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Abstract

As extensions to the corresponding results derived for time homogeneous Mckean-
Vlasov SDEs, the exponential ergodicity is proved for time-periodic distribution dependent
SDEs in three different situations:

1) in the quadratic Wasserstein distance and relative entropy for the dissipative case;

2) in the Wasserstein distance induced by a cost function for the partially dissipative
case; and

3) in the weighted Wasserstein distance induced by a cost function and a Lyapunov
function for the fully non-dissipative case.

The main results are illustrated by time inhomogeneous granular media equations, and
are extended to reflecting McKean-Vlasov SDEs in a convex domain.

AMS subject Classification: 60B05, 60B10.
Keywords: Time-periodic McKean-Vlasov SDE, exponential erodicity, relative entropy, Wasser-
stein distance.

1 Introduction

Recently, by using the log-Harnack and Talagrand inequalities, the exponential ergodicity in
relative entropy is proved in [8] for a class of McKean-Vlasov SDEs, which include as typical
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examples the granular porous media equations investigated in [3, 5]. Next, by using coupling
methods, the exponential ergodicity in different probability metrics have been derived in [11] for
partially dissipative and non-dissipative models. Moreover, these types of exponential ergodicity
have been investigated in [12] for reflecting McKean-Vlasov SDEs. In this paper, we extend
these results to time-periodic (reflecting) McKean-Vlasov SDEs.

Let D C R? be a convex domain. When D # R?, it has a non-empty boundary 9D. In this
case, for any x € 9D and r > 0, let

Npr i ={n€R’: n|=1,B(x—rn,r)ND =0},
where B(z,r) :={y € R?: |z — y| < r}. We have
Ny = Upso My #0, € 0D, r > 0.

We call 4, the set of inward unit normal vectors of D at point x. Since D is convex, A, # ()
for x € 0D and

(1.1) (x —y,n(x)) <0, y€ D,r €ID,n(x) € A,

Let Z(D) be the space of all probability measures on the closure D of D, equipped with the
weak topology. Consider the following reflecting McKean-Vlasov SDE on D C R%:

(12) dXt = bt(Xt7 gxt)dt + O't(Xt7 fxt)dVVt + H(Xt>dlt, t Z 07

where W, is an m-dimensional Brownian motion on a complete filtration probability space
(Q, {Z:}i>0,P), Zx, is the distribution of X;, n(z) € A; for x € 9D, [, is an adapted increasing
process which increases only when X; € 0D, and

b:[0,00) x REx 2(D) = R% 0¢:[0,00) x R* x (D) — R*@R™

are measurable. When D = R? we simply denote &2 = Z2(D). In this case, we have 0D = ()
so that I; = 0 and (1.2) reduces to

(13) dXt = bt<Xt7$Xt>dt + O-t<Xt7$Xt)th7 t Z 0.

The SDE (1.2) or (1.3) is called well-posed for distributions in a subspace & C (D), if
for any s > 0 and any .#,-measurable variable X, with #x, € 2, (1.2) has a unique solution
(Xy)e=s with Ly, € C([s, 00); 2), the space of continuous maps from [s,c0) to & under the
weak topology. In this case, we denote P¥,u = %, for the solution with Zx, = pu € 2.

In this paper, we investigate the expohential ergodicity of (1.2) and (1.3) with ¢g-periodic
coefficients for some to > 0 :

(bt+t070t+to) = (btaat)a t >0,

such that the corresponding results derived in [8, 11, 12] are extended to time inhomogeneous
models. By the ty-periodicity and the well-posedness for distributions in &, we have

(1.4) Pt =Pl pimiohts 1>58>0neEN,pe 2.
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In this case, a probability measure fig € P is called an invariant probability measure, if
Fg 1,0 = flo- Combining this with (1.4), we see that the measures

Hs 1= P[is:u()? s € [OytO]

satisfy
(15) P:+mto,s+(m+n)t0:a8 = [, M,ME Z+7 s € [07 to]

Let W : 2 x & — [0,00) with W(u,v) = 0 if and only if 4 = v. We call (1.2) exponential
ergodic in W, if there exist constants ¢, A > 0 such that P} := Fy, satisfies

(1.6) WP oty fls) < ce ™ W(u, i), neN,ue 2.
By (1.4), this is equivalent to

W(P?

s+mto,

s+(m+n)t0:u7ﬁ’$) S Ce_AnW(HW ﬂs)’ n,m S Z+71u € ‘@78 S [O,t()]

So, we will only consider (1.6).

The remainder of the paper is organized as follows. In Sections 2-4, we study the exponential
ergodicity for (1.3) without reflection, where Section 2 considers dissipative models for W being
the quadratic Wasserstein distance Wy or the relative entropy H, Section 3 concerns with
partially dissipative models with W = W, induced by a cost function v, and Section 4 deals
with fully non-dissipative models for W = W, 1, induced by a cost function ¢ and a Lyapunov
function V. Finally, these results are extended in Section 5 to the reflecting SDE (1.2) on a
convex domain D.

2 Exponential ergodicity in relative entropy and W,

Corresponding to [3, 5, 8] where the exponential ergodicity in entropy is investigated in the
time homogeneous case, we consider the exponential ergodicity in relative entropy for (1.3).
Recall that the relative entropy for probability measures iy, o € &2 is given by

(plogp), if p:= Z}% exists,

00, otherwise.

H(pu1]p2) = {M

For the symmetric diffusion process generated by L := A+ VV on R¢ with fi(dz) := V@ dx €
P, the exponential ergodicity in H with rate A > 0 is equivalent to the log-Sobolev inequality

AU log 1) < SOV SP), f € CHRY, (/) = 1,

where p(f) := [ fdu for a measure p and f € L*(p). According to the concentration property
of the log-Sobolev inequality (see [1]), there exists ¢ > 0 such that ji(e*I”) < oo, so that by
Young’s inequality, H(u|f) < oo implies

u(l - 7)< e {H(ulm) +log i(e™) } < oo
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Therefore, to investigate the exponential convergence in entropy, it is natural to consider dis-
tributions in the Wasserstein space

Py={ue P :ul]-P) <o),

which is a Polish space under the quadratic Wasserstein distance

3
Wo(p1, p2) == inf (/ |z — y|2ﬂ(d$ady)) M, pe € P,
R4 x R4

WG%(.UJ#L?)

where € (pu1, 12) is the set of all couplings of iy and ps.

2.1 Assumptions

Let §, be the Dirac measure at z € R?. We assume

(Hy) 6:(0,00)|4]10¢(0, &) || is locally integrable in ¢ > 0, and there exist Ky, Ko, K3 € L}, ([0,00); R)
such that

HO’t(I,ILL) - Ut(Z/u V)HQ < K3<t)<‘x - y‘2 + WQ(M?”)Z)u
20bi(w, 1) = by, v), x = y) + llow(@, 1) — oy, v) Iz
< Kl(t)lx - y|2 + KQ(t>W2(M7V>27 > Oaxay € Rdalua ve e932-

According to [6, Theorem 3.3] (see also [10]), under this condition the SDE (1.3) is well-posed
for distributions in &5, and

(2.1) Wo( Py, Prw)? < els BOHEArgy, (4 )2 ¢ > 5 > 0, 4,0 € Py,
To deduce from (2.1) the exponential ergodicity in entropy, we need the following condition.

(Hs) oy(x, ) = o4(x) does not depend on p and is invertible, and there exist increasing positive
measurable functions A, k1, ko such that

2(bi(, 1) = 0i(y, v), & — y)" + [low(2) — ae(y) ligs < w1 ()] — yl* + ra(t) |2 — y|Walp, v),
o (@) S AE), t>0,2,y R p,v € Py

Obviously, (Hs) implies (H;) for Ki(t) = k1(t) + B¢ and Ky(t) = %ﬁtzz for g, > 0, but in
applications we may take better choices of (K7, K3) than that implied by (Hs). For any ¢ >
s >0, let

A(s,t) := sup A(r), Ri(s,t):= sup k;(r), i=1,2.

re(s,t] T€[s,t]

We intend to establish the following type of estimate

(22) H(P; 1l PL) < 6(s, B (o), t> 5.1 €



for a reasonable class of measures v € &,. In the time homogeneous situation, one takes v as
the invariant probability measures so that Pg,v = v for all t > s.

As explained above, to derive (2.2), we need to establish the log-Sobolev inequality for
P;v. To this end, we apply the Bakry-Emery curvature for the associated time-distribution
dependent generator of (1.3):

1
Lt,u = §tr{atafv2} + bt(,ﬂ) . V, t> O,M S L@Q.

According to [4], we introduce
1
Li(f.9) = {07V, Va), f.g€CRY,

(2.3) 1 1
07 f) = §Lt,uri(f, f)=To(f, Lipf) + E@Ftl(f, f), [eCRY).

To make I';, meaningful and also for late use, we assume
(H3) A; = ||lo¢]|oo € L2 ([0, 0)), at least one of the following two conditions holds:

(1) oy is constant for each ¢ > 0;

(2) oy(z)is C'int and C% in z, by(z) is C' in z, and there exists a function v € L}, ([0, 00); R)
such that
Ce(F ) 2w THf ), 120, € CORY), pe P

Finally, for any constant ¢ > 0, we write v € T, if v € & satisfying the Talagrand inequality
(24) Wa(p,v)? < cH(ulv).
According to [2], this inequality is implied by the log-Sobolev inequality
(2.5) v(f*log f*) < e(|VfP), fe RN, v(f?) =1,

for which we denote v € Log..

2.2 Main results
Theorem 2.1. Assume (Hy) and that (1.3) is to-periodic for some ty > 0 with

(2.6) Nim — / K () + Ko(r)}r > 0.

(1) (1.3) has a unique invariant probability measure fig such that

(27) WQ(P;;SO:U’; ﬂO)Q < einAWQ(:qu’O)Q? H€ ’@27 n € N.

(2) If (H3), and one of (H3)(1) or (Hs)(2) with foto vsds > 0 hold, then there exists a constant
¢ > 0 such that for anyn € N and p € P,

(2.8) max {H(P;,, zelfio), WPy, fio)* } < ce™ " min {H (el o), Wa(, fio)* }.
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To illustrate this result, we consider the time-dependent version of granular media equations
studied in [3, 5, 8]. Let V € C%2(]0,00) x R%) and W € C%2(]0, 00) x R??) such that

(2.9) / e Vi@ dg +/ e Vi@V rdy < 0o, A >0, > 0.
R4 R xRY

Consider the following PDE on %, the space of all probability density functions on R such
that the corresponding probability measure is in &:

where for a probability measure p or a probability density function p

Wi@p:= [ Wi(-,y)u(dy), Wi@p:= [ Wi(-,y)p(y)dy.

R4 R4

We will use V) and V® to denote the gradient operators in the first and second components
on the product space R? x R?, so that

IVOVEW @yl = sup  [VIVEW(ry)| +2> 0,2,y €RY,

u,0ER, |ul,Jv]<1
where V,, stands for the directional derivative along u. We let

IVOVEW, | == sup [[VIVEOW,(z,y)|.

z,yeRd

For any probability density p on R? and any s > 0, let P;;p be the solution of (2.10) for
t > s and ps = p. If (V;, W) is to-periodic, py € %, is called an invariant solution of (2.9) if
P3P0 = po. In this case, let
ps = P(ispOJ S (OatO)
Moreover, for any two probability density functions pq, ps,
H(p1|p2) = H(p1(z)dz|ps(z)dz).
Let I; be the d x d identity matrix.

Theorem 2.2. Let (V;, W;) be to-periodic for some to > 0, and there exists v € Ljoe([0,to]; R)
such that \ := (;50 vedt > 0 and

(2.11) Hessv, (o) > (v + |[VOVOW, o) La, t € [0,80), 2 € R™.
Then (2.10) has a unique invariant solution py such that

max {Wg(pnto(ﬂf)dw, ﬁo(ﬂf)dx)Qv H(P;tomﬁo)}

(2.12) S ~ 5 ’
< ce” " min {Ws(po(z)dz, po(x)dz)* H(p|po)}, n €N, p € .



2.3 Proofs

We first prove the following lemma which also applies to the non-periodic case.

Lemma 2.3. Assume (Hy), (Hy). For anyt > s >0, let

o 2 K1 (57 t) (t — 5)'%2(87 t)Q 2(t—s)n1(t)+2n2(t)>
(2.13) bss 1= A(s,1) (1 ey : e .

(1) For anye >0,c>0 andv € T,

H(P, tU’ t’/)<¢t atef (Fa+E)( )dTW2(PJ>V)2

(2.14) =
S Cqbtfs,tefs (K1 +K)(r )dTH(,ua V)u t Z s+ €,S Z 07/1’ € @2-

(2) If (Hs3)(2) holds and v € Log. for some constant ¢ > 0, then

H(P? | Pl ) < grelr KiHK@dryy, () pr )2

(2.15) <
< (s, r)ppcpelr FHRDOVH(UPr ), t>r4er>s>0,u€ Py

holds for

c(s,r) = CAf)\(S,T)Zeﬁf;Wde + 4A3/ efo:'mdng, r>s>0.

Proof. (1) By [10, Theorem 4.1] or [6, Theorem 4.1], assumption (H») implies
H(P},p|Prw) < ¢ Wa(p,v)?, t>5>0,p,v € Ps.

So, for t > s + & we obtain

(216)  H(PLulPw) = BB Py il Pl Pl ) < b e WPl Py )

Next, by [10, Theorem 3.1], assumption (H;) implies

Wao (P, Pry_v)* < 2 ST EL (M)A () 1)2,

ste

Combining this with (2.16) and applying (2.4) we prove (2.14).

(2) Noting that P;,v = P, (P;,v), to deduce (2.15) from (2.14) we need only to prove
P, v € Tys, which follows from P; v € Loge(sy). To this end, we let v, := P;,v and consider
the decoupled (classical) SDE of (1.3):

(2.17) AdX} = b( X}, v)dt + o, (X))AW,, t > s, Xy € R
For any p € &, let (Py,)" = Zxv, for Lxy = p. Then

(2.18) Plv=(P/)v, r>s.



Now, for v € Log., ||o;!|| < \s implies

oW (IU;‘VfI2
1%
4 f

According to [4, Theorem 4.1] for the time inhomogeneous Markov semigroup associated with

(2.19) v(flog f) <

), 0< feCHRY), u(f) = 1.

(2.17), we remark that in this result I'(f) is misprint from % (see Lemma 5.2 below for
D =RY), (Hs) and (2.17) yield that v, := P} v = (PY,)*v satisfies

(2.20) v(flog f) < Cii;%('“:?f' ). 0<FeCE) L) =1

Sine ||o,]|oc < Ay, this implies P; v € T, as desired.
0

Proof of Theorem 2.1. By shifting a time s € [0, ty), for simplicity, we assume s = 0.
(1) By (2.6) and the tp-periodicity, the uniqueness of i and (2.7) follows from (2.1). So, it
suffices to prove the existence of [ig.

Take

(2.21) fin = P00, n €N

We intend to prove that pu, converges to some jip € Y5 as n — o0, so that by a standard
argument the semigroup property of P :=

P =P'P* nm¢cZ,,

n+m n-m?

we conclude that jiy is an invariant probability measure. To this end, it remains to show that
{ttn}n>1 is a Wo-Cauchy sequence, i.e.

(2.22) lim sup Wy (i, pinsx) = 0.

n—0 >1

By (2.1), (1.4) and (2.6), we obtain
(2.23) Watin, prsr)? < e~ Jo " HOHRDArgy, (5, By py00)? = € ME| Xy,

where X; solves (1.3) with X, = 0. By taking y = 0,v = Jp in (H;), and noting that the
periodicity and (H») implies that [0.(0, )| + ||o:(0)|| is bounded and ||oy(x)|| < ¢o(1 + |z|) for
some constant ¢y > 0, we find constants ¢q, co > 0 such that

2(be(, ), @) + llow(@) s

= 2(be(w, 1) = bi(0, 80), z — 0) + [|o(2) — 7(0) I3
+2(bi(0, 00), 2) — [low(0) |15 + 2(o2(2), 0:(0)) s

< K)o + Ka(t)u(| - ) + er(1 + |])

A
<ot (Ki) 4 g )lof + KO- ), 20,0 € B e 2,
0



So, by applying It6’s formula to (1.3) for Xy = 0, we obtain
dX, 2 < { (CQ L) + 2—;0) 1,2 + Kg(t)IE|Xt|2}dt +dM,
for some martingale M;. By Duhamel’s formula, this and Xy = 0 implies
(2.24) E[X,2 < o, /t T O T
0
By (2.6) and the to-periodicity, we find a constant C' > 0 such that

sthto A Mk
/ (Kl(r)+K2(r)+—)dr:——<o, s>0,keZ,.
s 2o 2

So, letting || :=sup{n € Z; : r > n} for r > 0, (2.24) implies

sup E| X;|? < supcy

t e=s)/to) |t N
/ o~ T A K () K () g ldr g
t>0 t>0 0

(2.25) t o
< C/ e’(t}S)Ads < — < oo.
0 A

Combining this with (2.23), we prove the desired (2.22).
(2) By (2.15) and (2.7), it suffices to find a constant ¢ > 0 such that o € Loge,.

a) When (H3)(1) holds, let (Ps;);>s be the semigroup associated with the SDE
(2.26) dX, = b, (X3, fig)dt + o dW;,

that is, letting (X7,);>s be the solution starting from x at time s,
Py f(x) =Ef(X7,), f€BR)t20.
By (H;) which implies K5 > 0, we have
2(be(, fio) = be(y, o), @ —y) < Ka(t)|r — yf*, @,y € R ¢ >0,

(2.27) to
/ Ki(s)ds < =X <0.
0

Then P, := By, satisfies
(2.28) VD, f| < e s K11 b 17 | < e 2 =)/l |V f| > 5> 0
for some constant ¢; > 0. So, for any f € C}(R?),
5 ( ¢2 2 5 2 5 2 "d oo Se 2
PP hos )~ (P2 log(Puf?) = [ PP og(PLu ) s
0

t * Ps 2|2 t L
:/ pskfsv_—vtf’ds < C%/ ||08||2e—AL(t—s)/tonspSt|vf|2d3
0 Ps,tf2 0 7
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t
— (BIVIP)E / los]Pe ) ds, ¢ > 0.
0

By the tg-periodicity and ||o.||* € L*(]0, %o]), we obtain
I.t/tOJ 7,+1
/ [EAIRE “Allt=s)/tol qs < Z/ HU 2¢~ A(lt/to)—i=1) 4
< (/ Hasﬂzds) Ze_(i_l)’\ =:c<oo, t>0,
0

i=0
so that there exists a constant ¢ > 0 such that
Pi(f*log f?) — (Pif*)1og(P,f?*) < cPIVf]}, t>0,f € CHRY).

Moreover, by (2.27), (2.26) is exponential ergodic with unique invariant probability measure
fip as it reduces to (1.3) when L%, = fip. By taking ¢ = nt, and letting n — oo, we prove
tn € Log. for all n > 1.

b) When (Hj3)(2) holds with v := foto vsds > 0, we apply Lemma 2.3 for s = 0 and v = dy.
Then (2.19) holds for ¢ = 0, so that by the tg-periodic and 7 > 0, we find a constant ¢’ > 0
such that

nto
c(0,nty) = 45?0/ e 2l wr < ¢ neN.
0

Moreover, by (2.20), i, := Py, 0o satisfies

c(0,nt .
i 108 £2) < SO 10,V < OtV 0.< 1 € G (1) =
0lloco
Therefore, y,, € Log. for all n > 1, which together with (2.7) implies jig € Log, . O

Proof of Theorem 2.2. 1t is easy to see that for any s > 0 and probability density function p,
P?*,p is the density function of Ly, for X; solving (1.3) from time s with Zx, = p(x)dx and

(2.29) oi(x) == V214, bz, p) = -V{Vi+ W, ®u}(z), t>0,2€|R € P,
Then (2.11) implies
2(be(, 1) = be(y, v), @ —y) = 2(be(x, ) = be(y, v), @ — y) + 200y, 1) — bu(y, v), 2 — y)
—=2 [ utas) | (Hessvmnon (@ 41y — )z — ). — y)dr

+2((VIOW,(y, ) — wl(VIWi(y, ),z — y)
—2(% + [[VOVEOW o)z — y* + 2| VIVOW, |||z — y| W1 (1, v)

<
< =2(v + [[VOVEOW )|z — y* + 2| VIVOW, |||z — y|Wa (i, v).

Thus, (H;) holds for
(2.30) Ki(t) = =27 — [|[VIVOW |, Ki(t) = |[VOVOW o,
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and (Hs) holds for

(2.31) ri(t) = =2(% + [VOVOW ), ka(t) = 2|[VIVOW,| .
Moreover, since o is constant, (Hs)(1) holds. Therefore, this result follows from Theorem
2.1. [

3 Ergodicity for partially dissipative models

For any ¢ € U = {4y € C%([0,00)) : ¥(0) = 0,9 > 0, |[¢)'||oo < 00}, let

Py ={pe P u(-|) < oo},
Wy (p,v) == inf / Y(|lz —y|)m(de, dy), p,ve Py.
T€E (V) JRd xR
Then &2, is complete under Wy, i.e. a Wy -Cauchy sequence in &, converges with respect to
W, Let || - ||zip be the Lipschitz constant for functions on RY. We assume

(H,) (Ellipticity) o¢(z, n) = o4(x) does not depend on p, and there exist a € L;, ([0, 00); (0, 00))
and a measurable map
6:[0,00) x R? - R @ R?
such that
sup {||o¢l|Lip + |6¢)|ip} < 00, T >0,
t€[0,T]

or(x)oy (1) = ayly + 64(x)6,(x)*, t > 0,2 € R

(Hs) (Partial dissipativity) Let ¢ € ¥, v € C([0,00)) with v (r) < Kr for some constant
K > 0 and all » > 0, such that

(3.1) 200" (r) + (") (r) < —kp(r), >0
holds for some € L}, ([0, 00); R). Moreover, b is bounded on bounded subsets of [0, 00) x

loc

R? x 22, and there exists 6 € L},.([0, 00); (0,00)) such that

loc

1. .
(be(w, ) = be(y, ),z —y) + §||Ut($) —61(y) s
<z —yl{0Wy(p,v) +v(lz —y)}, t>0,2,y R pv € Py,

(3.2)

Theorem 3.1. Assume (Hy) and (Hs), with ¢" < 0 if 64 is non-constant for some t > 0. Then
(1.3) is well-posed with distributions in &y, and P} satisfies

(3.3) Wy (P, Pv) < e_fot{”s_es‘w,”w}dsww(u, v), t>0,u,ve Py.

Consequently, if (by, oy) is to-periodic, ¥'(t) < CY'(s) for some constant C' > 1 and allt > s >
0, and

to
A= / {ks — Os||Y|| oo yds > 0,
0

then (1.3) has a unique invariant probability measure fig € &y, such that

(3.4) Wy (Pl yniohts lo) < € Wy (p, jio), ne€N,ue Py.
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Proof. The well-posedness and (3.3) follow from [11, Theorem 3.1] by using coupling methods.
So, it suffices to prove the existence of the invariant probability measure jiy when A > 0 and
the coefficients are to-periodic. Let 29 € R%. Tt suffices to show that the sequence { P, 020 }tn>1
is a W,-Cauchy sequence so that its limit is an invariant probability measure of (1.3). By (3.3)
we have

W¢(P* 59607 P(twrm)to(sxo) < Oein)\ww((sxoa Py

nto mto

0u)s Mym > 1.

Since A > 0, it suffices to prove

(3.5) sup Wy, (859, Prry 020) <

mto
m>1

By ¢/(t) < C¢'(s) for t > s, we have

s+t v = [ v <¢ [winar=cu, sizo

This implies
w(z ><CZ¢32 s; > 0,n>1.
=1

Consequently, by (3.3) and A > 0, we obtain

n—1
W (69607 P;:todxo) < CZWIZJ P;O&Co)pz—i-l)t 5950) < del 6900? P* fL“o Zeim
1=0
Therefore, (3.5) holds. O

To illustrate Theorem 3.1, we present below an example associated with time-inhomogeneous
granular media equations. Let Wy = W, and 2, (R?) = 22,,(R?) for ¢(r) =

Example 3.1. Let a € L'([0,] : (0,00)) and

Vi0,t] x RE =R, W:[0,t] x R x R = R
be measurable with V; € C*(R4), W, € C?(R? x R?), and for some constants R, 6,0y > 0,
(3.6) Hessy, 4w, (.- (antlﬂ >r/2y — thouly, KR/Q})]d, t€10,t0], 2z € R
Consider (1.3) with to-periodic coefficients
(3.7) or = aily, bi(z,p) = —-V{V,+ W, ®u}(x), (t,2,p)€[0,t] x R x 2.

Let v(r) = 601(r A R) — 02(r — R)™ for r > 0, and

www:/eJmmw@/’mﬁmeurzo
0 s
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Then
c1(¥) :==inf ' (r) >0, co()) :=sup?/(r) < 0.

r>0 >0

t 1o (2

0y IVOVOW, ||

A= 2/ — dt > 0,
0 (CQW) c1(v) >

then (1.3) has a unique invariant probability measure fip € &?; such that

If

W¢(P:toﬂ’ﬂ0) S e_AnWUJ(:uvﬂO)v ne Na/l € @1 - @w

Consequently,
c2(v)

Wl(P:tOMa /10) < e—)\nwl(#]7 ﬂ0)7 neN, IS 2.

C1(¢)
Proof. Tt is easy to see that ¢ € C*(]0, 00) with ¢’ > 0 and
> telo v(wduqy r 1
o L 1
Jm o) = I o = M = T

So, 0 < ¢1(¢¥) < c2(¢) < oo and
c1(P)Wy S Wy < co(4h) Wi
By Theorem 3.1, it suffices to verify (3.1) and (3.2) for

2 2c0
3.8 r) = 2ay(r), 0= ——||[VOVOW, |0, ke := L.
39 W) =200 (), b= | s 1=
Firstly, by the definitions of v and %, v, := 2a47y in (3.8) we have
2
200" (1) + 20 (V') (r) = 2041 < — i w(r), r>0
ca()

Then (3.1) holds for v, and x; in (3.8).
Next, by (3.6) and (3.7), we have ¢ = 0, and as in the proof of Theorem 2.2,

20 (, 1) — by, v), x — y)

=2 /Rd p(dz) /01<HeSSvt+wt<.,z>($ +r(z—y)(z—y),z—ydr
+2(VOWi(y, ) — n(VOWi(y, ),z —y >

< 20z —y|? /0 1 (Oraeljasry—a)i<rszy — 02041 {jorr(y—o)2R/2} ) AT
+2[[VOVEW, Wi (i, )]z — y]

2
< 20|z — yly(|lx —y[) + WIIV(”V‘”WAIWI:E — YWy (p,v)
holds for any t € [0,%y], =,y € R? and p,v € P, = £,. Hence, (3.2) holds for v, and 6, in
(3.8). O
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4 FErgodicity for non-dissipative models

We consider the fully non-dissipative case such that [11, Theorem 2.1] is extended to the periodic
setting. For any ¢t > 0 and u € &, consider the second-order differential operator

1
(4.1) Ly, = §tr{ataZ‘V2} + b () - V.
For any positive measurable function V' on R, let
Py ={peZ: V) < oo}

(H7) (Lyapunov Condition) There exist 0 < V' € C*(R?) with limj, e V(2) = 0o and Ky, K €

L;,.([0,00); R) such that
t,z)VV
t>0;x€R4 I+ V(l’)
(4.3) L,V < Ky(t)—Ki(t)V, t>0,p€ Py.
Since limy|o V(2) = 00, (4.3) controls the long distance behaviour of the associated

stochastic system. To ensure the exponential ergodicity, we also need conditions in short
distance. For any [ > 0, consider the class

U, = {v € C*([0,1];[0,00)) : 1(0) ='(I) = 0,4¢'|py) > 0}.

For each v € ¥,, we extend it to the half line by setting ¢(r) = ¥(r A l), so that ¢ is
non-negative and Lipschitz continuous with compact support and

)
(4.4) Cyp 1= ?~>€ o0 < 00.

For any constant 3 > 0, define the quasi-distance on 2y (RY):

Wy sv(p,v) ;== inf (e —y)(1+ BV (z) + BV (y))n(dx, dy), pve Py.

TEE (11,v) JRA xR

To prove the exponential convergence of P} under Wy, sy, the dependence on distribution for
the drift will be characterized by

Wy oy (1, v) = inf Jarga 0z —y))(1 4 BV (z) + BV (y))7(dz, dy)
wov(pv) = Inf Joanga ' (l2 = y[) (1 + BV (z) + BV (y))7(dz, dy)

S Wy sv (1, )
W oo (14 Bu(V) 4 Br(V))

(4.5)
v € Py.
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(Hg) (Local monotonicity) b is bounded on bounded set in [0, 00) x R? x Z,. Moreover, there
exist [ > 0,¢ € ¥; and u;, K,0 € L, ([0,00); [0,00)) such that

200" (r) + K(0)Y'(r) < —w(t)e(r), re0,1],t=0,
L. o 2
(e, ) = 0oy, v), & = y) + 5 l16u(2) = 6u(y) s
< Kt‘x - y‘2 + 9t|x - 3/|Ww,,8V<Na V)a T,y € Rdnu’a S ‘@Vyt > 0.

By (H7), for any | > 0 we have
Ki(t)V(z) + Ki(H)V(y) — 2Ko(1)

4.6 ki g(t) := inf eR,
( ) lﬂ( ) |z—y|>1 ﬁ_l + V(ZII) + V(y)
and when K;(t) > 0 and [ > 0 is large enough, x;(¢) > 0. Moreover, (H,) and (H7) imply

. VV(z) — VV(y)]
agp(t) :=Cy L { "o —y[{BL+V(z) +V(y)}

| H0u@) = 5 )}H(6()"VV)(@) + (6t(~)*VV)(y)]!} <00
lz —y|{B 1+ V(z) + V(y)} '

For Ko, ki3, u and v, given in (Hy), (Hs), (4.6) and (4.7), let
(4.8) Ag(t) := min {k5(t), w(t) —2Ko(t)B — cup(t)}, t>0.

Theorem 4.1. Assume (Hy), (H7) and (Hg), with " < 0 when 64(-) is non-constant. Then
(1.3) is well-posed for distributions in Py, and P} satisfies

(4.7)

(4.9) Wy sv (P p, Plv) <e” fg{’\lﬂ(s)_es]’dswwﬁv(u, v), t>0,u,ve Py.

Consequently, if (o4, by) is to-periodic and

to to
A ::/ (p(s) — 0,)ds > 0, / Ky(t)dt > 0,
0 0
then (1.3) has a unique invariant probability measure ig € Py such that

(4.10) Wosv (P tts fio) < € "Wy gy (1, fio), n €N, € Py.

Proof. The well-posedness and (4.9) is included in [11, Theorem 2.1]. So, it suffices to prove
the existence of invariant probability measure i € £ for the ty-periodic case with A > 0.
Let 79 € RY. By (4.9) we have

Ww’gv(P 5$0?Pn+m toé ) S eiAnW@b’gv(éxo,P 5 ), n,m Z 1.

nto mito

Therefore, it suffices to prove

(4.11) sup EV (X, ) < oo for Xy = o,

m>1
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which together with the above inequality implies that { P}, 6, }n>1 is a Wy, g1--Cauchy sequence
and its limit is an invariant probability measure in &?y. By (4.3), It6’s formula and

(n+m)t0 to
/ Kl(s)dS—n/ Ki(s)ds =:nXy >0, n,meN,
0

m

we obtain we obtain

nt nto nt
BV (Xp,) < V(wg)e o " Fr(ds / K)o~ 0 Farang g
0
— (i+1)t0 nt,
< Viwo)+2 / C|Ko(s)]e™ b 10T g

i=0 Vit

n—1 to
=V (xo) + (Ze’(”’i’l)’“) /0 C|Ko(s)|ds, n>1,
i=0

which is bounded in n > 1 since A := [,° K1 (t)dt > 0. So, (4.11) holds. O

In the following example the SDE includes a class of fully non-dissipative models, for instance
when VDWW > 0, in the sense that

sSup <bt(xnu“)_bt(ynu“)vz_y> Zoa T>07:u€ 2.

|z—yl=r

Example of Theorem 4.1. Let a € C([0,t); (0,00)), by € C(R?Y) with by(z) = —|z|P~'x
for |x| > 1, and W, € C?*(R? x R?) measurable in t € [0, o] with

(4.12) IVOVEOW, |loe + [VIW, oo < ey and |[VOVIW, |4 < oy
for some constant € > 0. We take to-periodic (b, ;) with

p(VIW ()
L+pu(V)
Oy 1= \/Oé_t[d, (t,x,u) S [O,to} X Rd X t@\/,

be(x, p) := aybo(x) +

where V(z) := el*l” for some p € [L,1]. Moreover, let

(4.13) Wy (u,v) = inf /R A= yD(1+ V(@) + Vi)m(da, dy)

WSARY)

and
WV<Pt*/~L7ﬁ) < ceiétWV(:u7ﬁ)7 t > 07 JURAS '@V-

Then when € > 0 is small enough, there exist constants ¢, A\ > 0 such that

Wy (P

nto

:U’ula) < Ce_)\nWV(M)ﬂ)v n e Nalu € @V'
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Proof. 1t is easy to see that (H7) with
(414) KO = Oéteo, Kl(t) = ozt91,

holds for some constants 6y, 60, > 0, (Hg) holds for 6 = 0. Next, let Dy := || V|| + 6 and let
[ > 0 such that in (4.6)

9
(4.15) fo(t) = it VAV =20 e 0,1

lo—yl>t B+ V(z) + V(y)
holds for some constant ky > 0. Now, we take ¢ € ¥; such that
29" (r) + Doy (r) < =Diy(r), 7€ 10,]

holds for some (320nstant D; > 0, for instance 1) and D; ate the first mixed eigenfunction and
eigenvalue of 2-55 + Dy on [0,!] with Dirichlet condition at 0 and Neumann condition at I.
Then the first inequality in (Hg) holds for

(416) Kt = OCtD(), ul(t) = Dlozt, t e [O,to]

Moreover, noting that |V (z) — V(y)| < coto(Jz — y|)(1 + V(x) + V(y)) holds for some constant
co > 0, we find a constant ¢; > 0 such that

W(VOW (2, ) = v(VIW ()] | [IVOWsolpp(V) = v(V)]

b, ) = b )| < = T+ 1(V)V o (V) A+ (V) (1 + (V) )
crea{ Wy v (1, )

1+ pu(V)+v(V

Combining this with Dy := ||[V°||o + 6 and (4.12), we obtain the second inequality in (Hg) for
the above K; := o, Dy and

(417) Qt = 6165_10475, t e [O,to]

Since (4.7) implies oy 5(t) — 0 as § — 0, by (4.8), (4.14), (4.15), (4.16) and (4.17), there exist
constants (3,9 > 0, k1 such that for any ¢ € (0, g¢]

Ag(t) — 0, > ki, t€[0,t).
Then the desired assertion follows from Theorem 4.1 and the fact that
C_lwv < Wy gy < CWV

holds for some constant C' > 1. OJ
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5 Extensions to reflecting McKean-Vlasov SDEs

In this section, we investigate the exponential ergodicity for the reflecting McKean-Vlasov SDE
(1.2) on a convex domain D. By the convexity, the reflection on boundary does not make any
trouble in the proofs of previous results on ergodicity, so that all these results work also for
(1.2).
Let TOD be the tangent space of 9D, which is well defined when 9D is C*.

Theorem 5.1. Let D be conver, b,o € C([0,00) x D x P5(D)), and in (Hy) -(Hs) we use
(D, P,(D)) to replace (RY, Py), and in (Hs)(2) assume further that OD is C* and there exists
a measurable function h : [0,00) x 0D — [0, 00) such that

(5.1) ({Vnl(owo;) v, v)lop >0, (owofv — hw)lop =0, v e TOD,t > 0.
Then assertions in Theorem 2.1 holds for (1.2) replacing (1.3).

Proof. By [12, Theorem 2.6], (H;) implies that (1.2) is well-posed for distributions in 2y(D)
and satisfies

(5.2) Wa(P; p, Pv)? < el (/O Koy, (1 1) v € 2y(D).

Let zp € D. Since D is convex, we have (x — zg,n(x)) < 0 for x € D, so that as in the proof
of Theorem 2.1, by (H;) and applying [t6’s formula to | X; — z¢|? for Xy = xg, we obtain

A
d[X; — mof? < {c + (Kl(t) i g) X, — zo]? + Ka(t)E| X, — xo\Z}dt +dM,
0

for some martingale M;. Since A > 0, this and the proof leading to (2.25) gives the same
estimate, so that by (5.2) we prove the first assertion.
Under (Hz) holds, by [12, Theorem 2.4], there exists a constant ¢; > 0 such that

(5.3) Wi, Pov) < cH(ulv), p,v € 25(D).
So, as in the proof of Theorem 2.1, it remains to prove the Talagrand inequality

(5.4) Wa (i, fio)® < eoEnt(u|fio), p € Pa(D)

for some constant cs > 0. -
~ When (H3)(1) holds, by the convexity of D, for (X7, X}) solving the following SDE with
Xy =x,X{ €D: B B B
dXt = bt(Xt7 ﬂ())dt + Utth + n(Xt)dlt,
(Hy) implies ) ) ) )
X7 = XY)° < Ka(O|X7 = XYPPdt, ¢ >0,
so that B B ) B
X7 — XV < el Bi@ds | 2 2y e D, t>0.

Thus, the associated P satisfies the gradient estimate (2.28). Then (5.4) holds as shown in the
proof of Theorem 2.1,

When (H3)(2) holds, the corresponding proof in that of Theorem 2.1 also works provided
Lemma 2.3(2) holds for (1.2). According to its proof it suffices to prove [4, Theorem 4.1] for
(1.2), which is included in the following Lemma 5.2. O
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Let I'} and T be in (2.3) for o4, b; not depending on  on a convex C? domain D replacing
RY, where by(z) is Ct in , o4(z) is Ct in t and C? in 2. Consider the reflecting SDE

(55) dXS,t = bt(X&t)dt + O-t(XS,t)th —+ n(Xt)dlt, t Z S.

Let P;,u = Zx,, for the solution with Zy, , = p. The generator is
1 *v72
L, = §tr{atatv Y+b -V, t>0.

We have the following lemma, which extends [4, Theorem 4.1] to the reflecting case.

Lemma 5.2. Let {Ti},_1 250 be in (2.3) on a convex C* domain D replacing R? for o, b; not
depending on p, and let (5.1) hold. Let v € L}, ([0,00);R) such that

loc

(5.6) Ly (f, ) > wli(f. f), feC*D).
Let s >0,q, > 0 and v, € (D). If the log-Sobolev inequality
(5.7) vs(f?log f?) < dqus(T5(f, f)), [ € Co(D),ws(f*) =1
holds, then for any t > s, v, := P;,v satisfies
(5.8) v(f*log f?) < g (Ty(f, ), f € Cy(D),m(f?) =1,
where
t t t
(5.9) g = qee 2 ds —I—/ e 2Lwdugr > g

Proof. Let P, f(x) := (P;,0.)(f). We first prove

(5.10) VI (Paaf P ) < 0P T F), 512 502 0.

for f € Cg°(D).
By the Bochner-Weitzenbock formula, the inequality (5.6) is equivalent to

VIS (f, I
Ay (f, f)

Next, since 0D is C? and convex, the second fundamental form is non-negative, i.e.

(5.11) L3 ) = vl (f ) + , feCRY).

I(Vf, Vf)(z):=—(Vym,Vf)(z) =Hess;(n,Vf)(x) >0, feC*D),Nflop=0,2¢€dD,

where the second equality follows from Vy(n, Vf)|sp = 0 due to (n, Vf)|sp = 0. Combining
this with (5.1), we see that for any f € Cp°(D),s1 >t >0, and z € 0D,

<Il, VF‘; (Pt751f2a Pt,Sl f2)>(23)
= ({Vn(0:0{)}VP, s, [,V Py, f?)(2) + 2Hessp, , p2(n, (0107 )V Prg, f2) () > 0.
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Combining this with (5.11) and applying It6’s formula to (5.5), for any s; > sq > 0,

/T4 (P 2. Posy 2) (Xe)
_ { 3O (Pis, 2, Prsi 1) = D (Li Py 2, Prsy f*
VI (Prs 2, Prs, 2)
+ AMy (0, VTP, 2, Prt 12)) (X ) Yol
. { L (P, Put) VT3P %, Pro )P }( Y
TN (P2 P )P ADU(Pu P P )3 10
> T4 (Prsy 2 Pos, [2)(Xog )t + A, 1 € [s0, 51

) + Lt\/F)i(Pt,slfzy Pt,slf2>}(Xso,t>dt

holds for some martingale (M;)ic[sy,s,- By Gronwall’s lemma this implies (5.10).

By (5.10), the desired assertion follows from a standard semigroup argument, we include
below for completeness. Let f € CZ(D) with inf f2 > 0. By the chain rule and Schwarz
inequality, (5.10) implies

L8(Pyf2, Py, f?
O3 (VPP o) = S D)

_ (R T 1)
o 4Ps,tf2

(5.12)

<e2lmdrp TL(F ), t>5>0.
So,

Ps,t(f2 log f2) - (Ps,th) log Ps,tf2 = /t iPs,7"{(Pr,t‘f2) log(Pr,th)}dr

dr
/tP l—wln(Pr,tf27Pr,tf2)
s " Pr,tf2

Combining this with (5.7) and (5.12), we obtain
vi(f*1og %) = vs(Pes(f*log f?))

S 4Vs (Ps,tI“i(fa f)) /t 672f: 'Yududr + Vs((Ps,tf2) log(Ps,tf2))

t
dr AP ) [ ey

S 4Vt (Ftl(fv f)) / 8_2 f: 'YududT + 4qus <Fi <\/Ps,t.f27 \/Ps,tf2>) + (Vs(Ps,tf2)> log (VS(PS,th))

<4 (Ti(f, 1) ( / el g o] d} + vi(f*) log 1(f*).

s

Therefore, (5.8) holds for ¢ in (5.9). O
Finally, we have the following extensions of Theorems 3.1 and (4.1).

Theorem 5.3. Let D be convex, use D replace RY in (Hy)-(Hg), and in (Hy) we assume further
(VV.n)|sp < 0. Then assertions in Theorem 3.1 and Theorem 4.1 hold for (1.2) replacing (1.3).
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Proof. The well-posedness of (1.2) as well as estimates (3.3) and (4.9) have been included in
[12, Theorems 2.7, 2.8], so that the other assertions follow from the proofs of Theorems 3.1 and
4.1. Indeed, the proof of Theorem 3.1 has nothing to do with the reflection. Moreover, by Itd’s
formula, (4.3) and (n, VV)|sp < 0, we derive

AV (X,) < {Kolt) — Ky()V (X))t + dM,

for some local martingale M;, so that the proof of (4.11) works also for the present case.

[]
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