt(‘ray) =1+ Ze_Ait¢i(m)¢i(y)v t> 07 T,y € M.
=1

All these assertions can be found for instance in [9].

The condition (2.4) is natural for diffusion processes due to the growth property E|B; —
BylP < cts for the Brownian motion B;. There are plentiful results on the boundedness condi-
tion (2.5) for the Riesz transform, see [4, 7, 8] and references therein.

The following result shows that under assumption (A), the convergence rate of (EW? (17, ﬂ))%
is given by

T3, if dell,4),
va(T) = T-2/logT, if d=4,
T, if d e (4,00).

Theorem 2.1. Assume (A). Then for any (k,p,q) € (1,00] x [1,00) x (0,00), there exists a
constant ¢ € (0,00) such that

1
q

1
(2.9) (B Wi (s 1)) * < ellbullfsyra(T)s T>2, v="hpue P withh, € L*(p),

_ dv __
where v = h,u means = h,.

1
To show that v4(7) is the convergence rate of (E*[W(ur,p)])* uniformly in v € &, we
restrict p to the set

l,00),  ifde[l2),
I(d) = [1oo) N |1, Edw v d(d;Q) L2 ifde (24],

(1,292 if d € (4, 00).

Corollary 2.2. Assume (A) with (2.4) strengthened as

(2.10) sup E?[p(Xo, X,)P] < K(p)t>
zeM

, pE[l,00), t €][0,1].

Then for any p € I(d) and q € (0,00), there exists a constant ¢ € (0,00) such that

(2.11) sggE”[Wg(uT,u)] <eyw(T), T>2.

When p ¢ 1(d), for any q € (0,00) and € (0,1), there exists a constant ¢ € (0,00) such that
(2.12) sup B [Wi (i, )] < cya(T)7, T > 2.

ve

Consequently, for any p € [1,00) and q € (0,00),

S

1
li —1 E"[W1? <
P fogrrry 8 | b (BT )| < 55



2.3 Lower bound estimate

To derive sharp lower bound estimates, we make the following assumption (B) which holds
in particular for the (reflecting) diffusion operator L:= A+ VYV on a d-dimensional compact
connected Riemannian manifold, since in this case conditions (2.13) and (2.14) are well known,
and the other conditions have been verified by [30, Lemma 5.2]. For M being a smooth domain
in RY, (2.15) is known as Sard’s lemma (see [13, p130, Excercise 5.5]) and has been discussed
in [5, Section 3.1.6]. The function f¢ in (2.16) is called Lusin’s approximation of h (see [2, 19]).

(B) Let {\;}iso be all eigenvalues of —L listed in the increasing order with multiplicities.
There exist constants x > 0 and d € [1, 00) such that

(2.13) N < wid, i>0,

(2.14) Wy (vP, 1) < sWi(v,p), tel0,1], ve 2.
Moreover, for any f € 2(&),

(2.15) u({IV1] >0, =0}) =0,

and there exists a constant ¢ > 0 independent of f such that

c
(2.16) W A8 <G [ VP €50
M
holds for a family of functions {fe : £ > 0} on M with ||V fe||oo < €.

Theorem 2.3. Assume (A) and (B). Then for any q € (0,00), we have for large T' > 0,

inf E"[W{(pr, 1)) = va(T)%.

veP

2.4  Convergence of TW3(ur, 1) in L(P)

As explained in [28] that the following assumption holds for diffusion processes with Bakry-
Emery curvature bounded from below.

(C) (M, p) is a geodesic space, there exist constants 6 € (0, 1], K > 0 and m > 1 such that
VPP < (P! BV fPe!) + K|V 2 (B ), e [0,1], f € Cyr(M),
and there exists a function h € C([0, 1];[1, 00)) with A(0) = 1 such that
(2.17) W2(wP,, 1) < h(rYW2(v, ), ve 2, relol].
Moreover, (2.3) holds.

Let ¢;(T) and Z(T) be in (1.3). We have the following result.

8



Theorem 2.4. Assume that for any p € (1,00) there exists a constant k(p) € (0,00) such that
(2.18) VES < kpNBIVIP)7, t€[0.1], f € Crr(M).
(1) Assume (A). If d € [1,4), then for any (k,R) € (1,00] x [1,00),

(2.19) lim  sup E”[|{TW§(MT,M) —E(T)}+|q} =0, g€ l[l,00).

T—o00 vEPy R

Moreover, if d € [1, g), then for any q € [1, ﬁ), where ﬁ =00 ford <2,

(2.20) lim supE”[[{TWQ(uT, 1) — E(T)}H| ] -

T—00 yegp

(2) Assume (A) and (C). If d € [1,4), then for any (k,R) € (1,00] x [1,00),

(2.21) lim sup B[ [{TW3(ur, p) — 2(T)} || =0
T—o0 VEJ}CR
holds for
fleo,  irdely
q _ .
[17 M)7 Zfd € (374)7
where k* is the Hélder conjugate of k. Moreover, if d € |1, %), then for any q € [1, —Q(df2)+),
(2.22) lim sup B | [{TW3 (s, 1) — Z(T)} || =
T—o00 veED

To derive the uniform convergence uniformly in v € & also for d € (2,4), we modify =(7)
by the following defined =,.(T") and Z,(T") for a constant r € (0, 00):

_T/ 6i(X,)d ZW” T

= wl'f"
wzr = \/—/ ¢z r+t S Z | T > 0

Theorem 2.5. In the situation of Theorem 2.4, let r € (0, 00).
(1) Assume (A). If d € [1,4), then for any q € [1,00),

[I]\

1/}7«7"<

(2.23)

(2.24)  lim sup E”[I{TW (tr, 1) = (TN + {TW3(ur, 1) —ET(T)}W] = 0.

T—ooyeyp
(2) Assume (A) and (C). If d € [1,4), then for any

_[leo).  ifde(is)
TR ), ifde (3.4),

(2.25)  lim sup E” [I{ng(um ) = E(D)}|" + {TW3 (e, 1) — ET(T)}_I‘I] = 0.

T—00 pep



As a consequence of Theorem 2.5, we have the following result on the weak limit of
TW3(ur, i), which leads to the limits of moments.

Corollary 2.6. Assume (A) and (C) for d € [1,4), let Z = 0 and (2.18) holds. Then for
any initial distribution v of X;, as T — oo, TW2(ur, i) converges weakly to the real random

variable
o 267
i=1 7
where {&;}i>1 are i.i.d. standard Normal random variables on R. Consequently, for any

S {(0,00), ifd € 1,3,

[1]

(0,5522), ifd e (3,4),

(2.26) lim E*[TYW3*(ur, 1)) = E|=(00)|” < oc.

T—o00

Proof. By (2.7), we have >, 35 < oo for d < 4. So, as shown in the proof of [30, Lemma 2.11],

we may prove the weak convergence of TW2(ur, i) to Z(co) using Theorem 2.5. By combining
this with (6.10) below, we are able to apply the dominated convergence theorem to get (2.26).
[

3 Preparations

We first introduce the following deviation inequality due to [32, Theorem 1].

Lemma 3.1. Let X; be an ergodic Markov process on a Polish space E with generator L and
unique invariant probability measure pu, and let

EamlF,9) = S[(L1.9)1200 + (Lo, Pzw], f9€ (1)

be the associated symmetrized Dirichlet form with domain D(Ewm) C L*(u). For any & € (0, 00)
and g € L' (u) with u(g) =0, let

Iy(§=) := liminf {&ym(h,h) : h € D(Egm), p(h?) =1, |u(gh®)| = € — &, p(lglh?) < oo},

where inf ) = oo by convention. Then

P <‘% /OTg(Xt)dt

We now apply this lemma to establish a Bernstein-type inequality for the local framework
introduced in Subsection 2.1. For any g € L*(u) with u(g) = 0, let

Sy 1
o*(g) = 2ll(=L) "2 gl 72,

> g) < 2|y | 2, €D [— ng(g—)], T.6>0,v=hpuc P

(3.1) I(=L)2gll2g, itdel,2),
m(Q) = inf2<p<oo ﬁHV(—L)_lgHLP(H), if d =2,
||v(_L)7lgl|Ld(u)a ifd € (27 OO)a

In the spirit of [11, Theorem 2.2|, we have the following consequence of Lemma 3.1.
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Corollary 3.2 (Bernstein-type inequality). Consider the framework in Subsection 2.1 such
that (2.3) holds. Then there exists a constant o > 0 such that for any g € P((—L)"2) with

w(g) =0, any v € & such that h, := g—: exists,

(-

(3.2)
< 2 [l 2y D [

_ re
20%(g) + am(g)&

Consequently, for any p € [1,00) there exists a constant C(p) > 0 such that

1 T

= Xy)dt
T/o 9(Xt)
Proof. (a) We first observe that (3.2) implies (3.3). Indeed, by taking

}, T,&> 0.

p

p} < Cp) 1wl 2 (“(Q)T‘% +m(9)T_1> :

(3.3) E {

_ Te?
"7 202(g) + am(g)€

)

we have

ram(g) + /[ram(g)]* + 8Tra*(g)

£ = .
2T

So, we find constants ¢y, > 0 depending on p such that (3.2) yields

, l T p B (%) 1w l T
E HT/O g(X)dt }—p/o g (‘T/O g(Xt>dt‘>§)d5

< e1 [l g2 /D"o (m(fq)r N a(%ﬁ)p%(% . %)e_rdr

< ¢y ||hu||L2(u) (i\/h;i'? * #)p ‘

Therefore, it remains to prove (3.2).
(b) According to (2.1), the symmetrized Dirichlet form &, in Lemma 3.1 is exactly & in

our setting. By Lemma 3.1, (3.2) follows if we find a constant o > 0 such that for any h € 2(&)
with u(h?) =1,
|n(gh?)?

20%(g) + om(g)|u(gh?)|
and this inequality is implied by

(3.4) 1(gh?)] < \/20°(9)&(h. h) + Sm(g)é (h h).

~

Since Cy1,(M) is dense in Z(&’), we may assume that h € Cp,1,(M). To verify this estimate, let
h = h — p(h). Then u(g) = 0 implies

(3.5) p(gh®) = 2u(h)u(gh) + p(gh?).

< &(h, h),
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By |u(h)| < u(h?)2 = 1, and noting that the Cauchy-Schwarz inequality implies

n(h)] = ln({(~L)~Fgy - {(~ L)) < | TOEED)
we obtain
(3.6 2u(h)(oh)] < \/20%(9)E (0. ).
By (3.5) and (3.6), (3.4) follows from
(3.7) n(gh?)] < Sm(g)é(h.h).
Moreover, we have
(3.8) (—L)™ = ﬁ/omta—lﬁtdt, a >0,

where I' is the Gamma function. With (2.6) and (3.8) in hands, we prove estimate (3.7) below
for d € [1,2),d = 2 and d > 2 respectively.
(c) Let d € [1,2). By (2.3) and (2.6) we find constants c1, ca > 0 such that

120l ooy = I1(=L) 72 (=L)2 k|| oo )
1 1

1 2
') L ()

Scl/ EE A LN (=LY = e/ Eh, B).
0

Combining this with the fundamental inequalities

ga(fa 9)2 < ga(fa f)gd(ghg)? é%(f27 f2) < 4||f||%°°(,u)£a(f7 f)a

we derive
1(gh®)| =& ((~L) g, h?)]
< \JE((~L) g, (~L)19) & (h2. h2)
< 2)(—L) "2 gl z2 1| oo\ € (B ) < 2eam(g)é (R, ),

so that (3.7) holds for a = 4c.
(d) Let d = 2. By the Cauchy-Schwarz inequality, the chain rule and Hélder’s inequality,
we have for any p € (2, 00),

u(gh®)| =
<u(D((=D) g, (~1)g) " - T(%, %)} )
<2 (T (L) g, (L)) * - BT (. 1))

<2V (L) g lullbll 2, A/ E D).
P=2 (p)

(3.9)
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Moreover, by (2.6) for d = 2, we find constants cg, ¢, > 0 such that for any p € (2, 00),
/ t2P,(—L)2hdt
0

)< C4p2 &(h, h).

1
Lz (1)

ng/ FALAG Fe N |[(— L)
0

1B, o, = I=E) 2 (=L

2p
LP=2(p)

l\)\)—l
~
lO

Combining this with (3.9) and the definition of m(g) for d = 2, we derive (3.7) for a = 4cy.
(e) Finally, let d > 2. It is well known that when d > 2, the Nash inequality (2.3) implies
the Sobolev inequality (cf. [9])

171, 24, SCVEWD, [€2(E) with u(f) =0.

Combining this inequality with (3.9) for p = d yields

)] < 20V (=L)7gllag IPN py E(h) < 201V (= L) gl s (B, ).
Then (3.7) holds for & = 4C, which completes the proof. H

Remark 3.3. Note that (2.3) implies that for any 1 < p < d satisfying %
a constant ¢ > 0 such that (see [21])

é there exists

“dh—‘

1(=L)"2 fllzag < Cpall floog, | € LP(1) with pu(f) = 0.

This together with (2.5) yields m(g) < oo for

LY (), ifde[l,2);
g€ L) == Upsy LP(1), ifd=2;
L2 (p), if d> 2.

Recall that for every non-zero function ¢ € L?(u) with u(¢) = 0,

(3.10) V(o) = / " W(6P) dt € (0,00).

We have the following lemma on the second moment of ¢;(7") defined in (1.3).

Lemma 3.4. Consider the framework in Subsection 2.1 such that (2.3) holds. Then there exist
constants ¢, > 0 such that

(311) B [[(T)] - 5 + 33 V(200) <

C
— > 1T
_)\( T)? Z—? >07
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Proof. (a) By Lemma 4.2(1) in [28], we have

1
i N2

)

V(@‘) = V(Z¢i)-

This together with the Markov property and the stationarity of X, yields

Bl (T)P) = - / dt, / (61 Prsry 65)
(3.13) _ —/ dt /T " 6Pt

_2( i——VZgzﬁZ _—/ dtl/Ttl (¢i Prgpi)d

We next evaluate the integrand p(¢; P,¢;). By Duhamel’s formula (2.2) and Py = e Nitg,,
we have

t
P = e it + / e MU P (Z¢;)ds
0
so that

(i Prg) = e N + /0 e NI (P ) Z i) ds

where P} is the semigroup with generator L* := L-2Z. Noting that p(¢;Z¢;) = 0 and using
Duhamel’s formula (2.2) again

t
Pt*¢i _ e—)xitd)i . / e_)\i(t_s)Ps*(Z¢i>dS
0
we obtain \
n(Pr0)26) == [ (26 PAZ0))dr
0
Combining above identities with the fact that
|1((Z¢0) P (Z260))| < €1 ZillTa ) < 215N,

we find a constant C' > 0 such that

t s
oo)\i/ e’\"(ts)ds/ e NlsTn—AIr gy < C)\;le’%t.
0 0

Combining with (3.13) we finish the proof of (3.11).
(b) By the spectral representation and that Ae™** < ¢~ for ¢, A > 0, we obtain

|1(9i Prpi) — e

IV Bl 720 = Z Ne M u(foi)? <t e M fllTag, € LA(p).
i=1

14



Combining with the Duhamel’s formula (2.2), we derive
L1 A, Ly
IVE o < 2 flliagn + 121 | 57 F VA llraods, ¢ >0.
0

By the generalized Gronwall inequality, see [33], we find constants ¢o, A > 0 such that
1
||VPtf||L2(,u) < ¢t 2e AtHfHLQ(,u,)) t> 07 f S L2<:u)

Noting that ||ng§i||%2(#) = \;, by this and (2.1), we find a constant ¢; > 0 such that

1((Z6:) Pi(Z60))| = |1 & ZPi(Z26))| < N Z1|cIV P Z0) |12 < et~ 2/ N,

Therefore, for some constant ¢ > 0,

V(Z6,) = / W26 P Zé))dt < /N

Then the proof is finished. O]

Finally, we present the following Lemma 3.5 on the asymptotic of W, (-, ) near by the
measure j, by using the gradient estimate

(3.14) IVPf Nl ooy < et 2 || fllirg, t € (0,1), f € Chr(M).

for p € (1,00) and some constant ¢(p) > 0. This result extends [12, Proposition 2.9] and
[20, Proposition 2.5] for p > % and M = RY. The estimate for p < % is new even in the
Euclidean setting.

We would like to clarify the links of conditions (3.14), (2.5) and (2.18). Firstly, (3.14) is a
necessary condition for the LP-boundedness of the Riesz transform. Indeed, by the analyticity
of (P,)ys0 on LP(pt), the LP-boundedness of the Riesz transform implies that

IV Sl < Col (=L)2 Pifllogy < Collf v, ¢ >0, f € Con(M),

see [3] for more relationships between (3.14) and (2.5). Secondly, according to [28, Lemma
3.1(2)], (2.18) implies (3.14) for all p € (1, c0).

Lemma 3.5. Consider the framework in Subsection 2.1 and let p € [1,00). If p € (1,00),
assume furthermore (2.3), (2.10) and (3.14). Then there exists a constant ¢ > 0 depending on
p and d such that for any 6 € (0,1),

0, if1<p< b,
sup Wy, ((1 = 0)p + 0v, ) < c- ¢ 0log(l+07"), ifp= L,
vey 1,1 . d

fr"d, ifp> 35

15



Proof. We first recall that for any probability density function f € L*(u),

VL _ -
(3.15) W2(f 11, 1) / | 1)‘ du, () = 1{f>0}%,

(3.16) W, (fus ) < VLT =Dl g

These estimates have been presented in [1] and [15] respectively by using the Kantorovich dual
formula and Hamilton-Jacobi equations, which are available when (M, p) is a length space as
we assumed, see [22].

By the convexity of W, for any ¢ € [0,1] and po, p11, 0,1 € &, we have

(3.17) WE(1 = 0)po + Opa, (1 — )i + Ovy) < (1 — OYWP (1o, 1) + OWP (g, v1).

This implies the desired estimate for p = 1. In the following we only consider p € (1, 00).
By an approximation argument, we may assume that v has a density function h, with
respect to u, so that
Ve :=vP. = (P.hy)p, €€ (0,1).

Combining this with (2.10), we find a constant ¢; > 0 independent of ¢ and v such that
W, (ve,v) < c1v/e.
Combining this with the triangle inequality, (3.16) and (3.17), we obtain
W, ((1—60)u+ b, ,u) <SW,((1=0)p+0v, (1 —0)pu+0v.) + W, ((1— )+ Ove, )

3.18
(3.18) < 107z + pb||V (= L)  P(hy, — 1) Wiy €0 €(0,1).

To evaluate the term HV(—IA))_lps(h,, 1)||Lp(u)’ we need the gradient bound (3.14). By

combining (3.14) with (2.6) for (p, 1) in place of (p, ¢), and using the semigroup property of b,
we find a constant C}, > 0 such that

A~ )77 _
(3.19) IVP flloy < Cp(1 A £ M flligy, t>0, f € L' ().

This together with (3.8) for a« = 1 yields that for some constants cg,c3 > 0,

VL) Pulhy = 1) gy < [ IV Prschilisoct
0
/ LA (E+e)] 5 et
(3.20)
ifp <35
log (1+e1), ifp=-%5 d
_d(p—1)
r lfp > ﬂ
Combining this with (3.18), for € = 6§ when p < d 7, and for € = 07 when D> d 7, we derive
the desired estimates. O
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4 Proofs of Theorem 2.1 and Corollary 2.2

Proof of Theorem 2.1. Let v = h,u with h, € L¥(u) and k € (1, 00]. By the Markov property
and Holder’s inequality, we obtain

EY (Wi (pr, )] = E* [y (Xo) W (7, 1)
< (EM[AE)) * (BPIWE (s 1)) = oy (B2 WS (p, 1))

where k* := k—fl is the Holder conjugate of k. Let p’ = p Vv (k*q) V 2. By Holder’s inequality

and W, < W,,, we derive

S

. 1 ,
(B W (i, w)]) ™ < (BF[WE (g, w)]) 7
Therefore, it suffices to prove that for any p € [2, 00),
(4.1) B [WE (g, )] = va(T)P, T > 2.

By (3.16) and (2.5), we obtain

(4.2) WE(fu,p) < pPu((VLHf = D)P) < 0K 0)Pu(|(~L) "2 (f — D).

To prove the upper bound estimate (4.1) using (4.2), we approximate pr by the modified
empirical measures R
pre = prP., T >0,¢€(0,1].

The density function of p7 . with respect to p is given by

1

T
(1.3 Fre) =7 [ Bt ye M,

By the convexity of W2, the stationarity of X; and (2.4), we obtain

1 [T R
AW (ur, jire)] < / B4 W2 (3, dx, £2)dt
(4.4) T Jo

< /M Mp(%y)”ﬁe(x,y)ﬂ(dx)u(dy) <ez2.

[MIS]

Combining this with (4.2), we derive

EX[WE (ur, 1)) = BF W (g, pre)] + EX WP (pig e, )]

(4.5) v 1
j €2 + E#[H(_ ) 2(fT,s - 1)”217(@]7 pE [27 OO)
Noting that

Fre=1) =7 [ (L) H6X0m) - D

N

(—L)
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where [A/y is the operator L acting on the variable y, we deduce form Corollary 3.2 that
(4'6) £ [H(_L)ia(fT,s - 1)“?1?(@] = TiiAe + Tﬁsza T> 0>

where

A, ::/Mov((—ﬁy)é(ﬁg(-,y)—l))pu(dy),

Ba = /]\/[m((_iy)_%(ﬁa(>y) - 1))p,u(dy)

Estimate on A.. By the definition of o, (2.8), —L¢p; = M, and the fact that {pi}i>1 is
orthonormal in L?(j1), we have

o((—=Ly) 2 (p(y) — 1)) = V2| (- ) = Dl e

(4.7) </‘ Ze%@ # >2( ))
- 5w)

Combining this with the identity

(0]
A= —/ e M5 s, A a >0,
0

and applying (2.8), we obtain that for any € € (0,1) and y € M,

00 e—2)\i5 1 . A
;A—?¢?(y) - m/o $(Pstac(y,y) — 1)ds.

By (2.6) for p =1 and ¢ = oo we obtain

Porae(y,y) — 1| < [LA (s 428)] 2 ™5, £.5> 0.

Therefore, for € € (0, 1],

—2X\;e (3]
S = [ sl 2t
Al 0
X 1, if d € [1,4),
= 1+/ s(s+2€)_gds < log(1+¢e7h), ifd=4,
’ e, if d € (4, 00).
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Consequently, for ¢ € (0, 1],

1, if d € [1,4),
(4.8) A. < [log(1+e7Y)]2, ifd=4,
(d—4)p
S if d € (4,00).

Estimate on B.. Let d € [1,2). For any y € M, by the same reason leading to (4.7) and (4.8)
for d < 4 , we obtain that for e € (0, 1)

Baz/ w((—Ly) (5. (1y) — 1) u(dy)

_ /M 1(=Ly)7 (b-(9) = D17

Let d = 2. By taking p = 4 in the definition of m(+), applying (2.5) for p =4, (2.6) forp =1
and ¢ = 4, and using (3.8) for a = 1, we obtain that for € € (0,1),

B. = /M << L) (o) — 1) uldy)
= sup [[(=L) ™ (0(9) = D7

0o p
< sup </ Hﬁt+s(‘7y) - 1”L4(u)dt)
yeM 0
o0 o0 P
s([ono vl [uncf <o
0 0

Let d > 2. By the same argument used above, we have

o) p
B. = sup || l(ﬁs('vy) - 1)“1211(“) < sup </ [Dese(y) — 1”L¢(,u)dt>
yeM yeM \ Jo
_ o (L ifd e (2,3),
= </ LA (t+ 6)]d21e’\1tdt> < qlog’(1+¢e7t), ifd=3,
’ - it d € (3,00).
So, in conclusion,
1, if d € [1,3),
B. < logP(1+¢e7Y), ifd=3,
e, if d € (3, 00).
Combining this with (4.6) and (4.8), we derive that for 7" > 2 and ¢ € (0, 1),
(T-5 +T7, if d € [1,3),
T-% + T Plogl(1+¢71), if d=3,
(4.9)  B*[I(=L)" 2 (fre — DIb,) 2 T8+ TP, itde(3,4),
T-%log?(1+e) —f—T*ps_g, if d =4,
(75T 4 T, ifd e (4, 00).
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By taking in this estimate
T, ifdel,4),
E = 2
T a2 ifde[4,00),
and combining with (4.5), we derive (4.1). O

Proof of Corollary 2.2. (a) By the monotonicity of W, in p, it suffices to prove (2.11) for
p € I(d)N[2,00). Let

1 T
oy = —— Ox, dt, T > 1.
ur T_l/lv XUty

For any v € &, let v; = vP}. Then (2.6) implies

d
(4.10) sup et A Co
ver Al

for some constant ¢y > 0, see [28, Lemma 3.1]. Hence, by the Markov property and (2.9) for
k = oo, we find a constant ¢; > 0 such that for any T > 2,

(4.11) sup B [Wi(fir, )] = sup E" [W(ur—1, p)] < erya(T)*.
ves vey

Noting that noting that pup = (1 — T7')fip + T 'y, by the triangle inequality, (3.17) and
Lemma 3.5, we obtain

W (g, 1) < W, (1 =T D+ T, pr) + Wy (U =T+ Ty, o)
< W, (fir, 1) 4 covap(T)

for some constant ¢y > 0, where

T, if p€[l,3%5),
Yap(T) := ¢ T ogT, ifp= df“l,
_1
T~ Gra) if p € (74, 00)
Combining this with (4.11), we obtain
(412 sup B [W3jur 0] = (3a(T) + 7ap(1)", T > 2.

veEP

Noting that v4,(7) < v4(T") holds for p € I(d) and T > 2, we derive (2.11) by (4.12).
(b) Now, let p ¢ I(d). For any s € (0,1), let vs = vP}. By [28, Lemma 3.1], (2.6) implies
that for a constant ¢; > 0

(4.13) 1Pl v (o noqy < et 2@ 0D £ (0,1),1< p < g < oo.
Then
dys a1y
(4.14) sup H < || Ps ||Lk () = < s 2 , s€(0,1), k €[1,00].
veP
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For s € (0,1), let

1 T+s
(4.15) fire =2 / Sxdt.

By (2.9), there exists a constant co > 0 (depending on k, p and ¢) such that

(4.16) sup BY [W3(firs, 1)) < czs™ 5% (1)1, s € (0,1), T >2.

veS

On the other hand, (2.3) implies that D := sup p < 0o, and it is easy to see that for T' > s,

I I
II := ?/ (6Xt X 5Xt+T)dt+ f/ (5Xt X (SXt)dt € CK(MT?,&T,S)'
0 s

Therefore for any p € [1,00),

P

D
(4.17) Wi (ur, firs) S/ p(z,y)? U(dz,dy) < ST T > s,

MxM

Combining this with (4.16) and using the triangle inequality, we find a constant ¢3 > 0 such
that

sup B [W(ur, )] < 29(cas™ d(ggl)”yd(T)q + DqT_%s%)
ves
_ d(k—1) 2vV(d—2) 1

< 63(8 #a ~Ng(T) +va(T)  » sﬁ)q, s€(0,1), T > 2,

where k£ € (1,00) to be chosen later. Since for p ¢ I(d) we have W < 1, taking s =

2kq[p—2Vv(d—2

)]
c4y4(T) 2ka+d®=Dr for a sufficiently small ¢, > 0 yields

5 2kq+d(k—1)[2v(d—2)].q
sup B [W](pr, p)] =X 7a(T)— Farat=te 5 T > 2.
veP

2kq+d(k—1)[2V(d—2)]
2kq+d(k—1)p

Then the proof is finished by choosing k sufficiently close to 1, such that g <

5 Proof of Theorem 2.3

We first deal with the stationary case with initial distribution . Namely, we intend to prove
that for any ¢ € (0, 00),

(5.1) EX W (pr, )] = va(T)*

holds for large T" > 0. The proof is organized into steps.
(a) By Holder’s inequality, if ¢ € [1, 00),

EX WS (o, p1)] > B W (per, )]
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and if ¢ € (0, 1),

B (W (ur, 1)) > BF[W2 (g, )]~ - B W (e, 1)) >
= 7a(T) 207D B W, (pg, )27, T > 2,

where we also apply Theorem 2.1 for p =1 and ¢ = 2. Therefore, we only need to prove (5.1)
for ¢ = 1. Recall that ug, := prP. = fr.p, where fr. is defined in (4.3). By (2.14), we have

Wl(ﬂ’Ta:u) > H_lwl(ﬂﬂanu)a T > 07 €€ (07 1]
So, it suffices to show that for large 7" > 0,

(5.2) S?p1 EX W1 (pre, 1)) = va(T).
e€(0,1

Let gr. = (—IAL)_l(fT’€ —1). By (2.16), for any £ > 0, there exists a {-Lipschitz function g,
such that

Ee:={x € M : gr.(z) # ge(x)}

satisfies
C 5
(5.3) wE) <= [ [9gn-Pau.
& Ju

Since ||Ve|lo < &, Kantorovich’s duality implies

Walire ) > € ineloe) = (o) = | [ ocline = 1] = € |£las.9m).

By (2.15), we have p-a.e. 15:|V(ge — gr.c)| = 0, so that

Wil 1) > €76 (9r0,92.2) — Egme, 91 — 96)

(5.4) 5
Z 5_1 [(go(gT,mgT,é) - M(1E5|V9T,€|(|VQT7€| + |vg£|))i| '

Moreover, by ||Vge||oo < &, Holder’s inequality and (5.3), we find a constant ¢; > 0 such that
n(1eIVarel(IVarel +[Vgel) < 11| Varel®) + En(leVore))
< B IVGrel ol Vore 2o + En(E) 3| Vgrell oo
< 015_%||ng,a||L4(M)||V9T,a||%2(u)'

This together with (5.4) yields

_ _3 3
Wi(pre, 1) 2§ IVrelag — 1€ 2 1IVarellnawlIVorel f2,.

Taking expectation and using Holder’s inequality again, we obtain
EX W, (e, )] > f_lE“[HVQT,aH%w)}
_3 3
— €2 (E”[||V9T,s||%2(u)])4 (EM[HVQT@HZE(#)D :
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(b) To estimate ]E“[HVgT,EH%Q(M)}, we formulate gr. as

“ 1 © e*E)\i
gre = (L) Hfre —1) = — Ui(T) i,
\/T i=1 Ai
where 1;(T) is defined in (1.3). Then
9 1 o e—2)\i€ 9
(5:6) B (IVgreliz] = 7 2 =B (TP

BT 2 o (1= X F) = 12> £ 32 oo, T2 %02 m
’ Y ' NT =N NT — 2N - T
Hence combining this with (5.6) and (2.13) yields
2
1 o —2)\5 o0 e—2mde
(5.7) [HVQTEHLQ (1) _T Z:Zm > H2T ;n . T2>2c
By choosing
T if d € [1,4),
(5.8) LT, idelly
T a2 ifde[4,00),
we derive that for large T" > 0,
T, if d € [1,4),
(5.9) B[V greliog] = 7a(T)* = ¢ T log T, if d = 4,
T a2, if d € (4,00).
(c) Noting that gr. = (—L)~(fr. — 1), we have
~o_ A1
(5.10) IVgrellzzg = IV(=L) " (fre = Dllzzgy = 1(=L)72 (fre = Dllz2q

Next, by (2.5) for p = 4, we find a constant ¢ > 0 such that

2y—1
(5.11) IVgrelzsgy < ell(=L)72(fre = Dllzs-

By combining (4.9) with (5.10) and (5.11), and using the choice of € in (5.8), we obtain that
for large T > 0,

T-1, if d € [1,4),
3 1 .
(5.12) @mWwJamwmmwwﬂamyfw@ﬁztrm%ﬂ%1M=¢
T if d € (4,00).
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Combining (5.5), (5.9) and (5.12), and choosing & = K~4(T') for a large enough constant K > 0,
we obtain

EX W (pr, )] = va(T),

which implies (5.1) for ¢ > 1, and hence also for all g € (0, 00) explained above.
We then aim to strengthen (5.1) uniformly in initial distribution. We first observe that for
some s > 0,

(5.13) inf pg(z,y) >

z,yeM

N | —

According to [23, Theorem 3.3.14], (2.3) implies
HPth(u)_mo(M) < oo, t>0.

Moreover, (2.3) also implies the Poincaré inequality

u(f? < =& f). f€ D,

1
At
where \; > 0 is the spectral gap of L. Since

%|’Ptf”%2(p) - 2<Ptf> LPtf>L2(u) = —Qé%(Ptﬁ Ptf),
the Poincaré inequality implies
Py — w20 < e Mt ¢ >0.
Therefore, by the semigroup property, there exists a constant ¢ > 0 such that for any ¢t > 2,

sup |pi(w,y) — 1| = [P — pl| 11 ()= Lo ()
T, yeM

< 1P = pllzr - z2goll Pz = pell 2 1P = pll 2oy poeny < ce™™.

Thus, for large enough s > 0 such that ce™* < %, we have

>

DO | —
DO | —

inf ps('r?y) 2 1— sup ‘pt($7y) - 1’ 2 11—
z,yeM z,yeM

Hence, (5.13) holds. Consequently, for any v € &2, we have

1
(5.14) vs :=vP > SH-

By (5.1), (5.14) and the Markov property, we deduce that firs, which is given in (4.15),
satisfies

P P 1
(5.15) inf B [Wi(firs, p)] = inf E*[Wi(ur, p)] = SE (Wi (ur, p)] = 7a(T)*
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for large T' > 0. On the other hand, (4.17) implies that for D := sup p < oo,

Wi (prs firs) < —-
Combining this with (5.15) and the triangle inequality, we conclude that for large 7" > 0,

,}22 E" WY (pr, )] > Vlél; E” [279W (jir s, i) — W (e, fir,s )]

= (T — T~ = 7u(T)".

Then the proof is finished.

6 Proofs of Theorem 2.4 and Theorem 2.5

We first prove some lemmas.

Lemma 6.1. Assume (A) and let d € [1,4). Then
(6.1) Jim B “{TW%(M%M) - E(T)}+\q] =0, ge€l,00).

Proof. For T > 2 and € € (0,1), let ¢;(T) and fr. be defined in (2.8) and (4.3) respectively.
Then

=.(T) o= TV (=L (fre — Dlage Z'¢’ |

pree =1 —&)ure+ep=1[(1—-e)fr.+ E]u c P

(6.2)

By (3.15), we have
(6.3) Wi (e, 1) < (| (=L) " (fre = Dt (1= &) fre +2) 7).

For € € (0,1), we define
HTee = (1 - E)MT,& +epn € f@a

whose density function with respect to u is given by (1 —¢) fr. + €.
By (2.5) and (4.9), we obtain for any ¢ € [1,00), T > 2 and € € (0, 1),

TR [V (L) (fre = Dllhag] = TE(=L) 72 (fre = Dliha)]

1, if d € [1,3);
<1+ T og?(1 +c7Y), ifd=3;
1+ T 9= (=3, if d € (3,4).

From now on, we choose

(6.4) e=¢e(T) =T,



for some ¢ € (1 so that the above estimate reduces to

2
@z )

(6.5 sup TB [|V(=L)" (e = D] < o0, g € [1.00).

On the other hand, by Lemma 3.4, (3.8) for « = 1 and (2.7), we derive that for 7" > 2 and
€ (0,1),

Bl - U] = 3 3oe B < 25
(6.6) T, if d € [1,2);
=S T log(l+¢e7Y), ifd=2;
T 7, if d € (2,4).

By the argument used in [30, Lemma 3.3], for € in (6.4) we have

(6.7) lim B [u(| 4 ((1 =€) fre+¢) " —1|)] =0, ge[l,00).

T— 00
Indeed, for each n € (0,1), if |fr. — 1| <n, then

2

|t (1= ¢)fre+e) —1‘ ’\/IT 2"‘7]‘ =:0(n);
while if | fr. — 1| > n, for any 6 € (0, 1),
|//(1—5)fT5+€ —1]<20 =3,

Combining with Chebyshev’s inequality yields
— 94q
E# [M(}///((l — &) fre+ 8) . 1|q)] <§(n)?+ 2qn_20_q5_?E“[||fT,a — 1”%2(#)}'
By (6.6), for our choice of € and a sufficiently small 6, we obtain

lim sup E* [ (|///( (1—e)fre+¢) —1| )] <é(n)”.

T—o0

7) follows by letting n — 0.

Then (6.7)
(6.3) and the Holder’s inequality, for any ¢ € [1, c0),

By
B | {TW3 (7, ) = (1= £)Z(T)}[7]

(1 - &)*T7E [u(|V<—i>—1<fT,s SV (1= fre +2) 7 = 1))

T (19 (1) (Fre = D - [ (1= ) e +2) " = 1]")]

(T2 [I19(=2) " (fre = D] )" - (B [ (1= ) fre +2) " = 1)])

26

IN

IN

IN



Combining this with (6.5), (6.7) and Z(T") > (1 — €)?Z.(T), we see that for ¢ as in (6.4),

(6.8) lim E“[{{TWQ pree p1)? — Z(T) 3 ] —0, gel,00).

T—o0

Moreover, by (4.4) and the convexity of W3, we derive that for € as in (6.4),

lim T9EH [WQ (MT; M1 e 5)} j jll_rg;o TYEH [qu (,uTa ,uT,e) + qu (ﬂT,&a /’LT,E,S)]

T—o0

< lim {TYE" {ng(MRMT@)} +T9D%e%} =0, g€ [l,00).
T—o0
By the triangle inequality for Wy,

E“HW2 T, 1 ) Wg(:U’Teea )‘ }
=< (B [W3 (o, 1)) ) * (BF [W3' (i iree)]) o+ B2 W5 (o, o )]
Combining these with Theorem 2.1, we deduce that

lim Tq]EMHWZ KT )_W%(MT,E,@M)‘(]} = 07 qc [1,00),

T—o0

which together with (6.8) yields (6.1).
Lemma 6.2. Assume (2.3) and either (2.5) or (2.18), and let d € [1,4) and

[1,00), if d € [1,3],
q€ J(d) = i .
L5522, ifde (3,4),
then
° 201\ ¢
=1 Z
Consequently,
(6.10) sup  E*[|Z.(T)]9] < supE* [|Z(T)]7] < oo,
T>1,€(0,1) T>1
(6.11) lim E*[|2.(T) — E(T)]"] =0
T—o0

holds for any € = e(T) € (0, 1) satisfying limy_,o e(T) = 0.
Proof. (a) Let o(-) and m(-) be defined in (3.1). It is easy to see that for any i > 1,

() = V2N, 2.

By [|¢:]|r2) = 1, (2.6) and s = \;', we obtain that for any p € [2, o],

d(p—2)

Paillogy =X ™, i>1.

(6.12) il oy = €

27



If (2.18) holds, then by (2.6) we find constants ¢y, ¢, > 0 such that for any s € (0, \;') and
p € (2,00),

. . 1
|V Pstpi| Lo () < 01||Ps(|v¢z‘|2)||zg( )
(6.13) 1
2>,

Y

N
S Cl||P8”[2/1(;¢)%L%(,u)||v¢i||L2(M) S CQS 4p )\

By letting s = A\; ', we obtain that for any p € (2, 00),

d(p—2)

IV@ill oy = |V Pisill oy 2 N 7

+

So, by taking p > 2 such that ;% =log(e + \;) for d = 2 and p = d for d > 2, we deduce from
(3.1) that

b if d e [1,2),
_1
(6.14) m(¢;) = QA Zlogle+ ), ifd=2,
d
AT itd e (2,00).

If (2.5) holds, then we deduce (6.14) from (2.5) and (6.12). So, in both cases we have estimate
(6.14).
Now, by combining (6.14) with Corollary 3.2, we derived that for any ¢ € [1,00) and i > 1,

A2 it d e [1,2),
1 _1
: sup i T 29 A ?log(e+ it d =2,
(6.15) EX ()] ) e 2 4 A 21 Ai), ifd
T>1 d
AT it d e (2,00).

This together with (2.7) implies (6.9) for d € [1,2] and all g € [1, c0).
(b) Next, we verify (6.9) for d € (2,4). By Lemma 3.4,

(6.16) sup E* [|(T)]?] < A7Y, > 1,
T>1

while Hélder’s inequality implies that for any 7 € (0, 1),

1—7

oup (22 1)) ) < s (52 sry] ) ™ -smp (0 [acry2] )

T>1

Since 7 € (0, 1) is arbitrary, this together with (6.15) and (6.16) yields that for any ¢ € [1, c0)
and ¢ € (0,1),

sup (E* [[eu(T)P] ) <A 7 7, iz L,
T>1
Consequently,
1
s . 2 q 00 3 Ly
R
= ‘ i=1
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By (2.7), the series 3.2°, A7 converges when > 4. Tt is easy to see that

zlz

. -
1+Td—|—d2——q>dholdsforsmallge(() 1)
q

if and only if ¢ € [1 ,m), where —2(§:§)+
any d € (2,4) and g € J(d) = [1 i)

' 2(d—3)T
(c) Let Z(T) be in (1.3). By the Minkowski integral inequality, for ¢ € [1, 00),

= oo for d € (2,3]. So, by (6.17), (6.9) holds for

»QM—‘

LAl |2QJ>?

(E* [|=(T z::

Then (6.10) follows from (6.9) and the fact that =.(7") < Z(T"). Noting that

o0

Z WP _ o,

-Q\»—t

(6.18) (B*|=2(T) — E(T

by the dominated convergence theorem, we deduce (6.11) from (6.18) and (6.10). Then the
proof is finished. ]

For a general initial distribution, we have the following result, where Lemma 3.4 indicates
that the estimate (6.19) is nearly sharp for d € [1,2].

Lemma 6.3. Assume (A) and let d € [1,00). Then for any q € [1,00),
2/\(4 d)+

(6.19) sup (B [[0s(T)[7]) 7 < A, i,

T>2,veP
where ¢ > 0 is an arbitrarily small but fixed constant. Moreover, for any v € &,

(6.20 Jim B ) = 2 Vo) 2 10e 0.00),

where V (-) is defined by (3.10).

Proof. (a) For v € &, let v. = vP*. Then by the Markov property, Holder’s inequality and
(4.14), there exists a constant ¢; > 0 such that for any € € (0,1) and k € (1, 00),

Q=
Q=

T ©oswp (B [())

T>1,veP

sup  (E"[|eu(T)|"])* < sup E” H/ ¢s (X, )dt

T>2,vEP T>2,vEP

o) ,
< @il oo + c167 2 3&[{ (E“[W%(T)! ]) N , 1> 1.

Combining this with (6.12) for p = oo and (6.15) yields

_d(k—1) _2A(4=d)

+ & 2k )\z 4 (log(e —+ )\i)l{d:Z} -+ 1{d7é2})7 1> 1.

d
4

Q=

sup (E” Uwi(T)]q]) < \e

T>2,vEP
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By choosing k sufficiently close to 1 and optimizing in € € (0,1), we prove (6.19).
(b) Given g € [1,00), by (6.19) and Chebyshev’s inequality, there exists a constant C' > 0
depending on i, such that for any r > 0,

(6.21) sup  PY(|(T)| >r) < Cr 71

T>2,vEP
Now, we introduce a continuous indicator function x € C'(R) which satisfies 0 < y < 1,

X =1 on [—1,1] and supp x C [-2,2]. By [31, Theorem 2.1], for any K > 0,

Jim B D) ()] = [ fal (K1) N(0,2V(6)) (da),
On the other hand, by (6.21), for any T > 2,

0 <E"[Ji(T)|7] = B [Ji(T)19x (K~ 9i(T))] < B [[¢a(T) "L gy 163

< KP(|[vu(T)| = K) + q/: r P ([i(T)] =2 r) dr < (¢ + HOK

Letting K — 0o, we obtain

lim EX [[e(T)|7] = / [2]7 N (0, 2V () (d),

T—o0
which finishes the proof of (6.20). O
Lemma 6.4. Assume (A) and let d € [1,4). Then

(6.22) lim sup E"[|TW3(ur, p) — TW3(fire, p)|] =0, g€ [1,00).

e=07>1 yep

Moreover, if d € [1, %) and q € [1, ﬁ), where Q(d_%ﬁ =00 ford <2, then

(6.23) lim sup EY[|E(T) - Z.(T)|*] =0.

e=07>2 vep

Proof. (a) Recall that
1 T+e
fire = ?/ dx,dt, € (0,1),T > 1,

and for v € £, let v. = vP’. By the Markov property, Theorem 2.1 and (4.14), for any
q € [1,00) and k € (1,00), we find constants ¢, ca > 0 such that

sup B [W3 (fir., p1)] = sup E* (W2 (pr, )]

veP
d(k k-1

_d(k=1) 2k _dk=1)
< g7 % ]E“[W2 (MT,M)} Fo<ee 2w T T>1,e€(0,1).

By combining this with the triangle inequality for Wy, (4.17) for p = 2, and D := supp < oo
due to the boundedness of (M, p), we obtain

sup  EY[|[TW3 (g, 1) — TW3(fir,e, )]
T>1,ve”?
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< T>SUP }EV | TW35 (i, fire) + 2TWopur, fir,e) W (jire, 1) |*]
1,ves

_ (k: 1)
< D20 4 ¢, D24 .

By choosing sufficiently small k such that ¢ — d(’;—;l) > 0, and then letting ¢ — 0, we derive
(6.22).

(b) Let (E(T),¢i(T)) and (Z.(T),;.(T)) be in (1.3) and (2.23) respectively. Then by
Minkowski’s integral inequality and Holder’s inequality, we obtain that for any v € & and
T € (0,1),

(B [I2(T) - 2.(T))7))* < Z%E 10D = 1) P[]

E* [4(T) = (D) - (j0:(D)] + i D))’

Q=

Q3

SZ% () = ia)H)F - (B D] T 4+ B [n(T)2] 7).

A direct computation gives

T

sup E”U%(T) — )

wi,e(T)]%}Eg sup [E”
T>1,ve”?

T>1,veP ‘ /0 (¢1(Xe) — ¢i(Xrs.))dt
‘/E sz(Xt)dt .

] §2/0 fggE [a(X)| 7] 7t
<2/ | P.(1¢] )

By (4.13) and (6.12) for p =2V 4,

(624)  _p 0
veEP

S1hl

we find a constant ¢ > 0 such that

R dla—27)"
1P < NPl ey - 16812 JSaTEN T e (01),
Combining this with (6.24) yields for any 7 € (0,1 A 2—‘1)
~ q- T dr 7(1((1727—)4—
sup E"[|i(T) — i (T)|7]7 2720, ™ |, e€(0,1),i>1
T>1,ve?

On the other hand, we take k € (1,00). By the Markov property, Holder’s inequality, (4.14)
and (6.15), we obtain that for i > 1,
sup B [ o(T)|77] 7

1_77—
sup  E¥ [|4y(T) 11} a
T>1,vex T>1l,v.€P
dv, kg o (e=D)(A-7)
< su CEA (T | =Da=D kq
31 e® Lk (u) [14:(T)] ]
e SOV R

i ;i1

)
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for any fixed constant ¢ > 0. Moreover, Lemma 6.3 yields

1-7 _2A(4—d)
sup BV [|y(T)|77] 7 <A, © 5, i>1

T>2,veP a

Combining the above estimates, we conclude that for any 7 € (0,1 A 2), k € (1,00) and
€ (0,1), there exists a constant C, ;. € (0,00) such that

d(q— 2T)+ 2A(j1;d)_'_c

(6.25) sup  (E'[|2(T) = EL(D)|])7 < Crpee 575 SN

T>2,ve? i=1

Noting that when d € [1, %) and ¢ € [1 s 1= 00 for d < 2, we have

_ 4
) 2(d72)+ ’

_ + _ _ 9\t _
lim [_1+d(q 27) _2/\(4 d)+g]:_1+d(q 2) _2/\(4 d)<_2l,
A2, Lo 4q 4 4q 4 2

and

Then we can always find 7 € (0,1 A 21), k € (1,00) and s € (0, 1) such that

dlg—21) 2N (4—4d) d dr  d(k—1)
~1 - % and 1 - R
+ 1q 1 +¢< 5 an 2% o >0
hold. Hence, (2.7) implies
d(qg— 27)+ 2/\(4 d)
Z )\ —1+—F +< < o0,
so that by letting ¢ — 0 in (6.25) we deduce (6.23). O

Proof of Theorem 2.4(1). Let v = h,pu € P r. We have E”[n] = E*[h, (X,)n] for a nonnegative
measurable functional 7 of (X.). Let k* = % By Holder’s inequality we obtain

EY [[{TW3 (. ) — S(T)}17] = B [hy (X) {TW3 . ) — E(T)} 1)
< ol (B [T W ar, ) — 2D ])

1
k*q} ) k¥

Combining this with Lemma 6.1 and letting 7" — oo, we derive (2.19).

Next, let d € [1,%) and ¢ € [1 ’W) For v € &, let v, := vPS with ¢ € (0,1). By the

fact that v. < clz—:_%p, (2.19) for k = oo, and the Markov property, we obtain

< R(E“ [{TW3 (e, ) — E(T)}

lim sup B [{TW3(jir, ) — Z-(T)}*|] = lim sup B [{TW3(per, 1) — Z(1)}7] =0

T—00 yecp T—oo e
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Then by triangle inequality, for any e € (0, 1),
limsup sup E" [{TW3(ur, ) — E(T)} 7]

T—ooo ved
=< lim sup sup E” [|{TW§(,&T,5, p) — EE(T)}er
T—oo ved
+ sup  EY[|[TW3(ur, ) — TW3(fire, p)|* + |E(T) — Zo(T)|]
T>2,0€P
= sup EY[|[TW5(ur, p) — TW5(fire, )| + |Z(T) — =(T)]].
T>2,0€P
By combining this inequality with Lemma 6.4 and letting ¢ — 0, we derive (2.20). O

Proof of Theorem 2.4(2). Assume (A) and (C).
(a) As explained in the proof of Theorem 2.4(1) that, the latter assertion for d € [1, %) and
q€ll, 2(d—¢2)+) is a consequence of the former assertion for £k = oo and Lemma 6.4. Moreover,

the argument used in the proof of (2.19) shows that (2.21) is derived from

(6.26) lim ]E““{TW iz, ) — 2(T)}|° ] =0, qeJ(d).

T—o0

So, it remains to prove this formula.
(b) By the triangle inequality and Minkowski’s inequality, for ¢ € (0, 1),

B [{TW3ur i) — =)} [

+ BX[[EL(T) — 2(T) 73,

Since pir. = pP., it follows from (2.17) that

B | [{TW3(er, 1) = TW3(pr, 1)} | ] < |hle) = 1| - TEY [W3(jur, 1)) *.
Combining this with Theorem 2.1, we derive

lim E““{TWQ(/LT, ) — TW3( P, i)} ‘]

T—o0

for any ¢ = ¢(T) € (0,1) satisfying limy_,o, (7)) = 0. Combining this with (6.11) and (6.27),
to prove (6.26), it suffices to prove that

(6.28) lim B | {TW3(r, ) — ZAT)}|] =0, g€ J(),

T—o0

holds for some choice of ¢ = ¢(T) € (0, 1) with limy_, ., e(T) = 0.
(c) For any ¢ € J(d), we take a ¢ > 0 sufficiently small such that ¢ + ¢ € J(d). Then by
(6.10) and Chebyshev’s inequality, there exists a constant C' > 0 depending on ¢ + ¢ such that

PH|Z(T)| > r) <PH(|E(T)] >7) STA(Cr ), r>0,T>1,¢€(0,1).
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Hence, according to the dominated convergence theorem on the measure space (R, r?~'dr),
in order to prove (6.28), it is enough to show that for some proper choice of ¢ = &(T") € (0,1)
with limg_,., e(T") = 0,

(6.29) Jim IP’“({TWz(,uTg,u) E(T)} >r)=0, r>0.

By the argument used the proof of [28, Theorem 2.4, p.35-37], under (C) we have

(6.30) lim sup P*({TW5(pre, ) — Ze(T)} > r) < limsupP*(B5.), €€ (0,1),

T—o0 T—o0

where 6 is the constant in the assumption (C), and

2420
BT,E = {“fT’{_: — 1Hgo < T 2+39}

for some constant ¢; > 0. By Chebyshev’s inequality and (2.6) for (2, 00) in place of (p, q), we
find a constant ¢y > 0 such that

12120 2420 _d
P*(B5.) < ¢ 1Tz+seEﬂ[||fT,€ — 1]\30} < T8¢ 2E“[HfT7% — 1“%2(#)]-

Combining this estimate with (6.6), it follows that for the choice ¢ = T~¢ with sufficiently small
¢ >0,

lim P*(B7.) = 0.

T—o0

By (6.30), this implies (6.29), and hence finishes the proof.
[l

Proof of Theorem 2.5. We only prove the first assertion, as the second can be proved in the
same way.
(a) For any r € (0,00), we define

1 T
i, = —— | Sydt, T >,
Hr, T—r/T e "

1 T+r
,LNLTW = f/ (SXtdt, T > 0.

By (4.13), there exists a constant ¢(r) € (0, 00) such that
(6.31) vpi=vP: <c(r)p, ve.
Then the Markov property, (2.9) and (6.1) imply

llm sup IE"“{TWQ(MTT,M) ET(T)}+|Q]

T—00 yep

= lim sup B [{TW3(pr—p, ) — E(T — 1)}

T—oooyep

< ()2 Jim B [[{(T — rYW3(ar—r. 1) — S(T — )} |0+ 1 W3 iz, )] = 0.
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Similarly,
lim sup E” U{ng(ﬂnm W) — ET(T)}H(J}

T—00 yegp

— lim sup B [[{TW3(ur, 1) — E(T)} |

T—oo ycp

< ofr) Jim EX[[{TW3(ur. p) — (1)} | = 0,

So, it remains to verify that for any r € (0,00) and ¢ € [1, 00),

(6.32) lim 7 sup (B [[W3(jur, ) = Wi(iir i)l7] )" =0,

T—o0 vEDP

Q=

(6.33) im T sup (B [[W3(iirr, 1) — Wiz, 1)|7] ) = 0.

D

(b) Verification of (6.32). Noting that for p1, := + [ dx,dt, we have
(6.34) pr =0 —rT Vg, +rT 'y + (1= 0)jir,, 0€ (T 1),
by (3.17) and the triangle inequality, we obtain

Wy (pr, firy) < \/§W2((1 — 0T Nar, + 07Ty, i)
(6.35) < \/5[W2((1 — 0T Yiag, + 0T e, (1= 0T Y+ 67T 11,
+ Wo((1 =0T Y+ 0T py, ) + Wy (ﬂT’r,,u)}, 6c(rT ' 1).

By (3.17), we obtain
(6.36) Wo((1—60 T YN, + 0 rT e, (L—0""rT N+ 60""rT ') < Walfir,, 1),
and by Lemma 3.5, we find a constant ¢; € (0,00) such that for any 7> r and 6 € (rT7!, 1),

O trT—1, if d € [1,2),
(6.37) Wo((L—0""rT " u+0""rT 'y, p) <ci-{ 0T og(1+0r 'T), ifd=2,
(0~LrTY)ata, if d € (2,4).

Moreover, by (6.31), the Markov property and (2.9), we find a constant cy(r) > 0 such that

Q=
Q=

(6.38) sup (B [W3 (firy, 1)]) ¢ = sup (B [W (ur—r, p)])* < ca(r)T™', T > 2r +2.

veEP veP

Combining (6.35)-(6.38) together, we find a constant ¢z > 0, depending on r € (0, 00), such
that for any 7> 2r +2 and 0 € (rT71, 1),

1 0-\T-2 + 07", if d € [1,2),
sup (B [W3 (ur, fir,)]) " < cs-{ 03T 210g?(0T) + 60T, if d =2,
ve O-aT & + 0T, if d € (2,4).
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Choosing

o T-z, ifdell,2]),
T\ T, ifde (2,4),

which is in (r7%, 1) for large T > 0, we get

T3, if d e[1,2),
1
sug (E”[qu(uT,ﬂT,r)]) 1 <L T 210g*(T), ifd=2, q € [1,00).
veg d+4
© T, if d € (2,4),

Combining this with (6.38), and applying the triangle inequality and Hélder’s inequality, we
arrive at

T sup (EV UW%(MTv ,u) - W%(ﬂT,Ta ,u)’q])

veP

Q=

Q=

<T SUB (EV [|W§(MT, fry) + 2Wo(ur, iz )Wo(fig ., M)m)
veY
1

< T sup (B (W57 (pr, fir,)])* 4 2T sup (E” (W3 (pir, fir,)])% - (E” (W3 (firr, w)])>

veP veEP

< T_Wlﬁ-z(log(T)l{dzg} + 1{d;£2}) —0 as T — oo.

So, (6.32) holds.

(c) Verification of (6.33). Let fi, := TT+T dx,dt. We have

firy = (0 =T Vg, +rT i + (1 = 0)fig,, 0€ (T 1).

By using this formula replacing (6.34), the above argument leads to (6.33). Therefore, the proof
is finished.
[
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